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Tension, Compression, 
and Shear 


Normal Stress and Strain 


Problem 1.2-1 A hollow circular post ABC (see figure) supports a load 
P, = 1700 Ib acting at the top. A second load P, is uniformly distributed 
around the cap plate at B. The diameters and thicknesses of the upper and 
lower parts of the post are dag = 1.25 in., fag = 0.5 in., dgc = 2.25 in., and 
tgc = 0.375 in., respectively. 


(a) Calculate the normal stress o4g in the upper part of the post. 

(b) If it is desired that the lower part of the post have the same 
compressive stress as the upper part, what should be the magnitude 
of the load P5? 

(c) If P, remains at 1700 Ib and P, is now set at 2260 Ib, what new 
thickness of BC will result in the same compressive stress in both 
parts? 


dgc 


LBC 





Solution 1.2-1 


Part (a) Part (b) 
P; = 1700 dap=125 tap = 0.5 A TI dge — (dge — 2tgc)?] 
dac =2.25 tac = 0.375 d 4 
T[dag? — (dag — Dix Age = 2.209 P2 = OapAsgc — Pi 
AB — MM 
4 P, = 1488 lbs  «— 
P, P; +P 
Aag = 1.178 — Gag = 7 — CHECK: ——— = 1443 psi 
AB 


BC 
Capg = 1443 psi — 
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Part (c) 5 (n us P2) 
PFP dpc — 2tgc =4/d = 
P, = 2260 —— — = Age BO UPC VPC TN. Gap 
O AB 
4/P, + P 
P +P - 2 "[-1^ 72 
+ 22344 dpc — | dpc « o" ) 
(dac — 2tgc)” 
> 4/P, + Ps tac = 0.499 inches < 
= dpc" — 
TT O AB 
Problem 1.2-2 A force P of 70 N is applied by Brake cable, L = 460 mm Hand brake pivot A 


a rider to the front hand brake of a bicycle (P is 
the resultant of an evenly distributed pressure). As 
the hand brake pivots at A, a tension T develops in 
the 460-mm long brake cable (A, — 1.075 mm?) 
which elongates by 6 = 0.214 mm. Find normal 
stress ø and strain e in the brake cable. 






P (Resultant 






of distributed 
pressure) 

nn J 

n Uniform hand 


M sel brake pressure 


Solution 1.2-2 
P=70N A, = 1.075 mm? 


L = 460 mm ô = 0.214 mm 


Statics: sum moments about A to get T = 2P 


g = o = 103.2 MPa e 
e=465xX104 < 


E-Z-14x105 MPa 
E 


NOTE: (E for cables is approx. 140 GPa) 
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SECTION 1.2 Normal Stress and Strain 3 


Problem 1.2-3 A bicycle rider would like to compare the effectiveness of cantilever hand brakes [see figure part (a)] versus 
V brakes [figure part (b)]. 


(a) Calculate the braking force Rpg at the wheel rims for each of the bicycle brake systems shown. Assume that all forces act in 
the plane of the figure and that cable tension T = 45 Ibs. Also, what is the average compressive normal stress o. on the 
brake pad (A = 0.625 in.?)? 

(b) For each braking system, what is the stress in the brake cable 
(assume effective cross-sectional area of 0.00167 in.?)? 
(HINT: Because of symmetry, you only need to use the right 
half of each figure in your analysis.) 





4.25 in. 









HA 





Pivot points 
anchored to frame 








L 





Pivot points 
anchored to frame 


(a) Cantilever brakes (b) V brakes 


Solution 1.2-3 
T-—451]bs — Ay = 0.625 in^ 


Aswe 0.00167 in." 


(a) CANTILEVER BRAKES-BRAKING FORCE 
Rp & PAD PRESSURE 


Statics: sum forces at D to get Tpc = T/2 
SMa = 0 

Rg(1) = Toer) + TpcV(1) 

Tpch = Toev Tpcn = T/2 

Rg = 2T Rg = 90 lbs < 

so Rg = 2T vs 4.25T for V brakes (below) 
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Rp 4.25 
Üpad r opa ~ Mpi SS = =AL 
Apad 2 
T . 
Ocable = 7—- Ocable = 26,946 psi | €— — (same for 
A cable 
V-brakes (below)) 


(b) V BRAKES - BRAKING FORCE Rp & PAD PRESSURE 


SMa =0 Rg = 4.25T Rg = 191.3 lbs < 


O pad = A. O pad — 306 psi €— 


Problem 1.2-4 A circular aluminum tube of length 

L — 400 mm is loaded in compression by forces P (see Strain gage 
figure). The outside and inside diameters are 60 mm and P 

50 mm, respectively. A strain gage is placed on the outside of 


the bar to measure normal strains in the longitudinal direction. | 
L = 400 mm 


(a) If the measured strain in e = 550 X 10 ©, what is the 
shortening 6 of the bar? 
rane (b) If the compressive stress in the bar is intended to be 
40 MPa, what should be the load P? 





Solution 1.2-4 Aluminum tube in compression 


e = 550 X 107° (b) COMPRESSIVE LOAD P 
L = 400 mm o = 40 MPa 
co A =| — d] = =[(60 mm)? — (50 mm)?] 
d, = 50 mm 4 4 
P = oA = (40 MPa)(863.9 mm?) 
(a) SHORTENING Ó OF THE BAR SAEN -<— 


ô = eL = (550 x 10 9)(400 mm) 


= 0.220 mm — 
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Problem 1.2-5 The cross section of a concrete corner column that y 
is loaded uniformly in compression is shown in the figure. 24 in—-20 in. 
— 


(a) Determine the average compressive stress o. in the concrete if the 
load is equal to 3200 k. 20 1n. 
(b) Determine the coordinates x, and y, of the point where the resultant 











——N __ 
load must act in order to produce uniform normal stress in the T 
column. 16 in. 
8 in | 





Solution 1.2-5 
P — 3200 kips 


1 
A = (24 + 20000 + 16 + 8) — (58°) — 20? 
A = 1.504 X 10° in? 


(a) o, = og, = 2.13ksi  «— 


an 
is 
> |v 








24 — 8 
(24)(20 + 1612) + Q4 — ves £ ) 


1.279 
+ (20)(16 + 8)(24 + 10) + (8 (58) 


(b) xc x 


x, = 19.22 inches < 


2226) + O0XI6 + 8) 


aeo = o(s T 


(875). 24 — 8)(8)(4 «ye» (58)| 
5 ( )(8)(4) 9 3 


A 





Je 


Yo = 19.22 inches =< 


NOTE: x, & y, are the same as expected due to symmetry about a diagonal 
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6 CHAPTER 1 Tension, Compression, and Shear 


Problem 1.2-6 A car weighing 130 kN when fully loaded is 
pulled slowly up a steep inclined track by a steel cable (see figure). 
The cable has an effective cross-sectional area of 490 mm, and the 
angle a of the incline is 30°. 

Calculate the tensile stress o; in the cable. 





Solution 1.2-6 Caron inclined track 








FREE-BODY DIAGRAM OF CAR TENSILE STRESS IN THE CABLE 
W — Weight of car os T  Wsina 
Q——- 
T — Tensile force a A 
in cable SUBSTITUTE NUMERICAL VALUES: 
a = Angle of W = 130kN a= 30° 
incline Asan 
A = Effective area (130 kN) (sin 30°) 
of cable Uu ue 
= 490 
R,, Rə = Wheel reactions (no friction force between A 
wheels and rails) = 133 MPa < 


EQUILIBRIUM IN THE INCLINED DIRECTION 
£EFp—-0 Ae T—Wsina-0 
T=Wsina 


Problem 1.2-7 Two steel wires support a moveable overhead 
camera weighing W = 25 lb (see figure) used for close-up 
viewing of field action at sporting events. At some instant, wire 1 
is at on angle a = 20° to the horizontal and wire 2 is at an angle 
p = 48°. Both wires have a diameter of 30 mils. (Wire diameters 
are often expressed in mils; one mil equals 0.001 in.) 

Determine the tensile stresses o1 and o» in the two wires. 
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SECTION 1.2 Normal Stress and Strain 7 
Solution 1.2-7 
COS 
NUMERICAL DATA T=T (B) T, — 18.042 Ib 
cos (a) 


W-251l  d-230x10^?in. 
dr a TENSILE STRESSES IN WIRES 
a = 20— p = 48—— = radians 











180 180 T 
A wire n 
EQUILIBRIUM EQUATIONS 
T 
SFr =0  Ticos(o) = Tocos(B) i go, =25.5ksi  *— 
wire 
COS 
nn a =35.8ksi << 
COS (a) O = A 95 = 35.8 ksi 
wire 


SF, =0  Tiin(o) + T2sin(B) = W 





1S (B) an(a) + sin e) —W 


cos(a) 
TENSION IN WIRES 


T, = W 
= MM 
(2A sin (a) + sin e) 


cos(a) 


T; = 25.337 Ib b- 








Problem 1.2-8 A long retaining wall is braced by Soil Retaining 
wood shores set at an angle of 30° and supported by concrete wall 
thrust blocks, as shown in the first part of the figure. The shores 
are evenly spaced, 3 m apart. 

For analysis purposes, the wall and shores are idealized as 
shown in the second part of the figure. Note that the base of 
the wall and both ends of the shores are assumed to be pinned. 
The pressure of the soil against the wall is assumed to be 
triangularly distributed, and the resultant force acting on a 
3-meter length of the wall is F = 190 kN. 

If each shore has a 150 mm X 150 mm square cross section, 
what is the compressive stress o; in the shores? 







Concrete 
Shore thrust 
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8 CHAPTER 1 Tension, Compression, and Shear 


Solution 1.2-8 Retaining wall braced by wood shores 


F = 190 kN 
A = area of one shore 
A = (150 mm)(150 mm) 
= 22,500 mm? 
= 0.0225 m^ 
SUMMATION OF MOMENTS ABOUT POINT A 
~M,=0 AO 
—F(1.5 m) + Cy (4.0 m) + Cy (0.5 m) = 0 
or 


—(190 kN)(1.5 m) + C(sin 30°)(4.0 m) 
+ C(cos 30°)(0.5 m) = 0 


“C= 117.14 kN 





COMPRESSIVE STRESS IN THE SHORES 


C = compressive force in wood shore C 117.14 kN 
Cy = horizontal component of C =~ A 7 0.0225 m? 
Cy = vertical component of C = 5.21 MPa < 
Cy = C cos 30° 
Cy = C sin 30° 


Problem 1.2-9 A pickup truck tailgate supports a crate 
(Wc = 150 lb), as shown in the figure. The tailgate weighs 
W; = 60 lb and is supported by two cables (only one is 
shown in the figure). Each cable has an effective cross- 
sectional area A, = 0.017 in’. 





Wc = 150 Ib 


(a) Find the tensile force T and normal stress ø in each 
cable. 

(b) If each cable elongates 6 = 0.01 in. due to the weight 
of both the crate and the tailgate, what is the average 
strain in the cable? 
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Solution 1.2-9 


W, = 150 Ib 
A. = 0.017 in? 
Wz = 60 
5 = 0.01 
d. = 18 
d= 14 
H = 12 
L—=16 
L= VL + P L=20 
S Mhine =0 — 2TQL = Wede + Wrdr 
Ty Medet "rir T, = 110.625 Ib 
T, - ET, T, 147.5 
H 


Problem 1.2-10 Solve the preceding problem if the 


mass of the tail gate is My = 27 kg and that of the 
crate is Mc — 68 kg. Use dimensions H — 305 mm, 
L = 406 mm, dc = 460 mm, and dr = 350 mm. The 
cable cross-sectional area is A, = 11.0 mm’. 


(a) Find the tensile force T and normal stress o in 
each cable. 

(b) If each cable elongates 6 = 0.25 mm due to the 
weight of both the crate and the tailgate, what 
is the average strain in the cable? 





SECTION 1.2 Normal Stress and Strain 





(a) T= VT? + T T-1841b < 


Ocable A. Ocable = 10.8 ksi €— 
e 
p —4 
(b) Ecable — 7 _ Ecable — 5 X 10 «— 
Le 
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10 CHAPTER 1 Tension, Compression, and Shear 


Solution 1.2-10 
M, = 68 (a T= V T} + Th T-2819N < 


T 
Mr = 27 kg g= 9.81- Ocable ^ Wr Ocable — 74.5 MPa = 
S^ e 
Ô d 
W. = Mg Wr = Mrg (b) Ecable = L. Ecable = 4.92 X 10 eer 
c 


W. = 667.08 Wr = 264.87 
Ne 
8-7 
A, = 11.0 mm? 5.50.25 
d-=460 dr = 350 


H = 305 L = 406 





Le = VL? + HB L, = 507.8 mm 
X Mhinge =O  2T,L Wü, + Wrdr 


W.d, + Wrdr 


-e- Ty = — A T, — 492.071 N 





L 
Th=—Tv Ty = 655.019 N 


Problem *1.2-11 An L-shaped reinforced concrete slab 
12 ft X 12 ft (but with a 6 ft X 6 ft cutout) and thickness 

t = 9.0 in. is lifted by three cables attached at O, B and D, 
as shown in the figure. The cables are combined at point Q, 
which is 7.0 ft above the top of the slab and directly above 
the center of mass at C. Each cable has an effective cross- 
sectional area of A, — 0.12 in*. 


(a) Find the tensile force T; (i = 1, 2, 3) in each cable 
due to the weight W of the concrete slab (1gnore 
weight of cables). 

(b) Find the average stress o; in each cable. (See 
Table H-1 in Appendix H for the weight density 
of reinforced concrete.) 
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Solution 1.2-11 
CABLE LENGTHS i 0.484 m 
L = V5 +5 +7?  L,-995 T, | = | 0.385 T=| T 
52 + 52 Jl ge — 99 Li = / 99 T} 0.589 T3 
L = V5 +7 +77 L,=11.091 7 7 1 
check: b= 1 TS = 1 
32-T.-T-213 L = V123 V/99 V/123 V2 
la = y ge Lj 9.899 NOTE: preferred solution uses sum of moments about a 
T 472 — 98 ie TVA line as follows — 
]. sum about x-axis to get T3v, then T3 
2. sum about y-axis to get T2v, then T2 
(a) SOLUTION FOR CABLE FORCES USING STATICS 3. sum vertical forces to get Tlv, then T1 OR sum forces 
(3 EQU, 3 UNKNOWNS) in x-dir to get T1x in terms of T2x 
7N/99 TiL4 
17714 T; — 0.484 0; = EA. SLAB WEIGHT & C.G. ; 
5/123 TL W = 150(12° — roS W = 1.215 x 10* 
= Tə = 0.385 ô, = 
2 2 2 
E ps 2A3 + A(6 + 3) 
JV 2 T3L Xcg — 
T 72 T; = 0.589 03 = A "a 
Kee = same for ycg Yo Kes 
—Cp- 25 ei =) 
: 7 T 7 pe i K Multiply unit forces by W 
i 7 d I 3 wu — 
v99 "v3 "v2 5977 
For unit force in Z-direction T= TW T = | 4679 | Ib t 
7159 
= l oV 49.0 ksi 
.0 ksi 
\/ T 
i ers E l 0 b) o=——  c-[30ki|pi — 
T | =| —= — 0 l 60.0 ksi 
T v99 Viz v2 l 
7 7 1 
v99 vV123 v2 
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12 CHAPTER 1 Tension, Compression, and Shear 


Problem *1.2-12 A round bar ACB of length 2L (see figure) rotates 
about an axis through the midpoint C with constant angular speed w 
(radians per second). The material of the bar has weight density y. 





(a) Derive a formula for the tensile stress ø, in the bar as a function 
of the distance x from the midpoint C. 
(b) What is the maximum tensile stress Cmax? 


Consider an element of mass dM at distance £ from the 
midpoint C. The variable € ranges from x to L. 


dM = 5A dj 
g 





dF = Inertia force (centrifugal force) of element of mass dM 


dF = (dM)(jo2) = A%w?jdj 


w = angular speed (rad/s) 


— - 1 L 
A — cross-sectional area E B 7 y >, yA " - 
"PR F, = dF = —Aw* jd) = —— (L — x^) 
y = weight density D «2 2g 


y l (a) TENSILE STRESS IN BAR AT DISTANCE X 
— = mass density 
8 





EY Ee — 

We wish to find the axial force F, in the bar at OR A 2g i 

Section D, distance x from the midpoint C. 

The force F, equals the inertia force of the part (b) MAXIMUM TENSILE STRESS 
of the rotating bar from D to B. 
yo*L* 
X70 Oma = 
28 


Problem 1.2-13 Two gondolas on a ski lift are locked in 

the position shown in the figure while repairs are being made 
elsewhere. The distance between support towers is L = 100 ft. 
The length of each cable segment under gondola weights 

Wp = 450 Ib and Wc = 650 Ib are Dap = 12 ft, Dac = 70 ft, 
and Dcp = 20 ft. The cable sag at B is Ag = 3.9 ft and that at 
C(AC) is 7.1 ft. The effective cross-sectional area of the cable 
is A, = 0.12 in". ] Support 


(a) Find the tension force in each cable segment; neglect tower 
the mass of the cable. 
(b) Find the average stress (o) in each cable segment. 




















dh 
ar. 











OlChOl.qxd 9/25/08 7:50 PM Page 13 





CIS 
LA 





SECTION 1.2 Normal Stress and Strain 13 


Solution 1.2-13 





We = 450 
Wc = 650 Ib 
Ac = 7.1 ft 
L = 100 ft 
Support 
Dap = 12 ft 
Dec = 70 ft 





Doc I ————— — — — L - 100 ft 


Dap T Dpc + Dcp = 102 ft 


A, = 0.12 in? CONTRAINT EQUATIONS 


COMPUTE INITIAL VALUES OF THETA ANGLES (RADIANS) Dap cos(61) + Dgc cos (02) + Dcp cos(63) = L 
A Dap sin(0,) + Dgc sin (05) = Dep sin(03) 
0; = asin | —— 0; = 0.331 
SOLVE SIMULTANEOUS EQUATIONS NUMERICALLY FOR TENSION 
FORCE IN EACH CABLE SEGMENT 


had 
05 = asin (26-98) 05 — 0.046 


BC Tap = 1620 lb Teg = 15361b Tcp = 1640lb < 
63 = asin (2e) 0, = 0.363 CHECK EQUILIBRIUM AT B & C 
Dcp 
Tap sin(@;) — Tgc sin (02) = 450 
(a) Statics AT B & C Tpcsin(05) — Tcp sin (04) = 650 
— Tap C0s(04) + Tgc cos (02) = 0 (b) COMPUTE STRESSES IN CABLE SEGMENTS 
Tap sin(6,) — Tpc sin(05) = Wg — Tap _ Tac _ Tcp 
— Tgc c0s(85) + Tcp cos (03) = 0 i Ae a Ae Oe Ae 
Tpcsin(05) — Tcp sin (05) = Wc oag = 13.5 ksi Opc = 12.8 ksi 


gcp = 13.67ksi < 
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14 CHAPTER 1 Tension, Compression, and Shear 


Problem 1.2-14 A crane boom of mass 450 kg with its 
center of mass at C is stabilized by two cables AQ and BQ 
(A, = 304 mm’ for each cable) as shown in the figure. A 
load P = 20 kN is supported at point D. The crane boom lies 
in the y—z plane. 


(a) Find the tension forces in each cable: Tyo and 
Tao (KN); neglect the mass of the cables, but include 
the mass of the boom in addition to load P. 

(b) Find the average stress (o) in each cable. 





Solution 1.2-14 





Data = Mboom = 450 kg 2T 49z(3000) = Wooom(5000) + P(9000) 
m 
B. 201% Whboom ^ Mboom 2 
à Tias a noe o M) T ION) 
AQE 2(3000) 
W boom = 4415 N 
a= 2 
e = 304 mm Tag = 50.5kKN=Tgg <“ 
(a) symmetry: Tag = Tga Ta 


(b) o = -> o = 166.2 MPa = 


e 


YM, = 0 
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SECTION 1.3 Mechanical Properties of Materials 15 


Mechanical Properties of Materials 


Problem 1.3-1 Imagine that a long steel wire hangs vertically from a high-altitude balloon. 


(a) What 1s the greatest length (feet) it can have without yielding if the steel yields at 40 ksi? 
(b) If the same wire hangs from a ship at sea, what is the greatest length? (Obtain the weight densities of steel and sea 
water from Table H-1, Appendix H.) 


Solution 1.3-1 Hanging wire of length L 








— total weight of steel wire (b) WIRE HANGING IN SEA WATER 
I Ys = weight density of steel 
F — tensile force at top of wire 
= 490 lb/ft? 

F 
= weight density of sea water F = (ys — YWAL Omax = d = (ys — yw)L 
= 63.8 lb/ft? 

= cross-sectional area of wire | O max 
max — 
Omax = 40 ksi (yield strength) Ys Yw 
40,000 psi 


(144 in.^/ft^) 





(a) WIRE HANGING IN AIR = - 
(490 — 63.8)Ib/ft 
W = ysAL 


X um = 13,500ft < 


W 
Omax — A = sh 





Cmax 40,000 psi 
Ly = = P (144 in 2/ft”) 
ys 490 lb/ft 





= 11,800ft < 


Problem 1.3-2 Imagine that a long wire of tungsten hangs vertically from a high-altitude balloon. 


(a) What is the greatest length (meters) it can have without breaking if the ultimate strength (or breaking strength) 
is 1500 MPa? 

(b) If the same wire hangs from a ship at sea, what is 
the greatest length? (Obtain the weight densities of tungsten and sea water from Table H-1, Appendix H.) 
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16 CHAPTER 1 Tension, Compression, and Shear 


Solution 1.3-2 a wire of length L 


(b) WIRE HANGING IN SEA WATER 


— total weight of tungsten wire 
d yr = weight density of tungsten F — tensile force at top of wire 
— 190 kN/m? F = (yr — Yw)AL 
yw — weight density of sea water Nr an 


Omax — A m (Yr n yYw)L 


— 10.0 kN/m? 
— cross-sectional area of wire X _ _ Umax 
max e 
Tmax = 1500 MPa (breaking strength) YT Ww 
7 1500MPa 
(a) WIRE HANGING IN AIR i (190 — 10.0) kN/m? 
W = y7AL 
r = 8300 m «— 


W 
Omax — A EE 


| Gmax — 1500MPa 
Laz Tg ee ee 


yr 190 kN/m? 


= 7900m < 


-P Problem 1.3-3 Three different materials, designated A, B, and C, 
are tested in tension using test specimens having diameters of 
0.505 in. and gage lengths of 2.0 in. (see figure). At failure, the 
distances between the gage marks are found to be 2.13, 2.48, and 
2.78 in., respectively. Also, at the failure cross sections the diam- 
eters are found to be 0.484, 0.398, and 0.253 in., respectively. 

Determine the percent elongation and percent reduction in 
area of each specimen, and then, using your own judgment, 
classify each material as brittle or ductile. 








Solution 1.3-3 Tensile tests of three materials 


| 0.505 in where L; is in inches. 





| T — —— ———— Percent reduction in area = ———— (100) 
Í 2.0 in tes Ao 
= (i a) 100 
. £4 — Lo (Hh i Ao u 
Percent elongation = "p 9 ma 1 J100 
j : do = initial diameter d, — final diameter 
Lo — 2.0 in. 
Li 
Percent elongation — 20 1 (100) (Eq. 1) 
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SECTION 1.3 Mechanical Properties of Materials 17 
" ————'LÜ'"""—C————————— 
Ai E (2) A. = (1505 in Li di % Elongation % Reduction Brittle or 
Ay  \do mE | Material — (in) Gin.) (Eq. 1) (Eq.2) Ductile? 
Percent reduction in area A 2.13 0.484 6.5% 8.1% Brittle 
d, 2 B 2.48 0.398 24.0% 37.9% Ductile 
= £ 7 (5) laoo (Eq. 2) C 2.78 0.253 39.0% 74.9% Ductile 


where d, is in inches. 


Problem 1.3-4 The strength-to-weight ratio of a structural material is defined as its load-carrying capacity divided by its weight. 
For materials in tension, we may use a characteristic tensile stress (as obtained from a stress-strain curve) as a measure of 
strength. For instance, either the yield stress or the ultimate stress could be used, depending upon the particular application. Thus, 
the strength-to-weight ratio Rs4y for a material in tension is defined as 


Oo 
Rs = — 
Yy 


in which ø is the characteristic stress and y is the weight density. Note that the ratio has units of length. 

Using the ultimate stress ay as the strength parameter, calculate the strength-to-weight ratio (in units of meters) for 
each of the following materials: aluminum alloy 6061-T6, Douglas fir (in bending), nylon, structural steel ASTM-A572, and 
a titanium alloy. (Obtain the material properties from Tables H-1 and H-3 of Appendix H. When a range of values is given in 


a table, use the average value.) 


Solution 1.3-4  Strength-to-weight ratio 


The ultimate stress oy for each material is obtained " y R 
from Table H-3, Appendix H, and the weight density (MPa) (kN/m?) Gay 
y is obtained from Table H-1. e 
, Aluminum alloy 310 26.0 11.9 x 10? 
The strength-to-weight ratio (meters) is 6061216 
Ro = £u (MPa) 6163) Douglas fir 65 5.1 12.7 x 10? 
9W ^ XKkN/m?) Nylon 60 9.8 6.1 x 10° 
Values of oy, y, and Rsyy are listed in the table. Structural steel 500 TAU 6.5 X 10° 
ASTM-A572 
Titanium alloy 1050 44.0 23.9 x 10? 


Titanium has a high strength-to-weight ratio, which is why 
it is used in space vehicles and high-performance airplanes. 
Aluminum is higher than steel, which makes it desirable for 
commercial aircraft. Some woods are also higher than steel, 
and nylon is about the same as steel. 





EX 
ar, 











O1ChOl.gxd 9/25/08 7:50 PM Page 18 





CIS 
LA 





18 CHAPTER 1 Tension, Compression, and Shear 


Problem 1.3-5 A symmetrical framework consisting of three pin-connected 
bars is loaded by a force P (see figure). The angle between the inclined bars 
and the horizontal is a = 48°. The axial strain in the middle bar is measured 
as 0.0713. 

Determine the tensile stress in the outer bars if they are constructed of 
aluminum alloy having the stress-strain diagram shown in Fig. 1-13. 
(Express the stress in USCS units.) 





L — length of bar BD 
L, — distance BC 
= L cot a = Licot 48°) = 0.9004 L 
Ly = length of bar CD 
= L csc a = L(csc 48°) = 1.3456 L 


Elongation of bar BD = distance DE = €gpL 





EppL = 0.0713 L 
L4 = distance CE 
L = V I3 4 (L^ egpLY. 


Aluminum alloy 








a = 48° 
Epp = 0.0713 = V/(0.9004LY + 171 + 0.0713» 
Use stress-strain diagram of Figure 1-13 = 1.3994 L 
ô = elongation of bar CD 
: C 6 = L; — Ly = 0.0538L 
y Strain in bar CD 
= 6  O0.0538L _ 0.0400 
L Lə 1.3456L l 
From the stress-strain diagram of Figure 1-13: 
Ls c-3lks < 
D 
€gpL 


dE 


by 
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SECTION 1.3 Mechanical Properties of Materials 19 


Problem 1.3-6 A specimen of a methacrylate plastic is tested in ten- 


sion at room temperature (see figure), producing the stress-strain data STRESS-STRAIN DATA FOR PROBLEM 1.3-6 


listed in the accompanying table. Stress (MPa) Strain 
Plot the stress-strain curve and determine the proportional limit, 

modulus of elasticity (i.e., the slope of the initial part of the stress-strain 8.0 0.0032 
curve), and yield stress at 0.2% offset. Is the material ductile or brittle? 17.5 0.0073 
25.6 0.0111 

31.1 0.0129 

P 39.8 0.0163 
-———— d 44.0 0.0184 

ud = P 48.2 0.0209 

_—_! 53.9 0.0260 

58.1 0.0331 

62.0 0.0429 
62.1 Fracture 


Solution 1.3-6 Tensile test of a plastic 


Using the stress-strain data given in the problem 
statement, plot the stress-strain curve: 


Op, = proportional limit op, ~ 47 MPa 4 
Modulus of elasticity (slope) = 2.4 GPa < 
Gy = yield stress at 0.2% offset 

gy ~ 53 MPa = 


60 






id Material is brittle, because the strain after the proportional 


limit is exceeded is relatively small. m 


40 MPa _ 
slope = 0.017 = 2.4 GPa 





20 ge 
(0m 0.2% offset 


Q.01 0.02 0.03 0.04 
Strain 


Problem 1.3-7 The data shown in the accompanying table were 
obtained from a tensile test of high-strength steel. The test specimen 
had a diameter of 0.505 in. and a gage length of 2.00 in. (see figure for Load (Ib) 


TENSILE-TEST DATA FOR PROBLEM 1.3-7 


Elongation (in.) 





Prob. 1.3-3). At fracture, the elongation between the gage marks was 0.12 in. 


= ; : 1,000 0.0002 

and the minimum diameter was 0.42 in. 2.000 0.0006 
Plot the conventional stress-strain curve for the steel and determine the 6,000 0.0019 
proportional limit, modulus of elasticity (1.e., the slope of the initial part of 10,000 0.0033 
the stress-strain curve), yield stress at 0.1% offset, ultimate stress, percent 12,000 0.0039 
elongation in 2.00 in., and percent reduction in area. 12,900 0.0043 
13,400 0.0047 

13,600 0.0054 

13,800 0.0063 

14,000 0.0090 

14,400 0.0102 

15,200 0.0130 

16,800 0.0230 

18,400 0.0336 

20,000 0.0507 

22,400 0.1108 

22,600 Fracture 
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P 
Ag 


Load P 
(Ib) 


1,000 

2,000 

6,000 
10,000 
12,000 
12,900 
13,400 
13,600 
13,800 
14,000 
14,400 
15,200 
16,800 
18,400 
20,000 
22,400 
22,600 


150,000 


Stress 
(psi) 


100,000 


50,000 


7:50 PM Page 20 


Lo = 2.00 in. 


= 0.200 in.” 


uS 
Lo 


Elongation 6 


(in.) 


0.0002 
0.0006 
0.0019 
0.0033 
0.0039 
0.0043 
0.0047 
0.0054 
0.0063 
0.0090 
0.0102 
0.0130 
0.0230 
0.0336 
0.0507 
0.1108 


Fracture 


STRESS-STRAIN DIAGRAM 


0.0200 


0.0400 
Strain 


CONVENTIONAL STRESS AND STRAIN 


Stress o 


(psi) 


5,000 
10,000 
30,000 
50,000 
60,000 
64,500 
67,000 
68,000 
69,000 
70,000 
72,000 
76,000 
84,000 
92,000 

100,000 
112,000 
113,000 


0.0600 





Tension, Compression, and Shear 


Solution 1.3-7 Tensile test of high-strength steel 
dy = 0.505 in. 


Tdi 


Strain € 


0.00010 
0.00030 
0.00100 
0.00165 
0.00195 
0.00215 
0.00235 
0.00270 
0.00315 
0.00450 
0.00510 
0.00650 
0.01150 
0.01680 
0.07535 
0.05540 


CIS 





LA 


ENLARGEMENT OF PART OF THE STRESS-STRAIN CURVE 


Stress 
(psi) 









70,000 Typ ~ 69,000 psi 


(0.1% offset) 


Op; ~ 65,000 psi 
60,000 0.1% pffset 

50,000 psi 
Slope ~ 59163 - 


= 30 x 106 psi 






50,000 


0 0.0020 


0.0040 
Strain 


RESULTS 
Proportional limit ~ 65,000 psi < 
Modulus of elasticity (slope) ~ 30 X 10° psi — —— 
Yield stress at 0.1% offset ~ 69,000 psi < 
Ultimate stress (maximum stress) 

= 113,000 psi < 
Percent elongation in 2.00 in. 

— 11 = Po aoo) 

Lo 
_ 9.12 in. 
2.00 in. 





(100) =6%@ < 


Percent reduction in area 
An — A 
= D ^l (100) 
Ao 
. 0200 in.* — F (0.42 in.) * 
0.200 in.? 


= 31% e 


(100) 
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Elasticity, Plasticity, and Creep 


Problem 1.4-1 A bar made of structural steel having the stress- 
strain diagram shown in the figure has a length of 48 in. The yield 
stress of the steel is 42 ksi and the slope of the initial linear part of the 
stress-strain curve (modulus of elasticity) is 30 X 10° ksi. The bar is 
loaded axially until it elongates 0.20 in., and then the load is removed. 

How does the final length of the bar compare with its original 
length? (Hint: Use the concepts illustrated in Fig. 1-18b.) 








€ 
Solution 1.4-1 Steel bar in tension 
c 
ELASTIC RECOVERY £g 
OB 42 ksi 
Ty EE = = = 0.00140 


Slope 30 X 10? ksi 


RESIDUAL STRAIN £g 
£g = £g — £g = 0.00417 — 0.00140 
— 0.00277 





0. ER Ep € 
PERMANENT SET 
L — 48 in. 
Yield stress oy = 42 ksi 
Slope = 30 X 10° ksi 


£gL = (0.00277)(48 in.) 
= 0.13 in. 


l Final length of bar is 0.13 in. greater than its original 


STRESS AND STRAIN AT POINT B 
Op = Oy = 42 ksi 
ô 0.20 in. 


L 48 in. 


£p = = 0.00417 





Problem 1.4-2 A bar of length 2.0 m is made of a structural steel 
having the stress-strain diagram shown in the figure. The yield stress 
of the steel is 250 MPa and the slope of the initial linear part of the 
stress-strain curve (modulus of elasticity) is 200 GPa. The bar is 
loaded axially until it elongates 6.5 mm, and then the load is 
removed. 

How does the final length of the bar compare with its original 
length? (Hint: Use the concepts illustrated in Fig. 1-18b.) 
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CHAPTER 1 Tension, Compression, and Shear 


Solution 1.4-2 Steel bar in tension 

udi L = 2.0 m = 2000 mm 
Yield stress ay = 250 MPa 
Slope = 200 GPa 

ô = 6.5 mm 


gy 





0 ER 


STRESS AND STRAIN AT POINT B 
Op = Oy = 250 MPa 
Ó 6.5 mm 


Ep = > = = —— = 0.00325 
L 2000 mm 


ELASTIC RECOVERY £g 


Og 250 MPa 
Slope 200 GPa 





= 0.00125 


EE — 


RESIDUAL STRAIN ER 
£g = Eg — Ep = 0.00325 — 0.00125 
= 0.00200 
Permanent set = e&4L = (0.00200)(2000 mm) 


= 4.0 mm 


Final length of bar is 4.0 mm greater than its original 
length. «— 


Problem 1.4-3 An aluminum bar has length L = 5 ft and diameter d = 1.25 in. The stress-strain curve for the aluminum is 
shown in Fig. 1-13 of Section 1.3. The initial straight-line part of the curve has a slope (modulus of elasticity) of 10 X 10° psi. 
The bar is loaded by tensile forces P — 39 k and then unloaded. 





(a) What is the permanent set of the bar? 
(b) If the bar is reloaded, what is the proportional limit? (Hint: Use the concepts illustrated in Figs. 1-18b and 1-19.) 


Solution 1.4-3 


(a) PERMAMENT SET 
Numerical data L = 60 in 
d = 1.25 in P — 39 kips 


STRESS AND STRAIN AT PT B 


P 
CR = —— 
1E 
4 
Og = 31.78 ksi 


From Figure 1-13 £g = 0.05 


ELASTIC RECOVERY 
OB 


= —— £p = 3.178 X 10? 
10(10) 


EE 


RESIDUAL STRAIN 


EE ER — 0.047 


EE = EB 
PERMANENT SET 


epL = 2.8lin < 


(b) PROPORTIONAL LIMIT WHEN RELOADED 


Tg = 31.8 ksi < 
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Problem 1.4-4 A circular bar of magnesium alloy is 750 mm long. The stress- 











strain diagram for the material is shown in the figure. The bar is loaded in 200 
tension to an elongation of 6.0 mm, and then the load is removed. 
(a) What is the permanent set of the bar? o (MPa) 
(b) If the bar is reloaded, what is the proportional limit? (Hint: Use the 





concepts illustrated in Figs. 1-18b and 1-19.) 100 





























0 0.005 0.010 


Solution 1.4-4 


NUMERICAL DATA L = 750 mm ô = 6mm (b) PROPORTIONAL LIMIT WHEN RELOADED 


STRESS AND STRAIN AT PT B Op = 180 MPa — 


Ó 
EB = L f= 8 X10 ~ Op = 180 MPa 








ELASTIC RECOVERY 
+ dec slope = 4.45 x 10* 
Pe ~ 0.004 p 
OB 
eh 
slope 


po = 4.045 x 107° 
RESIDUAL STRAIN 
ER — Ep” EE ER — 3.955 X 10°” 





(a) PERMANENT SET 


ERL = 2.97 mm = 


Problem 1.4-5 A wire of length L = 4 ft and diameter d = 0.125 in. is stretched by tensile forces P = 600 Ib. The wire is 
made of a copper alloy having a stress-strain relationship that may be described mathematically by the following equation: 


18,000e 


o = —— Os€ £0.03 (os = ksi) 
1 + 300e 


in which e is nondimensional and ø has units of kips per square inch (ksi). 


(a) Construct a stress-strain diagram for the material. 

(b) Determine the elongation of the wire due to the forces P. 

(c) If the forces are removed, what is the permanent set of the bar? 
(d) If the forces are applied again, what is the proportional limit? 
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Solution 1.4-5 Wire stretched by forces P 
L=4ft=48in. d=0.125 in. ALTERNATIVE FORM OF THE STRESS-STRAIN RELATIONSHIP 
P = 600 Ib Solve Eq. (1) for & in terms of o: 
COPPER ALLOY o 


s— ee a 2 
E — 18,000 -3000 i A d - 











18,000& 
im 1 + 300e E E E This equation may also be used when plotting the stress- 
strain diagram. 
(a) STRESS-STRAIN DIAGRAM (From Eq. 1) (b) ELONGATION 6 OF THE WIRE 
P 600 Ib 
o0 T 48,900 psi — 48.9 ksi 
EAM eit a —(0.125 in. 
Op p enea | 4 
i From Eq. (2) or from the stress-strain diagram: 
40 | 
| e = 0.0147 
hi | u u "T 
(ksi) | ô = eL = (0.0147)(48 in.) = 0.71 in. = 
20 STRESS AND STRAIN AT POINT B (see diagram) 
| gp = 489 ksi eg = 0.0147 
i 
| ELASTIC RECOVERY £g 
0 
Xs 0.01 0.02 0.03. puente LL E C OD 
E Slope 18,000 ksi 





ÍNITIAL SLOPE OF STRESS-STRAIN CURVE RESIDUAL STRAIN ER 


Take the derivative of ø with respect to e: Er = £g — £p = 0.0147 — 0.0027 = 0.0120 
do — (1 + 300e)(18,000) — (18,000)(300)o (c) Permanent set = €gL = (0.0120)(48 in.) 
de (1 + 3002)? = 0.58in < 
(d) Proportional limit when reloaded = oz 
18,000 
(+ 3008? Ug 49km — «— 


do 
Ate = 0, — = 18,00 ksi 
de 


Z. Initial slope = 18,000 ksi 
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Linear Elasticity, Hooke's Law, and Poisson's Ratio 


When solving the problems for Section 1.5, assume that the material behaves 
linearly elastically. 


Problem 1.5-1 A high-strength steel bar used in a large crane has diameter | cÀ— 


d = 2.00 in. (see figure). The steel has modulus of elasticity E = 29 X 10° psi 
and Poisson's ratio v — 0.29. Because of clearance requirements, the diameter 
of the bar is limited to 2.001 in. when it is compressed by axial forces. 

What is the largest compressive load Pmax that is permitted? 





Solution 1.5-1 Steel bar in compression 


STEEL BAR AXIAL STRESS 
d — 2.00 in. Max. Ad = 0.001 in. o = Ee = (29 X 10° psi)( —0.001724) 
E=29X10°psi v= 0.29 = —50.00 ksi (compression) 
LATERAL STRAIN Assume that the yield stress for the high-strength steel is 
greater than 50 ksi. Therefore, Hooke’s law is valid. 
Ad _ 0.001 in 
s' = — = —— = 0.0005 
d 2.00 in. MAXIMUM COMPRESSIVE LOAD 


AXIAL STRAIN Bs = gÅ = (50.00 is ( Z aoo in.)* 
s 0.0005 _ $ 


"UE — — 0.001724 siik = 
di^ 0.29 





(shortening) 


Problem 1.5-2 A round bar of 10 mm diameter is made of aluminum 
alloy 7075-T6 (see figure). When the bar is stretched by axial forces P, its 
diameter decreases by 0.016 mm. 

Find the magnitude of the load P. (Obtain the material properties 
from Appendix H.) 





Solution 1.5-2 Aluminum bar in tension 











d —10mm Ad = 0.016 mm AXIAL STRESS 

(Decrease in diameter) o = Ee = (72 GPa)(0.004848) 

7075-T6 = 349.1 MPa (Tension) 

From Table H-2: E = 72 GPa v = 0.33 Because ø < oy, Hooke's law is valid. 

From Table H-3: Yield stress ay = 480 MPa LoAD P (TENSILE FORCE) 

La Seas P = 0A = (3491 MPay( Z )ao mm)? 
Ad  —0.016mm 

£ = = = — 0.0016 =27.4KN <— 
d 10mm 

AXIAL STRAIN 

_ æ 0.0016 
"^ ^v 033 


— 0.004848 (Elongation) 
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Problem 1.5-3 A polyethylene bar having diameter d, — 4.0 in. is placed inside a Steel 
steel tube having inner diameter d = 4.01 in. (see figure). The polyethylene bar is tube 
then compressed by an axial force P. | 
At what value of the force P will the space between the nylon bar and the steel dj d) 
tube be closed? (For nylon, assume E = 400 ksi and v = 0.4.) | 
Polyethylene 
bar 
Solution 1.5-3 
NUMERICAL DATA NORMAL STRAIN 
d; =4in d, = 4.01 in. E = 200 ksi — £p 
£] = e£, = —625 X 10? 
v = 0.4 Ad, = 0.01 in V 
A, = “a? A = TR A, = 12.566 in? AXIAL STRESS 


4 - 


=E = —1.25 ksi 
A» = 12.629 in? 01 E& A si 


COMPRESSION FORCE 
LATERAL STRAIN 
P = EA}£; 


£y 7 ——  & 225 X 10° P= —15.71kips < 


Problem 1.5-4 A prismatic bar with a circular cross section is loaded 
by tensile forces P — 65 kN (see figure). The bar has length L — 1.75 P d P 
m and diameter d — 32 mm. It is made of aluminum alloy with mod- 


ulus of elasticity E — 75 GPa and Poisson's ratio v — 1/3. | 
Find the increase in length of the bar and the percent decrease in L 
its cross-sectional area. 





CX 
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Solution 1.5-4 
NUMERICAL DATA LATERAL STRAIN 
P = 65 kN — Ep — — VE Ep — —3.592 X 10 
3 DECREASE IN DIAMETER 
d= 32mm L = 1.75(1000) mm 
Ad —le,d Ad = 0.011 mm 
E = 75 GPa 
FINAL AREA OF CROSS SECTION 
INITIAL AREA OF CROSS SECTION A;= 7 d= Ad)? 
A;——d) A, = 804248 mm? 
Ed i A, = 803.67 mn? 
Ar— A; 
AXIAL STRAIN % decrease in x-sec area = —i  *(099) — 
P in 
e = EA. € = 1.078 X I0^* — — 0.072 <— 
1 


INCREASE IN LENGTH 


AL = eL A L = 1.886 mm «— 


Problem 1.5-5 A bar of monel metal as in the figure (length L = 9 in., diameter d = 0.225 in.) is loaded axially by a tensile 
force P. If the bar elongates by 0.0195 in., what is the decrease in diameter d? What is the magnitude of the load P? Use the 
data in Table H-2, Appendix H. 


Solution 1.5-5 

NUMERICAL DATA DECREASE IN DIAMETER 

E — 25000 ksi Ad = ed 

y = 0.32 Ad = —1.56x10 ^in — — 
L — 9 in. INITIAL CROSS SECTIONAL AREA 
ô = 0.0195 in. To» 5 

d — 0225 in. A; = 4° A; = 0.04 in. 


MAGNITUDE OF LOAD P 
NORMAL STRAIN 


5 P= EA;s 
E = =3 
€= L € = 2.167 X 10 P = 2.15 kips 


«—— 
LATERAL STRAIN 


= —ve & = —6.933 X 10 ^ 
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Problem 1.5-6 A tensile test is peformed on a brass specimen 
10 mm in diameter using a gage length of 50 mm (see figure). 
When the tensile load P reaches a value of 20 kN, the distance 
between the gage marks has increased by 0.122 mm. 





(a) What is the modulus of elasticity E of the brass? 
(b) If the diameter decreases by 0.00830 mm, what is Poisson's ratio? 


Solution 1.5-6 Brass specimen in tension 


d= 10mm Gage length L = 50 mm (a) MODULUS OF ELASTICITY 
P=20kN 6=0.122mm_ Ad = 0.00830 mm o 254.6 MPa 
E=— = —W—— = 104 Gpa em 
E 0.002440 


AXIAL STRESS 
(b) POISSON’S RATIO 


P 20k 
o = — = ——— = 254.6 MPa se’ = ye 
= dasa? 
1000 Ad = s'd = ved 
Assume øg is below the proportional limit so that Ds Ad = 0.00830 mm — 0.34 "7" 
Hooke's law is valid. ed . (0.002440)(10 mm) 


AXIAL STRAIN 


Ó 0.122 mm 
g = — = —m — = 0.002440 
L 50 mm 


Problem 1.5-7 A hollow, brass circular pipe ABC (see figure) supports a load 
P, = 26.5 kips acting at the top. A second load P5 = 22.0 kips is uniformly 
distributed around the cap plate at B. The diameters and thicknesses of the upper 
and lower parts of the pipe are d4g = 1.25 in., tag = 0.5 in., dgc = 2.25 in., and 
tag = 0.375 in., respectively. The modulus of elasticity is 14,000 ksi. When both 
loads are fully applied, the wall thickness of pipe BC increases by 200 3 10 ? in. 


(a) Find the increase in the inner diameter of pipe segment BC. 

(b) Find Poisson's ratio for the brass. CAB 

(c) Find the increase in the wall thickness of pipe segment AB and the increase 
in the inner diameter of AB. 





















Cap plate 


IBC 





> 
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SECTION 1.5 Linear Elasticity, Hooke's Law, and Poisson's Ratio 29 
Solution 1.5-7 
NUMERICAL DATA (c) INCREASE IN THE WALL THICKNESS OF PIPE SEGMENT AB 
P, — 26. 5 kips AND THE INCREASE IN THE INNER DIAMETER OF AB 
P» = 22 kips T 
Aap = —| dag. — (dap — 2tag)? 
doceas AB = 4 | GAB ( dap AB) 
LAB = 0.5 in. — 
aii = —1.607 x 1073 
dpc = 2.25 in. “AB FAap EAB 
tac = 0.375 in. — 
€ — ~ Pbrasst € — J. 
E = 14000 ksi a a 
Atgc = 200 X 10 9 Atag = EpABLAB Atap = 2.73 X 1074 in. IE 


Adxginer = E€paB(daB n 2tAp) 
(a) INCREASE IN THE INNER DIAMETER OF PIPE 


SEGMENT BC 


Atpc 


€pBC = . — 
tpc 


Adapinner = 1.366 X 10° ^ inches 


Eppe = 5.333 X 10 * 


Adgcinner = Eppc(dgc n 2tgc) 
A dgcinner = 8 X 10 ^ inches = 


(b) POISSON’S RATIO FOR THE BRASS 


TT 
-Qa- Apc — z dge? — ( dgc — 2tgc)* 


Ane = 2.209 in.” 





Epe = LG t P Epc = —1.568 X 10? 
(EAgc) 
— €pBC 

V brass — pm Vbrass = 0.34 


(agrees with App. H (Table H-2)) 


Problem 1.5-8 A brass bar of length 2.25 m with a square 
cross section of 90 mm on each side is subjected to an axial 
tensile force of 1500 kN (see figure). Assume that E — 110 

GPa and v — 0.34. 


e1 | 
Determine the increase in volume of the bar. 
225m 


90 mm 90 mm 






1500 kN 








EX 
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Solution 1.5-8 
NUMERICAL DATA CHANGE IN DIMENSIONS 
E = 110 GP = 0.34 P= 1500 kN = = 
is Ab=e,b X Ab-0.052mm 
b—90mm L= 2250 mm AL=sL AL = 3.788 mm 


INITIAL VOLUME FINAL LENGTH AND WIDTH 


Vol; = Lb? 


M L;- Lc AL L;= 2.254 X 10? mm 
Vol; = 1.822 X 10° mm 


NORMAL STRESS AND STRAIN 
P FINAL VOLUME 


g — — oo = 185 MPa (less than yield so 5 3 " 
b Hooke's Law applies) Vol; = Lbs Vol; = 1.823 X 10° mm 


a. = B 
E= E e = 1.684 X 10 INCREASE IN VOLUME 


AV = Vol; — Vol AV = 9789 mni? 
LATERAL STRAIN 


£p = ve &) — 5.724 X 10^ 


Shear Stress and Strain 


Problem 1.6-1 An angle bracket having thickness t = 0.75 in. is attached to the flange of a column by two 5/8-inch diameter 
-Qa- bolts (see figure). A uniformly distributed load from a floor joist acts on the top face of the bracket with a pressure 
p = 275 psi. The top face of the bracket has length L = 8 in. and width b = 3.0 in. 

Determine the average bearing pressure o; between the angle bracket and the bolts and the average shear stress Taver in the 
bolts. (Disregard friction between the bracket and the column.) 





Floor slab 


Floor joist 


“ Angle bracket 








as 
ar. 
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Solution 1.6-1 





NUMERICAL DATA A, = dt A, = 0.469 W 
t = 0.75 in. L = 81n. 

275 BEARING STRESS 

1000 8 F . 

St e Ob 7 7.04 ksi E 
2Ap 
BEARING FORCE 
F = pbL F = 6.6 kips SHEAR STRESS 
F . 
SHEAR AND BEARING AREAS Tave — Ag Taye = 10.76 ksi < 
UM "UH 

Ags = 4d As — 0.307 in. 


Roof structure 





Problem 1.6-2 Truss members supporting a roof are con- 
nected to a 26-mm-thick gusset plate by a 22 mm diameter 
pin as shown in the figure and photo. The two end plates on 
the truss members are each 14 mm thick. 


(a) If the load P = 80 kN, what is the largest bearing 
stress acting on the pin? 

(b) If the ultimate shear stress for the pin is 190 MPa, what 
force P, is required to cause the pin to fail in shear? 


(Disregard friction between the plates.) 


Solution 1.6-2 





NUMERICAL DATA 
tep = 14 mm 
Lp = 20 mm 
P = 80 kN 
d, = 22mm 


Tat = 190 MPa 
(a) BEARING STRESS ON PIN 


P 
op = — —— gusset plate is thinner than 
b dt Z p 
p'gp 
(2 tep) so gusset plate controls 


Op = 139.9 MPa < 


(b) ULTIMATE FORCE IN SHEAR 


Cross sectional area of pin 


2 
Ms: 
P g 
A, = 380.133 mm? 


Pai = 2T ultAp E = 144.4 kN ~ 





E 
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Problem 1.6-3 The upper deck of a football stadium is supported by braces each of which transfers a load P = 160 kips to 
the base of a column [see figure part (a)]. A cap plate at the bottom of the brace distributes the load P to four flange plates 
(t; = 1 in.) through a pin (d, = 2 in.) to two gusset plates (t, = 1.5 in.) [see figure parts (b) and (c)]. 
Determine the following quantities. 
(a) The average shear stress Taver in the pin. 
(b) The average bearing stress between the flange plates and the pin (o;,), and also between the gusset 
plates and the pin (Obg). 


(Disregard friction between the plates.) 


Cap plate 
Flange plate 


(t= 1 in.) 


Pin (d, = 2 in.) 


Gusset plate 
(t, = 1.5 in.) 





(b) Detail at bottom of brace 





Cap plate 


Pin (d, = 2 in.) 


«—— Flange plate 
(t= | in.) 


Gusset plate 
(t, = 1.5 in.) 





(c) Section through bottom of brace 





dh 
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Solution 1.6-3 
NUMERICAL DATA (b) BEARING STRESS ON PIN FROM FLANGE PLATE 
P — 160 kips d, = 2 in. P 
tg = 1.5 1n. ir = ] 1n. Tyf = — TiS 20 ksi e 
dts 


(a) SHEAR STRESS ON PIN 
BEARING STRESS ON PIN FROM GUSSET PLATE 


V P 


u 


T = 12.73 ksi <— 





2 
Obg — d.t. Obg — 26.7 ksi x 
ple 


Problem 1.6-4 The inclined ladder AB supports a house painter (82 kg) at 
C and the self weight (¢ = 36 N/m) of the ladder itself. Each ladder rail 
(t. = 4 mm) is supported by a shoe (t, = 5 mm) which is attached to the 














ladder rail by a bolt of diameter d, = 8 mm. B 
X 
(a) Find support reactions at A and B. 
(b) Find the resultant force in the shoe bolt at A. 
(c) Find maximum average shear (7) and bearing (0p) stresses in the shoe 
bolt at A. 
-Qa- " 7 Typical rung H=7m 
Ladder rail (t, = 4 mm) 
Shoe bolt (d, = 8 mm) 
,— Ladder shoe (t, = 5 mm) 
[€ — "5 
Ay Ay di Tee 
2 P, | Ay 
Secun a bacs | Assume no slip at A 
Solution 1.6-4 
NUMERICAL DATA (a) SUPPORT REACTIONS 
t —4mm  t,—5mm L= V(a + bê + E? L = 7.433 m 
d,=8mm P = 82kg (9.81 m/s?) 
R E Lac^——L  Lac25352m 
P = 804.42 N a+ b 
N __ P _ 
a= 1.8m b = 0.7m H=7m q = 36 — Lcp = gi pb Lop = 2.081 m 


B 


Lac Lop = 7.433 m 





as 
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DONDMOMENTSASOPIPES SHEAR AREA A, = Tq A, = 50.265 mm? 
A 
a+b 
Pa + qL 
2 
B, S Á resultant 
B, = —255N < SHEAR STRESS T = FA T—548MPa < 
S 
Ay ==By Ay = P+ gL 
BEARING AREA Ay = 2d,t, Ap = 80 mm? 
Ay = 1072 N = 
A resultant 
(b) RESULTANT FORCE IN SHOE BOLT AT A Um c 
FI T BEARING STRESS Ø pshoe = —— —— 
A resultant = AS + Ay m Ap 
Avsesultant = 1102 N ees T bshoe = 6.89 MPa = 
(c) MAXIMUM SHEAR AND BEARING STRESSES IN SHOE CHECK BEARING STRESS IN LADDER RAIL 
BOLT AT A 
A resultant 
d, = 8mm ts = 5 mm t,—c4mm 2 
O bril ~~ |, Oprait = 17.22 MPa 
d, t, 


Problem 1.6-5 The force in the brake cable of the V-brake 
system shown in the figure is T = 45 Ib. The pivot pin at A has 
diameter d, = 0.25 in. and length L, = 5/8 in. 


Use dimensions show in the figure. Neglect the weight of the 
brake system. 


(a) Find the average shear stress 74,4, in the pivot pin where it 
is anchored to the bicycle frame at B. 

(b) Find the average bearing stress o; aver in the pivot pin over 
segment AB. 











Vp anchored to 
frame (dp) 
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Solution 1.6-5 
UME ee DATA (a) FIND THE AVE SHEAR STRESS Taye IN THE PIVOT PIN WHERE 
D. IT IS ANCHORED TO THE BICYCLE FRAME AT B: 
d, — 0.25 im. L = — in. CD = 3.25 in. 
nd , 
BC-1in  T=45lb BS ee 
_ | Hel i 
EQUILIBRIUM - FIND HORIZONTAL FORCES Tave ^ Tave ^ 2979 psi {= 
_ As 
AT B AND C [VERTICAL REACTION Vg = O] 
T(BC + CD) (b) FIND THE AVE BEARING STRESS Oj ave IN THE PIVOT PIN 
X Mg =0 Hc = BC OVER SEGMENT AB. 
Ap = d)L Ay = 0.156 in. 
Hc-191251b Fy =0 dil ° 
_ | Hpi i 
Hg = T — Hc Hg = —146.25 Ib O bave — Ay O bave — 936 psi E 
Problem 1.6-6 A steel plate of dimensions 2.5 X 1.5 X 0.08 m P 


and weighing 23.1KN is hoisted by steel cables with lengths 
Lı = 3.2 m and L, = 3.9 m that are each attached to the plate by 
a clevis and pin (see figure). The pins through the clevises are 
18 mm in diameter and are located 2.0 m apart. The orientation * Clevis and 
angles are measured to be 0 = 94.4? and a = 54.9". a=0.6m he 

For these conditions, first determine the cable forces 7, and mf pin xy 
Tə, then find the average shear stress Taver in both pin 1 and pin 
2, and then the average bearing stress o; between the steel plate 
and each pin. Ignore the mass of the cables. 








^ 
^ 


Clevis 
and pin 2 


Center of mass 





of plate 
2e 
On, 
Solution 1.6-6 
NUMERICAL DATA SOLUTION APPROACH 
m STEP (1) d= V à? + b? d = 1.166 m 
L =32m L,=39m a = 54.9| —— |rad. 
180 a 180 
STEP (2) 0, = atan p^ Ue — 30.964 degrees 
TT 
0 = 944| —— | rad. 
á (= ra STEP (3)-Law of cosines 
a=06m b=I1m H = Vd + Lj? — 2dL,cos(0 + 6) 
W = 77.0(2.5 X 1.5 X 0.08) W = 23.1 kN H = 3.99 m 


(77 = wt density of steel, kN/m?) 





di 
ar, 
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L + H? — =) (522) 
STEP (4 = — —__— Tı = A T = 13.18 kN <— 
(4) By 2cos( LH 1 2\ nG) 1 
180 + = 23.1 < 
Bi sg denies T,cos(B,) + T5cos(5) = 23.1 checks 
L + H? — d SHEAR & BEARING STRESSES 
STEP (5) B5 = acos| ———— —— 
2L,H 


d, = 18 mm t = 100 mm 





180 
B7 = 16.95 degrees dcs Td Ae, 
STEP (6) T 
2 
180 EE E 
Check (B; + Bo + 06+ a) Tlave — As Tine — 20.9 MPa ims 
= 180.039 degrees Lb 
: 2 
Statics Toave = As Toave = 21.2 MPa = 
T;sin(84) = T2sin(B2) T 
1 
sin oi = gy, = 7.32 MPa < 
Ti E ( i Ba) Ap 
sin(B) I 
2 
T,cos(8,) + Tocos(85) = W Ob = EN op = 5.99MPa < 
T, = W 
t sin(f5) 
cos(B1)—— —- + cos(B2) 
sin(B ;) 


Tə = 10.77kN <— 


Problem 1.6-7 A special-purpose eye bolt of shank diameter d = 0.50 in. passes 
through a hole in a steel plate of thickness t, = 0.75 in. (see figure) and is secured by 
a nut with thickness t = 0.25 in. The hexagonal nut bears directly against the steel 
plate. The radius of the circumscribed circle for the hexagon is r = 0.40 in. (which 
means that each side of the hexagon has length 0.40 in.). The tensile forces in three 
cables attached to the eye bolt are 7, = 800 Ib., Tə = 550 Ib., and 73 = 1241 Ib. 


(a) Find the resultant force acting on the eye bolt. 

(b) Determine the average bearing stress o; between the hexagonal nut on the 
eye bolt and the plate. 

(c) Determine the average shear stress Taver in the nut and also in the steel 
plate. 
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Solution 1.6-7 


CABLE FORCES (c) AVE. SHEAR THROUGH NUT 
T; = 800 Ib T5 = 550 |b T3 = 1241 Ib d = 0.5 in. t = 0.25 in. 
P 
(a) RESULTANT Ass = mdt Ag —0 Tat — x — 
Asn 
V3 | 
P= To + T30.5 P = 1097 lb <= Tout = 2793 psi = 
SHEAR THROUGH PLATE 5550,79 r — 0.40 
(b) AVE. BEARING STRESS Kons Asi = 2 
Ap = 0.2194 in? hexagon (Case 25, App. D) P 
Tpl — AD Tpl — 609 psi <— 
Opn - g y = 4999 psi — spl 
Ap 


plates bonded to a chloroprene elastomer (an artificial rubber) is 
subjected to a shear force V during a static loading test (see figure). 
The pad has dimensions a = 125 mm and b = 240 mm, and the 
elastomer has thickness t = 50 mm. When the force V equals 12 kN, 
the top plate is found to have displaced laterally 8.0 mm with respect | 
to the bottom plate. 

What is the shear modulus of elasticity G of the chloroprene? 


b 
Problem 1.6-8 An elastomeric bearing pad consisting of two steel y 
a 
V 


————9 














Solution 1.6-8 


NUMERICAL DATA 
V = 12 kN a = 125 mm 
b = 240 mm t = 50 mm d = 8 mm 


AVERAGE SHEAR STRESS 


V 


Txs Tave = 0.4 MPa 
ab 





AVERAGE SHEAR STRAIN Y aye = — 37 0.16 G —25MPa << 
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Problem 1.6-9 A joint between two concrete slabs A and B is 
filled with a flexible epoxy that bonds securely to the concrete (see 
figure). The height of the joint is ^ = 4.0 in., its length is L = 40 
in., and its thickness is £ = 0.5 in. Under the action of shear forces 
V, the slabs displace vertically through the distance d — 0.002 in. 
relative to each other. 


(a) What is the average shear strain Yaver in the epoxy? 
(b) What is the magnitude of the forces V if the shear modulus 
of elasticity G for the epoxy is 140 ksi? 





(a) AVERAGE SHEAR STRAIN 


d 
Yaya ^ E = 0.004 < 





(b) SHEAR FORCES V 





Average shear stress: Taver = G Yaver 


h = 4.0 in. t = 0.5 in. V = Taye (AL) = Gy (AL) 
L = 40 in. d = 0.002 in. = (140 ks1)(0.004)(4.0 in.)(40 in.) 
G = 140 ksi NL E 


Problem 1.6-10 A flexible connection consisting of rubber pads 
(thickness t = 9 mm) bonded to steel plates is shown in the figure. 
The pads are 160 mm long and 80 mm wide. 


(a) Find the average shear strain Yaver in the rubber if the 
force P — 16 kN and the shear modulus for the rubber 
is G — 1250 kPa. 

(b) Find the relative horizontal displacement ó between the 
interior plate and the outer plates. 


^[[^ 








E 
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Solution 1.6-10 Rubber pads bonded to steel plates 


(a) SHEAR STRESS AND STRAIN IN THE RUBBER PADS 





E Thierens t 
2 = " Ph SkN 

—R aS E eee 
ES "avt^ PL (80 mm)(160 mm) i 
P “Rubber pad 


Taver 625 kPa 
z uo e xe es 
Yaver ^ (5 ^ 1250kPa 





Rubber pads: t — 9 mm 
Length L — 160 mm 
Width b = 80 mm 

G = 1250 kPa 

P= 16 kN 


(b) HORIZONTAL DISPLACEMENT 


ô = Yavert = (0.50(9 mm) = 4.50 mm < 


Problem 1.6-11 A spherical fiberglass buoy used in an under- 
water experiment is anchored in shallow water by a chain [see 
part (a) of the figure]. Because the buoy is positioned just below 
the surface of the water, it is not expected to collapse from the 
water pressure. The chain is attached to the buoy by a shackle 
and pin [see part (b) of the figure]. The diameter of the pin is 
0.5 in. and the thickness of the shackle is 0.25 in. The buoy has 
a diameter of 60 in. and weighs 1800 Ib on land (not including 


the weight of the chain). 
(a) Determine the average shear stress Taver in the pin. 
(b) Determine the average bearing stress o; between the pin 
and the shackle. 





Solution 1.6-11 Submerged buoy 


d = diameter of buoy Yw = weight density of sea water 
= 60 in. = 63.8 lb/ft? 
T = tensile force in chain 
FREE-BODY DIAGRAM OF BUOY 


d, = diameter of pin 


= 0.5 in. 


Fg = buoyant force of water pressure 
(equals the weight of the 
displaced sea water) 

t = thickness of shackle 


= 0.25 in. 


V = volume of buoy 


ad? 3 
= EN = 65.45 ft 





= 
| 


= weight of buoy 
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EQUILIBRIUM T , 
Taver = Z = 6050 psi < 
T = Fg — W = 2376 Ib 2Ap 


(b) BEARING STRESS BETWEEN PIN AND SHACKLE 


Ap = 2d,t = 0.2500 in.? 


(a) AVERAGE SHEAR STRESS IN PIN 
Ap = area of pin 


T 
E I. e ND, gp = — = 9500 psi < 
Ay = qp — 0.1963 in. b Ap 


Problem 1.6-12 The clamp shown in the figure is used to 
support a load hanging from the lower flange of a steel beam. 
The clamp consists of two arms (A and B) joined by a pin at C. 
The pin has diameter d = 12 mm. Because arm B straddles arm 
A, the pin is in double shear. 

Line 1 in the figure defines the line of action of the 
resultant horizontal force H acting between the lower flange of 
the beam and arm B. The vertical distance from this line to the 
pin is h = 250 mm. Line 2 defines the line of action of the 
resultant vertical force V acting between the flange and arm B. 
The horizontal distance from this line to the centerline of the 
beam is c = 100 mm. The force conditions between arm A and 
the lower flange are symmetrical with those given for arm B. 

Determine the average shear stress in the pin at C when the 
load P = 18 KN. 





Solution 1.6-12 Clamp supporting a load P 


FREE-BODY DIAGRAM OF CLAMP = 
h = 250 mm 


From vertical equilibrium: 


ides UN 
2 


d = diameter of pin at C = 12 mm 
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FREE-BODY DIAGRAMS OF ARMS A AND B SHEAR FORCE F IN PIN 
c P 
F^ pak 4 
2 
+i F 
WY 
= 4.847 kN 
AVERAGE SHEAR STRESS IN THE PIN 
F F 
Taver ^ = ; —429MP3 S 
2, Mc = 0 FANA Apin Ta 
4 
Vc — Hh=0 
V P 
H —— =— = 3.6 kN 
h 2h 


FREE-BODY DIAGRAM OF PIN 








2 


Problem *1.6-13 A hitch-mounted bicycle rack is designed to carry up to four 30-Ib. bikes mounted on and strapped to two 
arms GH [see bike loads in the figure part (a)]. The rack is attached to the vehicle at A and is assumed to be like a cantilever beam 
ABCDGH [figure part (b)]. The weight of fixed segment AB is W, = 10 lb, centered 9 in. from A [see the figure part (b)] and the 
rest of the rack weighs W, = 40 Ib, centered 19 in. from A. Segment ABCDG is a steel tube, 2 X 2 in., of thickness t = 1/8 in. 
Segment BCDGH pivots about a bolt at B of diameter dg = 0.25 in. to allow access to the rear of the vehicle without removing the 
hitch rack. When in use, the rack is secured in an upright position by a pin at C (diameter of pin d, = 5/16 in.) [see photo and 
figure part (c)]. The overturning effect of the bikes on the rack is resisted by a force couple Fh at BC. 


(a) Find the support reactions at A for the fully loaded rack; 

(b) Find forces in the bolt at B and the pin at C. 

(c) Find average shear stresses Taver in both the bolt at B and the pin at C. 
(d) Find average bearing stresses o; in the bolt at B and the pin at C. 
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Bike loads 








y , 4 bike loads 


Release pins 
at C & G 


52 
(d, = 18 1 E^ 






Fixed 
support 


at A Bolt at B “~h = 7 in. 


(dp = i in.) 





(a) 









2X2X 1/8 in. 
tube 


(c) Section a-a 





Solution *1.6-13 
NUMERICAL DATA Ay = 170 Ib = 
1 — — 1 
p= oin EEEN L, = 17 + 2.125 +6 L, =25in. 
(dist from A to 1st bike) 
ad WpS ae M, = W,(9) + W4(19) + PL, +4 +8 + 12) 
5 

P = 30 Ib dg = 0.25 in. d= 16 M 4 — 4585 in.-Ib 
(a) REACTIONS AT A (b) ForcEs IN BOLT AT B & PIN AT C 

Ar 9. € LF, = 0 By =W2+4P By=160lb < 

Ay = Wi + W, + 4P < Mz = 0 
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RHFB 
[W5(19 — 17) + P(6 + 2.125) 
+ P(8.125 + 4) + P(8.125 + 8) 


+ P(8.125 + 12)] 
h 
254b < £C,=-B, 


Bes = VB,” + By 


B, = 


By 


B,,-300b  — 


(C) AVERAGE SHEAR STRESSES Taye IN BOTH THE BOLT 
AT B AND THE PIN AT C 


ad? 
Aw = Ta A,» = 0.098 in? 
B 
ma E Tg = 3054 psi < 
A sB 


Problem 1.6-14 A bicycle chain consists of a series of small 
links, each 12 mm long between the centers of the pins (see 
figure). You might wish to examine a bicycle chain and observe its 
construction. Note particularly the pins, which we will assume to 
have a diameter of 2.5 mm. 

In order to solve this problem, you must now make two meas- 
urements on a bicycle (see figure): (1) the length L of the crank 
arm from main axle to pedal axle, and (2) the radius R of the 
sprocket (the toothed wheel, sometimes called the chainring). 


(a) Using your measured dimensions, calculate the tensile force 


T in the chain due to a force F — 800 N applied to one of 
the pedals. 


(b) Calculate the average shear stress Taver in the pins. 


Laue 


| 4412 Phu" 


F = force applied to pedal = 800 N 
L = length of crank arm 









SECTION 1.6 Shear Stress and Strain 43 





"nd. 
Ac = 2 A90 15338 
B 
Tc Z TO = 1653 psi — 
A sC 


(d) BEARING STRESSES Og IN THE BOLT AT B AND THE PIN AT C 


t = 0.125 in 
Au cub. Aw 00521 
u B res uu " 
Onn —7 ObB ~ 4797 pst cs 
Avs 


Apc = 2td, = Apc = 0.078 in? 


Oyc = 3246 psi ec 











R — radius of sprocket 
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MEASUREMENTS (FOR AUTHOR'S BICYCLE) 


(1) L = 162 mm (2) R = 90mm 
(a) TENSILE FORCE T IN CHAIN 


SM a =0  FL- TR 


Substitute numerical values: 


. (800 N)(162 mm) 


90 mm 





=1440N <- 


Problem 1.6-15 A shock mount constructed as shown in the 
figure is used to support a delicate instrument. The mount consists 
of an outer steel tube with inside diameter 5, a central steel bar of 
diameter d that supports the load P, and a hollow rubber cylinder 
(height A) bonded to the tube and bar. 


(a) Obtain a formula for the shear 7 in the rubber at a radial 
distance r from the center of the shock mount. 

(b) Obtain a formula for the downward displacement 6 of the 
central bar due to the load P, assuming that G is the shear 
modulus of elasticity of the rubber and that the steel tube 
and bar are rigid. 


(b) SHEAR STRESS IN PINS 





T2. T 2T 





Taver — Ap ard? = 
(4) 
PE 
— qd?^R 


Substitute numerical values: 


2(800 N)(162 mm) 
= E = 147 MPa < 
T(2.5 mm)^(90 mm) 





aver 


Steel tube 








(a) SHEAR STRESS T AT RADIAL DISTANCE r 


r — radial distance 
from center of 
shock mount to 
element of 
thickness dr 





Rubber 





r — radial distance from center of shock mount to 
element of thickness dr 





A, — shear area at distance r = 2mrh 
P P 
SS «— 
A.  2mrh 


(b) DOWNWARD DISPLACEMENT Ó 


y — shear strain at distance r 











e es 
T G 2nrhG 
dô = downward displacement for element dr 
dpcudes i 
— r — 
4 2mrhG 
b/2 
P 
ô = J dà = / A 
d/2 27rhG 
P bI2 4 
à-—— | “= —— n 
27hG dn r 27hG 
P 
picto qm = 
27hG d 
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Problem 1.6-16 The steel plane truss shown in the figure is loaded by three forces P, each of which is 490 kN. The truss mem- 
bers each have a cross-sectional area of 3900 mm? and are connected by pins each with a diameter of d, = 18 mm. Members AC 
and BC each consist of one bar with thickness of tac = tgc = 19 mm. Member AB is composed of two bars [see figure part (b)] 
each having thickness t45/2 = 10 mm and length L = 3 m. The roller support at B, is made up of two support plates, each having 
thickness /,,/2 = 12 mm. 


(a) Find support reactions at joints A and B and forces in members AB, BC, and AB. 

(b) Calculate the largest average shear stress 7, max in the pin at joint B, disregarding friction between the members; 
see figures parts (b) and (c) for sectional views of the joint. 

(c) Calculate the largest average bearing stress o; max acting against the pin at joint B. 











Support — -3 
—X > plate B 
Ax and pin YT Z 
I. | 





Member AB 


fAB 
(2 bars, each 5) i 





Fc at 45° 






"AB 









Member AB Member BC 5 
Pin T Support Pin Support plate 
d plate 


(2 plates, each S 


Load P at joint B is applied 
(b) Section a-a at to the two support plates 


joint B (Elevation view) 
(c) Section b—b at 


joint B (Plan view) 





EX 
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Solution 1.6-16 
NUMERICAL DATA (b) MAX. SHEAR STRESS IN PIN AT B 
L —3000mm P = 490 kN "d; : 
A, = — A, = 254.469 mm 
d, = 18 mm A — 3900 mm? 4 
F 
LAC = 19mm tac = tac ^ 
tan ^ 20mm tsp = 24 mm Tpmax — A Tpmax — 963 MPa — 
S 
(a) SUPPORT REACTIONS AND MEMBER FORCES (c) MAX. BEARING STRESS IN PIN AT B (tab < tsp SO BEARING 
YF. — o A. =0 - STRESS ON AB WILL BE GREATER) 
tap 
1 L L Ab = dg 
XM, = B,- —| P— - P— 2 
L 2 2 
z Fas 
B, = 0 = ) 
SF, E A, -p Ob max Ay Obmax ^ 1361 MPa e— 


Ay =490kN < 


METHOD OF JOINTS 

Fag =P Fp =O = 
Fac = — V2P 

Fag = 490kN < 

Fac = —693kN < 





dh 
ar, 
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Problem 1.6-17 A spray nozzle for a garden hose requires a force F = 5 Ib. to open the spring-loaded spray chamber AB. 
The nozzle hand grip pivots about a pin through a flange at O. Each of the two flanges has thickness t = 1/16 in., and the pin 
has diameter d,, = 1/8 in. [see figure part (a)]. The spray nozzle is attached to the garden hose with a quick release fitting at B 
[see figure part (b)]. Three brass balls (diameter d; = 3/16 in.) hold the spray head in place under water pressure force f, = 30 
Ib. at C [see figure part (c)]. Use dimensions given in figure part (a). 


(a) Find the force in the pin at O due to applied force F. 
(b) Find average shear stress Taver and bearing stress o; in the pin at O. 


Pin 
"ED" Flange 









; dp 
a Papel Top view at O 
X SAM ARAS : 
Ju TUA ITI] - ‘= 
(1 J| X a=0.75 in 
Spray M b=1.5in 
nozzle Flange F | 


Sprayer 





Water pressure 
force on nozzle, fp 


4 A 


a 


ZB 


Y à 
3 brass retaining 


a) balls at 120°, 
diameter d, = 16 2 


S. 






Quick 
release 
fittings 





Garden hose 
( 
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Solution 1.6-17 
NUMERICAL DATA O, = 12.68 lb Oy = 1.294 Ib 
l 1 3 = 2 2 = 
F=5lb t=—in. d,j-cin dy =—in. Ores = VOx+ OF Ors = 12.74 1b — 
16 8 16 
5 - (b) FIND AVERAGE SHEAR STRESS Taye AND BEARING STRESS 
Ey 301b dy = gm. 0 = T rad. Op IN THE PIN AT O 
a—-075in  b-l5in c-175in "d; Ores 
s = 4 To > A. To = 519 psi ~ 
(a) FIND THE FORCE IN THE PIN AT O DUE TO APPLIED " 
es 
FORCE F Ay —2td, Cbo = P. Oyo = 816 psi «— 
b 
>M, = 0 
[Fcos(0)(b — a)] + Fsin(0)(c) (c) FIND THE AVERAGE SHEAR STRESS Taye IN THE BRASS 
Pag — -— n RETAINING BALLS AT B DUE TO WATER PRESSURE FORCE Fp 
Fag = 7.849 Ib mdg 
ii As = —. Tave — — Tave — 362 psi = 
4 A, 


X Fx =0 Ox = Fag + F cos (6) 


O, = F sin (0) 


Problem 1.6-18 A single steel strut AB with diameter 

d, = 8 mm. supports the vehicle engine hood of mass 20 kg which 
pivots about hinges at C and D [see figures (a) and (b)]. The strut is 
bent into a loop at its end and then attached to a bolt at A with 
diameter d, = 10 mm. Strut AB lies in a vertical plane. 








(a) Find the strut force F, and average normal stress o in the strut. 
(b) Find the average shear stress Taver in the bolt at A. 
(c) Find the average bearing stress o; on the bolt at A. 








b=254mm c-2506 mm 








ny P M 





















a = 760 mm 
I = 150 mm 

T B a 
Hood C - 
h = 660 mm w z 
| 3 
cA 
Hinge T 

—— V 
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Solution 1.6-18 
NUMERICAL DATA C — d 
Fy, ea F; 
d=8mm  d,-10mm  m=20kg V H? + (c — dy 
a — 760 mm b — 254 mm where 
c — 506 mm d — 150 mm H 
——————————2À = 0.946 
h-— 660mm h, = 490mm V H? + (c — d 
H = h(tan( 307) + tan( 45-2) ) — Td _ 34 
180 180 VR + (c d 
H = 1041 mm 
W = m(9.81m/s)) W= 196.2 N (a) FIND THE STRUT FORCE Fs AND AVERAGE NORMAL STRESS 
l l O IN THE STRUT 
+b 
: "= 760 mm — _ Wi. 
> Minne = Fey _ w 
AOR F,, = 145.664 
0 0 
3 Fey 
H rag = | 1.041 X 10 F, = F, = 1539N < 
mp=\.o_q 356 — QNNM 
V H? Toe dy 
UNIT VECTOR e 
= Mort = dl — Aqu = 50.265 mm? 
0 4 
TAB 0.946 E: 
e = eAB e = | g = ao = 3.06 MPa <— 
AB | Ppl A 0.324 | ABI Ata 
0 0 (b) FIND THE AVERAGE SHEAR STRESS Taye IN THE 
BOLT ATA 
W =I|- W W = |— 196.2 
0 0 dy = 10 mm 
A,=—d2  A,—7854 mn? 
he 4 
h. 490 F, 
me = \ bte rpc =| 490 Tave = Tave = 1.96 Mpa < 
760 i 


Mp 


(ignore force at hinge C since it will vanish with 
moment about line DC) 


Mp = [pp XxX F, €AB + W x Ipc 


H 
F,=0 F,= F 


2 VH +(e- ` 





(c) FIND THE BEARING STRESS Oh ON THE BOLT AT A 





Ay = d.d, Ay = 80 mm? 
P; 

O p = Oy = 1.924 MPa < 
Ap 








dA 
ar, 
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Problem 1.6-19 The top portion of a pole saw used to trim 
small branches from trees is shown in the figure part (a). 
The cutting blade BCD [see figure parts (a) and (c)] applies 
a force P at point D. Ignore the effect of the weak return 
spring attached to the cutting blade below B. Use properties 
and dimensions given in the figure. 


(a) Find the force P on the cutting blade at D if the ten- 
sion force in the rope is T = 25 Ib (see free body 
diagram in part (b)]. 

(b) Find force in the pin at C. 

(c) Find average shear stress Tave and bearing stress o; in 
the support pin at C [see Section a-a through cutting 
blade in figure part (c)]. 





Solution 1.6-19 


NUMERICAL PROPERTIES 
1 B 3 


pog Hiro ig m 


T=25lb  dgc-6in 


d 


T 
dcp = lin a= qao UGG 


(a) Find the cutting force P on the cutting blade at D 
if the tension force in the rope is T — 25 Ib: 


$M. = 0 
Mc = T(6 sin(70 o)) 
+ 2T cos (200)(6 sin (70a)) 


— 2T sin (200)(6 cos (70a)) 
— Pcos (20a)(1) 


CIS 


LA 











s 


Collar Cutting 






Saw blade 





blade 


(a) Top part of pole saw 


Cutting blade 


3 
(ty = 351) 


Collar 
3. 
| (to = gu) 








— Pinat C 
1. 
(d, = 3 im) 


(c) Section a-a 


SOLVE ABOVE EQUATION FOR P 
[T(6 sin (70a)) + 2T cos (20a) 
ues 6sin(70a)) — 2Tsin(20a)(6cos (70a))] 
cos (20a) 


P = 395 lbs = 


(b) Find force in the pin at C 


SOLVE FOR FORCES ON PIN AT C 


YE =0 C,-T-2TocosQQOo)- P cos (40a) 
C, = 374lbs < 
YE —0 4C,-2Tsin (20a) — P sin (40a) 


Cy = -237lbs < 





as 
ar. 
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RESULTANT AT C BEARING STRESSES ON PIN ON EACH SIDE OF COLLAR 
Cres = VC2+ C2 Cre = 443 lbs < Cus 
2 l 
OpC — dt ObC — 4.72 ksi — 


(c) Find maximum shear and bearing stresses in the 
support pin at C (see section a-a through saw). 
BEARING STRESS ON PIN AT CUTTING BLADE 
SHEAR STRESS - PIN IN DOUBLE SHEAR 








C 
Qu Em Oy = 37.8 ksi < 
TT , dt 
A, = 4 dp A, = 0.012 in? pb 
C 
Te" Ta Taye = 18.04 ksi 
S 


Allowable Stresses and Allowable Loads 


Problem 1.7.1 A bar of solid circular cross section is loaded in 
tension by forces P (see figure). The bar has length L — 16.0 in. and 
diameter d — 0.50 in. The material is a magnesium alloy having 


modulus of elasticity E = 6.4 X 10° psi. The allowable stress in | L | | 
tension iS Callow = 17,000 psi, and the elongation of the bar must not 
exceed 0.04 in. 


—Cp- What is the allowable value of the forces P? 








Solution 1.7-1 Magnesium bar in tension 


Prax = OmaxA = (16.000 psi( Z) (0.50 in.) 


3140 Ib 





l l MAXIMUM LOAD BASED UPON TENSILE STRESS 
L= 16.0 1n. d — 0.50 1n. 


Ad 7 : 
E =6.4 X 10° psi Pmax = Callow = (17,000 psi( Z Joso in.) 


Callow = 17,000 psi Omax = 0.04 in. — 3340 Ib 


ALLOWABLE LOAD 
MAXIMUM LOAD BASED UPON ELONGATION 


Smax — O.04in. Elongation governs. 


Emax = L m 16 in. 0.00250 Flow = 3140 Ib — 








Tmax = E£max = (6.4 X 10° psi)(0.00250) 


16,000 psi 





di 
ar, 
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52 CHAPTER 1 Tension, Compression, and Shear 


Problem 1.7-2 A torque T, is transmitted between two flanged 
shafts by means of ten 20-mm bolts (see figure and photo). The 
diameter of the bolt circle is d — 250 mm. 

If the allowable shear stress in the bolts is 90 MPa, what is the 
maximum permissible torque? (Disregard friction between the 
flanges.) 





Solution 1.7-2  Shafts with flanges 


Poe ats MAX. PERMISSIBLE TORQUE 
r=10 d=250mm 7 A d 
^ bolts ^ flange max = TaAs| T7 
— 7 
A, = mr’ Tmax = 3.338 X 10' N * mm 


Tmax 7334kN:m <— 
A, = 314.159 m? 


Ta 85 MPa 


Problem 1.7-3 A tie-down on the deck of a sailboat consists of a bent bar bolted at both ends, as shown in the figure. The 
diameter dj of the bar is !/, in., the diameter dy of the washers is ’/g in., and 
the thickness : of the fiberglass deck is */g in. 

If the allowable shear stress in the fiberglass is 300 psi, and the allowable 
bearing pressure between the washer and the fiberglass is 550 psi, what is the 
allowable load P now on the tie-down? 










EX 
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Solution 1.7-3 Bolts through fiberglass 


P1 
= dg = — in. E = 309.3 Ib 


1 À J 
dp Fiberglass dw = 8 in. P, = 619 lb 


ALLOWABLE LOAD BASED UPON BEARING PRESSURE 


-i 


== 3 
I t = —in. 
p- dy 8 o, = 550 psi 
ALLOWABLE LOAD BASED UPON SHEAR STRESS IN T,» p 
encase Bearing area Aj = 1 (dw — dp) 
Tallow = 300 psi Legd es (2) (Z in.) - ( in. ) | 
Shear area A, = mdwt 2 d 8 4 
1 = 303.7 lb 
? = Tallow As = T allow (dt) P, = 607 Ib 
7 3 
— (300 pie n J(5 in. ) ALLOWABLE LOAD 


Bearing pressure governs. 


P allow ^ 607 Ib cx 


Problem 1.7-4 Two steel tubes are joined at B by four pins 





(d, = 11 mm), as shown in the cross section a—a in the P dl 
figure. The outer diameters of the tubes are d4g = 40 mm and f A e 
M = AB 4AB 
dgc = 28 mm. The wall thicknesses are t4g = 6 mm and " | | B B fpc  dpc 
fgc — 7 mm. The yield stress in tension for the steel is i] | | C 











Oy = 340 MPa. The corresponding yield and ultimate values 
in shear for the pin are 80 MPa and 140 MPa, respectively. 
Finally, the yield and ultimate values in bearing between the 
pins and the tubes are 260 MPa and 450 MPa, respectively. 
Assume that the factors of safety with respect to yield stress 


oy = 200 MPa and the ultimate stress in tension is f 























. : a 
and ultimate stress are 4 and 5, respectively. un 
(a) Calculate the allowable tensile force Panow considering 
tension in the tubes. 
(b Recompute Pj, for shear in the pins. dp 


(c) Finally, recompute P4j,,, for bearing between the pins TAB E — 
and the tubes. Which is the controlling value of P? 


























Section a—a 
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Solution 1.7-4 
Yield and ultimate stresses (all in MPa) (b) Panow CONSIDERING SHEAR IN THE PINS 
TUBES: A, = 19 A, = 95.033 mm? (one pin) 
oy = 200 g, = 340 FSy = 4 ; 
Y 
Pss; = (4A,) FS 
PIN (SHEAR): y 
Ps = 7.60 kN — 
Ty = 80 T = 140 FSu = 5 
Tu 
Piso = (4A,)——— Paso = 10.64 kN 
PIN (BEARING): a52 = (4As) FSu me 
Oy = 260 Oy, = 450 
(C) Pillow CONSIDERING BEARING IN THE PINS 
tubes and pin dimensions (mm) 
Apap = 4dptAp 
dap = 40 tAB = 6 
dso = dig 2t dee = 28 Apap = 264 mm? < smaller controls 


lu d Apsc = 4dytgc Appgc = 308 mm? 


(a) Pillow CONSIDERING TENSION IN THE TUBES Oby 
Pij = ÂbAB FSv T = 1.716 X 104 
» 


TT 
AnetAB = 7 ds ~ (dap — 2tag)" — IM Pap) = 17.16kKN < 
abl ~~ i 
Avena = 433.45 mm" ud 
tAB Pab2 = As) Pab2 = 23.8 kN 


TT 
AnetBC = 7. abc — (dac — 2tgc)* — Adytac 


Aneta = 219.911 mm? use smaller 


Oy 4 
Pari = So. AnetBC Pari = 1.1 X 10°N 
FSy 


Pati = 11.0 kN <— 


Ou 


FSu 


Pug AnetBC Parr = 1.495 X 10° 


Problem 1.7-5 A steel pad supporting heavy machinery rests on 

four short, hollow, cast iron piers (see figure). The ultimate 

strength of the cast iron in compression is 50 ksi. The outer diam- 

eter of the piers is d = 4.5 in. and the wall thickness is t = 0.40 in. 
Using a factor of safety of 3.5 with respect to the ultimate 

strength, determine the total load P that may be supported by 

the pad. 








as 
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Solution 1.7-5 Cast iron piers in compression 





; IT TT : : 
iid = Tour piers A 14 — d) = 4145 in)? — (3.7 in)” 
C) bn 5152147 
2 y a i In. 
: " n = 3.5 
> " P, — allowable load on one pier 
OU 50 ksi à " s. oU 
T alow = = 3. = 14.29 ksi = Flow A = (14.29 ksi)(5.152 in.^) 
d = 4.5 in. TOE 


peur in Total load P = 4P, = 294k < 


dọ = d — 2t = 3.7 in. 


Problem 1.7-6 The rear hatch of a van [BDCF in figure part (a)] is supported by two hinges at B, and B; and by two struts 
A,B, and A55, (diameter d, = 10 mm) as shown in figure part (b). The struts are supported at A, and A, by pins, each with 
diameter d, = 9 mm and passing through an eyelet of thickness t = 8 mm at the end of the strut [figure part (b)]. If a closing 
force P = 50 N is applied at G and the mass of the hatch M, = 43 kg is concentrated at C: 


(a) What is the force F in each strut? [Use the free-body diagram of one half of the hatch in the figure part (c)] 
(b) What is the maximum permissible force in the strut, F4j,,,, if the allowable stresses are as follows: compressive stress in 
the strut, 70 MPa; shear stress in the pin, 45 MPa; and bearing stress between the pin and the end of the strut, 110 MPa. 







Bottom 
c*3 part of 
strut 





A «———— Pin support 


i 


Solution 1.7-6 


NUMERICAL DATA (a) FORCE F IN EACH STRUT FROM STATICS (SUM 


MOMENTS ABOUT B) 
M, = 43 kg oa = 70 MPa 


T . 
œa = 10— Fy = Fcos(a) Fg = Fsin(o) 


7, = 45 MPa Oba = 110 MPa 180 
Mp = 0 
d, = 10 mm d, — 9mm t = 8 mm 2 Mg 
A Fy(127) + Fy(75) 
P=50N g= gol = 
S 





dh 
ar. 
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Mig P (b) MAX. PERMISSIBLE FORCE F IN EACH STRUT 
= 2. g U27 + 505) + 2 [127 + 2(505)] Fmax IS SMALLEST OF THE FOLLOWING 
F(127cos(a) + 75sin(a)) Fj = o, 1 d F,; = 5.50 kN 
-— > 8 (127 + 305) + 5 [127 + 2(505)] Ej = Ta q dp 


F 

My P Fy =2.86kKN < —=2.445 
> & (127 + 505) + 7 [127 + 2(505)] F 

pa ~ o A o - E 

(127 cos(a) + 75sin(a)) Fa3 = Opadpt Faz = 7.92 kN 


F = 1.171kN < 


Problem 1.7-7 A lifeboat hangs from two ship’s davits, as shown in the 
figure. A pin of diameter d = 0.80 in. passes through each davit and sup- 
ports two pulleys, one on each side of the davit. 

Cables attached to the lifeboat pass over the pulleys and wind around 
winches that raise and lower the lifeboat. The lower parts of the cables are 
vertical and the upper parts make an angle œ = 15° with the horizontal. The 
allowable tensile force in each cable is 1800 Ib, and the allowable shear 
stress in the pins is 4000 psi. 

If the lifeboat weighs 1500 Ib, what is the maximum weight that should 
be carried in the lifeboat? 





Solution 1.7-7 Lifeboat supported by four cables 


FREE-BODY DIAGRAM OF ONE PULLEY "M 
Pin diameter d — 0.80 in. 


15° T T — tensile force in one cable 
Po TAX Tano» = 1800 Ib 
Tallow = 4000 psi 
W — weight of lifeboat 
— 1500 Ib 
> Fhoriz = 0 Ry = T cos 15° = 0.9659T 
> Fyen = 0 Ry = T — T sin 15° = 0.7412T 





T V = shear force in pin 


V = V(Rgy + (R)? = 1.2175T 





dh 
ar. 
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ALLOWABLE TENSILE FORCE IN ONE CABLE BASED MAXIMUM WEIGHT 
UPON SHEAR IN THE PINS l : 
Shear in the pins governs. 
IT ] 
Vattow = Tallow A pin = (4000 psi( Z Joso in.) Tmax = T, = 1652 Ib 
= 2011 Ib Total tensile force in four cables 
V, 
V—12175T T,=—™ = 1652 Ib = AT. = 6608 Ib 
1.2175 
W max = AT max —W 
ALLOWABLE FORCE IN ONE CABLE BASED UPON = 6608 Ib — 1500 Ib 
TENSION IN THE CABLE 
= 5110 Ib = 


T^ = Tite = 1800 Ib 


Problem 1.7-8 A cable and pulley system in figure part (a) supports a cage of mass 300 kg at B. Assume that this includes the 
mass of the cables as well. The thickness of each the three steel pulleys is t = 40 mm. The pin diameters are d,, = 25 mm, 
dps = 30 mm and d,c = 22 mm [see figure, parts (a) and part (b)]. 


(a) Find expressions for the resultant forces acting on the pulleys at A, 5, and C in terms of cable tension T. 
(b) What is the maximum weight W that can be added to the cage at B based on the following allowable stresses? Shear 
stress in the pins is 50 MPa; bearing stress between the pin and the pulley is 110 MPa. 






dj4 = 25 mm 








SSS 





SSS 









Support 


bracket 
Cage at B 


Section a—a: pulley support 


detail at A and C Section a-a: pulley 


support detail at B 


as 
ar, 
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CHAPTER 1 Tension, Compression, and Shear 
Solution 1.7-8 
NUMERICAL DATA 
M = 300 kg g = 9.81—- 
S 
Ta = 50 MPa 7054 = 110 MPa 


t4 — 40mm tg = 40mm 
tc = 50 


db — 30 


dpa = 25 mm 


dpc = 22mm 


(a) RESULTANT FORCES F ACTING ON PULLEYS A, B & C 





Fa = V2T Fg =2T 
Mg W 
Fo =T T= g max 
2 2 


Wimax = 2T — Mg 
From statics at B 


(b) MAx. LOAD W THAT CAN BE ADDED AT B DUE TO 7, & 
Oba IN PINS ATA, B & C 


PULLEY AT A 
Fa 
As 


TA — 


DOUBLE SHEAR 





FAE nA, V2T = Tad, 
Mg W max = Ta As 
2 2 V2 


J 
Waai” AES — Mg 


Waai = H 7,2 4,a2) - M 
max] v2 Ta 4 p 2 
W max MD 
Mg l 


<{— 


Wax} = 66.5 kN 


(shear at A controls) 


CIS 





LA 


OR check bearing stress 


2 
W max2 = Joma) n Mg 


( 
Ob tds — Mg 
vou 


W max2 = 152.6 kN (bearing at A) 


W maxa z 


PULLEY AT B 2T = 7A, 


2 
Wmax3 = 2 (74A) 


TT 
W max3 = (22a) — Mg 


(shear at B) 


Waa = 67.7 KN 
J 
W max4 E 5 (C ba Ab) ud Mg 


W max4 = OpatBdyp — Mg 


W max4 = 129.1 kN (bearing at B) 


PULLEY AT C T = T,Ag 


W maxs E 2 Ut aA) > Mg 


W -|2 (274 3i -M 
max5 Ta 4 pC 2 


Waausc73X10 Wass = 73.1 EN 


Wmax6 = 20patc dp c — Mg 


W maxg = 239.1 KN (bearing at C) 





CX 





ar, 


(shear at C) 
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Problem 1.7-9 A ship’s spar is attached at the base of a mast by a pin connection Mast 


(see figure). The spar is a steel tube of outer diameter dọ = 3.5 in. and inner diameter 
d, — 2.8 in. The steel pin has diameter d — 1 in., and the two plates connecting the spar 
to the pin have thickness t = 0.5 in. The allowable stresses are as follows: compressive 
stress in the spar, 10 ksi; shear stress in the pin, 6.5 ksi; and bearing stress between the 
pin and the connecting plates, 16 ksi. 

Determine the allowable compressive force Panow in the spar. 


Spar 






Connecting 
plate 


COMPRESSIVE STRESS IN SPAR 


P, oard? — di) P, = 34.636 kips 





"Spar SHEAR STRESS IN PIN 
T 
P, = zc ag) 
Plate I 
NUMERICAL DATA P4? = 10.21 kips < controls = «— 


d = 3.5 in. d; = 2.8 in. 
d, = 1 in. t = 0.5 in. 
o, = 10 ksi Ta = 6.5 ksi Oba = 16 ksi 


^double shear 
BEARING STRESS BETWEEN PIN & CONECTING PLATES 


P.3 = Opa(2d,t) Pa3 = 16 kips 


Problem 1.7-10 What is the maximum possible value of the 
clamping force C in the jaws of the pliers shown in the figure if 
the ultimate shear stress in the 5-mm diameter pin is 340 MPa? 
What is the maximum permissible value of the applied load 
P if a factor of safety of 3.0 with respect to failure of the pin is 





to be maintained? Ns 
& L2 M p d c t \ 
A = (Tike o 
S LOSS 
~ IC 








as 
ar 








OlChOl.qxd 9/25/08 12:18 PM Page 60 





CIS 
LA 





60 CHAPTER 1 Tension, Compression, and Shear 


Solution 1.7-10 


NUMERICAL DATA Tū 














T. Ta = FS T, = 113.333 MPa 

FS =3 7, = 340 MPa Ta = FS 

jT Find Plc 
a —40——rad d=5mm 

180 B Ta As 

Pmax 7 5 5 
V Re "E Ry mE i= z T £ + = sina) 

T4 = — — ————  «pinat C in single shear b b 


As 
Pmax = 445 N = 
R, = —C cos (a) R, =P + Csin (a) 











a = 50 cos (a) + 125 a = 163.302 mm here E = 4.297 < a/b = mechanical advantage 
b = 38 mm 
FIND MAX. CLAMPING FORCE 
S Sue Ga 
p. = = a 
TATICS pin b C= Pra FS( =) Cur = 5739N <- 
P(a) a, 
R,=- b cos(a) Ry =P|1 + pon) Pa, = B4,FS Pat = 1335 
C 
7 7 ult — 
| — 4.297 
P | -Žcos(a) + [ + Z sino | = As Pu 
T 
A.——d 
> 4 





Problem 1.7-11 A metal bar AB of weight W is suspended by a system of steel 
wires arranged as shown in the figure. The diameter of the wires is 5/64 in., and the 
yield stress of the steel is 65 ksi. 

Determine the maximum permissible weight Wmax for a factor of safety of 
1.9 with respect to yielding. 








Solution 1.7-11 


NUMERICAL DATA FORCES IN WIRES AC, EC, BD, FD 
5 — 
d= 64 Oy = 65 ksi FS, = 1.9 X Fv 0 at A, B, E or F 
V2 +5 Ww V2-«s 
Ty py e eoo Rum Cem isde 
T, = o, = 34.211 ksi 5 2 10 
i Wmax = 0.539 0, X A 





EX 
ar, 
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Oy T 2 2 
W max = 0.539 FS. FL Fcp — 2 Vea 
y 
Wax = 0.305 kips < a | 2 (= + 5? " x) 
B V2? -5 5 2 


2 
MF = 0 at Cor D Fcp = 5 W less than FAc so AC controls 


CHECK ALSO FORCE IN WIRE CD 


Problem 1.7-12 A plane truss is subjected to loads 2P and P at joints B and C, respectively, as shown in the figure 
part (a). The truss bars are made of two L102 X 76 X 6.4 steel angles [see Table E-5(b): cross sectional area of the two 
angles, A = 2180 mm’, figure part (b)] having an ultimate stress in tension equal to 390 MPa. The angles are connected 
to an 12 mm-thick gusset plate at C [figure part (c)] with 16-mm diameter rivets; assume each rivet transfers an equal 
share of the member force to the gusset plate. The ultimate stresses in shear and bearing for the rivet steel are 190 MPa 
and 550 MPa, respectively. 

Determine the allowable load Pj, if a safety factor of 2.5 is desired with respect to the ultimate load that can be 
carried. (Consider tension in the bars, shear in the rivets, bearing between the rivets and the bars, and also bearing between 
the rivets and the gusset plate. Disregard friction between the plates and the weight of the truss itself.) 









} Gusset 
E plate 











(c) 


Gusset plate || 6.4 mm 


<— 


| 12 mm 


f 





Rivet 


(b) Section a-a 
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Solution 1.7-12 


NUMERICAL DATA 


A = 2180 mm? 
t, = 12mm d, = 16 mm tang — 6.4 mm 
g, = 390 MPa 7, ^ 190 MPa 
Oy, = 550 MPa FS = 2.5 
Tu o _ Ubu 


7a Fg 8 pg ^"^ Fs 


MEMBER FORCES FROM TRUSS ANALYSIS 


5 4 V2 
F = —P F = —P Fcp = —P 
BC ~ 3 cD ~ 3 CF 3 
2 4 
ue = 0.471 F cG = rud 


P llow FOR TENSION ON NET SECTION IN TRUSS BARS 


Anet = A — 2día.  Anet = 1975 mm? 


A 
aet = 0.906 
A 





< allowable force in a member 
so BC controls since it has the 
largest member force for this loading 


E ow = Ü Pres 


3 
Panow = sr BCmax Panow = s (0a A nev) 


Paion = 184.879 kN 


Next, Payow for shear in rivets (all are in double shear) 





A, = 2747 « for one rivet in DOUBLE shear 
Fmax u : ‘ « 
= T4À, N — number of rivets in a particular 
N member (see drawing of conn. detail) 
3 
Ppc = (3). ho Ppc — 55.0 kN 
3 
Pep = 2 (=) (T4 As) Pcp = 129.7 kN 
2 


3 
Pog v (5 je ho 


< so shear in rivets in CG & CD 
controls Plow here 


Pog = 45.8 kN - 


S 
Pcp = 2( je Ao Pcp = 45.8 kN s 


Next, Panow for bearing of rivets on truss bars 


Ap = 2d;tang < rivet bears on each angle in two angle 
pairs 
F 
x = O3 À p 
3 
Ppc — (5 Jis ho Ppc — 81.101 kN 
3 

Pcr =2 (=) (Opa Ap) Pcr = 191.156 kN 

2 


3 
Pog m (5 Jes ho Pce = 67.584 kN 


3 
Pcp = 2( rom Ay Pcp = 67.584 kN 


Finally, Pajow for bearing of rivets on gusset plate 
Ap = dt; 

(bearing area for each rivert on gusset plate) 

t, 121m S. 264, — 12.5 mm 


so gusset will control over angles 


3 
Pgc = 3(2 iow ho Ppc = 76.032 kN 


Por = 2( —= |o A 
CF (= (Tba Ap) 


3 
Poo = (5 Jes An 


Pcp — 179.209 kN 
Pog = 63.36 kN 
Pop = 63.36 kN 


3 
Pep = (5 Jes ho 


So, shear in rivets controls: Panow = 45.8 kN e 





EN 
ar, 
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Problem 1.7-13 A solid bar of circular cross section (diameter d) 


has a hole of diameter d/5 drilled laterally through the center of the — x d/5 
bar (see figure). The allowable average tensile stress on the net 
cross section of the bar is Gayo. FM 





(a) Obtain a formula for the allowable load P now that the bar 
can carry in tension. 

(b) Calculate the value of Pajoy if the bar is made of brass with 
diameter d = 1.75 in. and Oyyoy = 12 ksi. 
(Hint: Use the formulas of Case 15 Appendix D.) 


Solution 1.7-13 





NUMERICAL DATA E r ( (i) 2 ve) 
P, = ol =d°| acos| = ] — —V6 
d=1.75in o, = ksi ee 5 25 
(a) FORMULA FOR P,,, ow IN TENSION 1 f, 
From Case 15, Appendix D acos| =) = 35 V6 
rom Case 15, Appendix D: : — 0.587 5 = 0.785 
oe) P ab d d 
NE E, m5 47 10 P,—0,(0587d) | — 
a= scos( 4) r = 0.875 in. a = 0.175 in. 0.587 
r —— = 0.748 
-£> 0.785 
180 
a— = 78.463 degrees (b) EVALUATE NUMERICAL RESULT 
bee A 2 42 d = 1.75 in. o, = 12 ksi 


P, = 21.6 kips <“ 





dè 
ar 
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Problem 1.7-14 A solid steel bar of diameter d; = 60 mm has a 
hole of diameter d» = 32 mm drilled through it (see figure). A steel 
pin of diameter d, passes through the hole and is attached to supports. 

Determine the maximum permissible tensile load P now in the bar 
if the yield stress for shear in the pin is Ty = 120 MPa, the yield stress 
for tension in the bar is oy = 250 MPa and a factor of safety of 2.0 with 
respect to yielding is required. (Hint: Use the formulas of Case 15, 
Appendix D.) 





Solution 1.7-14 
NUMERICAL DATA SHEAR AREA (DOUBLE SHEAR) 
d, = 60 mm d, = 32 mm 


A, = (fa) A, — 1608 mm? 
Ty — 120 MPa Oy = 250 MPa 


= NET AREA IN TENSION (FROM CASE 15, App. D) 
PS. —2 
d 2 
ALLOWABLE STRESSES Anet = (2 
T 
T, = —- Ta = 60 MPa zl dV Ly 
FSy d» 2 5 ?) 
oy ELT cham 
o= —— GO, = 125 MPa I (3) 
FS, 2 
dı 
From Case 15, Appendix D: p= Ane = 1003 mm? 
Panow in tension: smaller of values based on either shear 
) ab d/2 d^ l i 
A = 2rf| œa a œ = arc cos —— = arc cos— or tension allowable stress x appropriate area 
r? dı/2 dj 
d; ; ; Pay = 4A, Pay 96.5kN < shear governs = 
dar ME ee Pas = OrAnet — Po = 125.4KN 





as 
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Problem 1.7-15 A sign of weight W is supported at its base by Sign (L, X Lj) 
four bolts anchored in a concrete footing. Wind pressure p acts 
normal to the surface of the sign; the resultant of the uniform 
wind pressure is force F at the center of pressure. The wind force 
is assumed to create equal shear forces F/4 in the y-direction at 
each bolt [see figure parts (a) and (c)]. The overturning effect of b" 
the wind force also causes an uplift force R at bolts A and C and 
a downward force ( — R) at bolts B and D [see figure part (b)]. 
The resulting effects of the wind, and the associated ultimate 
stresses for each stress condition, are: normal stress 1n each bolt 
(o,, = 60 ksi); shear through the base plate (7, = 17 ksi); hori- 
zontal shear and bearing on each bolt (Tp, = 25 ksi and 
Op, = 75 ksi); and bearing on the bottom washer at B (or D) 
(Opy = 50 ksi). 
Find the maximum wind pressure Pmax (psf) that can be | 
carried by the bolted support system for the sign if a safety bolt 
W 
4 









Resultant 
of wind 
pressure 


Y Overturning 
moment 

about x axis 
FH 





factor of 2.5 1s desired with respect to the ultimate wind load 


that can be carried. xi 
Use the following numerical data: bolt d, = 7/ in.; 
washer d,, = 1.5 in.; base plate tpp = 1 in.; base plate (a) 
dimensions A = 14 in. and b = 12 1n.; W = 500 Ib; H = 17 ft; l 
sign dimensions (L, = 10 ft. X L, = 12 ft.); pipe column Pipe column MN > = Rh 


diameter d = 6 in., and pipe column thickness t = 3/8 in. 


l 

One half of over — turning 
| moment about x axis acts 
| 

| 

| 

| 

| 

| 


dy Ke rN on each bolt pair 
Y 
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Solution 1.7-15 
NUMERICAL DATA 











g, = 60 ksi Ta = 17 ksi Thu = 25 ksi 
Oy, = 75 ksi Op, = 50 ksi FS, = 2.5 
3 
dp = ju d, = 1.5 in. io — liñ. 
3 
h — 14 in. b — 12 in. d — 6 in. = 
W = 0.500 kips H = 17(12) H = 204 in. 
L, = 10(12) Ly = 12(12) L, = 120 in. 
La = 144 in. 
ALLOWABLE STRESSES (ksi) 
Co T 
O, = z g, = 24 T4 — = 
FS, FS, 
Th 
74 = 6.8 Tha = FS. Tha = 10 
Obu Obw 
= a = 30 = — 
Oba FS, Ob Obwa FS, 
Obwa — 20 


FORCES F AND R IN TERMS OF Pmax 





F- LL gel 
Pmaxivin 2h 
L,L,H 
R= Pag, 
2h 





CIS 
LA 





(1) COMPUTE Pmax BASED ON NORMAL STRESS IN EACH BOLT 


(GREATER AT B & D) 





W 
R + — 
4 T W 
g= Rmax Oa 4 de = 4 
2 
TT W 
dej] - — 
7 (2 z) 4 
Pmax1 — L,L,H 
2h 
Pmaxi = 11.98 psf < controls 


(2) COMPUTE Pmax BASED ON SHEAR THROUGH BASE PLATE 


(GREATER AT B & D) 


W 
R+— 
4 


i T dy, lbp 





W 
Rmax = Ta(7 dy typ) > 4 


W 
Tal Tdwtbp | — E 


L,L4H 
2h 


Pmax2 — 


Pmax2 = 36.5 psf 





as 
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(3) COMPUTE Pmax BASED ON HORIZONTAL SHEAR (5) COMPUTE Pmax BASED ON BEARING UNDER THE TOP WASHER 
ON EACH BOLT AT A (OR C) AND THE BOTTOM WASHER AT B (or D) 
F W 
4 4 
Th Fmax = in| dp ) Obw — 
T» 4 2 2 
T P (as? — dy ) 
Thal T dy) 
Dinas ~ T W 
T Ly Lh Rmax wa (a? 2) = 4 
Pmax3 = 147.3 psf 
(4) COMPUTE Pmax BASED ON HORIZONTAL BEARING ON wa ds! a à» OW 
EACH BOLT _ 4 4 
E Pmax5 L,L,H 
4 2h 
= Fmax = 40ba(tbpd = 
Op (typ di) Opal tppdp) Pmaxs = 30.2 psf 
E AG pal typdp) So, normal/stress in bolts controls; Pmax = 11.98 psf 
Pmax4 Ls 
Pmaxa = 750 psf 
Xp Problem 1.7-16 The piston in an engine is attached to a Cylinder Piston Connecting rod 
connecting rod AB, which in turn is connected to a crank arm 





BC (see figure). The piston slides without friction in a cylinder 
and is subjected to a force P (assumed to be constant) while 
moving to the right in the figure. The connecting rod, which has 
diameter d and length L, is attached at both ends by pins. The 
crank arm rotates about the axle at C with the pin at 5 moving 
in a circle of radius R. The axle at C, which is supported by 
bearings, exerts a resisting moment M against the crank arm. 





(a) Obtain a formula for the maximum permissible force 
Panow based upon an allowable compressive stress o, in 
the connecting rod. 

(b) Calculate the force Panow for the following data: 

o, = 160 MPa, d = 9.00 mm, and R = 0.28L. 





EX 
ar, 
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Solution 1.7-16 


The maximun allowable force P occurs when cos a has its 
smallest value, which means that a has its largest value. 


LARGEST VALUE OF Q 





d — diameter of rod AB 


FREE-BODY DIAGRAM OF PISTON 





NR The largest value of œ occurs when point B is the farthest 


distance from line AC. The farthest distance is the radius R 
of the crank arm. 


Therefore, 
BC=R 


Also, AC = VL? -R 





P = applied force (constant) 


\/72_ p2 2 
C — compressive force in connecting rod em L'—R =a pe (2) 
L L 





RP = resultant of reaction forces between cylinder 
ab and piston (no friction) (a) MAXIMUM ALLOWABLE FORCE P 
> Fhoriz =0y7 Patlow = Oc Ac COS a 
nd RY 
P—Ccosa=0 -od kW/ 1- 7 P" 
P=Ccosa (b) SUBSTITUTE NUMERICAL VALUES 
MAXIMUM COMPRESSIVE FORCE C IN CONNECTING ROD o. = 160 MPa d = 9.00 mm 
Cmax = OAc R=0.28L R/L=0.28 
in which A, = area of connecting rod Pas =9.77KN < 
nnus 
" 4 


MAXIMUM ALLOWABLE FORCE P 
P = Cnax COS Q 


= g, A.cos a 





as 
ar 
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Problem 1.8-1 An aluminum tube is required 
to transmit an axial tensile force P — 33k 

[see figure part (a)]. The thickness of the wall 
of the tube is to be 0.25 in. 


(a) What is the minimum required outer 
diameter dmin if the allowable tensile 
stress 1s 12,000 psi? 

(b) Repeat part (a) if the tube will have a 
hole of diameter d/10 at mid-length 
[see figure parts (b) and (c)]. 


CIS 
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SECTION 1.8 Design for Axial Loads and Direct Shear 


Hole of diameter d/10 d 





69 


d/10 


" 


Solution 1.8-1 


NUMERICAL DATA 


P — 33 kips t = 0.25 in. Oo, = 12 ksi 








(a) MIN. DIAMETER OF TUBE (NO HOLES) 
P 
xs A, =—[@ —(d-2t)] | Ao = 
4 a 
A5 = 2.75 in" 


equating A, & A» and solving for d: 


P 
d = —— +t d = 3.75 in. = 
TOÀ 


(b) MIN. DIAMETER OF TUBE (WITH HOLES) 


A, = E [d2—(d—2t)?]— (x) 








CX 
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Problem 1.8-2 A copper alloy pipe having yield stress oy — 290 P - d 
MPa is to carry an axial tensile load P = 1500 kN [see figure 8 
part (a)]. A factor of safety of 1.8 against yielding is to be used. 
(a) If the thickness t of the pipe is to be one-eighth of its 
outer diameter, what is the minimum required outer p d . 
diameter din? 
(b) Repeat part (a) 1f the tube has a hole of diameter d/10 
drilled through the entire tube as shown in the figure 
[part (b)]. 
(a) 
P Hole of diameter d/10 d 
3 B 
(b) 
Solution 1.8-2 
NUMERICAL DATA equate A, & A» and solve for d: 
Oy = 290 MPa 
, 256 / P 
P = 1500 kN qe l 
157 | oy 
FS, = 18 FS, 


(a) MIN. DIAMETER (NO HOLES) 








15 15 
A= (se) A, —-md. 
4 N64 256 da,—225mm < 
P 3 2 
A, = A> = 9.31 X 10° mm 
Oy 
FS, 





CX 
ar, 
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(b) MIN. DIAMETER (WITH HOLES) P 
Redefine A, - subtract area for two holes - then gy 
equate to A> FS, 
2 d^ = —— 
fle 1) on 
4 8 10/\8 256 | 40 
15 l 
A = zand- — d 
L 256° 40 


ee a 
A, =d TT TT 0.159 
256 40 256 40 


Problem 1.8-3 A horizontal beam AB with cross-sectional dimensions 
(b = 0.75 in.) X (h = 8.0 in.) is supported by an inclined strut CD and 
carries a load P = 2700 lb at joint B [see figure part (a)]. The strut, 
which consists of two bars each of thickness 5b/8, is connected to the 
beam by a bolt passing through the three bars meeting at joint C 

[see figure part (b)]. 











(a) If the allowable shear stress in the bolt is 13,000 psi, what is the 
minimum required diameter dmin of the bolt at C? 

(b) If the allowable bearing stress in the bolt is 19,000 psi, what is 
the minimum required diameter dmin of the bolt at C? 





(a) 


b— «— 


X ,.— Beam AB (b X h) 


Bolt (din) 
3— faa 


A 5b 


Y 8 



































Strut CD 
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72 CHAPTER 1 Tension, Compression, and Shear 
Solution 1.8-3 
NUMERICAL DATA (b) dnin BASED ON ALLOWABLE BEARING AT JT C 
P — 2.7 kips b — 0.75 in. h = 8 in. 15 P/4 
7, = 13 ksi T», = 19 ksi Bearing from beam ACB Oem d 
(a) dij; BASED ON ALLOWABLE SHEAR - DOUBLE SHEAR _ 15 PA = 
min min = Lo dmin = 0.711 inches = «— 
IN STRUT Oba 
15 
Foc 15 ->P 
po dae | 4 
A, 4 Bearing from strut DC op = — — 
2—bd 


A= (7 a) : 
4 


P 
E gy = 3 bd (lower than ACB) 


A _  d,,-—0704inches e 


Problem 1.8-4 Lateral bracing for an elevated pedestrian walkway is shown in the figure part (a). The thickness of the clevis 
plate te = 16 mm and the thickness of the gusset plate t = 20 mm [see figure part (b)]. The maximum force in the diagonal 


bracing is expected to be F = 190 KN. 
If the allowable shear stress in the pin is 90 MPa and the allowable bearing stress between the pin and both the clevis and 


gusset plates is 150 MPa, what is the minimum required diameter dmin of the pin? 


Gusset plate 


Diagonal brace 
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Solution 1.8-4 
NUMERICAL DATA (2) dij; BASED ON ALLOW BEARING IN GUSSET & CLEVIS 
PLATES 
F = 190 kN Ta = 90 MPa Oba = 150 MPa 
t, — 20 mm te des Bearing on gusset plate 
EH Ay = tad dnin = me 
(1) dmin BASED ON ALLOW SHEAR - DOUBLE SHEAR Tb Ap 9 S ous toO ba 
iR D dnin = 63.3 mm - controls e 
-> a,=2( 2a 
T A. s ^4 Bearing on clevis Ay = d(2t,) 
d d 36.7 d d 39.6 
= ee — in^ min — .0 mm 
min min ./ mm min 2t Oba 
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Problem 1.8-5 Forces P, = 1500 Ib and P; = 2500 Ib are applied at joint C of plane truss ABC 
shown in the figure part (a). Member AC has thickness t4c = 5/16 in. and member AB is com- 
posed of two bars each having thickness 1454/2 = 3/16 in. [see figure part (b)]. Ignore the effect 
of the two plates which make up the pin support at A. 

If the allowable shear stress in the pin is 12,000 psi and the allowable bearing stress in the 
pin is 20,000 psi, what is the minimum required diameter dmin of the pin? 





Section a—a 


Solution 1.8-5 


NUMERICAL DATA 











P, = 1.5 kips P5 — 2.5 kips duin ds = 0.282 in. 
wi» wi) 
= — jn. = 2| — Jin. 
AC ^ 16 AB 16 
7, = 12 ksi Op, = 20 ksi Next check double shear to AC; force in AC is (P, + P5)/2 
(P; + P2)/2 dyin = 0.461 inches «— 
(1) dij, BASED ON ALLOWABLE SHEAR - DOUBLE SHEAR dai, = C ONE PES 
IN STRUT; FIRST CHECK AB (SINGLE SHEAR IN EACH «(t 
BAR HALF) 4 
Force in each bar of AB is P,/2 
Finally check RESULTANT force on pin at A 
E 
I 2 2 
2 (T2 R= (Ry , (Pit Po R = 2.136 kips 
As 4 
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dai, = 0.476 in. 


ti = 





(2) dmin BASED ON ALLOWABLE BEARING ON PIN 





member AB bearing on pin oy = Po Ay = tapd 
b 
P, ! 
dimin = dmin = 0.2 in. 
tABO ba 


member AC bearing on pin Ay = d(tac) 
o Pi + P 


dnin = dai, = 0.64 in. controls ss 


tacOba 


Problem 1.8-6 A suspender on a suspension bridge consists of a cable that 
passes over the main cable (see figure) and supports the bridge deck, which is 
far below. The suspender is held in position by a metal tie that is prevented from 
sliding downward by clamps around the suspender cable. 

Let P represent the load in each part of the suspender cable, and let 0 
represent the angle of the suspender cable just above the tie. Finally, let o4jo, 
represent the allowable tensile stress in the metal tie. 


Suspender 


(a) Obtain a formula for the minimum required cross-sectional area of the tie. 
(b) Calculate the minimum area if P = 130 kN, 0 = 75°, and Oyyoy = 80 MPa. 





De errr rerio 
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Solution 1.8-6 Suspender tie on a suspension bridge 
(a) MINIMUM REQUIRED AREA OF TIE 








V / F F — tensile force in cable 
above tie A |. T _ Pcoté 
min ^ m 
P = tensile force in cable O allow O allow 
below tie 


u (b) SUBSTITUTE NUMERICAL VALUES: 
Callow = allowable tensile 

stress in the tie P — 130 kN 0 = 75° 
Oallow — 80 MPa 


Amin = 435mm? < 





FREE-BODY DIAGRAM OF HALF THE TIE 


Note: Include a small amount of the cable in the free-body 
diagram 
a | 


T = tensile force in the tie 





/ F | FORCE TRIANGLE 





cotü = — 
P 


T — P cot 0 


Problem 1.8-7 A square steel tube of length L — 20 ft and 
width b = 10.0 in. is hoisted by a crane (see figure). The 
tube hangs from a pin of diameter d that is held by the cables 
at points A and B. The cross section is a hollow square with 
inner dimension b, = 8.5 in. and outer dimension b; = 10.0 
in. The allowable shear stress in the pin is 8,700 psi, and the 
allowable bearing stress between the pin and the tube is 
13,000 psi. 

Determine the minimum diameter of the pin in order to 
support the weight of the tube. (Note: Disregard the rounded 
corners of the tube when calculating its weight.) 
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SECTION 1.8 Design for Axial Loads and Direct Shear TT 


Solution 1.8-7 Tube hoisted by a crane 


T — tensile force in cable W = ys AL , 
W — weight of steel tube = (490 Ib/ft*)(27.75 in oo ft) 
d = diameter of pin = 1,889 Ib 
b, = inner dimension of tube 
EPIS DIAMETER OF PIN BASED UPON SHEAR 
b> = outer dimension of tube Double shear. 2TatiowApin = W 


2 


| d 
= 10.0 in. 2(8,700 s (* ) = 1889 Ib 


4 
L = length of tube = 20 ft 





Taies = 8,700 psi d^—0.1382in? d, = 0.372 in. 


o, = 13,000 psi 
DIAMETER OF PIN BASED UPON BEARING 


WEIGHT OF TUBE gy(b, — bpd = W 
y, — weight density of steel (13,000 psi)(10.0 in. — 8.5 in.) d = 1,889 Ib 
= 490 lb/ft? d> = 0.097 in. 


A = area of tube 
bs — b? = (10.0 in)? — (8.5 in. 
= 27.75 in. 


MINIMUM DIAMETER OF PIN 


Shear governs. — dyin = 0.372 in. 


Problem 1.8-8 A cable and pulley system at D is used to 
bring a 230-kg pole (ACB) to a vertical position as shown in 
the figure part (a). The cable has tensile force T and is attached 
at C. The length L of the pole is 6.0 m, the outer diameter is 
d = 140 mm, and the wall thickness t = 12 mm. The pole 
pivots about a pin at A in figure part (b). The allowable shear 
stress in the pin is 60 MPa and the allowable bearing stress 
is 90 MPa. 

Find the minimum diameter of the pin at A in order to support 
the weight of the pole in the position shown in the figure part (a). 





Pin support 
plates 
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CHAPTER 1 Tension, Compression, and Shear 


Solution 1.8-8 


ALLOWABLE SHEAR & BEARING STRESSES 


7, = 60 MPa Oba = 90 MPa 


FIND INCLINATION OF & FORCE IN CABLE, T 


let o = angle between pole & cable at C; use Law 
of Cosines 


DC = | 52 + 42 — 2(5)4)cos(120 =) 








DC = 7.81 m Q = acos 


180 T 
oe = 26.33 degrees 0 — (5) = 


180 
m — 33.67 «ange between cable & horiz. at D 


W = 230 kg(9.81 m/s) 1 W = 2.256 X 10° N 


STATICS TO FIND CABLE FORCE T 

SMa =0  W(3sin(30deg)) — Tx(5cos(30 deg)) 
+ Ty(5 sin(30 deg)) = 0 

substitute for T, & T, in terms of T & solve for T: 
3 


AW 
2 


-5 5V3 
> sin) F y COMM) 
T=1.53X10°N  T,-Tcos(0) 
T,-Tsi0)  T,—127X10N . T,—84611 N 
(1) dmin BASED ON ALLOWABLE SHEAR - DOUBLE SHEAR 
ATA 
A, = —T, Ay = Ty + W 


CHECK SHEAR DUE TO RESULTANT FORCE ON PIN AT A 


RA = V Ag t+ Aj Ra = 3.35 X ION 


ui - 


dinin 





= 5.96mm <controls «— 


dnin BASED ON ALLOWABLE BEARING ON PIN 


d5ge = 140 mm 


Loole = 12mm Lpole — 6000 mm 


member AB BEARING ON PIN 


Op = 


diin — 





CX 
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RA 
= 


Ra 


2 tpole Oba 


Ap 


= 2 toad 


din = 1.55 mm 
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Problem 1.8-9 A pressurized circular cylinder has a sealed cover plate fastened Cover plate 
with steel bolts (see figure). The pressure p of the gas in the cylinder is 290 psi, 
the inside diameter D of the cylinder is 10.0 in., and the diameter dg of the bolts 
is 0.50 in. 

If the allowable tensile stress in the bolts is 10,000 psi, find the number n of 
bolts needed to fasten the cover. 








A, = area of one bolt = ; d 


P = Oow Ap 


P . apD* EC 








O — Å _ — 
COY Ab (Gd na? 
p = 290 psi D = 10.0 in. d, = 0.50 in. pD? 
Callow = 10,000 psi n = number of bolts a AG dos 
F = total force acting on the cover plate from the 
internal pressure SUBSTITUTE NUMERICAL VALUES: 
7D? 290 psi)(10 in.)? 
Zr ca p = ODE i. 
d (0.5 in.)7(10,000 psi) 


NUMBER OF BOLTS Use 12 bolts «— 


P = tensile force in one bolt 
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80 CHAPTER 1 Tension, Compression, and Shear 


Problem 1.8-10 A tubular post of outer diameter d» is guyed by two cables 
fitted with turnbuckles (see figure). The cables are tightened by rotating the 
turnbuckles, thus producing tension in the cables and compression in the post. 






Both cables are tightened to a tensile force of 110 kN. Also, the angle between the Turnbuckle 
cables and the ground is 60°, and the allowable compressive stress in the post is p A 
T, = 35 MPa. W 

If the wall thickness of the post is 15 mm, what is the minimum permissible Ņ 


value of the outer diameter d2? 


Solution 1.8-10 Tubular post with guy cables 


AREA OF POST 











30° 7 NT də = outer diameter 
| = TT T 
T” «T d, — inner diameter A= TË = di) = 46-7 (d — 2t] 
t — wall thickness 
Seana = Tt(d> — t) 
if 4 T = tensile force in a cable EQUATE AREAS AND SOLVE FOR d^»: 
-e- 3 = 110 EN 2T cos 30° 
(popu — = md — t) 
PA td. Oalow 35 MPa O allow 
P — compressive force in post 2T cos 30° 
d) = ——— +t 
= 2T cos 30° TÍO allow 
REQUIRED AREA OF POST SUBSTITUTE NUMERICAL VALUES: 
F P 2Tcos 30° (də)min = 131 mm < 
O allow O allow 
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SECTION 1.8 Design for Axial Loads and Direct Shear 


Problem 1.8-11 A large precast concrete panel for a warehouse is being raised to a vertical position using two sets of 
cables at two lift lines as shown in the figure part (a). Cable 1 has length L; = 22 ft and distances along the panel (see figure 


part (b)) are a = L,/2 and b = L,/4. The cables are attached at lift points B and D and the panel is rotated about its base at 
A. However, as a worst case, assume that the panel is momentarily lifted off the ground and its total weight must be 


supported by the cables. Assuming the cable lift forces F at each lift line are about equal, use the simplified model of 
one half of the panel in figure part (b) to perform your analysis for the lift position shown. The total weight of the panel 


is W = 85 kips. The orientation of the panel is defined by the following angles: y = 20° and 0 = 10°. 


to failure 1s desired. 
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Solution 1.8-11 


GEOMETRY 
1 1 
L, = 22 ft =i b=- L 
1 a 2 1 A 1 
0 = 10 deg a T 2.5b = 24.75 ft 
y — 20 deg 


Using Law of cosines 
Lo = Via + by + L2 — Xa + b)L,cos(0) 





L, = 6.425 ft 





F 


Find the required cross-sectional area Ac of the cable if its breaking stress is 91 ksi and a factor of safety of 4 with respect 





Li + L -— (a+ bY 


= aco 
P > LiL 


B = 26.484 degrees 
pi—m-—(0tm-Y» 
p» = Pp m pi P» — 16.484 deg 


SOLUTION APPROACH: FIND T THEN A, = T/(a /FS) 


Bı 10 deg 
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82 CHAPTER 1 Tension, Compression, and Shear 
STATICS at point H T, = 27.042 kips 
sin 
SF,=0 — Tysin(B,) = Tosin(B>) = (P) T; = 16.549 kips 
H sin(B5) 
|. sin(By) 
SO T5 = T)- COMPUTE REQUIRED CROSS-SECTIONAL AREA 
sin(B 2) P 
= Fy = 0 T,cos(B;) + T5cos(B5;) = F oO, = 91 ksi FS =4 e — 22.75 ksi 
H 
E -" : T 
and F = W/⁄2, W = 85 kips A. = - A,—1189i?  — 
. ES 
sin 
SO 1,( costs) Bc (P P cos ) =F FS 
sin(B 2) 
NW 
2 
B in(B) 
sin 1 
(costa bm cos: ) 
sin(B 2) 


Problem 1.8-12 A steel column of hollow circular cross section 
is Supported on a circular steel base plate and a concrete pedestal 
(see figure). The column has outside diameter d = 250 mm and 
supports a load P = 750 KN. 


(a) If the allowable stress in the column is 55 MPa, what is the 
minimum required thickness t? Based upon your result, select 
a thickness for the column. (Select a thickness that is an even 
integer, such as 10, 12, 14, .. . , in units of millimeters.) 

(b) If the allowable bearing stress on the concrete pedestal is 
11.5 MPa, what is the minimum required diameter D of the 
base plate if it is designed for the allowable load Panow that 
the column with the selected thickness can support? 
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SECTION 1.8 Design for Axial Loads and Direct Shear 
Solution 1.8-12 Hollow circular column 
SUBSTITUTE NUMERICAL VALUES IN EQ. (1): 
750 X 10° N 
T(55 N/mm^) 
(Note: In this eq., t has units of mm.) 
f — 250t + 4,340.6 = 0 
Solve the quadratic eq. for t: 
t = 18.77 mm tmin = 18.8 mm = 
Use t = 20 mm ee 
(b) DIAMETER D OF THE BASE PLATE 
d — 250 mm P = 750 kN 
oo For the column, Plow = Callow 
Callow = 55 MPa (compression in column) 
where A is the area of the column with t = 20 mm. 
t = thickness of column 
D = diameter of base plate A= mtd — t) Panow = Canow Hd — t) 
0; = 11.5 MPa (allowable pressure on concrete) "D^ — Pantow 
Area of base plate = —— = — — 
4 Ob 
(a) THICKNESS t OF THE COLUMN 
a NE T —— 
O allow 4 4 ý 
p D= 4G ajowf(d — t) 
= god — f) = mt(d — t) T, 
p .. 4(55 MPa)(20 mm)(230 mm) 
mtd — t) = i 11.5 MPa 
O allow 
s D^ = 88,000 mm? D = 296.6 mm 
2 
qi^ — aid. + = 0 L 
Fallow D min = 297mm e 
) F 
=d s =0 (Eq. 1) 
TO allow 











CX 
ar, 





83 





OlChOl.qxd 9/25/08 3:59 PM Page 84 





84 CHAPTER 1 Tension, Compression, and Shear 


Problem 1.8-13 An elevated jogging track is supported at 
intervals by a wood beam AB (L = 7.5 ft) which is pinned at A 
and supported by steel rod BC and a steel washer at B. Both 
the rod (dgc = 3/16 in.) and the washer (dg = 1.0 in.) were 
designed using a rod tension force of Tgc = 425 Ib. The rod 
was sized using a factor of safety of 3 against reaching the 
ultimate stress o,, = 60 ksi. An allowable bearing stress 

Oba = 565 psi was used to size the washer at B. 

Now, a small platform HF is to be suspended below a section 
of the elevated track to support some mechanical and electrical 
equipment. The equipment load is uniform load q = 50 lb/ft and 
concentrated load Wg = 175 Ib at mid-span of beam HF. The 
plan is to drill a hole through beam AB at D and install the same 
rod (dgc) and washer (dg) at both D and F to support beam HF. 


(a) Use o,, and Opa to check the proposed design for rod DF 
and washer dr; are they acceptable? 

(b) Also re-check the normal tensile stress in rod BC and 
bearing stress at B; if either is inadequate under the 
additional load from platform HF, redesign them to 
meet the original design criteria. 


Solution 1.8-13 


NUMERICAL DATA 





L — 7.5(12) L = 90 in. Trac = 425 Ib 
o, = 60 ksi FS, = 3 Opa = 0.565 ksi 
50 Ib 
B) q = 4.167— We = 175 1b 
12 in 
dpc = as, dg = 1.01 
BC 16 in. p^ 1.0in 


(a) FIND FORCE IN ROD DF AND FORCE ON WASHER AT F 


We~+aL— 
By d75 
loor- L— — 

C 
Tor = 286.458 Ib 


NORMAL STRESS IN ROD DF: 





CIS 
LA 









































Original "E l 
structure —> ~ ^ C \/ a 
"d Steel rod, : 
i ' f 3 . Tpc = \ 
zii dec = 76 "425 Ib. 
L 
< Led545 | 55 
nan 
A Wood beam supporting track D B 
A. TET- Washer 
— ] 3 | dg = 1.0 in. 
\ | __-~ New steel rod, dpr = = inl} p 
me 





q = 50 lb/ft H uL. 
H New beam to support equipment || F 
i L Wa 

















L sher, dr 
| > > (same at D 
— above) 
H, 


Opp = 10.38 ksi OK - less than o; rod is 


acceptable  <— 


oa = 20 ksi 


BEARING STRESS ON WASHER AT F: 


"m Tpr 
bF ~ 
Core! 2 
4 (dB 7 dBc) 
Opp — 378 psi OK - less than oba, washer is 


acceptable em 

FIND NEW FORCE IN ROD BC - SUM MOMENT ABOUT A FOR 
UPPER FBD - THEN CHECK NORMAL STRESS IN BC & 
BEARING STRESS AT B 


(b) 


Ma = 0 
TpcL + T (1 = E) 
BC DF 25 
Ikos T 
Taco — 700 Ib 
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REVISED NORMAL STRESS IN ROD BC: [n peeWBeseee ees 
Original Pd ^W \ 
"d C \ 
Taco structure —- à 
OBC2^ 7; wv "d Steel rod, \ 
7 auc? "s 3. Jjfhsc7 ` 
4 (BC Ps dpc = 1g In. 425 Ib. 
. . L 
Opco = 25.352 ksi exceeds co, = 20 ksi < Le31 "| ^25 
SO RE-DESIGN ROD BC: ich 
A Wood beam supporting track D B 
7 7 - - ^| \\dp = 1.0 in. 








dgcreqd E 


Mas em mem mA mA umm 


\ 


z 
PEL 


» 3 a 
_~ New steel rod, dpp = — in. ——» 


16 
<> 
dacreqa = 0.211 in. — dgcreqa + 16 = 3.38 in TB 


! q=501b/t = |We- 1 Ib 
Asay 4/16 = 1/4 in. dpc = — in. 





À a~ Washer 
] | 



































* H New beam to support equipment || F 
RE-CHECK BEARING STRESS IN WASHER AT B: LAN 
L l L Washer, dp 
Taco 2? E (same at D 
T bB2 = m Opp2 = 924 psi 7 above) 
ad — dpc’) | ^ exceeds t 
4 Tba = 565 psi H, 
ETa SO RE-DESIGN WASHER AT B: 
T 
dpreqd = — dae — gc 1281, 


0 
4 ba 


use 1 — 5/16 in washer at B: 1 + 5/16 = 1.312 in. «— 


Problem 1.8-14 A flat bar of width b = 60 mm and thickness t = 10 mm 

is loaded in tension by a force P (see figure). The bar is attached to a 

support by a pin of diameter d that passes through a hole of the same size 

in the bar. The allowable tensile stress on the net cross section of the bar is (94 B : 
or = 140 MPa, the allowable shear stress in the pin is 7; = 80 MPa, and T 

the allowable bearing stress between the pin and the bar is a = 200 MPa. 


(a) Determine the pin diameter d,, for which the load P will be a 
maximum. 
(b) Determine the corresponding value Pmax of the load. f 
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Solution 1.8-14 Bar with a pin connection 


SHEAR IN THE PIN 


d? 
Ps = 2T5Apin = s ( ) 


4 
= 2(80 MPa( Ju A) 
4 1000 
= 0.040 zd? = 0.12566d ? (Eq. 2) 


BEARING BETWEEN PIN AND BAR 





Pp — Op td 
1 
= = (200 MPa)(10 d) —— — 
b = 60 mm ( a)(10 mm)( ( 2) 
t= 10mm —20d (Eq. 3) 
d — diameter of hole and pin 
o, = 140 MPa GRAPH OF Eos. (1), (2), AND (3) 
Tg; = 80 MPa 
UNITS USED IN THE FOLLOWING CALCULATIONS: 75 .] 
P is in kN 


c and 7 are in N/mm? (same as MPa) 


b, t, and d are in mm 


'TENSION IN THE BAR 


Pr = o7 (Net area) = o«t)(b — d) 





1 
(140 MPa)(10 mm) (60 mm — d) (<a) (a) PIN DIAMETER d, 


1000 
Pr = Pg or 1.40(60 — d) = 20 d 
= 1.40 (60 — d) (Eq. 1) ae 


84.0 
Solving, dm = gj mm = 24.7mm < 


(b) LoaD P max 
Substitute d,, into Eq. (1) or Eq. (3): 
P nax 49.4 KN = 
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SECTION 1.8 Design for Axial Loads and Direct Shear 97 


Problem 1.8-15 Two bars AC and BC of the same material support a vertical load P 
(see figure). The length L of the horizontal bar is fixed, but the angle 0 can be varied by 
moving support A vertically and changing the length of bar AC to correspond with the 
new position of support A. The allowable stresses in the bars are the same in tension and 
compression. 

We observe that when the angle 0 is reduced, bar AC becomes shorter but the cross- 
sectional areas of both bars increase (because the axial forces are larger). The opposite 
effects occur if the angle 0 is increased. Thus, we see that the weight of the structure 
(which is proportional to the volume) depends upon the angle 0. 

Determine the angle 0 so that the structure has minimum weight without exceeding 
the allowable stresses in the bars. (Note: The weights of the bars are very small com- 
pared to the force P and may be disregarded.) 





LENGTHS OF BARS 


Lac = Lpgc-L 
cos 0 


WEIGHT OF TRUSS 
Y = weight density of material 


W = yAagclac + Anc Lpc) 


yPL ( 1 " 1 ) 
Callow \SIN@cos@ tan 



































|. yPL (et) Ea. (1) 
T = tensile force in bar AC Fallow \ Sin 0 cos 0 q 
C = compressive force in bar BC y, P, L, and Oanow are constants 
P W varies only with 0 
MF ww 0 LS 
sin 0 yPL l 
Let k = (k has unis of force) 
P O allow 
MF horiz — 0 = 2 
tan 0 W 1 + cos*0 
=- (Nondimensional) Eq. (2) 
AREAS OF BARS k sin 0 cos 0 
T P 
O allow O 3j]ow SIN 0 
C P 
Ane = 


O allow O allow tan 0 
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GRAPH OF EQ. (2): (sin 0 cos 0)(2)(cos 0) ( — sin 0) 
df — (1 + cos?) —sin^0 + cos? 0) 
dé sin^0 cos^0 


— sin?0 cos? 0 + sin?0 — cos? 0 — cos^0 
sin? 0 cos? 0 
SET THE NUMERATOR = Q) AND SOLVE FOR 6: 
—sin?^0 cos^0 + sin^0 — cos?0 — cos^0 = 0 
Replace sin^0 by 1 — cos*6: 


—(1 — cos?0)(cos?0) + 1 — cos?0 — cos*@ — cost0 = 0 





Combine terms to simplify the equation: 


1 


ANGLE 0 THAT MAKES WA MINIMUM i=3 w e Sonde Y 
Use Eq. (2) 3 
1 + cos? 0—54T < 
Let f = —————_ 
sin 0 cos 0 
df _ 
dé 
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Axially Loaded 





Members 


Changes in Lengths of Axially Loaded Members 


Problem 2.2-1 The L-shaped arm ABC shown in the figure 




















lies in a vertical plane and pivots about a horizontal pin at A. = 
The arm has constant cross-sectional area and total weight W. = k 
A vertical spring of stiffness k supports the arm at point B. = 
Obtain a formula for the elongation of the spring due to the A pe C 
weight of the arm. 1 
of 
b 
-——»___| —-——h $ 
+ 
Ww 
Solution 2.2-1 
Take first moments about A to find c.g. 
B 
2b 2 
z W(b) + Vis. W(2b) 
—b a 
2 € ») 
X = o——————————————————— 
W 
: b 
x= 
J 
Find force in spring due to weight of arm 
6 
W| -b 
YXM, =0 FS t) F, = 9w 
ÀT k = b k^ s 
Find elongation of spring due to weight of arm 
F, 6W 
ô = — = — < 
k 5k 
89 
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Problem 2.2-2 A steel cable with nominal diameter 
25 mm (see Table 2-1) is used in a construction yard 
to lift a bridge section weighing 38 kN, as shown in 
the figure. The cable has an effective modulus of 
elasticity E — 140 GPa. 


(a) If the cable is 14 m long, how much will it 
stretch when the load is picked up? 

(b) If the cable is rated for a maximum load of 
70 kN, what is the factor of safety with respect 
to failure of the cable? 








Solution 2.2-2 Bridge section lifted by a cable 


A = 304 mm? (from (b) FACTOR OF SAFETY 








Table 2-1) Pyyr = 406 kN (from Table 2-1) 
W = 38 kN Paus = 70 KN 
E = 140 GPa Putr 406 kN 
L=14m P max 70 KN 








(a) STRETCH OF CABLE 
WL | (38 kN)(14 m) 


ô = = 
EA (140 GPa)(304 mm?) 


12.5 mm < 


Problem 2.2-3 A steel wire and a copper wire have equal lengths and 
support equal loads P (see figure). The moduli of elasticity for the steel and 
copper are E, = 30,000 ksi and E£. = 18,000 ksi, respectively. 


(a) If the wires have the same diameters, what is the ratio of the elongation 
of the copper wire to the elongation of the steel wire? 

(b) If the wires stretch the same amount, what is the ratio of the diameter of 
the copper wire to the diameter of the steel wire? 








E 
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Solution 2.2-3 Steel wire and copper wire 





Equal lengths and equal 0. E, 30 
loads a Ek 1g v9 t 
ôs E. 18 
Steel: E, = 30,000 ksi (b) RATIO OF DIAMETERS (EQUAL ELONGATIONS) 
Copper: E. = 18,000 ksi PL PL 
Ôc = Ô; E.A. = E.A, or E.A, = E,As 
(a) RATIO OF 
ELONGATIONS (EQUAL = 2 
DIAMETERS) s (= a — (2 a 
es or p 
i E.A i EA do ^E, deo ES oe. B50 Tx 
a Ee dy XE 18 | 





Problem 2.2-4 By what distance h does the cage shown in the figure 
move downward when the weight W is placed inside it? 

Consider only the effects of the stretching of the cable, which 
has axial rigidity EA — 10,700 kN. The pulley at A has diameter 3 d 
da = 300 mm and the pulley at B has diameter dg = 150 mm. Also, 
the distance L; = 4.6 m, the distance L) = 10.5 m, and the weight 
-Qa- W — 22 kN. (Note: When calculating the length of the cable, include 
the parts of the cable that go around the pulleys at A and B.) 
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Solution 2.2-4 Cage supported by a cable 
d, = 300 mm LENGTH OF CABLE i 
Ly, = 4.6m = 4,600 mm + 21,000 mm + 236mm + 236 mm 
L = 10.5 m = 26,072 mm 
EA = 10,700 kN 
W = 22 kN ELONGATION OF CABLE 
TL (11 kN)(26,072 mm) 
ô = = = 26.8 mm 
EA (10,700 kN) 
LOWERING OF THE CAGE 
h = distance the cage moves downward 
T 1 
ENSILE FORCE IN CABLE re ae Am 
W 2 
T=— = 11 kN 
2 
rane Problem 2.2-5 A safety valve on the top of a tank containing steam » 
under pressure p has a discharge hole of diameter d (see figure). 3 f = = | | 
The valve is designed to release the steam when the pressure reaches the IE = hag 
value Pmax- — C] 3 : | 
If the natural length of the spring is L and its stiffness is k, what 2 | 
should be the dimension / of the valve? (Express your result as a zs | 
formula for h.) Es | 
| 


| 
| 


we 
z h 


Pd . 
ff A 
^N 
eva, ^ 
wu 
E. \ 
i \ ^. À 
/ i 
v 5 
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Solution 2.2-5 Safety valve 


Pmax = pressure when valve opens 
L = natural length of spring (L > h) 
k = stiffness of spring 

FORCE IN COMPRESSED SPRING 

F = k(L — h) (From Eq. 2-1a) 


PRESSURE FORCE ON SPRING 


ad 
P = Pmax 4 


EQUATE FORCES AND SOLVE FOR A: 





TD maxd- 
PoP W= DE TPmax@ 
h = height of valve (compressed length of the spring) " 


d — diameter of discharge hole _ AP ning 


p = pressure in tank 


Problem 2.2-6 The device shown in the figure consists of 
a pointer ABC supported by a spring of stiffness k — 800 N/m. 
> The spring is positioned at distance b = 150 mm from the pinned 
end A of the pointer. The device is adjusted so that when there is no 
load P, the pointer reads zero on the angular scale. 

If the load P = 8 N, at what distance x should the load be placed 
so that the pointer will read 3° on the scale? 








Solution 2.2-6 Pointer supported by a spring 


FREE-BODY DIAGRAM OF POINTER Y M, =0 Aa 
A= 


| |P — Px + (k8B)b = 0 §=— 
— X ( ) Or e 
AEST E 





uu Let o — angle of rotation of pointer 
8 Px kb? 
tana = —— — x = —tana e— 
b kb P 
SUBSTITUTE NUMERICAL VALUES: 
a = 3° 
P=8N , 
k = 800 N/m "- (800 N/m)(150 mm) -— 
b = 150 mm 8 N 


118mm < 
ô = displacement of spring 


F = force in spring 
= kô 





d 
IE, 
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Problem 2.2-7 Two rigid bars, AB and CD, rest on a 
smooth horizontal surface (see figure). Bar AB is pivoted 
end A, and bar CD is pivoted at end D. The bars are con- 
nected to each other by two linearly elastic springs of stiff- 
ness k. Before the load P is applied, the lengths of the 
springs are such that the bars are parallel and the springs 
are without stress. EY S 

Derive a formula for the displacement óc at point C when J > s 
the load P is acting near point B as shown. (Assume that the | De c Lb 
bars rotate through very small angles under the action of the 5 
load P.) 





Solution 2.2-7 


(1) first sum moments about A for the entire structure 


3) solve displacement equations to find ô 
to get Rp then sum vertical forces to get RA a p q C 


1 DISPLACEMENT DIAGRAMS 
XM, =0 Rp- zp l Pd] à; 


A 2 B 
"r3 dim 
D I 
$ | Op 
P | | D 
SFy=0 Ra=P-Ro Rasy pen 
5 dc 


(2) next, cut through both springs & consider equilib- : 2 
rium of upper free body (UFBD) to find forces in B Óp FH 2P 
springs (assume initially that both springs are in elongation of spring 1 — óc — n ce 
tension) | | i: E m 
NM =0 (P+ Fkb = —Rab elongation of spring 2 = 3 ôg = E = Fx 
UFBD multiply 2nd equation above by (— 1/2) and add to 
Fy = -Ra — P p first equation 
3 4 P 16 P 16 
74 UFBD ac mE pee A < — = 1.778 
Fx = — P D 4 3 k 9k 9 
2 b b " . . r e 
^ spring 2 is in RA (4) substitute ôc into either equation to find ôg 
compression kl Fy (not a required part of this problem) 
4P 
Istequ> 6, = 2600 — —— 
S Fy =0 Fa =R- (+ Fo) 3k 
UFBD 5, = (£ 3 - er 
E (5 E ip) p. =2p 9k/ 3k 
li Up cu Ei 
20P 20 
i i i ôg = —— ——2222 
^ spring 1 is 9 k 9 
in tension nd 2; óc . 4P 
nd equ B= > 2 
Ee 3 4 4 20 P 
2\9 k 3k 9 k 





dA 
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Problem 2.2-8 The three-bar truss ABC shown in the figure has a span 


L = 3 m and is constructed of steel pipes having cross-sectional 
area A = 3900 mm? and modulus of elasticity E = 200 GPa. Identical 
loads P act both vertically and horizontally at joint C, as shown. 


(a) If P = 650 kN, what is the horizontal displacement of joint B? 


(b) What is the maximum permissible load value Pmax if the displacement of 


joint B is limited to 1.5 mm? 





95 














Solution 2.2-8 








A 


NUMERICAL DATA 


A = 3900 mm? E = 200 GPa 
P — 650 kN L = 3000 mm 
Opmax = 1.5 mm 


(a) FIND HORIZ. DISPL. OF JOINT B 


E o 1I L 
> Ma = 0 y= 7 P5 


B 


SiFy =0 A,-P-B, A,=0 


Method of Joints: Fac, = Ay Fac, = 0 
Fac = 0 
Fag = A, force in AB is P (tension) so elongation 
of AB = horiz. displ. of jt B 
F agL PL 
ôg ——— ° Op =a ôg=25 — 
P^ pA “BT pa ^P UT 


(b) FIND Pmax IF DISPL. OF JOINT B = 6 pmax = 1.5 mm 


Pmax 





ak 
ar, 





EA 


7° Bmax Prax — 390 kN 
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Problem 2.2-9 An aluminum wire having a diameter d = 1/10 in. P J 
and length L = 12 ft is subjected to a tensile load P (see figure). — o 
The aluminum has modulus of elasticity E = 10,600 ksi | 


L | 
If the maximum permissible elongation of the wire is 1/8 in. and the NN 
allowable stress in tension is 10 ksi, what is the allowable load P nax? 


Solution 2.2-9 


1 
d "me L = 12(12)in E = 10600 x (10°) psi 


e hl 
L, 3. | 
0Ó4-— —in o, = 10 X (10°) psi 


A= A = 7.854 X 10 ? in? Max. load based on elongation 


EA 
EA = 8.325 x 10* Ib Pagi = "i 9a Prax] = 72.3 lb <— controls 


Max. load based on stress 


Pao 0A Puao = 78.5 Ib 








as 
ar, 





Sec 2.2.qxd 9/25/08 11:35 AM Page 97 





CIS 
LA 





SECTION 2.2 Changes in Lengths of Axially Loaded Members 


E New position of 
k, for part (c) only 
ki 

Li 


A D 


Problem 2.2-10 <A uniform bar AB of weight W = 25 N is 
supported by two springs, as shown in the figure. The spring on the 
left has stiffness kı = 300 N/m and natural length Lı = 250 mm. The 
corresponding quantities for the spring on the right are kọ = 400 N/m 
and L5, = 200 mm. The distance between the springs is L = 350 mm, 
and the spring on the right is suspended from a support that is 
distance h = 80 mm below the point of support for the spring on the 
left. Neglect the weight of the springs. 


(a) At what distance x from the left-hand spring (figure part a) 
should a load P = 18 N be placed in order to bring the bar to 
a horizontal position? 
(b) If P is now removed, what new value of k, is required so that 
the bar (figure part a) will hang in a horizontal position 
under weight W? 
(c) If P is removed and k, = 300 N/m, what distance b should 
spring k; be moved to the right so that the bar (figure part a) 
will hang in a horizontal position under weight W? 
If the spring on the left is now replaced by two springs in series 
(kı = 300N/m, kz) with overall natural length L; = 250 mm 
(see figure part b), what value of k3 is required so that the 
bar will hang in a horizontal position under weight W? 


(d 


x 




















P. Load P for 


part (a) only 


























L———— X ———__> 
L 

(a) 
k | 
Li 
i 1 
k 1 kz 
Li Ly 
2 

W 
A "x 1B 

< L 
(b) 


97 


Solution 2.2-10 


NUMERICAL DATA 


N 
W=25N k,-20.300—— L= 250 mm 


mm 
N 

ky = 0.400 — L, = 200mm 
mm 

L^350mm h= 80mm P=I1I8N 


(a) LOCATION OF LOAD P TO BRING BAR TO HORIZ. 
POSITION 


use statics to get forces in both springs 


If L 
X M,=0 2 aes (eee 








as 
ar. 
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X Fy=0 F-W-c-P-E 


W X 
F; ep p(1 - >) 
2 L 


use constraint equation to define horiz. position, 
then solve for location x 


Fy Fə 
Li +t — = L, + h + — 
kı kz 


substitute expressions for F, & F, above into constraint equ. & solve for x 


Ji, Ld iiWb-o5PLJ32D5Lbkd-2hLEi + WL 











— 2P(k, + k;) 
x = 134.7 mm < 
(b) NEXT REMOVE P AND FIND NEW VALUE OF SPRING Part (c) - continued 
CONSTANT K, SO THAT BAR IS HORIZ. m 
UNDER WEIGHT W E 
W WwW. Ww Lo b 
Now, F; = — F, = — since P = 0 2 
: : 2. Mw - L-b 
same constraint equation as above but now P = 0: 
RS DA =0 
: G) 
2 2 F, = W-F, 
Lag + e a = 0 
ky ky 7 
solve for k, w- = ») 
= py = W eM 
[2ko|Li — (L5 + hJ] — W WE 
N ppc 
kı = 0.204 — =<- 2(L — b) 
mm 
traint ti - substitute ab 
(©) Use x; = 0.300 N/mm BUT RELOCATE aN Hh 
SPRING K, (x = b) SO THAT BAR ENDS UP i 
IN HORIZ. POSITION UNDER WEIGHT W ES HF (eh) = F2 =, 
l k A kə 
L/2-b use the following data 


N N 
kı =0300—- k=04— L,=250mm 
mm mm 


Lə = 200mm L = 350mm 








FBD 


— 2LjikikL + WLk; — 2Lykjk;L — 2hkjkoL — Wk,L 


b = 74.1 e 
QL;kjk) — 2Ljkjk; — 2hkk, — 2Wk, m 





Cr 
ar 
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(d) REPLACE SPRING K, WITH SPRINGS IN SERIES: new constraint equation; solve for k3 
Kı = 0.3N/mm, L,/2 AND K3, Lj/2 - FIND K3 F F F 
SO THAT BAR HANGS IN HORIZ. POSITION Lı + + —- (L; + h) — =) 
| W W 1 3 2 
statics F,; =— F=— Ww W W 
2 2 EE — 
L f= +t—-(Lt+tb-—=0 
Rr" (L2 + h) ko 
Wkk N 
k = ——— eee k = 0.688 — < 
— 2L,4k,k5 z Wk» ES 2L5k,k»5 T 2hkık> T Wk, mm 
NOTE - equivalent spring constant for series springs 
kic k e = 0.204 — <— checks - same as (b) above 
ee pia uc E mm 
© k +k 
Problem 2.2-11 A hollow, circular, cast-iron pipe (E. = 12,000 ksi) Nuwar 
supports a brass rod (Ej = 14,000 ksi) and weight W = 2 kips, as 3 Dell 
shown. The outside diameter of the pipe is d = 6 in. (a, 4 in. 












(a) If the allowable compressive stress in the pipe is 5000 psi and 
the allowable shortening of the pipe is 0.02 in., what 1s the Steel cap 
minimum required wall thickness f.,min? (Include the weights (1, — lin.) 
of the rod and steel cap in your calculations.) 


(b) What is the elongation of the brass rod 0, due to both load Casti 
. : ast iron pipe 
W and its own weight? 


d.-—6in.,t 
(c) What is the minimum required clearance A? (Ge o) L,=3.5ft 


L, =4ft 


Brass rod 
(a, = 3 in. 
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Solution 2.2-11 
The figure shows a section cut through the pipe, cap Wi, 
LET a = a = 0.128 
and rod. pm 
a 
t- det. + a = 0 
NUMERICAL DATA 
— — d, — V d — 4a 
1 
W = 2 kips d.=6in d = > im. ^ min. based on o, 
a = 3ksi ô, = 0.02 in. now check allowable shortening requirement 
kips 
unit weights (see Table H-1) y, = 2.836 X 10 ^ P 5. = W Le A. = WL. 
1n pipe RA. ma cops 
c+ min c~a 
_4 Kips N- 
Yp = 3.009 x 10 CI Amin = 0.447 in^ « larger than value based on 
in 
L.—48in L,=42in Cane 
WL 
t, = lin. Hdd = iia 
mde = ou. 
(a) MIN. REQ'D WALL THICKNESS OF CI PIPE, temin T WAL, 
te —4Lt r5 =O p =e 
first check allowable stress then allowable THEO, 
shortening B = 0.142 
T LU up — 
W cap ES v (Sh) ies de — dz — 4p 
C 
2 
- -31,; 
ur LEM Kps t. = 0.021 in. <— min. based on 6, and c, 
Wrod = Yb (Za , controls 
(b) ELONGATION OF ROD DUE TO SELF WEIGHT & 
Wam 2482 x 10— kips ALSO WEIGHT W 
Wi = W + Wa, + Wroa W, = 2.01 kips (w " Yeti, 
W "n QE AN o : 
Amin =—— Amin = 0.402 in? = m i e 
Oa e (fa) 
A pipe = {È — (d, — 2t] 
pipe ~ 4tí7c (d. c) (c) MIN. CLEARANCE h 
Asie = Tte(de — te) Dos = Ôa + Ó, Ds = 0.051 in. ~ 
Wi 
tds — te) = 
TO 4 
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Problem 2.2-12 The horizontal rigid beam ABCD is supported 
by vertical bars BE and CF and is loaded by vertical forces 
P, = 400 kN and P, = 360 kN acting at points A and D, 
respectively (see figure). Bars BE and CF are made of steel 
(E = 200 GPa) and ds cross-sectional areas Age = 11,100 mm? 
and Acr = 9,280 mm^. The distances between various points on 
the bars are shown in the figure. 

Determine the vertical displacements 6, and 0p of points A 
and D, respectively. 


Solution 2.2-12 Rigid beam supported by vertical bars 


mu Cee al Le me. Lime 





Agg = 11,100 mm’ 
Acr = 9,280 mm? 
E = 200 GPa 
Ler = 3.0m 
Lor = 2.4m 
P, = 400 kN; P; = 360 kN 
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ee 





FREE-BODY DIAGRAM OF BAR ABCD 











k— 1.5 m —4L— 1.5 m—>}+— 2.1 mn 

A B C D 
P, 2 400 kN Foe For P, = 360 kN wae 
LMg-0f^^ 
(400 KN)(1.5 m) + Fcr(1.5 m) — (360 kN)(3.6 m) = 0 
For = 464 kN 
XMc-^012 
(400 kN)(3.0 m) — Fgg(1.5 m) — (360 kN)(2.1 m) = 
Fee = 296 kN 
SHORTENING OF BAR BE 
Sen = FpgpLpg - (296 kN)(3.0 m) 

EAge . (200 GPa)(11,100 mm?) 
— 0.400 mm 
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SHORTENING OF BAR CF eae eee E O a 
ENS NM ee MN 8, = 2(0.400 mm) — 0.600 m 
EAcr (200 GPa)(9,280 mm?) 
i = 0.200mm < 
= 0.600 mm 
(Downward) 
DISPLACEMENT DIAGRAM 21 
op — Ócp = 7 5 cr — Opp) 
2 7 
Op = —Ocp — <0 
or D 5 OCF ^ 5 OBE 
12 7 
=> (0.600 mm) — 5 (0.400 mm) 
= 0.880 mm < 

(Downward) 
Problem 2.2-13 A framework ABC consists of two rigid When a vertical load P is applied at joint B (see the 
bars AB and BC, each having length b (see the first part of second part of the figure) the roller support C moves to the 
the figure). The bars have pin connections at A, B, and C right, the spring is stretched, and the angle of the bars 
and are joined by a spring of stiffness k. The spring is decreases from a to the angle 0. 
attached at the midpoints of the bars. The framework has a Determine the angle 0 and the increase ô in the distance 
pin support at A and a roller support at C, and the bars are between points A and C. (Use the following data; b — 8.0 
at an angle a to the hoizontal. in., k = 16 Ib/in., a = 45°, and P = 10 Ib.) 
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Solution 2.2-13 Framework with rigid bars and a spring 





WITH NO LOAD 


L = span from A to C 
= 2b cos 0 
Sı = length of spring 


= = = bcosa 





WITH LOAD P 


Lı = span from A to C 


— 2b cos a 
$5 — length of spring 
L 
-—- bcos0 
2 


FREE-BODY DIAGRAM OF BC 








dh 
ar 





h = height from C to B = b sin 0 
L> 

— = bcos0 

5 COS 


F — force in spring due to load P 
SM epe 


2X 2 


DETERMINE THE ANGLE 0 
AS — elongation of spring 
= $5 — Sı = b(cos 0 — cos a) 
For the spring: F = k(AS) 
F — bk(cos 0 — cos o) 
Substitute F into Eq. (1): 
P cos 0 = bk(cos 0 — cos o)(sin 0) 


P 
Or pre — cos0 + cosa =0 < 


P( L5 h : 
—| — ] — F| — ] = Oor Pcosé = Fsiné (Eq. 1) 


(Eq. 2) 


This equation must be solved numerically for the 


angle 0. 
DETERMINE THE DISTANCE 6 
ô= L — Lı = 2b cos 0 — 2b cos & 


= 2b(cos 0 — cos a) 








Pcot0 
From Eq. (2): cosa = cos0 — 
bk 
Therefore, 
5 20( 0 0 + coe) 
= cos@ — cos 
bk 
2P a = 
= —co 
k 


NUMERICAL RESULTS 

b = 8.0in. k= 16lb/n. a=45° 
Substitute into Eq. (2): 

0.078125 cot 0 — cos 0 + 0.707107 = 0 
Solve Eq. (4) numerically: 

0 = 35.1° <— 

Substitute into Eq. (3): 

ô= 1.78 in. <— 


(Eq. 3) 


P = 101b 


(Eq. 4) 
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Problem 2.2-14 Solve the preceding problem for the following data: 
b = 200 mm, k = 3.2 kN/m, a = 45°, and P = 50 N. 


Solution 2.2-14 Framework with rigid bars and a spring 


See the solution to the preceding problem. Substitute into Eq. (2): 


P 0.078125 cot 0 — cos 0 + 0.707107 = 0 (Eq. 4) 
Eg. y; Bie — cos0 + cosa = 0 
Solve Eq. (4) numerically: 


2P = o 
Eq. (3): ô = Uu coto O= 35.1% < 
Substitute into Eq. (3): 


NUMERICAL RESULTS 
ô = 44.5mm < 


b = 200mm k=3.2kN/m a=45° P=50N 








dh 
ar, 
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Changes in Lengths under Nonuniform Conditions 


Problem 2.3-1 Calculate the elongation of a copper bar of A B 
solid circular cross section with tapered ends when it is 


stretched by axial loads of magnitude 3.0 k (see figure). dd om NN E 
The length of the end segments is 20 in. and the length of 50 umm Pf k 
the prismatic middle segment is 50 in. Also, the diameters at 

cross sections A, B, C, and D are 0.5, 1.0, 1.0, and 0.5 in., 

respectively, and the modulus of elasticity is 18,000 ksi. 

(Hint: Use the result of Example 2-4.) 


Solution 2.3-1 Bar with tapered ends 


MIDDLE SEGMENT (L = 50 in.) 
PL (3.0 K)(50 in.) 
2 Eu a= Z pu ————————M—— 
EA — (18,000 ksi)(7)(1.0 in.? 





= 0.0106 in. 


da dp— Vom, Jk ELONGATION OF BAR 
dg =dc=1.0in. E = 18,000 ksi NL 

6 = M—— = 26, + à; 
END SEGMENT (L = 20 in.) EA 


From Example 2-4: = 2(0.008488 in.) + (0.01061 in.) 
NL NN = 0.0276in. | — 
TE da dp 


4(3.0 k)(20 in.) 
ôi = ——— M. — — = 0.008488 in. 
q(18,000 ksi)(0.5 in.)(1.0 in.) 


Problem 2.3-2 A long, rectangular copper bar under a tensile load P 
hangs from a pin that is supported by two steel posts (see figure). The 
copper bar has a length of 2.0 m, a cross-sectional area of 4800 mm”, 
and a modulus of elasticity E. — 120 GPa. Each steel post has a height 
of 0.5 m, a cross-sectional area of 4500 mm”, and a modulus of elasticity 
E, = 200 GPa. 


(a) Determine the downward displacement 6 of the lower end of the 
copper bar due to a load P = 180 kN. 

(b) What is the maximum permissible load Pmax if the displacement 
0 is limited to 1.0 mm? 








dh 
ar 
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Solution 2.3-2 Copper bar with a tensile load 
(a) DOWNWARD DISPLACEMENT 6 (P = 180 kN) 
Steel _ PL, _ (180 kN)(2.0 m) 
post “ E.A. (120 GPa)(4800 mm?) 
— 0.625 mm 
5 = (IZ, — (90 KN)(0.5 m) 
* Ej,  (200GPa)4500 mm? 
— 0.050 mm 

ô = ô. + 6, = 0.625 mm + 0.050 mm 

Loc 098 -—00/510m <= 
= 2 

Ac = 4800 mm (b) MAXIMUM LOAD Pmax (Omax = 1.0 mm) 
E. — 120 GPa Pmax Ümax P — P Ümax 
L 8 mi P 8 mos 8 
A, = 4500 mm? 1.0 mm 

Pmax = (180 kN) = 267kN < 
E, = 200 GPa 0.675 mm 


Problem 2.3-3 A steel bar AD (see figure) has a cross-sectional 
area of 0.40 in.” and is loaded by forces P, = 2700 Ib, P; = 1800 Ib, 


and P, = 1300 Ib. The lengths of the segments of the bar are P P, 
a = 60 in., b = 24 in., and c = 36 in. «—— P, 
u a A B C D 
(a) Assuming that the modulus of elasticity E = 30 X 10° psi, 
calculate the change in length 6 of the bar. Does the bar <a> b — 


elongate or shorten? 
(b) By what amount P should the load P3 be increased so that the 
bar does not change in length when the three loads are applied? 





| 60 in. — 36 in. 


A =0.40in.? Pı =27001b P, = 18001b AE ners 
P; = 1300 lb E= 30 X 10° psi TE 
EA; 





AXIAL FORCES 

Nap = P4 + Pa — P4, = 3200 lb 
Ngc = P2 — P4 = 500 Ib 

Ncp = —P3 = — 1300 lb 


1 
= xA V ABLAB + NpcLpgc + NcpLcp) 





EX 
ar, 
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[(3200 Zb) (60 in.) 


+ (500 /b)(24 in.) — (1300 Ib) (36 in.)] 


= 0.0131 in. (elongation) e 


(b) INCREASE IN P4 FOR NO CHANGE IN LENGTH 


—— 
120 in. 


P = increase in force P4 


Problem 2.3-4 A rectangular bar of length L has a slot in 
the middle half of its length (see figure). The bar has width 
b, thickness f, and modulus of elasticity E. The slot has 


width 5/4. 


(a) Obtain a formula for the elongation 6 of the bar due 
to the axial loads P. 

(b) Calculate the elongation of the bar if the material is 
high-strength steel, the axial stress in the middle 
region is 160 MPa, the length is 750 mm, and the 
modulus of elasticity is 210 GPa. 


PL 
<. 0.0131 in. = 6 = — 
EA 


P(120 in.) 





30 x 10° psi)(0.40 in.2) 
P=1310lb < 


107 


The force P must produce a shortening equal to 0.0131 in. 
in order to have no change in length. 





Solution 2.3-4 Bar with a slot 


P b 


b. 
4 


oe 


| ) | P 


EDS |; L a| 
| 4 2 | — 
| | 


t = thickness 


L = length of bar 


(a) ELONGATION OF BAR 





Nj, PLI)  P(L/2)  P(4) 
EA; E(bt) E(3 bt) E(bt) 
PL ( 1 4 1 ) 7PL 
= ——ļ| — — aa — T ————À «—— 
Ebt\4 6 4 6Ebt 


a 
ar 








P P 4P P 30 


= — = ———— = — or = — 
A (3) 3bt bt 4 
4 
Substitute into the equation for 6: 
aT 
6Ebt 6E\bt 6E\ 4 
|. ToL 
SE 


(b) SUBSTITUTE NUMERICAL VALUES: 


o = 160 MPa L = 750mm E = 210 GPa 


.. 160 MPa)(750 mm) 
7 8(210 GPa) 


= 0.500 mm «— 





Sec 2.3.qxd 9/25/08 11:36 AM Page 108 





CIS 
LA 





108 CHAPTER 2  Axially Loaded Members 


Problem 2.3-5 Solve the preceding problem if the axial 
stress in the middle region is 24,000 psi, the length is 30 in., 
and the modulus of elasticity is 30 X 10° psi. 


ge 





Solution 2.3-5 Bar with a slot 














P P 4P P 30 

P > A (2 ) 3bt bt 4 
TRE F 
L | L L 
| : | : : SUBSTITUTE INTO THE EQUATION FOR Ô: 
f = thickness L = length of bar IPL e) _ (2) 
6Ebt 6E\bt 6E\ 4 

(a) ELONGATION OF BAR 

N;L;  P(L/A P(L/2 P(L/4 ue 

£P- 5 = piti n - ) (L/4) SE 
EA;  E(b) ^ EQbn Ebt 





(B) SUBSTITUTE NUMERICAL VALUES: 


PL(1 4 lY 7PL - €— 
- (a 2r i) =e c = 24,000 psi L = 30 in. 
E = 30 x 10° psi 


s- 7(24,000 psi)(30 in.) 
8(30 x 106 psi) 


= 0.0210 in. < 


Problem 2.3-6 A two-story building has steel columns AB in the first floor 
and BC in the second floor, as shown in the figure. The roof load P, equals 
400 kN and the second-floor load P; equals 720 kN. Each column has length 
L = 3.75 m. The cross-sectional areas of the first- and second-floor columns 
are 11,000 mni? and 3,900 mnm, respectively. 


(a) Assuming that E = 206 GPa, determine the total shortening 64¢ 
of the two columns due to the combined action of the loads P, and P3. 
(b) How much additional load Po can be placed at the top of the column 
(point C) if the total shortening O4c is not to exceed 4.0 mm? 





dh 
ar. 
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Solution 2.3-6 Steel columns in a building 
(b) ADDITIONAL LOAD Po AT POINT C 
(OAC)max — 4.0 mm 


ôo = additional shortening of the two columns 











L = length of cach due to the load Po 
column 
= Ôo = Di us = OAC = 4.00 mm — 3.7206 mm 
= 3.75m 
E = 206 GPa = 0.2794 mm 
Ax, = 11,000 mm? Also, 69 = is ES Pol A "e L 4 =) 
EAag | EAgc E \Agp Asc 


A pc = 3,900 mm? 
Solve for Po: 
a) SHORTENING Ó4c OF THE TWO COLUMNS 
( ) AC mpe Eôo Aap Apc 
NiL; | NagL " NpgcL 0 L 


ES Aap + Apc 





Sac = È 
SUBSTITUTE NUMERICAL VALUES: 
(1120 KN)(3.75 m) 


m scies docub d sac m E = 206 X 10? N/m? 85, = 0.2794 X 10? m 
(206 GPa)(11,000 mm?) 


L=3.75m A4g = 11,000 X 10-9 m^ 


400 KN)(3.75 
. GOO KN)G3.75 m) — Anc = 3,900 x 107° m? 
(206 GPa)(3,900 mm^) 
Po = 44,200 N 24422kN < 
-Qa- = 1.8535 mm + 1.8671 mm = 3.7206 mm 
OAC = 3.72 mm < 





Problem 2.3-7 A steel bar 8.0 ft long has a circular cross section 
of diameter d, = 0.75 in. over one-half of its length and diameter 
də = 0.5 in. over the other half (see figure). The modulus of 
elasticity E = 30 X 10° psi. 





P I P = 5000 Ib 


(a) How much will the bar elongate under a tensile load l 
P = 5000 Ib? L0 mo ft EN 


(b) If the same volume of material is made into a bar of 
constant diameter d and length 8.0 ft, what will be the 
elongation under the same load P? 


(a) ELONGATION OF NONPRISMATIC BAR 
Ni;  PL..1 
5 = (5000 1b)(48 in.) 








— 5000 Ib 6=> 


P = 5000 Ib 30 x 10° psi 
E = 30 x 10° psi 
L=4 ft — 48 in. 





dh 
ar. 
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1 1 TE CR E A T 
"nd EC p 2 Q4 m CS 
1(0.75 in) 7(0.50 in.) 
zs NE, a Yap — ND. 
= Si in.) + (0.50 in.)*] = 0.3191 in. 
= 0.0589 in.  «— 
(b) ELONGATION OF PRISMATIC BAR OF SAME VOLUME 8- OD = -OUN DV 
ES FA, (30X 10° psi)(0.3191 in.?) 
Original bar: V, = A,L + AL = L(A, + Ad) 
= 0.0501 in. <— 
Prismatic bar: V, = A,(2L) i 
Equate volumes and solve for A,; NOTE: A prismatic bar of the same volume will always 
V,=V, L(A, + A2) =A,(2D) have a smaller change in length than will a nonprismatic 


bar, provided the constant axial load P, modulus EF, and 
total length L are the same. 


Problem 2.3-8 A bar ABC of length L consists of two 
parts of equal lengths but different diameters. Segment AB 
has diameter d; = 100 mm, and segment BC has diameter 
də = 60 mm. Both segments have length L/2 = 0.6 m. 

A longitudinal hole of diameter d is drilled through segment 
AB for one-half of its length (distance L/4 — 0.3 m). The bar 
is made of plastic having modulus of elasticity E — 4.0 GPa. 
Compressive loads P — 110 kN act at the ends of the bar. 





(a) If the shortening of the bar is limited to 8.0 mm, what 
is the maximum allowable diameter dmax of the hole? 
(See figure part a.) 

(b) Now, if dmax is instead set at d,/2, at what distance b 
from end C should load P be applied to limit the bar 
shortening to 8.0 mm? (See figure part b.) 


(c 


—_ 


Finally, if loads P are applied at the ends and 

dmax = d5/2, what is the permissible length x of the 
hole if shortening is to be limited to 8.0 mm? (See 
figure part c.) 

















as 
ar. 











Sec 2.3.qxd 9/25/08 11:37 AM Page 111 





CIS 
LA 





SECTION 2.3 Changes in Lengths under Nonuniform Conditions 111 





Solution 2.3-8 
NUMERICAL DATA | L | Eô, ( L L )i 
d, 100mm d = 60mm 2 P 4Aọ 4A, 


L=1200mm E=4.0GPa P-110kN b=4.16mm < 


(c) Finally if loads P are applied at the ends and 














a dmax = d5/2, what is the permissible length x 
; MEM of the hole if shortening 1s to be limited to 
(a) find dmax if shortening is limited to ô, 8, = 80 mm? 
BON GORG 
1 m = 
P| x 2 2 
ô = —| — + — — + 
L L L ELA ALA 
à-- 4 $ x set 6 = 6, & solve for x 
n 1 2 
4 Qr daos t) Eô, L 1 
AQA] = =} | Ag 
P 2A, 2 
set 6 to 6, and solve for dmax | C 1 L a 
A; — Ag 


E6,7d,7d5* — 2PLd;? — 2PLd;? x—1833mm < 
dmax = di 212 2 2 

EO47d, dz m PLd5 m 2PLd, 
dua = 23.9mm < 


(b) Now, if dmax is instead set at d5/2, at what distance 
b from end C should load P be applied to limit the bar 
shortening to ô, = 8.0 mm? 


Aj—-—di? Ay dj 
1 j 2 A ? 
sh) 
—-b 
-P| L, be 7 
EL4Ay 4A, A» 


no axial force in segment at end of length b; set 6 = 6, & 
solve for b 





CX 
ar, 
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Problem 2.3-9 A wood pile, driven into the earth, supports a load P entirely 
by friction along its sides (see figure). The friction force f per unit length of pile 
is assumed to be uniformly distributed over the surface of the pile. The pile has 
length L, cross-sectional area A, and modulus of elasticity E. 


(a) Derive a formula for the shortening ô of the pile in terms of P, L, E, and A. 


(b) Draw a diagram showing how the compressive stress g, varies throughout 
the length of the pile. 





Solution 2.3-9 Wood pile with friction 


FROM FREE-BODY DIAGRAM OF PILE: EF. 
E P J 2EA 
XFQQ470*uam*,*dar* fL — P=Of=— (Eq. 1) 

L (b) COMPRESSIVE STRESS 9G, IN PILE 


(a) SHORTENING Ó OF PILE: 





At distance y from the base: Pe Ny) u P 7 Py 
Q——— = = 

N(y) = axial force N(y) = fy (Eq. 2) A A AL 
18 = N(ydy _ fy dy At the base (y = 0): o, = 0 
' «EA. P 
rA EA At the top = L): o, = Fa 

2 
fL 4 pt, J^ _ PL 
ô= Jo dô = FaSo = pi 7 ga See the diagram above. 





CX 
ar, 
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Problem 2.3-10 Consider the copper tubes joined below using a “sweated” joint. Use the properties and dimensions 
given. 


(a) Find the total elongation of segment 2-3-4 (65 4) for an applied tensile force of P = 5 kN. Use E, = 120 GPa. 

(b) If the yield strength in shear of the tin-lead solder is 7, — 30 MPa and the tensile yield strength of the copper is 
a, = 200 MPa, what is the maximum load Pmax that can be applied to the joint if the desired factor of safety in 
shear is FS, = 2 and in tension is FS, = 1.7? 

(c) Find the value of L, at which tube and solder capacities are equal. 

Socata Segment number 

joint 











Solder joints 


P 


dy = 18.9 mm 
t= 1.25 mm 


dy = 22.2 mm 
t= 1.65 mm 





Tin-lead solder in space 
between copper tubes; 
assume thickness of 
solder equal zero 


Solution 2.3-10 


NUMERICAL DATA (a) ELONGATION OF SEGMENT 2-3-4 

P=5kN E. = 120 GPa 
L,=18mm LL=L, » 
posdsim As = [dos — (dos — 215)"] 
do3 = 22.2mm t; = 1.65 mm 


Àj = s (dus 25) 
2 4 d o3 (d os t5) ] 


A» = 175.835 mm? As 106.524 mm’ 





dos = 18.9mm t; = 1.25 mm : P (= + Ly 2) 
= — a + pe 
T, = 30 MPa oy = 200 MPa ^ ^ RN A A3 
FS, = 2 FS, = 1.7 S54 = 0.024mm < 
TY 
Ta = Ta = 15 MPa (b) MAXIMUM LOAD Pmax THAT CAN BE APPLIED TO THE 
FS, 
JOINT 
Oo 
T,= =a o, = 117.6 MPa FIRST p NORMAL STRESS 
d As ql os — (dos — 2ts)7] 





E 
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A, = 69.311 mm? < smallest cross-sectional area Prraxt = TaNsh Pmax, = 16.03 KN 


controls normal stress 
(c) FIND THE VALUE OF L5 AT WHICH TUBE AND SOLDER 


Pmaxo ~“ 04À; Pmaxg — 9.15 EN. *— smaller than CAPACITIES ARE EQUAL 


Pmax based on shear below so normal stress controls 
set Pimax based on shear strength equal to Pmax based 


next check shear stress in solder joint on tensile strength & solve for L, 
— — 3 2 oA 
Ash TrdosL2 Ash 1.069 X 10° mm L - atà] P. = 916 mm T 
Tal md o5) 


Segment 1 Segment 2 
Problem 2.3-11 The nonprismatic cantilever circular bar shown 


has an internal cylindrical hole of diameter d/2 from 0 to x, so 
the net area of the cross section for Segment 1 is (3/4)A. Load 
P is applied at x, and load P/2 is applied at x = L. Assume that 
E is constant. 


(a) Find reaction force R}. 


3 
(b) Find internal axial forces N; in segments 1 and 2. z 
x BENE -x 


(c) Find x required to obtain axial displacement at joint 3 of 
03 = PL/EA. 3P | 


(d) In (c), what is the displacement at joint 2, 05? 2 Li 
(e) If P acts at x = 2L/3 and P/2 at joint 3 is replaced by GP, AFD 0 E 


find B so that ô = PL/EA. 




















(f) Draw the axial force (AFD: N(x), 0 S x S L) and axial Ô; 
displacement (ADD: ôx), 0 S x S L) diagrams using Ô» 
results from (b) through (d) above. 
ADD 0 0 
Solution 2.3-11 
(a) S X Fy=0 R p- 2 = P ( ) 
TATICS — ——p—- mE = = xX 
2 : ! 2 2^ 2 | PL 
-— eet 
2 4 
(b) Draw FBD's CUTTING THROUGH SEGMENT | & AGAIN 3 OL |. L 
THROUGH SEGMENT 2 5^ 05 AT 3 — 
3P , P , 
N; = P3 < tension N, = 5 < tension (d) WHAT IS THE DISPLACEMENT AT JOINT 2, ô? 
(c) FIND X REQUIRED TO OBTAIN AXIAL DISPLACEMENT AT (=): 
JOINT 3 OF 63 = PL/EA CM Nix 2/3 
2—- 5- 9$ 
add axial deformations of segments 1 & 2 then set 3 3 
E-A E—A 
to 63; solve for x 4 4 
IE Pe 2) PL 5, = 2 FL 
3 EA | EA ? A4EA 
BoA 3 EA 





as 
ar. 
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1 84118 PL 


(e) Ir x = 2L/3 AND P/2 AT JOINT 3 IS REPLACED BY BP, -PI = 
FIND f SO THAT 63 = PL/EA 9 EA EA 
2L = 
N,=(+ B)P No= BP as (8 + 11B) =9 
substitute in axial deformation expression above & = 1 «— 
solve for B 
p = 0.091 
2L 2L 
a + PIT BL- 37 L 
— D -© AS PL (f) Draw AFD, ADD - see plots above for x = 5 
3 EA EA 
B 


Problem 2.3-12 A prismatic bar AB of length L, cross-sectional area A, modulus of elasticity E, 


and weight W hangs vertically under its own weight (see figure). A Ei 
(a) Derive a formula for the downward displacement óc of point C, located at distance h from 
the lower end of the bar. 
L 
(b) What is the elongation 6, of the entire bar? T* 
(c) What is the ratio B of the elongation of the upper half of the bar to the elongation of the lower h 
half of the bar? | 
+ QU t 


Solution 2.3-12 Prismatic bar hanging vertically 











PES W — Weight of bar (b) ELONGATION OF BAR (h = 0) 
(a) DOWNWARD DISPLACEMENT Ôc es WL "M 
Consider an element at dis- B ^ 2EA 
C L tance y from the lower end. (c) RATIO OF ELONGATIONS 
L 
Elongation of upper half of bar (n = z) 
B 
|. 3WL 
foe asc dO, UM we EA 
L EA EAL Elongation of lower half of bar: 
L LWydy Wo, 9 WL 3WL WL 
óc = |, dô = |, —m = ———(L^—h = — = — — — = — 
C L Ja EAL JFALS ) Ô lower = OB Ó upper EA SEA SEA 
W 
óc = "m = h?) E= - © upper - 3/8 - 
Ô lower 1/8 


dA 
ar, 
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Problem 2.3-13 A flat bar of rectangular cross section, 
length L, and constant thickness f is subjected to tension by 
forces P (see figure). The width of the bar varies linearly 
from b; at the smaller end to b, at the larger end. Assume 
that the angle of taper is small. 


(a) Derive the following formula for the elongation of 
the bar: 


PL b» 


Do———— — In 
Et(by — bı) by 


(b) Calculate the elongation, assuming L = 5 ft, t = 1.0 
in., P = 25 k, b, = 4.0 in., b; = 6.0 in., and E = 30 
x 10° psi. 


























b = (=) i= (S (Eq. 1) 
1 jg 2— OF in q. 
A(x) = bt n+) 
x) = = —— 
1 7 
(a) ELONGATION OF THE BAR 
m Pdx u PLo dx 
EA(x) Eb, tx 
E [^ P" PL, rs 
LO Ebi tJ x 
|. Ph worl Pilg- Lo (Eq. 2 
i Eb, t P Eb, t L en 














Lo ^L b 
From Eq. (1): = — (Eq. 3) 
Lo b, 
bi 
Solve Eq. (3) for Lo: Lo = L (Eq. 4) 
by — 5, 
Substitute Eqs. (3) and (4) into Eq. (2): 
PL b> 
(Eq. 5) 


Ó = — — — — — ln 
Et (b) — bı) by 


(b) SUBSTITUTE NUMERICAL VALUES: 


L=5ft=60in. t= 10in. 
P=25k b, = 4.0 in. 
b, = 6.0 in. E = 30 X 10° psi 


From Eq. (5): 6 = 0.010in. < 





a 
ar, 
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Problem 2.3-14 A post AB supporting equipment in a laboratory 
is tapered uniformly throughout its height H (see figure). The cross 
sections of the post are square, with dimensions b X b at the top 
and 1.5b X 1.5b at the base. 

Derive a formula for the shortening 6 of the post due to the 
compressive load P acting at the top. (Assume that the angle of 
taper is small and disregard the weight of the post itself.) 


Ô 





Square cross sections 


b = width at A 
1.5b = width at B 
b, = width at distance y 


AS T TA 
H 


b 
= Wt T 0.5y) 





A, = cross sectional area at distance y 
2 b 2 
= (by) = T + 0.5y) 


dó 


From Appendix C: J 


117 


Changes in Lengths under Nonuniform Conditions 








SHORTENING OF ELEMENT dy 


Pda | Pdy 


OE; [BPN O’ 
d (Ja + 0.5y)? 


SHORTENING OF ENTIRE POST 





_ [i Pf ® 
o n 2 2 
dx 1 


(a+ bx) — b(a + bx) 
H 

Ebl (0.5)(H + "c 

| PH 


1 1 
B d "EE NP | 
Eb? | (0.5(.5H)  0.5H 
_ 2PH 
3ED? 


i M l 
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Problem 2.3-15 A long, slender bar in the shape of a right circular cone d 
with length L and base diameter d hangs vertically under the action of its aA 
own weight (see figure). The weight of the cone is W and the modulus of 
elasticity of the material is E. 


Derive a formula for the increase 6 in the length of the bar due to 
its own weight. (Assume that the angle of taper of the cone is small.) 


m 


ELEMENT OF BAR 
Dy |] 4 


M T 


W = weight of cone 

ELONGATION OF ELEMENT dy 

Pr N,dy  Wydy | 4W 
EA, EAL  md!EL 














y dy 


TERMINOLOGY 


N, = axial force acting on element dy ELONGATION OF CONICAL BAR 
A, = cross-sectional area at element dy sa / jee AW / P T OWL 
Apg = cross-sectional area at base of cone 0 

sd 


= 1 V — volume of cone 





ApgL | V, = volume of cone below element dy 


W |e 


W, = weight of cone below element dy 


< T 
e$ 
Ned 


Se 


Ay, yW 
— W)=—— N.2W 
(W) 2p c 


x | 





Problem 2.3-16 A uniformly tapered plastic tube AB of circular da MN L — 

cross section and length L is shown in the figure. The average diame- 

ters at the ends are d4 and dg = 2d,. Assume E is constant. Find the Et 

elongation 6 of the tube when it is subjected to loads P acting at the 

ends. Use the following numerial data: d4 = 35 mm, L = 300 mm, O 

E = 2.1 GPa, P = 25 kN. Consider two cases as follows: E J L 
B 


(a) A hole of constant diameter d, is drilled from B toward A to 
form a hollow section of length x = L/2 (see figure part a). (a) 





dh 
ar. 
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(b) A hole of variable diameter d(x) is drilled from " ; | 
B toward A to form a hollow section of length x — L/2 B 
and constant thickness f (see figure part b). (Assume P Are 
that t — d4/20.) nok — P 


Cyr t constant 


Solution 2.3-16 
(a) ELONGATION Ô FOR CASE OF CONSTANT DIAMETER HOLE 
_ 4 1i 2 ; 
d(¢) = daf 1 + L A(C) = 4 X0 < solid portion of length L-x 


A(O) = IG — d4J) — « hollow portion of length x 


laws) ^ meth oap 
A) El Jo | «dy L-x (d(C)? — da’) 





2 
L L , [fr 1 

















P 
8 -—|4——————, «||4—3 o d 
E (—2 t x)mda ^ mdg T 1 i 2 S 
SS al sess = da 
L-x|4 L 
L? L In(3 —In(L—x) + InGL-x 
ie ole an es 
EL (—2 + xymd4 7d 4 7d 7d 4 
1 5 
—]ni -L | + Int —L 
PIA L In(3) 2 2 
ifx =L/2 6= 7 L B + 2L 
E 3 md T dA T d 


Substitute numerical data 


ô = 2.18 mm «— 





EX 
ar, 
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(b) ELONGATION 0 FOR CASE OF VARIABLE DIAMETER HOLE BUT CONSTANT WALL THICKNESS t = d al 20 OVER SEGMENT X 


d(C) = a (1 + E A(C) — TiO < solid portion of length L-x 


T 5 da V 
A(C) = 4 «t = ( d(C) — 2J | < hollow portion of length x 


i P f La) ei | a quu 
E AO E| Jy  «d(ty L 


ECEE 
"| d(C) (aw up 





iE [| we | d ea 
(E i - UP C da P 
9r AG DGD 8T 
2 
afa eeu ee 
E (—2L T xirda? nda? nda? 
a UN 
p» Ts 
if x = L/2 








ae L yp, PO + m03) + Anda) + INCL) 2m da) + = 


E 3 nda? nda? mda? 


Substitute numerical data 


ô = 6.74 mm «— 








CX 
ar, 
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Problem 2.3-17 The main cables of a suspension bridge 

[see part (a) of the figure] follow a curve that is nearly parabolic 
because the primary load on the cables is the weight of the 
bridge deck, which is uniform in intensity along the horizontal. 
Therefore, let us represent the central region AOB of one of the 
main cables [see part (b) of the figure] as a parabolic cable sup- 
ported at points A and B and carrying a uniform load of intensity 
q along the horizontal. The span of the cable is L, the sag is h, 
the axial rigidity is EA, and the origin of coordinates is at 
midspan. 





(a) Derive the following formula for the elongation of cable 
AOB shown in part (b) of the figure: 








(b) Calculate the elongation 6 of the central span of one of 
the main cables of the Golden Gate Bridge, for which the 
dimensions and properties are L = 4200 ft, h = 470 ft, (b) 
q — 12,700 Ib/ft, and E — 28,800,000 psi. The cable 
consists of 27,572 parallel wires of diameter 0.196 in. 


Hint: Determine the tensile force T at any point in the cable from a free-body diagram of part of the cable; then determine 
the elongation of an element of the cable of length ds; finally, integrate along the curve of the cable to obtain an equation for 
the elongation 6. 


dy Ss 
dx I? 


FREE-BODY DIAGRAM OF HALF OF CABLE 








| XM, = 07> 
= — Hh + (4) = 0 
2\4 
gl 
8h. 
2 P uonzongi =O 
gl 
Hg = H = 8h (Eq. 1) 
LF ec 70 
qL 
Vp — Ds (Eq. 2) 


Equation of parabolic curve: 


7 Ahx? 
y= p] 





EX 
ar, 
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FREE-BODY DIAGRAM OF SEGMENT DB OF CABLE Tds 


dô = —— 
EA 


2 
ds = V (dx. + (dy. = da |l (2) 
2 
= 0X) ls (=) 
L 


64h?2x? 
= dx,/1 + m (Eq. 6) 


y 








(a) ELONGATION 6 OF CABLE AOB 


s= |a= [t 
EA 


Substitute for T from Eq. (5) and for ds from 





2 ona — 0 Tu = Hpg = 




















8h | Eq. (6): 
L 
ZF«4g—0 Vg-1,—-4 ,-x]J- 1 [ql 64h7x? 
ô = Io dx 
EA J 8h LÍ 
L qL qL 
Ij, Vg. 5 ee a + qx For both halves of cable: 
= gx (Eq. 4) $ » quar (1 " nar 
= — Peg X 
TENSILE FORCE T IN CABLE EA Jo 8h E 
I^ 2 3 2 
e T= V+ B= (5) + (qx? Rest ge uem (Eq. 7) 
8h 8hEA 314 | 
qL? 6Ah^x? b)G Gare B 
= am i. E (Eq. 5) (b) GOLDEN GATE BRIDGE CABLE 


L — 4200 ft h — 470 ft 
q = 12,700 lb/ft E = 28,800,000 psi 
27,572 wires of diameter d = 0.196 in. 


ELONGATION dô OF AN ELEMENT OF LENGTH ds 


A= 27.51( Z Joss in.? = 831.90 in2 





Substitute into Eq. (7): 
ô = 133.7in=11.14ft < 





CX 
ar, 
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Problem 2.3-18 A bar ABC revolves in a horizontal plane about a 
vertical axis at the midpoint C (see figure). The bar, which has length 
2L and cross-sectional area A, revolves at constant angular speed «o. 
Each half of the bar (AC and BC) has weight W, and supports a 
weight W, at its end. 

Derive the following formula for the elongation of one-half of the 
bar (that is, the elongation of either AC or BC): 


Lw 


7 3eEA 


in which £ is the modulus of elasticity of the material of the bar 
and g is the acceleration of gravity. 








(Wi + 3W5) 


Centrifugal force produced by weight W3 


(oe 
8 


AXIAL FORCE F(x) 


g=L Wi o W5Lo* 
Moe cud 
=x 8L g 





w = angular speed 


2 
_ Wio (2 = 2) 
2gL 


9 
A — cross-sectional area " W2Lw 


E = modulus of elasticity 


g — acceleration of gravity ELoNGATION OF BAR BC 

















LF (x) dx 
F(x) = axial force in bar at distance x from point C 5 = | 
o EA 

Consider an element of length dx at distance x from L 2 i 2 

; Wio 2 2 W Lo dx 
point C. = — (L — x)dx + RA 

; o 28L o 8EA 

To find the force F(x) acting on this element, we must B L L 5 L 
find the inertia force of the part of the bar from distance _ WILo | | 5d | e | as WoLo" dx J p 
x to distance L, plus the inertia force of the weight W3. 22LEA | Jo 0 gEA Jo 
Since the inertia force varies with distance from point C, _ W Lew WL’ w? 
we now must consider an element of length dé at dis- 3gEA gEA 
tance é, where £ varies from x to L. IA? 


+ (W; + 3W;) «— 
d&( W 
Mass of element d£ — (=) 3gEA 

B 


Acceleration of element = éw” 


Centrifugal force produced by element 





Wo 
ede 


= (mass)( acceleration) = 
gL 





di 
ar, 
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Statically Indeterminate Structures 


Problem 2.4-1 The assembly shown in the figure consists of a brass 
core (diameter d, = 0.25 in.) surrounded by a steel shell (inner diameter 
də = 0.28 in., outer diameter d4 = 0.35 in.). A load P compresses the 
core and shell, which have length L — 4.0 in. The moduli of elasticity of 
the brass and steel are Ej = 15 X 10° psi and E, = 30 X 10° psi, 
respectively. 


(a) What load P will compress the assembly by 0.003 in.? 

(b) If the allowable stress in the steel 1s 22 ksi and the allowable stress 
in the brass is 16 ksi, what is the allowable compressive load 
Pow? (Suggestion: Use the equations derived in Example 2-5.) 


Steel shell 
Brass core 





Solution 2.4-1 Cylindrical assembly in compression 


P Substitute numerical values: 


E, A, + E, Ap = (30 X 10° psi)(0.03464 in.?) 


+ (15 X 10° psi)(0.04909 in? 
Steel shell ( psi) in.^) 





= 1.776 x 10° Ib 
Brass core 





0.003 z.) 


P = (1.776 x 108 Ib 
( ( 4.0 1n. 


= 1330lb < 
(b) ALLOWABLE LOAD 
o, = 22 ksi o, = 16 ksi 
Use Eqs. (2-12a and b) of Example 2-5. 
d,—025in. | E,- 15 X 10? psi For steel: 


də = 0.28in. E, = 30 X 10° psi 7 PE, 
oe Ae ae 





Oo 
" Ps = (E As T Ep Ab) 
d; = 0.35in.  A,- 465 — d$) = 0.03464 in.” ° 





6 22 ksi 
a P, = (1.776 X 10° Ib) ee rs ae 1300 Ib 
L=40in. A, = =È = 0.04909 in.? 30 X 10" psi 
4 
For brass: 
(a) DECREASE IN LENGTH (ô = 0.003 in.) PE, T, 
= Ea n, Ps = EAs + EA) 
Use Eq. (2-13) of Example 2-5. E,A, + E,Ap Ep 
PL 16 ksi 
DE sch or z 6 - 
E.A, + E,A; P, = (1.776 X 10 w(— — = 1890 Ib 


Ó Steel governs. Panow = 1300 lb < 
p= (Es As T E, Ap) L 








di 
ar 
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Problem 2.4-2 A cylindrical assembly consisting of a brass core and 


an aluminum collar is compressed by a load P (see figure). The length 
of the aluminum collar and brass core 1s 350 mm, the diameter of the 


core is 25 mm, and the outside diameter of the collar is 40 mm. Also, the 
moduli of elasticity of the aluminum and brass are 72 GPa and 100 GPa, 


respectively. 


(a) If the length of the assembly decreases by 0.1% when the load 


P 1s applied, what is the magnitude of the load? 

(b) What is the maximum permissible load Pmax if the allowable 
stresses in the aluminum and brass are 80 MPa and 120 MPa, 
respectively? (Suggestion: Use the equations derived in 
Example 2-5.) 


Solution 2.4-2 


= 


-— 


a 
W 
i 
1 
1 
d 
. 
1 
i 
4 
(d 
| 
| 
" 
1 
5] 
a 
4 
! 
A 
n 
1 
l 
l 
L] 





A — aluminum 


B = brass 
L — 350 mm 
d, — 40mm 
d, = 25 mm 
TT 
Aa = 4 (da — di) 
= 765.8 mm? 
E,=72GPa E,=100GPa A, = qa 
= 490.9 mm* 
(a) DECREASE IN LENGTH 


(ô = 0.1% of L = 0.350 mm) 
Use Eq. (2-13) of Example 2-5. 
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Aluminum collar 
Brass core 





Or 


Ó 
P = ELA EAT) 
Substitute numerical values: 
E,A, + Ey Ap = (72 GPa)(765.8 mm?) 


+(100 GPa)(490.9 mm?) 
55.135 MN + 49.090 MN 


104.23 MN 





0.350 mm 


P = (104.23 wv 
350 mm 


= J04.2kN  $— 


(b) ALLOWABLE LOAD 
o, = 80 MPa 2o; = 120 MPa 
Use Eqs. (2-12a and b) of Example 2-5. 


For aluminum: 








c ina P,— (E.A + EA (S) 
a rw v s i e 
80 MPa 
P, = (104.23 MN) — 115.8 kN 
72 GPa 
For brass: 
a P, = (EA + Eyan Z) 
120 MPa 
P, = (104.23 MN)! =" ) = 125.1 KN 
a 


Aluminum governs. Pmax = 116KN << 
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Problem 2.4-3 Three prismatic bars, two of material A and one of material B, 
transmit a tensile load P (see figure). The two outer bars (material A) are identical. 
The cross-sectional area of the middle bar (material B) is 50% larger than the 
cross-sectional area of one of the outer bars. Also, the modulus of elasticity of 
material A is twice that of material B. 





(a) What fraction of the load P is transmitted by the middle bar? 
(b) What is the ratio of the stress in the middle bar to the stress in the outer bars? 
(c) What is the ratio of the strain in the middle bar to the strain in the outer bars? 








STRESSES: 
P E, P 
OA — e 
A4 | EAAA + EgAg 
Pp Eg P 
= =... = (7) 





— Ag E,A, + EpAp 


EQUATION OF EQUILIBRIUM 


(a) LOAD IN MIDDLE BAR 








AF = 0 Pa + Pg- P=0 (1) 
Pg u EpApg u o I 
EQUATION OF COMPATIBILITY F E4 Ag t EpAg Ea Aa 4] 
5, = 8 (2) “BAB 
= Ex 5 A, 1+1 4 
] iven: — = ee ee ie 
FORCE-DISPLACEMENT RELATIONS Ep Ap 1.5 3 
A, = total area of both outer bars Pp 1 1 3 
a — = —— SS SS a SS «— 
PAL Ppl P E A 8 11 
2. oe (3) (EA) a a 
EA Ax Eg Ag Ep/\Ap ? 


substitute into Eq. (2): (b) RATIO OF STRESSES 


PAL — PgL 
Eads EpAs D eed 
A A 








SOLUTION OF THE EQUATIONS 


Solve simultaneously Eqs. (1) and (4): (c) RATIO OF STRAINS 


All bars have the same strain 








E, AP Ep Ap P 
P, = Pp = (5) Ratio] < 
Substitute into Eq. (3): 
PL 
Qe OR Of ee (6) 





as 
ar. 
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Problem 2.4-4 A circular bar ACB of diameter d having a | L P.o 
cylindrical hole of length x and diameter d/2 from A to C is held «UT a 
between rigid supports at A and B. A load P acts at L/2 from | d | 
ends A and B. Assume E is constant. z | “| uu " 
A B 
(a) Obtain formulas for the reactions R4 and Rpg at supports e —L—» 


A and B, respectively, due to the load P (see figure part 


C B 
a). A 
(b) Obtain a formula for the displacement 6 at the point of — r o I= "P 


load application (see figure part a). 

(c) For what value of x is Rg = (6/5) R4? (See figure part a.) (a) 

(d) Repeat (a) if the bar is now tapered linearly from A to B as 
shown in figure part b and x = L/2. 

(e) Repeat (a) if the bar is now rotated to a vertical position, 
load P is removed, and the bar is hanging under its own 
weight (assume mass density — p). (See figure part c.) 
Assume that x = L/2 


—_ 














as 
ar 
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Solution 2.4-4 


(a) reactions at A & B due to load P at L/2 


seq). 


Ac = —d 
CB 4 


3 


Aac = — rrd? 


16 





CIS 
LA 





select Rg as the redundant; use superposition and a compatibility equation at B 


ifx-L/2 8 ER 
1l X S = 
Bla EA ac 
oo 252x * 3L 
Bla 3 Eod" 
L 
pc 
2 
if x = L/2 OB Ib =. 





the following expression for 0g», is good for all x 





R L-— 
p = (LR =) 
E \Aac ACB 
Rg/ 16 x X 
ducc edd 
Bs M qd? qd? 








(a.1) solve for Rg and R4 assuming that x = L/2 


compatibility: 


statics: RA, = —P — Rapa 


OBia + Op2 = O 

















^ check — if x = 0, RA, = 





as 
ar. 





L 
(+ = x) = — x 
2 5 P X " 2 
Bla pen 
A 
En "Lp Ta 
16 4 
L 
P— 
5 B 2 8 PL 
Blb^ 74 «v Blb^72-— > 
3 3 2 
(na? ) bun 
16 
Rp X lyn = Xx 
op2 = E 3 T 
`> am 2 vd d? 
16 4 
-( 2x WE 2) 
" 3 md? " —1. 2x - 3L 
me (2 | =) s 2 x + 3L 
3 md? qd? 
^ check — if x = 0, Rg = —P/2 
R, = Spa hg e 3L -3p L 
Aa 2 x + 3L a: 2 x + 3L 


-—P2 
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(a.2) solve for Rg and R4 assuming that x = L/2 
m 
3 qd? —2PL 
tibility: Opib + Ops = O Rgp = = 
compau ty Bib B2 Bb 16 x L m Bb X Je aL 
Du IL 
3 md ad 
^ check — if x = L, Rg = —P/2 
tati R P-R R P (==) R p 
statics: = -P — = — P — = dl ~ 
a i a x + 3L 29 x + 3L 
(b) find ò at point of load application; axial force for segment 0 to L/2 = —R, & 6 = elongation of this segment 
(b.1) assume that x - L/2 
=3 L 
=~ x ew? e 
. E \ Aac Acs E = n Zg 
16 4 
2X FL 8 P 
04 = PL for x = L/2 a= "AEN 
(x + 3L)Ezd 7 End 
(b.2) assume that x = L/2 
: L (o x tL E 
CC Rav); x4 3LJ2 8 /x+L\ L 
Op = Op = Op = P 
EAAC 3 2 3 x + 3L Erd? 
E| — zd 
16 
8 L 
for x = L/2 òp = =P 5 < same as ô, above (OK) 
7 Erd 


(c) For what value of x is Rg = (6/5) Ra? Guess that x < L/2 here & use Rp, expression above to find x 





2 x + 3L 5 


-1 Dee GL “(> L je 


P 
2 x «3L 





Now try Rg» = (6/5)Rap assuming that x > L/2 








— 2PL =( -P 2 p; 
x + 3L 5 


5 


So, there are two solutions for x. 








0 —L. Hx cob _ 
10 x + 3L 
— 2L + 3x 
= x-——L 
x + 3L 
(LD 
X] A 





3L 


X = 
10 
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(d) repeat (a) above for tapered bar & x = L/2 


outer diameter 


X 
acy = 1-3) 
Aac Zaw (=) = Asc = yd licor 2 


d 2 
(=) (3L? — 4Lx + x^ 


A ( i) a ALx + x’) 
= ioe mx 2 X X 
Sc E 


As in (a), use superposition and compatibility to find redundant Rg & then RA 


P fz 1 P [= l 
Sp, = — | ? —d4d 8g; = — [| 2 ————JÀMÀ——————. d 
Bl ai he BI 41 "EVI C 
—mn — | GL = 4L6 + £5 
16 XL 











ò any In(5) + n3) ô 1301 — 
— ———.V-— In n = |. 
5 Bard? ur Ed? 
L L 
R 3 Í 1 
jg - ( f^ Lac E J zat) 
E \Jo Aac L Acg 
2 
L 
iat fg [r 
ui: o 1 ( Yau? ALL + C?) £ ( 2) (ar ALC + C) 
EN - dl (4 - 
16 AL tie T 
-8L Pu RgL 
òp = —31n(5) + 31n(3) — 2) õp = 2.998 
B2 3(n d?) E ( ( (3) B2 Ed! 
PL 
= (1.3015) 
compatibility: ôgı + dg. = 0 Rg = a Rg = —0.434P < 
(2.998 7 
Ed 
statics: R4 = —P — Rp RA = (—P — —0.434P) RA = —0.566P < 





as 
ar. 
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(e) Find reactions if the bar is now rotated to a vertical position, load P is removed, and the bar is hanging under 
its own weight (assume mass density — p). Assume that x — L/2. 


3 7 
Aac = 27d ë Am= d) 
AC 16 CB 4 


select Rg as the redundant; use superposition and a compatibility equation at B 


from (a) above: compatibility: gı + dp. = 0 


Rp X L= Rp 14 L 
ôg? = —- —— GE for x = L/2, Op) = — a 
E \Aac — AcB E X3 ad 


L 
2 I 
2 N N 
iw | Caps E 
o EAac L EAcg 


L L 
where axial forces in bar due to self weight are: Wac = pgA AC Wcp = pgAcp 2 
(assume ¢ is measured upward from A) 








N | Acn dk (s 3] A a — Aeneid 
— — — — — — = — T — i 
AC PSACB 7 Dg/*AC 7 AC 16 CB A 


Ncs = —[p gAcsa(L — Z)] 


-1 > 3 i ] ; 
Nac = -g, pgm d L — c pgmd ple Ncs = —- 4pgr d (L — 6) 


e UT 


-1 3 1 
—— pgnd’L = pem (51 m 





l 2 
— pgard" (L — C) 


) pot 


7 8 16 
opi = o y AN aad S de 
E ra?) 2 (se) 
-11 LÊ 1 <) —17 L 7 
Sa = | —— pe— + — pg— Sen) = —pg— —= 0.583 
Bl (= P p g PSE Bl 12 P8 Ẹ 12 


compatibility: 6p; + dp. = 0 


(2 =) 
12 PPB ; 
B= mx Rg = > pgrd'L m 

(2) 


statics: RA = (Wac + Weg) — Rg 








3 2 
Ra = —pgmrd*L x: 





EN 
ar 
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Problem 2.4-5 Three steel cables jointly support a load of 12 k (see figure). The diameter of 
the middle cable is 7; in. and the diameter of each outer cable is '/ in. The tensions in the 
cables are adjusted so that each cable carries one-third of the load (1.e., 4 k). Later, the load is 
increased by 9 k to a total load of 21 k. 


(a) What percent of the total load is now carried by the middle cable? 
(b) What are the stresses o4; and go in the middle and outer cables, respectively? 
(NOTE: See Table 2-1 in Section 2.2 for properties of cables.) 





SECOND LOADING 


P, = 9k (additional load) 





Fo Pu Fo 
| 
| Poa= Ok 


EQUATION OF EQUILIBRIUM 


AREAS OF CABLES (from Table 2-1) 





AF = 0 2Po + Py — Po =0 (1) 
Middle cable: Ay = 0.268 in. 
EQUATION OF COMPATIBILITY 
Outer cables: Ao = 0.119 in.” Sy = 8 (2) 
(for each cable) FORCE-DISPLACEMENT RELATIONS 
FIRST LOADING PuL Po L 
p EAM EA, 
l 1 
P4 = 12 «(Fach cable carries EAS 4 K. ) SUBSTITUTE INTO COMPATIBILITY EQUATION: 


PyL PoL Py Po 


= I (5) 
iy Jio Aw Ag 
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SOLVE SIMULTANEOUSLY Eos. (1) AND (5): (a) PERCENT OF TOTAL LOAD CARRIED BY MIDDLE CABLE 
A 0.268 in.? 
Py = P) = (9 o (S28 8) 8.767 k 
Ay + 2Ag 0.506 in. Percent = Tk (100%) = 41.7% «— 
= 4.767 k (b) STRESSES IN CABLES (o = P/A) 
A 0.119 in? 8.767 k 
P, = (M) = (9 o( 22i) Middle cable: oy = ———, = 32.7 ksi < 
Ay + 2Ao 0.506 in. 0.268 in. 
= 2.117k 6.117 k 
Outer cables: oo = -a 9T esl es 
FORCES IN CABLES 0.119 in. 


Middle cable: Force = 4 k + 4.767 k = 8.767 k 
Outer cables: Force = 4k + 2.117 k = 6.117 k 


(for each cable) 


Problem 2.4-6 A plastic rod AB of length L = 0.5 m has a 
diameter d, = 30 mm (see figure). A plastic sleeve CD of length 

c = 0.3 m and outer diameter d; = 45 mm is securely bonded to the 
rod so that no slippage can occur between the rod and the sleeve. 
The rod is made of an acrylic with modulus of elasticity E; — 3.1 
A> GPa and the sleeve is made of a polyamide with E; = 2.5 GPa. 


(a) Calculate the elongation ó of the rod when it is pulled by 
axial forces P — 12 kN. 

(b) If the sleeve is extended for the full length of the rod, what is 
the elongation? 

(c) If the sleeve is removed, what is the elongation? 











nd ) 
Rod: A, = "A = 706.86 mm 


P=12KN  d=30mm  b- 100 mm 
L = 500 mm d, = 45 mm c = 300 mm 
Rod: E, = 3.1 GPa Sleeve: Ay = 743 — di) = 883.57 mm? 


Sleeve: E; — 2.5 GPa 
EA; + E-A> = 4.400 MN 





as 
ar, 
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(a) ELONGATION OF ROD (b) SLEEVE AT FULL LENGTH 
Pb 
" — L 500 mm 
Part AC: OAC EA, 0.5476 mm ô = s (E) = (0.81815 mm (= ) 
P = 1.36 mm = 
C 
Part CD: 6 cp = ————— — 
E4A4E5A5 (c) SLEEVE REMOVED 
PL 
— 0.81815 mm ô = = 2.74 mm = 
EJA] 

(From Eq. 2-13 of Example 2-5) 

Ô = 2604c + Ócp = 1.91 mm e 
Problem 2.4-7 The axially loaded bar ABCD shown in the figure is held between Ay DA; 
rigid supports. The bar has cross-sectional area A, from A to C and 2A, from C to D. P a ae 

ee s 
(a) Derive formulas for the reactions R4 and Rp at the ends of the bar. n 7 


(b) Determine the displacements 6g and óc at points B and C, respectively. 
(c) Draw a diagram in which the abscissa is the distance from the left-hand support to L 2 L uL L NEN 











any point in the bar and the ordinate is the horizontal displacement 6 at that point. : i 2 
Solution 2.4-7 Bar with fixed ends 
FREE-BODY DIAGRAM OF BAR (a) REACTIONS 
Xp Solve simultaneously Eqs. (1) and (6): 
Pp, = 2P R P _ 
A^ 4 ADT BD 
à C D 3 3 
= L y. "1 L (b) DISPLACEMENTS AT POINTS B AND C 
£d M 4$ 93 
R4L PL , 
Op = O4R = — = —— — (To the right) = 
EQUATION OF EQUILIBRIUM AEA, 6EA, 
Foz = 0 RA + Rp — P (Eq. 1) : o | RpL 
CPC) = aaa 
EQUATION OF COMPATIBILITY AEA, 
Op + OBC + Ócp — (0 (Eq. 2) PI 
Positive means elongation. = I2EA, (To the right) = 


FORCE-DISPLACEMENT EQUATIONS 


(c) AXIAL DISPLACEMENT DIAGRAM (ADD) 
| RALIS 5 (RA — P)(L/4) 


AB — TEA, BC 7 EA, (Eqs. 3, 4) Displacement 
„PL 
Rp(L/2) 6EA, 
C T 0 ————————— (Eq. 3) / D 
g E(2A)) fl Ss PL 


SOLUTION OF EQUATIONS 


Substitute Eqs. (3), (4), and (5) into Eq. (2): 





RAL (Ra — PXL) Rp — 
AEA, AEA, AEA, — 








(Eq. 6) 





as 
ar. 
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Problem 2.4-8 The fixed-end bar ABCD consists of three prismatic 
segments, as shown in the figure. The end segments have cross-sectional 
area A, = 840 mm? and length L, = 200 mm. The middle segment has 
cross-sectional area A; = 1260 mm? and length  — 250 mm. Loads Pg 
and Pc are equal to 25.5 kN and 17.0 kN, respectively. 


(a) Determine the reactions R4 and Rp at the fixed supports. 
(b) Determine the compressive axial force Fac in the middle 
segment of the bar. 


135 








FREE-BODY DIAGRAM 


Ra 
Sap 





A B —— C D 


EQUATION OF EQUILIBRIUM 


X F hore — 0 ges = 


Pg = 25.5 kN Pc = 17.0 kN 
L, = 200 mm L = 250 mm 
A, = 840mm? A, = 1260 mm’? 


m = meter 


SOLUTION OF EQUATIONS 


Substitute Eqs. (3), (4), and (5) into Eq. (2): 


simplify and substitute Pg = 25.5 kN: 


] 1 
EN EN eee xg r,( 436.508 ) 4 Ro( 238.005 ) 
m m 
EQUATION OF COMPATIBILITY — 5,059. 53 £N 
m 


ôap = elongation of entire bar 


(a) REACTIONS R4 AND Rp 


Solve simultaneously Eqs. (1) and (6). 
From (1): Rp = R4 — 8.5 kN 


Substitute into (6) and solve for R4: 


1 kN 
r,( 674.603 ) = 7083.34—\ 
m m 


Ra = 10.5KN < 


(b) COMPRESSIVE AXIAL FORCE Fgc 





Oap = ôag t Ôgc + Ocp = O (Eq. 2) 
FORCE-DISPLACEMENT RELATIONS 
RA, Ri ( 1 ) 
ÓAgR = — = —| 238.05 — Eq. 3 
AB EA, E a (Eq. 3) 
|. (Ra — Pg 
Deme c 
EA» 
R4 1 Pg 1 
= —| 198.413 — | — —1 198.413 — (Eq. 4) 
E m E m 
Roli Rp ( 1 ) 
Óppn = = —| 238.095 — Eq. 5 
CD EA, E = (Eq. 5) 





Ex 
ar 





Fgc = Pg — R4 = Pc — Rp = 15.0 kN 


(Eq. 6) 
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Problem 2.4-9 The aluminum and steel pipes shown in the figure are fastened to rigid 


supports at ends A and B and to a rigid plate C at their junction. The aluminum pipe is 
twice as long as the steel pipe. Two equal and symmetrically placed loads P act on the 


plate at C. 


(a) Obtain formulas for the axial stresses o, and o, in the aluminum and steel pipes, 


respectively. 


aluminum pipe A, = 8.92 in.?, cross-sectional area of steel pipe A, = 1.03 in.”, 
modulus of elasticity of aluminum E, = 10 X 10° psi, and modulus of elasticity 


of steel E, = 29 x 10° psi. 





Pipe 1 is steel. 
Pipe 2 is aluminum. 


EQUATION OF EQUILIBRIUM 


È Fyen = 0 R4 + Rg = 2P (Eq. 1) 
EQUATION OF COMPATIBILITY 
Sap = Osc t Ócg = O (Eq. 2) 
(A positive value of 6 means elongation.) 
FORCE-DISPLACEMENT RELATIONS 

m n (Eqs. 3, 4)) 


Op oe OBC = 
EAs E Aa 


ie 
(b) Calculate the stresses for the following data: P = 12 k, cross-sectional area of 
i 






Steel pipe 


|p 











Aluminum 
pipe 
SOLUTION OF EQUATIONS 
Substitute Eqs. (3) and (4) into Eq. (2): 
Ral Rp(2L) 
— m = (Eq. 5) 
E,A; Ba 
Solve simultaneously Eqs. (1) and (5): 
| 4E, A,P B 2E,AaP 
^ ^ EA, +2EA, ^?  EA,-2EA, 
(Eqs. 6, 7) 
(a) AXIAL STRESSES 
i Rp 2E 
Aluminum: o, = — = ———— —— 
Aa  E,A, + 2E,A; 
(Eq. 8) 
(compression) 
R4 4E.P 
Steel: g, = — = — ——— — <— (Eq. 9) 
A;  E,A, + 2E,A, 
(tension) 
(b) NUMERICAL RESULTS 
P=12k A,=8.92in”? A, = 1.03 in^ 


E,=10X 10° psi — E, = 29 X 10° psi 
Substitute into Eqs. (8) and (9): 
o, = 1,610 psi (compression) «— 


o; = 9,350 psi (tension) E 
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Problem 2.4-10 A nonprismatic bar ABC is composed of two segments: AB of length 
L; and cross-sectional area A,; and BC of length L, and cross-sectional area A>. 
The modulus of elasticity E, mass density p, and acceleration of gravity g are constants. RA 


Initially, bar ABC is horizontal and then is restrained at A and C and rotated to a vertical 
position. The bar then hangs vertically under its own weight (see figure). Let A; = 2A, = A 


A and L - 2L, L; = $ L. : 
1 


(a) Obtain formulas for the reactions R4 and Rc at supports A and C, respectively, due to 
gravity. 
(b) Derive a formula for the downward displacement 0g of point B. 
(c) Find expressions for the axial stresses a small distance above points B and C, 
respectively. r1 B 





Stress 
elements 


Solution 2.4-10 


(a) find reactions in 1-degree statically indeterminate structure 
use superposition; select RA as the redundant 
compatibility: 04; + 0A5 = 0 
segment weights: Wap = pgAjL, 

Wac = pgAczl2 
find axial forces in each segment; 
use variable Z measured from C toward A 
Nap = ~pgAi(L; + Lz — £) l,=¢SL, 11, 
Ngc = —[Waps + pgA»(L» — 4)] 0s SIS 


displacement at A in released structure due to self weight 
Ly L, +L 


N 2N 
buc | ac + f = dt 
0 E A> l5 EA, 


: [ —lIegAj1L, + pgA»( L5 — a) "T Dom Li+ Ly — £) 
Al — 
EA; L EA, 














dc 


2 


: E 2A1L; + AL, " (3 LÊ+2LL, +L? 1 2L, + 3l 
Al Uo VAS mA EET NI 7— C 


— pgL coL 
, PE EA; E n PEU E 





dh 
ar. 
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8 2 2 
Oat = 2L5A,L, + A5Ló4- AL 
Al X EA | 2AL1 212 Lr) 
Next, displacement at A in released structure due to redundant RA 
Sao — Ra(fan fac) 8 (ut eui) 
A2 = Kallag T Ipc A2 — RA BA, EA, 


enforce compatibility: 044 + da. = 0 


2L5Ai1L4 + A»5L5^^ + A-L 
2A | 2A1L4 2L» L^) 


solve for Ra 





R = 
" Pa d 
| AL ALLA Aol 
Ki pai o 4-7 
2 LAT LA 


statics: Rc = Wap + Wgc — RA 





1 Aj 
Rc = | pgAiL, + pgAoLo — = pgLaA4L4 + ALF + ALA ———————— 
c = |pgAjl4 + pgAolL ; ^8 2A1L4 2Là A NU NC 
] Aus OAs ale AS 
Rc = 5 DEAS 
2 L;A; + L5A, 
A 3L 2L 
For AZA A2 == Li — Lə —— 
2 5 5 
aay 3L 2L aay 
—| = FAS — 
R l ee 2 E a R A AL E 0.529 
= — ER _—— -r = 
A z PE 3L A 2L. A 30 pg 70 
3 2 5 
(A) A 3L2L (=) 
R 2 > E ° R E LA = 0.271 
LÍ —— —— «— —— = 
C pg 2 3LA | 2L C^ 70 pg 70 
2. 2 5 
(b) use superposition to find displacement at point B Op = ôg] + Ops 
due to Ra 


where ôg; is due to gravity and 6,2 is 











B ? Ngc l 
Ô BI dc < due to shortening of BC 
0 EA; 
— pgL» 
Op) = 2AL; + A-L 
Bl IEA.) ' Ly al) 
Sno = RA(fac) p =R ( L2 ) 
2 = RA(fac B2 = Kal Ea, 





di 
ar, 
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2 2 
— pgL» 1 A5L4 T 2A,L)L> zs A»5L»5 Lg 
pS (2AL; + A2L2) + = pgAy 
2(EA2) 2 L,A,+ L5A, EA» 
=] AL; + AVL 
cc eg 
2 (LA + L5A,)E 
F A, =A A 2 L 2 L ES 
or == 2 —— — — — ——— 
1 275 1 5 27 5 
3L " A 2L 
Pa ee) 55 25  , | -24 LL 
PUES cs TILA OE B gms e 
———Be— A JE 
5 2 5 


(c) expressions for the average axial stresses a small distance above points B and C 


Ng = axial force near B = Ra — Wap 


2 
1 AL? + 2A41L4Lo + AL 
Ng = (i pHMpe--———— wx cep 
2 L,A; + LA, 
Ne LEE er eke 
B 70 pg Pg 5 B 14 pg 
OB A OB 14 pg 
19 
= LA 
—-— E di -19 
— — — —— «—— 
C C Oc A Oc 35 P8 
2 





CX 
ar, 
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Problem 2.4-11 A bimetallic bar (or composite bar) of square cross 
section with dimensions 2b X 2b is constructed of two different metals 
having moduli of elasticity E; and E» (see figure). The two parts of the 
bar have the same cross-sectional dimensions. The bar is compressed by 
forces P acting through rigid end plates. The line of action of the loads 
has an eccentricity e of such magnitude that each part of the bar is 
stressed uniformly in compression. 


(a) Determine the axial forces P, and P, in the two parts of the bar. 
(b) Determine the eccentricity e of the loads. 
(c) Determine the ratio o;/o> of the stresses in the two parts of the bar. 





Solution 2.4-11  Bimetallic bar in compression 





FREE-BODY DIAGRAM (a) AXIAL FORCES 
(Plate at right-hand end) Solve simultaneously Eqs. (1) and (3): 
PE, PE, 


posce FS 
E, + E, E, + Ey 


(b ECCENTRICITY OF LOAD P 
Substitute P, and P» into Eq. (2) and solve for e: 








" «EE; - Ej) 
QUATIONS OF EQUILIBRIUM XE, + E) 
(c) RATIO OF STRESSES 
b b P P o P, E 
M —-0^^ pectP|-|—-P4-]^0 Œq. 2 do des sh T 2 EIS ea "T 
2 2 i A i A 0^5 P> Ez 
EQUATION OF COMPATIBILITY 
0, = Ô 
PaL Pb P) Pi 


_ = Eq. 3 
EA EA ' E, E d 





dA 
ar, 
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Problem 2.4-12 A rigid bar of weight W = 800 N hangs from three equally 
spaced vertical wires (length L = 150 mm, spacing a = 50 mm): two of steel 
and one of aluminum. The wires also support a load P acting on the bar. The 
diameter of the steel wires is d, — 2 mm, and the diameter of the aluminum wire L 


is d, = 4 mm. Assume E, = 210 GPa and E, = 70 GPa. 
Rigid bar 


(a) What load Panow can be supported at the midpoint of the bar (x = a) if the of weight W 
allowable stress in the steel wires is 220 MPa and in the aluminum wire is 
80 MPa? (See figure part a.) 

(b) What is Panow if the load is positioned at x = a/2? (See figure part a.) 

(c) Repeat (b) above if the second and third wires are switched as shown in figure 


part b. 


Rigid bar 
of weight W 





Solution 2.4-12 


numerical data 


W = 800 N L = 150 mm 
a = 50mm ds = 2 mm 
da = 4 mm Es = 210 GPa 

EA = 70 GPa 


Osa = 220 MPa Ox, = 80 MPa 
Aa = Sdr As = — dg? 


2 2 


AA = 13 mm As = 3 mm 


(a) Pajow at center of bar 
]-degree stat-indet - use reaction (RA) at top of aluminum bar as the redundant 


compatibility: ô — ô = 0 statics: 2Rs + Ra =P+W 





P+W L 
ô] = 5 ( E.A ] < downward displacement due to elongation of each steel wire under P + W if alum. 
os wire is cut at top 





as 
ar. 
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L L : 
ô = Ral —— + < upward displ. due to shortening of steel wires & elongation of alum. wire 


under redundant RA 
enforce compatibility & then solve for Ra 


XN L ) 
EsAs 




















2 EAAA RA 
0,705 so Ra= RA = (P+W ———— and O,a,=—— 
L x L EAAA + 2EsAg Aa 
now use Statics to find Rs 
EAA 
P+W-R PeeWee EsA 
= A Bis: ADA SAS Rs = (P+W) S 
2 2 EAAA + 2EsAs 
Rs 
and Tsa = — 
As 
compute stresses & apply allowable stress values 
EA Es 
oaa = (P + W) —————— Os, = (P + W) — 
EAAA T 2EsAs EAAA T 2EsAs 
solve for allowable load P 
EAAA + 2EsA EAAA + 2EsA 
P- Pag = oa 828 Ess — W Psa = y| TEs) —W lower value of P controls 
Ex Es 
Pa, = 1713 N Psa = 1504 N — < Paro, is controlled by steel wires 


(b) P ss if load P at x = a/2 


again, cut aluminum wire at top, then compute elongations of left & right steel wires 


3P W L P W L 
4 2 JN EsAg 4  2/\ EsAs 


— bit + Sip — L 
EsAs 














) where 0, = displ. atx = a 


Use 65 from (a) above 








L L , EAAA 
05 = Ra d so equating 6, & ô, solve for Ra RA-— (P +W) 


same as in (a) 

















3P W Ra , TM 
Rg, = 1 t 2 5 < stress in left steel wire exceeds that in right steel wire 
EAA 
(P + W) AT MA 
3P EAAA + 2EsAg 
Rsr. zm F — 
4 2 2 


dh 
ar. 
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.. PEAAA + 6PEsAg + 4WEsAg .. PEAAA + 6PEsAs + 4WEsAg ( 1 ) 
Pb 4E,A, + 8EsAs Ted 4EAAA + 8EsAg As 
solve for Panow based on allowable stresses in steel & alum. 
Gs, (A4AgEAAA + 8EsAg”) — (4WEsA 
Sa = OsalPAst aha T SlsAg ) ^ (EWESAS) Paa = 1713 N < same as in (a) 
Ps, = 820N <— steel controls 


(c) Pajow 1f wires are switched as shown & x = a/2 
select RA as the redundant 


statics on the two released structures 


(1) cut alum. wire - apply P & W, compute forces in left & right steel wires, then compute displacements at each 
steel wire 


Roch Rea Y 
SL 2) SR 7 


P L P L 
à adim Ogg c |, tW 
Lee 2 EsAg 


p L 
by geometry, 6 at alum. wire location at far right is ô] = (5 + 2w )( ) 
-Qa- 2 EsAg 














(2) next apply redundant R4 at right wire, compute wire force & displ. at alum. wire 








Rs, = —R Rsr = 2R 5 = n ( + ——) 
SL A SR A 2 A Peix É AX 


(3) compatibility equate 6), ô and solve for RA then Panow for alum. wire 











P 
T 
Aem uu ee E RA uL Luc Ü xS Ll 
SL oL IOEAAA + 2EsAs AA 
EsAs | EAAA 
EAP + 4EAW 
O Aa — 


1OEAAA + 2EsAg 


Ta (10E, A; + 2EcAc) — 4E,W 
py, = CAxXIUEARA t AE sts) 7 AN op = 1713. N 
EA 


(4) statics or superposition - find forces in steel wires then Panow for steel wires 


P P  EAAAP + 4AEAAAW 
Rs," — + RA Ko, cep 7 a TE 
2 2 IOEAAA + 2EsAs 
6EAAAP + PEsAs + AEAAAW , 
ke, = ——— Fo eee < larger than Rgg below so use in allow. stress 


10EAAA + 2EsAs nos 





dh 
ar. 
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P P EAAAP + 4AEAAAW 
Rg—.-*W-2RA  Rgp= +w- A a 
2 2 SEAAA + EsAs 
di 10EAAA + 2EsAs 
Rey. 10EAAA + 2EsAg AEAAAW 
E Na Psa = OsaAs\ Ge AA ESAs / 6EaAa + ESA 
S ALAA S748 ALAA SAS 


2 = 
Ps, = 10d s,AsEaAa + 20s4À gs Es AEAAAW Ps, — 703 N — 


^ steel controls 


Problem 2.4-13 A horizontal rigid bar of weight W = 7200 Ib is supported by 
three slender circular rods that are equally spaced (see figure). The two outer 
rods are made of aluminum (E, = 10 X 10° psi) with diameter d, = 0.4 in. and 
length Lı = 40 in. The inner rod is magnesium (E> = 6.5 X 10° psi) with diam- 
eter də and length L2. The allowable stresses in the aluminum and magnesium 
are 24,000 psi and 13,000 psi, respectively. 

If it is desired to have all three rods loaded to their maximum allowable 
values, what should be the diameter d» and length L5 of the middle rod? 








Solution 2.4-13 Bar supported by three rods 


BAR 1 ALUMINUM FREE-BODY DIAGRAM OF RIGID BAR 


"TF EQUATION OF EQUILIBRIUM 
E, = 10 X 10° psi 





. 2 ee = 0 
d, = 04 in. Fi 
2F,* F,—-W-0 (Œq. 1) 
Lı = 40 in. 
= FULLY STRESSED RODS 
ao, = 24,000 psi | FA, Fy = oA, 
BAR 2 MAGNESIUM 
"u- vds ads 

E», = 6.5 X 10° psi ape pac 
i - h=? Lom Substitute into Eq. (1): 

0 = 13,000 psi nd md 





di 
ar, 
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Diameter d, is known; solve for d»: FL» L> 
AW od po eue E (Eq. 5) 
dj-—— -— e (Eq. 2) I | 
TO) o> Substitute (4) and (5) into Eq. (3): 
SUBSTITUTE NUMERICAL VALUES: E (=) E (2) 
ila 99 oe 
»  4(7200 1b)  2(24,000 psi)(0.4 in.) Ei E, 
dne (13,000 psi) 7 13,000 psi Length L, is known; solve for L»: 
g E 
= 0.70518 in?. — 0.59077 in.” = 0.11441 in.” L= L( 2) «— (Eq. 6) 
d, = 0.338in. << s 
SUBSTITUTE NUMERICAL VALUES: 
EQUATION OF COMPATIBILITY l a 
L = (401 (soos PS x 10 ni) 
$70 So 2 A1 X 13,000 psi /A 10 x 10° psi 
FORCE-DISPLACEMENT RELATIONS 
= 48.0 in. 
FiLi Li 
04 — uec (Eq. 4) 
EA] E, 


Problem 2.4-14 A circular steel bar ABC (E — 200 GPa) has 
cross-sectional area A, from A to B and cross-sectional area A» from B to C 
(see figure). The bar is supported rigidly at end A and is subjected to a load P equal to 40 kN at 
end C. A circular steel collar BD having cross-sectional area A4 supports the bar at B. The 
collar fits snugly at 5 and D when there is no load. 

Determine the elongation ô4c of the bar due to the load P. (Assume L; = 2L4 = 250 mm, 
L, = 225 mm, A, = 2A, = 960 mm’, and A» = 300 mn) 








CX 
ar, 
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Solution 2.4-14 Bar supported by a collar 
FREE-BODY DIAGRAM OF BAR ABC AND COLLAR BD SOLVE SIMULTANEOUSLY Eos. (1) AND (3): 
B PL3A, a PLA} 
Dyke lLA: ~~ hi P Ay 
CHANGES IN LENGTHS (Elongation is positive) 
RAL, PLL; PL, 
OAR — ppc 
EA,  E(L,A3 + L3A}) EA, 
| Rp | ELONGATION OF BAR ABC 
B 
ds ". Oac = ĝas t Onc 
Aj f SUBSTITUTE NUMERICAL VALUES: 
D 
a AN | P — 40 kN E — 200 GPa 
Kp L, = 250mm 
L> = 225 mm 
L, = 125 mm 
EQUILIBRIUM OF BAR ABC A, = 960 sm 
SFyen = 0 Ra +Rp- P=0 (Eq. D 4, = 300 mm? 
COMPATIBILITY (dist AD d tch 
(distance oes not change) P. 
OApg(bar) + dgp(collar) = O (Eq. 2) 
mE E RESULTS: 
(Elongation is positive.) 
FORCE-DISPLACEMENT RELATIONS 
E RAL, E Rpla ÓAB = 0.02604 mm 
DAB = TA, BD TO Opa: Sac = 0.15000 mm 
Substitute into Eq. (2): Onc = Ong + O4" = 0.176mm < 
Ral, — Rpla 
—— — — = (Eq. 3) 
EA, EA; 


Problem 2.4-15 A rigid bar AB of length L — 66 in. is hinged to a 
support at À and supported by two vertical wires attached at points C and 
D (see figure). Both wires have the same cross-sectional area (A — 
0.0272 in.*) and are made of the same material (modulus E = 30 x 10° 
psi). The wire at C has length A — 18 in. and the wire at D has length 
twice that amount. The horizontal distances are c — 20 in. and d — 50 in. 





(a) Determine the tensile stresses oc and oy in the wires due to the 
load P — 340 Ib acting at end B of the bar. 


(b) Find the downward displacement 0g at end B of the bar. 














a 
ar 
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Solution 2.4-15 Bar supported by two wires 





h= 18 in. 
2h = 36 in. 
c = 20 in. 
d = 50 in. 
L — 66 in. 
E = 30 X 10° psi 
A = 0.0272 in.” 
Bra P = 340 Ib 





FREE-BODY DIAGRAM 


Tc 








tr, 


DISPLACEMENT DIAGRAM 





EQUATION OF EQUILIBRIUM 





CIS 
LA 





(Eq. 1) 





dh 
ar. 
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EQUATION OF COMPATIBILITY 
ôe p 


- (Eq. 2) 


FORCE-DISPLACEMENT RELATIONS 
Tch Tp(2h) 
=— §)=— 
EA EA 
SOLUTION OF EQUATIONS 
Substitute (3) and (4) into Eq. (2): 
Tch 7 Tp(2h) To | 2Tp 
cEA dEA - c d 
TENSILE FORCES IN THE WIRES 


Óc (Eqs. 3, 4) 





(Eq. 5) 


Solve simultaneously Eqs. (1) and (5): 
|.  2cPL |... dPL 
244 U +e 
TENSILE STRESSES IN THE WIRES 

_ Te 2cPL 


gp = — = Eq. 8 
C A  AQd + &) Eee 


C (Eqs. 6, 7) 





To dPL 
Oo = en 
P A AQ 445 


DISPLACEMENT AT END OF BAR 


L A 2hPL? 
Sp = ôn- ] = Z] Sa. 10 
X) EA Nd) | EAQc? + d?) s ii 


SUBSTITUTE NUMERICAL VALUES 


2c? + d? = 2(20 in)? + (50 in. = 3300 in? 





(Eq. 9) 





26PL 2(20 in.)(340 1b)(66 in.) 
Oa a ae 7 S DU IE 
AQc* + d^) (0.0272 in.^)(3300 in.^) 
= 10,000 psi < 
aPL (50 in.)(340 1b)(66 in.) 
"p= T an "D, "WO, 
AQc* + d^) (0.0272 in.*)(3300 in.^) 
= 12,500 psi < 
2hPL* 
(b) ôg 


J. EAQc? + d?) 


E 2(18 in.)(340 1b)(66 in.) 
(30 x 10° psi)(0.0272 in.*)(3300 in.) 


= 0.0198 in. — 
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Problem 2.4-16 A rigid bar ABCD is pinned at point B and sup- 
ported by springs at A and D (see figure). The springs at A and D 
have stiffnesses kı = 10 kN/m and ky = 25 kN/m, respectively, and 
the dimensions a, b, and c are 250 mm, 500 mm, and 200 mm, 
respectively. A load P acts at point C. 

If the angle of rotation of the bar due to the action of the load P 
is limited to 3°, what is the maximum permissible load P nax? 





m. b = 500 mm 
B C D 


A 





c = 200 B 
ky = 25 kN/m 





EQUATION OF EQUILIBRIUM 





EQUATION OF COMPATIBILITY 
ôa 9p 
— = — (Eq. 2) 
a b 
FORCE-DISPLACEMENT RELATIONS 
NUMERICAL DATA Fa Fp 
aS pa (Eqs. 3, 4) 
a — 250mm kı ky 
EET mn SOLUTION OF EQUATIONS 
cou OD mm Substitute (3) and (4) into Eq. (2): 
Fa Fp 
kı = 10 kN/m = = EL (Eq. 5) 
ak bk» 
KEEN SOLVE SIMULTANEOUSLY Eas. (1) AND (5): 
TT ack,P bck»P 
Omax = 3° = — rad Paen l Taas NN 
60 A a + Bk DO k + Pk 
FREE-BODY DIAGRAM AND DISPLACEMENT DIAGRAM ANGLE OF ROTATION 


Fp bcP op cP 
k> aki + b^k, 


a — | i b 8 = —— m 
a b ky + bhk 
MAXIMUM LOAD 


0 
P = —(a^k, + b*k) 
C 


max 


= 0 2 2 
F mox (a kı tb k2) = 
C 





SUBSTITUTE NUMERICAL VALUES: 
77/60 rad 2 

Pmax = man 1(250 mm)*(10 kN/m) 
200 mm 
+ (500 mm)?(25 kN/m)] 


= 1800N < 








dh 
ar. 
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Problem 2.4-17 A trimetallic bar is uniformly compressed by an Copper tube Brass tube 
axial force P — 9 kips applied through a rigid end plate (see figure). 
The bar consists of a circular steel core surrounded by brass and 
copper tubes. The steel core has diameter 1.25 in., the brass tube has 
outer diameter 1.75 in., and the copper tube has outer diameter 2.25 in. 
The corresponding moduli of elasticity are E, = 30,0000 ksi, E, = 
16,000 ksi, and E; = 18,000 ksi. 

Calculate the compressive stresses os, op, and g, in the steel, brass, 


and copper, respectively, due to the force P. 


Steel core 





Solution 2.4-17 


numerical properties (kips, inches) 


d.52251m.  d45175m. 6.2125 im, A= 48s 

_ . _ ae 
E. = 18000 ksi E, = 16000 ksi Ap (di — dj?) 
E, — 30000 ksi A. = 7 (de - dd) 
P = 9 kips 


EQUATION OF EQUILIBRIUM 

YF. = 0 P,+P,+P.=P (Eq. 1) 

EQUATIONS OF COMPATIBILITY 

Ô, = Op Ô- = Ô, (Eqs. 2) 

FORCE-DISPLACEMENT RELATIONS 

_ PL a Pol _ P 
EA, " Ej ^ EA: 

SOLUTION OF EQUATIONS 


Substitute (3), (4), and (5) into Eqs. (2): 





ô, (Eqs. 3, 4, 5) 








E 
P, = Po~ Pe = (Eqs. 6, 7) 
S 





CX 
ar, 
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di 
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SOLVE SIMULTANEOUSLY Eas. (1), (6), AND (7): 
E, Ay . 
P, = PL—————————— = 4 kips 
E, A; + Ep Ap + E.A, 
E 
P,=P ^p = 2 kips 
E, A, + Ep Ap + Ec Ae 
Ey A. a 
P. = P——————————— = 3 kips 
E, Ay + E,yAp + E.A, 
P, +P, +P. = 9 statics check 
COMPRESSIVE STRESSES 
Let SEA = EA, + E,A, + E.A, 
P. PE. Pg PE, 
“A SUA CU Ae NEA 
P. PE, 
"€ A, SEA 
Ps . 
compressive stresses O, = X o, = 3 ksi 
S 
Pp 
Ob = —— ©» = 2 ksi 
Ap 
Pc 
o.= 0, = 2 ksi 
Ac 


as 
ar, 
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Thermal Effects 


Problem 2.5-1 The rails of a railroad track are welded together at their ends (to form continuous rails and thus eliminate 
the clacking sound of the wheels) when the temperature is 60°F. 

What compressive stress ø is produced in the rails when they are heated by the sun to 120°F if the coefficient of thermal 
expansion a = 6.5 X 10 °/°F and the modulus of elasticity E = 30 X 10° psi? 


Solution 2.5-1 Expansion of railroad rails 


The rails are prevented from expanding because of AT = 120°F — 60°F = 60°F 


their great length and lack of expansion joints. 

-— T" o = Eo(AT) 
Therefore, each rail is in the same condition as a bar "E P : 
with fixed ends (see Example 2-7). = (30 X 10? psi)(6.5 X 10° °/°F)(60°F) 


o= 11,700 pi < 
The compressive stress in the rails may be calculated 


from Eq. (2-18). 


Problem 2.5-2 An aluminum pipe has a length of 60 m at a temperature of 10°C. An adjacent steel pipe at the same tem- 
perature is 5 mm longer than the aluminum pipe. 

At what temperature (degrees Celsius) will the aluminum pipe be 15 mm longer than the steel pipe? (Assume that the coef- 
ficients of thermal expansion of aluminum and steel are a, = 23 X 10 9/?C and a, = 12 X 107°/°C, respectively.) 


Solution 2.5-2 Aluminum and steel pipes 


INITIAL CONDITIONS or, a,(AT)L, + Ly = AL + e (ADL, + L, 
La = 60m To = 10°C Solve for AT: 

L, = 60.005 m Ty = 10°C iN eee (ee 

a, = 23 X 10 5C a, = 12 X 10 9°C cd Ayla — a. 

FINAL CONDITIONS Substitute numerical values: 

Aluminum pipe is longer than the steel pipe by the Qala — a,L, = 659.9 X 10 ? m/°C 


amount AL — 15 mm. 
15 mm + 5 mm 


AT = —— 
659.9 x 10 ? m/* € = 30.31° € 
T = To + AT = 10°C + 30.31°C 


= 403°C < 


AT = increase in temperature 


Ôa — o (AT )L, Os = a(AT )L, 





From the figure above: 


5, + La = AL + 8, + L, 





dA 
ar 
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Problem 2.5-3 A rigid bar of weight W — 750 Ib hangs from three equally spaced wires, two of steel and one of aluminum 
(see figure). The diameter of the wires is nie in . Before they were loaded, all three wires had the same length. 


What temperature increase AT in all three wires will result in the entire load being carried by the steel wires? (Assume 
E, = 30 X 10° psi, a, = 6.5 X I0 "PE, and aœ, = 12 X I0 PE) 


0, = increase in length of a steel wire due to temper- 
ature increase AT 








= a, (AT)L 
ô = increase in length of a steel wire due to load 
W/2 
= WL 
2E,A, 
W= 750 Ib 03 = increase in length of aluminum wire due to tem- 
perature increase AT 
= a,(AT)L 
S = steel A = aluminum For no load in the aluminum wire: 
W = 750 Ib 8, + & = 5; 
1, WL 
d = —in. = 
" in a, AT)L + DEA. a (AT)L 
2 
A, = —— = 0.012272 in? ii 
4 W 
u "CE AT = — 
E, = 30 X 10° psi 2E A (a — Qy) 
EAs = 368,155 Ib Substitute numerical values: 
a, = 6.5 X 10 °/°F 750 Ib 
"m AT — 
a, = 12 X 10 °/°F (2)(368,155 Ib)(5.5 x 1076/2 P 
L — Initial length of wires = 185°F g= 


NOTE: If the temperature increase is larger than AT, 
the aluminum wire would be in compression, which is 
not possible. Therefore, the steel wires continue to 
carry all of the load. If the temperature increase is less 
than AT, the aluminum wire will be in tension and 
carry part of the load. 








di 
ar, 
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Problem 2.5-4 A steel rod of 15-mm diameter is held snugly Washer, 
(but without any initial stresses) between rigid walls by the d,, = 20 mm 


arrangement shown in the figure. (For the steel rod, use 12-mm P s bolt jie 


a = 12 X 10 °/°C and E = 200 GPa.) AT | B 
(a) Calculate the temperature drop AT (degrees Celsius) at | 
which the average shear stress in the 12-mm diameter bolt 
15 mm 18 mm 





becomes 45 MPa. 


(b) What are the average bearing stresses in the bolt and clevis 
at A and the washer (d,, = 20 mm) and wall 
(twa = 18mm) at B? 





Solution 2.5-4 
numerical properties 
d, — 15 mm d, = 12 mm i 
d, = 20mm te = 10 mm 12 mm diameter bolt 
twal ~ 18 mm To Z 45 MPa 
lve for AT 
a=12x (107) E = 200 GPa somes 
E 2T dp 2 
(a) TEMPERATURE DROP RESULTING IN BOLT SHEAR STRESS AT = Ea d 
€ = aAT o = EaAT AT =24°C e 


rod force = P = (EaAT)~d? and bolt in double T» 
4 P-(EaAT) d? P= 10.18 KN 








P 
2 P (b) BEARING STRESSES 
shear with shear stress T = — T= P 
E dp 2 
bolt and clevis Ope = —— Ope = 42.4 MPa < 
2 T > dete 
S0 Tp = — ( EaAT) —d, 
Tdp 4 = P MEE" 
washer at wall o pwy = z 
= ET 4 Qv. = de) 
Tb — TT 
2 dp 
Obw — 74.1 MPa e— 
- ATs 
Problem 2.5-5 A bar AB of length L is held between rigid supports an 
and heated nonuniformly in such a manner that the temperature increase 
AT at distance x from end A is given by the expression AT = AT,x°/L’, 0 


where AT; is the increase in temperature at end B of the bar 


(see figure part a). A B 
(a) Derive a formula for the compressive stress ø, in the bar. (Assume that | | 


the material has modulus of elasticity E and coefficient of thermal L— x 
—— L 


expansion o). 








dh 
ar. 
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(b) Now modify the formula in (a) if the rigid support at A is replaced by AT; 
an elastic support at A having a spring constant k (see figure part b). Bt 


Assume that only bar AB is subject to the temperature increase. 











(b) 
Solution 2.5-5 
(a) one degree statically indeterminate - use superposition COMPRESSIVE FORCE P REQUIRED TO SHORTEN THE BAR BY 
select reaction Rg as the redundant; follow proce- THE AMOUNT Ó 
dure below 
EAÓ 1 
Bar with nonuniform temperature change P = — = —EAa(ATyg) 
L 
AT ATp COMPRESSIVE STRESS IN THE BAR 
sutil 
P Ea (A Tp) 


(b) one degree statically indeterminate - use 


P- 2 5 superposition 
select reaction Rx as the redundant then compute bar 
Kms | elongations due to AT & due to Rg 


L 
Op, = aATg 7 due to temp. from above 





At distance x: 


x g2 = R (+ ps ) 
AT = ATg a B2 BLY Ba 
REMOVE THE SUPPORT AT THE END B OF THE BAR: compatibility: solve for Rg Opi + Op2 = O 





Rp = 
Consider an element dx at a distance x from end A. EA 
Rp = a ATg T INE. a 
dó — Elongation of element dx (E J i) 
x kL 
— a(AT)dx — a ; Ja: so compressive stress in bar is: 
dó — dnd of bar _ Rp |. Ea(ATs) | 
ee 
7 E 4| — +1 


NOTE: o, in (b) is the same as in (a) if spring const. k 
goes to infinity. 





dh 
ar. 
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Problem 2.5-6 A plastic bar ACB having two different solid circular 
cross sections is held between rigid supports as shown in the figure. 
The diameters in the left- and right-hand parts are 50 mm and 

75 mm, respectively. The corresponding lengths are 225 mm and 

300 mm. Also, the modulus of elasticity E 1s 6.0 GPa, and the coeffi- 
cient of thermal expansion a is 100 X 10 $/?C. The bar is subjected 
to a uniform temperature increase of 30?C. 


(a) Calculate the following quantities: (1) the compressive force 
N in the bar; (2) the maximum compressive stress o,; and 
(3) the displacement 6¢ of point C. 

(b) Repeat (a) if the rigid support at A is replaced by an elastic 
support having spring constant k = 50 MN/m (see figure 
part b; assume that only the bar ACB is subject to the 
temperature increase). 


Solution 


NUMERICAL DATA 
d, = 50mm d, = 75 mm 
L; =225mm L, = 300 mm 
E=6.0GPa a=100X (107°/°C 
AT = 30°C k = 50 MN/m 
(a) COMPRESSIVE FORCE N, MAX. COMPRESSIVE STRESS & 


DISPL. OF PT. C 


Ai = 7d? A, = ~d? 
1 4! 2 4? 


one-degree stat-indet - use Rg as redundant 
ôsı = aAT(L, + L;) 


( Li Ly 
Op? Bg UE 
EA, EA) 





compatibility: Og, = Op», solve for Rg 
aAT(L;, + L 
ise (Ly 2) N = Ry 
Li E Ly 
EA, EA» 
N=51.8kN < 
max. compressive stress in AC since 
it has the smaller area (A, < A>) 








N 
Ocmax = P" Ocmax ^ 26.4 MPa 


displacement 6c of point C = superposition of dis- 
placements in two released structures at C 





dh 
ar. 
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— 
| 
= —— mm— 


(a) 


k A |50mm C 75mm B 


| 


Laud una 





(b) 
Bees Re 
Co 1 B EA] 
óc = —0.314mm << (—) sign means jt C moves 


left 


(b) COMPRESSIVE FORCE N, MAX. COMPRESSIVE STRESS & 
DISPL. OF PT. C FOR ELASTIC SUPPORT CASE 


Use Rg as redundant as in (a) 
Óp| aAT(L, JF L>) 
L4 Ly 1 
Óp = Rp + + 
A EA, EA> k 
^ now add effect of elastic support; equate ôg; and 
Op» then solve for Rp 











N=31.2kKN <— 


N 
Ocmax ^ Ai Ocmax = 15.91 MPa < 


super position 





c= ATL) - Raf Lı ++) 
ca 1 PV EA, lc 


óc = —0.546mm << (—) sign means jt C 
moves left 
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Problem 2.5-7 A circular steel rod AB (diameter d, — 1.0 in., length L, — d, d; 


3.0 ft) has a bronze sleeve (outer diameter d» = 1.25 in., length L, = 1.0 ft) 
shrunk onto it so that the two parts are securely bonded (see figure). 


Calculate the total elongation 6 of the steel bar due to a temperature rise i. 
AT = 500°F. (Material properties are as follows: for steel, E, = 30 X 10° psi and EUR S 


a, = 6.5 X 10 °/°F; for bronze, Ej = 15 x 10° psi and a, = 11 X 10 °/°F) 





Solution 2.5-7 Steel rod with bronze sleeve 

d, d; SUBSTITUTE NUMERICAL VALUES: 
æ, = 65x10 PF a, =11 X 10 9/?F 
E,—-30X10?psi E, = 15 X 10° psi 





EV EN 





di = 1.0 in. 
gp 
| ! A a = 078540 in 
L, = 36in. Ly = 12 in. gp p m 
ELONGATION OF THE TWO OUTER PARTS OF THE BAR d» = 1.25 in. 


6, = a(AT)(L, — L2) 
= (6.5 x 107 °/°F)(500°F)(36 in. — 12 in.) 
— 0.07800 in. AT = 500?F L, = 12.0 in. 
8, = 0.04493 in. 


A, = 4 (ay — di?) = 0.44179 in 


ELONGATION OF THE MIDDLE PART OF THE BAR 
The steel rod and bronze sleeve lengthen the same TOTAL ELONGATION 
amount, so they are in the same condition as the bolt 
and sleeve of Example 2-8. Thus, we can calculate the 
elongation from Eq. (2-21): 


E (a, E, As T Op Ep Ap) AT)? 
E, A; + Ep Ap 


05 


Problem 2.5-8 A brass sleeve S is fitted over a steel bolt B (see 
figure), and the nut is tightened until it is just snug. The bolt has a 
diameter dg — 25 mm, and the sleeve has inside and outside diameters 
d, = 26 mm and d, = 36 mm, respectively. 

Calculate the temperature rise AT that 1s required to produce a com- 
pressive stress of 25 MPa in the sleeve. (Use material properties as 
follows: for the sleeve, o; = 21 X 10 °/°C and E; = 100 GPa; for 
the bolt, ag = 10 x 10 5/?C and Eg = 200 GPa.) 

(Suggestion: Use the results of Example 2-8.) 








dh 
ar 











Sec 2.5.qxd 9/25/08 3:00 PM Page 157 





CIS 
LA 





SECTION 2.5 Thermal Effects 157 


Solution 2.5-8 Brass sleeve fitted over a Steel bolt 


5 Os Es Ag 
| cag „em. = AT ——— ————ArLs 
à M Eslas — ag) Eg Ag 





SUBSTITUTE NUMERICAL VALUES: 





: | 
steel Bolt \ = 25 MP 
Brass Sleeve Ed 


d, = 36mm d, — 26 mm dg = 25mm 


Subscript S means "sleeve". E, = 100 GPa Eg = 200 GPa 


Subscript B means “bolt”. as = 21 X 107 9/C ag = 10 X 107$/2C 


Use the results of Example 2-8. 


7,5 p T ) 
As = — (d$ — di) = — (620 mm^) 
Os = compressive force in sleeve 4 4 





POU): Ap = 7 (dp) = 7 (625 mm’) 1 + a = 1.496 
Os = (as ~ aX ADEs Eg Ag (Compression) 25 MP s 
Es As + Eg Ag Agi a (1.496) 
SOLVE ron AT: (100 GPa)(11 x 107 $/?C) 
i= Os(Es As + Ep Ap) AT=34C — 
(as — eg)Es Ep Ap (Increase in temperature) 
or 


Problem 2.5-9 Rectangular bars of copper and aluminum are held by 

pins at their ends, as shown in the figure. Thin spacers provide a separation 

between the bars. The copper bars have cross-sectional dimensions 

0.5 in. X 2.0 in., and the aluminum bar has dimensions 1.0 in. X 2.0 in. 
Determine the shear stress in the 7/16 in. diameter pins if the tempera- 

ture is raised by 100°F. (For copper, E. = 18,000 ksi and a, = 9.5 X 

10° °/°F; for aluminum, E, = 10,000 ksi and a, = 13 X 10 °/°F) 

Suggestion: Use the results of Example 2-8. 





JS in. x 2.0 in. 
Oin. x 2.0 in. 
Sin. x 2.0 in. 





Diameter of pin: dp — L in. = 0.4375 in. Area of two copper bars: A, = 2.0 in." 


Area of aluminum bar: A, = 2.0 in.” 


Area of pin: Ap — Ki = 0.15033 in.” AT = 100°F 





dh 
ar. 
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Copper: E, = 18,000 ksi a. = 9.5 x 10 $/?F SUBSTITUTE NUMERICAL VALUES: 
Aluminum: E, — 10,000 ksi NM (3.5 X 1076/2 F)(100°F)(18,000 ksi)(2 in.?) 
a 0 
18 \/ 2.0 
a, = 13 X 10 9/?F ] + (325) 
I07X 2,0 
Use the results of Example 2-8. — 4,500 Ib 
copper bar, respectively, from Eq. (2-19). 2 
ars 
Replace the subscript “S” in that equation by “a” (for 2 
aluminum) and replace the subscript “B” by “c” (for P. 
copper), because a for aluminum is larger than a for p. 
copper. 2 
pis (a, — e (ATE, Ag Ec Ac V — shear force in pin 
TUE E; Aa EA; -pPn 
Note that P, is the compressive force in the aluminum — 2250 Ib 
bar and P, is the combined tensile force in the two 
copper bars. T — average shear stress on cross section of pin 
p -p — a WADE Ag „V _ 22501b 
ac Fo = |, EA Ap 0.15033 in.” 
E, Aa T—150ks < 


Problem 2.5-10 A rigid bar ABCD is pinned at end A and supported by 
two cables at points B and C (see figure). The cable at 5 has nominal 
diameter dg — 12 mm and the cable at C has nominal diameter 

dc = 20 mm. A load P acts at end D of the bar. 

What is the allowable load P if the temperature rises by 60°C and each 
cable is required to have a factor of safety of at least 5 against its ultimate 
load? 

(Note: The cables have effective modulus of elasticity E — 140 GPa and 
coefficient of thermal expansion a = 12 X 10 /*C. Other properties of 
the cables can be found in Table 2-1, Section 2.2.) 





Solution 2.5-10 Rigid bar supported by two cables 


FREE-BODY DIAGRAM OF BAR ABCD From Table 2-1: 

Ag = 76.7 mm^ E = 140 GPa 

AT = 60°C Aoc 173mm 
guo x 107596 


| i Ü EQUATION OF EQUILIBRIUM 
Ka] db — 2h b XM,-70 "^^ TgQb)- Te(4b) — P(5b) = 0 
T Ray or 27g + 4Tc = 5P (Eq. 1) 






Tp = force in cable B Tec = force in cable C 


dg = 12mm dc — 20mm 





dh 
ar. 
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DISPLACEMENT DIAGRAM SUBSTITUTE NUMERICAL VALUES INTO EQ. (5): 
T3(346) — Te(76.7) = —1,338,000 (Eq. 6) 
in which Tg and Tc have units of newtons. 
SOLVE SIMULTANEOUSLY Eos. (1) AND (6): 
Tg — 0.2494 P — 3,480 (Eq. 7) 
Tc = 1.1253 P + 1,740 (Eq. 8) 
in which P has units of newtons. 
COMPATIBILITY: SOLVE Eos. (7) AND (8) FOR THE LOAD P: 
FORCE-DISPLACEMENT AND TEMPERATURE-DISPLACEMENT Pc = 0.8887 Tc — 1,546 (Eq. 10) 
RELATIONS ALLOWABLE LOADS 
TL ET 
res B^ Q o(AT)L (Eq. 3) From Table 2-1: 
FAg (Tr)urr = 102,000N (Tourr = 231,000 N 
opcm a + a(AT)L (Eq. 4) Factor of safety = 5 
© (Tp)attow = 20,400N  (Tc)attow = 46,200 N 
SUBSTITUTE Eas. (3) AND (4) INTO Ea. (2): From Eq. (9): Pg = (4.0096)(20,400 N) + 13,953 N 
Ich. | ADL = 22. + 2A(ATDL EM 
pio ee Ae From Eq. (10): Pc = (0.8887)(46,200 N) — 1546 N 


-———— or = 39,500 N 


Cable C governs. 
2TpAc — TcAg = —Eo(AT)Ag Ac (Eq. 5) Panow = 39.5KN < 





Problem 2.5-11 A rigid triangular frame is pivoted at C and held by two identical 
horizontal wires at points A and B (see figure). Each wire has axial rigidity EA = 120 k 
and coefficient of thermal expansion a = 12.5 X 10° °/°F. 


(a) If a vertical load P = 500 Ib acts at point D, what are the tensile forces T4 and 
Tg in the wires at A and B, respectively? 

(b) If, while the load P is acting, both wires have their temperatures raised by 
180°F, what are the forces T4 and Tg? 

(c) What further increase in temperature will cause the wire at B to become slack? 








EX 
ar, 
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Solution 2.5-11  Triangular frame held by two wires 
PSEP-HODI DIAGRANCODIRAME (b) LoAD P AND TEMPERATURE INCREASE AT 
Force-displacement and temperature-displacement 
relations: 
5, = E + (ATL Eq. 8 
A = TA a(AT) (Eq. 8) 
6, = D + a(ADL Eq. 9 
B— TA o (AT) (Eq. 9) 
Substitute (8) and (9) into Eq. (2): 
TAE 2T RL 
— — + a(AT)L = + 2a(AT)L 
EA 
EQUATION OF EQUILIBRIUM or T4 — 2Tg = EAa(AT) (Eq. 10) 
XMe-0f^9^ Solve simultaneously Eqs. (1) and (10): 
P(2b) — T,(2b) — Tg(b) = 0 or 2T4 + Tg = 2P (Eq. 1) P lap + EA (AT)] (Eq. 11) 
A . 
DISPLACEMENT DIAGRAM 5 
2 
5, S14 Tg = zl? — EAa(AT)] (Eq. 12) 


Substitute numerical values: 


P = 500 lb EA = 120,000 Ib 
AT = 180°F 
a = 12.5 X 10 °/°F 





1 
EQUATION OF COMPATIBILITY Ta = ge lb + 270 lb) = 454]b < 
d4 = 20 (Eq. 2) 2 
A T, = 4500 lb — 270 1b) = 921b — 
(a) LoAD P ONLY 5 


Force-displacement relations: (c) WIRE B BECOMES SLACK 











5, LaL d Eq. 3,4 Set Tz = 0 in Eq. (12) 
= —— = 3, > = 0 in Eq. i 

^A FA B EA (Eq ) B q 

(L — length of wires at A and B.) P = EAa(AT) 

Substitute (3) and (4) into Eq. (2): or 

TAL — 2TgL AT = P _ 500 Ib 

EA EA FAa (120,000 Ib)(12.5 x 107 °/°F) 

or T, = 27, (Eq. 5) = 333.3°F 

Solve simultaneously Eqs. (1) and (5): Further increase in temperature: 
4P 2p = op o 

Desc queen (Bas. 6, 7) AT — 333.3?F — 180?F 
f ? =153°F <- 

Numerical values: 

P = 500 Ib 


<T, = 400 lb Tg=200lb < 





as 
ar. 
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Misfits and Prestrains 

A B 
Problem 2.5-12 A steel wire AB is stretched between rigid supports (see i= = 
figure). The initial prestress in the wire is 42 MPa when the temperature is 20°C. Stee! wire E. 


(a) What is the stress ø in the wire when the temperature drops to 0°C? 
(b) At what temperature T will the stress in the wire become zero? 
(Assume a = 14 X 10 /*C and E = 200 GPa.) 


From Eq. (2-18): o» = Ea(AT) 





OG = 0; + 0579 + Ea(AT) 


Initial prestress: c; = 42 MPa = 42 MPa + (200 GPa)(14 x 10° °/°C)(20°C) 
Initial temperature: T; = 20°C = 42 MPa + 56 MPa = 98 MPa < 
E = 200 GPa 


(b) TEMPERATURE WHEN STRESS EQUALS ZERO 


=HAx 10 35e 
= G=0,+0,=0 o; + Ea(AT) =0 


(a) STRESS o WHEN TEMPERATURE DROPS TO 0°C 








o 
AT = -— 
Tə =O0°C AT = 20°C Ea 
£- NOTE: Positive AT means a decrease in temperature (Negative means increase in temp.) 
and an increase in the stress in the wire. 
, AT — — 1. áó2MPa — — = — 15°C 
t AT means an increase in temperature and a (200 GPa)(14 x 107/°C 
ecrease in the stress. 
a E T = 20°C + 15°C = 35°C < 
Stress ø equals the initial stress o, plus the additional 
stress o» due to the temperature drop. 
0.008 in.| 
Problem 2.5-13 A copper bar AB of length 25 in. and diameter 2 in. is placed in position at e 
room temperature with a gap of 0.008 in. between end A and a rigid restraint (see figure). The 
bar is supported at end B by an elastic spring with spring constant k = 1.2 X 10° Ib/in. 
(a) Calculate the axial compressive stress o, in the bar if the temperature 25 in. das. 
rises 50°F. (For copper, use a = 9.6 x 10 9/?F and E = 16 x 10° psi.) 
(b) What is the force in the spring? (Neglect gravity effects.) 
B 
(C) Repeat (a) if k — ~ EK ON k 





as 
ar. 
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Solution 2.5-13 
numerical data compressive stress in bar 
L=25in. d=2in. 68 - 0.008 in. o=—4 o = —951 psi 
k = 1.2 x (10°) lb/in. E = 16 x (10°) psi 
E — — (b) force in spring Fk = Rc 
ae JF AT = 50°F statics Ra + Ro = 0 
A=—d? A = 3.14159 in? Re = -Ra 
4 Rc = 3006 Ib < 
(a) one-degree stat.-indet. if gap closes 
l (c) find compressive stress in bar if k goes to infinity 
A — aATL A=0.012in. «exceeds gap from expression for RA above, 1/k goes to zero, so 
select RA as redundant & do superposition analysis 5-A Ra 
RA = RA = —8042 lb o= — 
Sn =A Dag R ( — ) 2 = 
compatibility On] + On = 0 On? = o-— Ont o = —2560 psi = 
Ro d ese 
A= I 1 A> 
— zz LI 
EA k 
Xp- Problem 2.5-14 A bar AB having length L and axial rigidity EA is fixed 2L LR Je’ 
at end A (see figure). At the other end a small gap of dimension s exists 3 3 





between the end of the bar and a rigid surface. A load P acts on the bar at 


A C B 
point C, which is two-thirds of the length from the fixed end. M 
If the support reactions produced by the load P are to be equal in 
P 


magnitude, what should be the size s of the gap? 





Solution 2.5-14 Bar with a gap (load P) 


2L L Di, e FORCE-DISPLACEMENT RELATIONS 
3 3 ar 


m ^8) 
=Æ] a 
| —— | " EA 
A P B p * 

















L — length of bar 


mE Rg 

S — size of gap = pecus, "- RpL 
EA = axial rigidity = us ?^ EA 
Reactions must be equal; find S. 





EX 
ar, 
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COMPATIBILITY EQUATION Reactions must be equal. 
= P 
0 — 02 = S or ha Poi Rp => 
2PL _ RgL —Sg (Eq. 1) Substitute for Rg in Eq. (1): 
3EA EA 
2PL PL — |. PL c 
EQUILIBRIUM EQUATION 3EA 2EA € = 6EA 
R4 = reaction at end A (to the left) NOTE: The gap closes when the load reaches the 


value P/4. When the load reaches the value P, equal 

to 6EAs/L, the reactions are equal (R4 = Rg = P/2). 

P = Ra + Rg When the load is between P/4 and P, R; is greater than 
Rp. If the load exceeds P, Rpg is greater than R4. 


Rpg = reaction at end B (to the left) 


Problem 2.5-15 Pipe 2 has been inserted snugly into Pipe 1, 
but the holes for a connecting pin do not line up: there is a gap s. 
The user decides to apply either force P, to Pipe | or force P, to 
Pipe 2, whichever is smaller. Determine the following using the 
numerical properties in the box. 


(a) If only P, is applied, find P, (kips) required to close gap s; 
if a pin is then inserted and P, removed, what are reaction 
forces R4 and Rs for this load case? 

(b) If only P, is applied, find P, (kips) required to close gap s; 
if a pin is inserted and P, removed, what are reaction 
forces R4 and Rg for this load case? : 

(c) What is the maximum shear stress in the pipes, for the Numerical properties 
loads in (a) and (b)? E, = 30,000 ksi, E5 = 14,000 ksi 

(d) If a temperature increase AT is to be applied to the entire o, 2 6.5 X 10 ^F, a5 = 11 X 10 ^F 
structure to close gap s (instead of applying forces Pı and Gap s = 0.05 in. 

P2), find the AT required to close the gap. If a pin is inserted Lı = 56 in., dj = 6 in., tj = 0.5 in., Aj = 8.64 in^ 
after the gap has closed, what are reaction forces R4 and Rg Ly = 36 in., dy = 5 in., ty = 0.25 in., A5 = 3.73 in? 
for this case? 

(e) Finally, if the structure (with pin inserted) then cools to the 
original ambient temperature, what are reaction forces R4 and Rg? 








Solution 2.5-15 














(a) find reactions at A & B for applied force P,: first Ree S Rom555d = 
compute P, required to close gap ( L4 Ly ) 
——— + — 

EjA EA; EA, 

P, ==; p,-2314kip < 
Lá RA -— — Rpg < 
stat-indet analysis with Rg as the redundant (b) find reactions at A & B for applied force P; 
L4 L> ) E5A^ 
— —$ Og; ZR F = = .] ki 

OB1 S Op) a EA, E; A; P» pm s P= 145.1 kips < 
compatibility: 0g; + ôg2 = 0 2 


analysis after removing P, is same as in (a) so 
reaction forces are the same 





di 
ar, 
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(c) max. shear stress in pipe 1 or 2 when either P, or P5 if pin is inserted but temperature remains at AT 


Pi above ambient temp., reactions are zero 
. Ay 
is applied 7 maxa = ES Tmaxa — 13.59 ksi — «— (e) if temp. returns to original ambient temperature, find 


reactions at A & B 
Ri stat-indet analysis with Rg as the redundant 
|. Ag compatibility: 6g; + dg2 = 0 
T maxb 7 ES Tmaxb = 19.44 ksi < analysis is the same as in (a) & (b) above since gap 


s is the same, so reactions are the same 
(d) required AT and reactions at A & B 


S 


— — ——  AT«47658F < 
aL + aL» 


AT reqd — 


Problem 2.5-16 A nonprismatic bar ABC made up of k s >| Rp 
segments AB (length L4, cross-sectional area A,) and BC u j “ww ~> 
(length L2, cross-sectional area A») is fixed at end A and free at L, EA) B Llo EA, C La, ka 

end C (see figure). The modulus of elasticity of the bar is E. 

A small gap of dimension 5 exists between the end of the bar and 


an elastic spring of length L4 and spring constant k3. If bar ABC only 
(not the spring) is subjected to temperature increase AT determine the following. 


(a) Write an expression for reaction forces R4 and Rp if the elongation of ABC exceeds gap length s. 
(b) Find expressions for the displacements of points B and C if the elongation of ABC exceeds gap length s. 





Solution 2.5-16 


With gap s closed due to AT, structure is one-degree compatibility: Ôe + Ôr =S Ôe = S — Ou 
statically-indeterminate; select internal force (Q) at NEM 
juncture of bar & spring as the redundant; use superpo- Grea = $— GAT(L, + Lo) 











sition of two released structures in the solution s — aAT(L, + Lj) 
Orel1 = relative displ. between end of bar at C & end of | Lh Ly d 
spring due to AT EA, EA, kg 
Og = AAT-(L, + L2) Orel 1S greater than gap Q = E A41A5k;5 
length s LiAo»ks + LoA;4k5 + EA4AÀ5 
Op = relative displ. between ends of bar & spring due [s — &AT(L, + Lj)] 


to pair of forces Q, one on end of bar at C & 


the other on end of spring 
(a) REACTIONS ATA & D 














7 Li L> Q " u E 
Odo = Ql ——— FS | +— statics: Ra = -Q Rp=Q 
— s + aAT(L, + Ly) 
= — 
_ Li Ly l RA Iz D | 
9ep = Q\ Ea + EA; k a + 
1 2 3 EA, EA) k3 





as 
ar, 
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(b) DISPLACEMENTS AT B & C 
use superposition of displacements in the two 
released structures 





L 
8g = aAT(L)) — Ra( | — 


OB — a AT( L4) — 
—L eL) 
L L 
Hig 2 & 1 EA, 








Problem 2.5-17 Wires B and C are attached to a support at the left-hand 
end and to a pin-supported rigid bar at the right-hand end (see figure). 
Each wire has cross-sectional area A = 0.03 in.” and modulus of elasticity 
E = 30 X 10° psi. When the bar is in a vertical position, the length of each 
wire is L = 80 in. However, before being attached to the bar, the length of 


wire B was 79.98 in. and of wire C was 79.95 in. 


Find the tensile forces Tg and Tc in the wires under the action of a force 


P = 700 Ib acting at the upper end of the bar. 


CIS 
LA 
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dc = aA L} + L5) = 





ôc = a AT( L4 + L5) m 








[7 s * « AT(L4 + a L4 a =.) 
L L 1 
Co SE ERLI 


EA; EA 





Solution 2.5-17 Wires B and C attached to a bar 


| 


sa P27001b 


LT 






P — 700 Ib 

A = 0.03 in.” 

E = 30 x 10° psi 
Lg = 79.98 in. 
be = 79 95 in: 





as 





ar, 


EQUILIBRIUM EQUATION 


P = 700 Ib >Mpin 50 < 
poA Tc(b) + Tb) = P(3b) 
b 2T& - Tc —3P (Eq. 1) 
b 

b 





























Sec 2.5.qxd 9/25/08 3:00 PM Page 166 E 
IE. 
166 CHAPTER 2  Axially Loaded Members 
DISPLACEMENT DIAGRAM Combine Eqs. (3) and (5): 
Sp = 80 in. — Lg = 0.02 in. TCL 
i "= $646 (Eq. 7) 
Sc = 80in. — Lc = 0.05 in. EA 
Eliminate 5 between Eqs. (6) and (7): 
T c EASp | 2EASc (Eg. 8) 
B C E L q. 
Solve simultaneously Eqs. (1) and (8): 
6P EASp  2EASCc 
Tp = — + um 
! 5 5L 5L 
E 3P 2EASp 4EASc 
p vcl aurcr a 
5 SL 5L 
Elongation of wires: 
5, = Sy +28 (Eq. 2) SUBSTITUTE NUMERICAL VALUES: 
EA 
óc = Sc + 6 (Eq. 3) 3L = 2250 lb/in. 
FORCE-DISPLACEMENT RELATIONS 
Tg = 840 lb + 45 lb — 225 lb = 660 lb =< 
Sp = BP goa IC gs. 4,5 <— 
B=, C= pA (Eqs. 4, 5) Tc = 420 lb — 90 Ib + 450 lb = 780 Ib 
SOLUTION OF EQUATIONS (Both forces are positive, which means tension, as 
Combine Eqs. (2) and (4): required for wires.) 
S TB. _ 55 + 28 (Eq. 6) 
EA B q. 





Problem 2.5-18 A rigid steel plate is supported by three posts of 
high-strength concrete each having an effective cross-sectional area 


A — 40,000 mm? and length L — 2 m (see figure). Before the load | 

P is applied, the middle post is shorter than the others by an amount T 

s = 1.0 mm. | A 
Determine the maximum allowable load Panow if the allowable 


compressive stress in the concrete is Gago, = 20 MPa. | 
(Use E — 30 GPa for concrete.) C 














di 
ar, 
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Solution 2.5-18 Plate supported by three posts 
P 
EQUILIBRIUM EQUATION 
Steel plate 
P 2P,+P,=P (Eq. 1) 
COMPATIBILITY EQUATION 
0, = shortening of outer posts 
05 = shortening of inner post 
6,785 5 (Eq. 2) 
FORCE-DISPLACEMENT RELATIONS 
js a Eqs. 3,4 
| EA °? EA D 
s = size of gap = 1.0 mm 
SOLUTION OF EQUATIONS 
L = length of posts = 2.0 m l l 
" Substitute (3) and (4) into Eq. (2): 
A = 40,000 mm 
_ PiL. Pol EA 
Tallow = 20 MPa = = + s or Pi — pa = (Eq. 5) 
EA EA L 
E = 30 GPa 
C = concrete post Solve simultaneously Eqs. (1) and (5): 
DOES THE GAP CLOSE? EAs 
P = 3P) — — 
bh Stress in the two outer posts when the gap is just L 
closed: By inspection, we know that P; is larger than P». 
Therefore, P, will control and will be equal to Canow A. 
S 1.0 mm 
o = Ee = E\ — | = (30 GPa) 
L 2.0 m EAs 
Pallow = 30 allow A a EA 
= 15 MPa 
Since this stress 1s less than the allowable stress, the = 2400 kN — 600 kN = 1800 KN 
allowable force P will close the gap. —l1l8MN <“ 





CX 
ar, 
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Problem 2.5-19 A capped cast-iron pipe is compressed by a brass rod, 
as shown. The nut is turned until it is just snug, then add an additional 
quarter turn to pre-compress the CI pipe. The pitch of the threads of the 
bolt is p = 52 mils (a mil is one-thousandth of an inch). Use the numerical 


9/25/08 3:00 PM Page 168 





CHAPTER 2 Axially Loaded Members 


properties provided. 


(a) What stresses o, and o; will be produced in the cast-iron pipe and 
brass rod, respectively, by the additional quarter turn of the nut? 
(b) Find the bearing stress o; beneath the washer and the shear stress 


T, in the steel cap. 


CIS 
LA 





Nut & washer 


(a, a in.) n 


4 













Steel cap 
(t. = lin.) 


Cast iron pipe 
(dq, 50 Ti. 
d; = 5.625 in.) 


Lei = 4 ft 


Brass rod 


(a, = i in. 


Modulus of elasticity, E: 
Steel (30,000 ksi) 


Brass (14,000 ksi) 
Cast iron (12,000 ksi) 





Solution 2.5-19 


The figure shows a section through the pipe, cap and rod 


NUMERICAL PROPERTIES 


Lj =48in. E, =30000ksi F, 14000 ksi 


1 
E, = 12000 ksi t, = 1 in. p= 52 x (107°) in. n = "s 


1 
d =z in. dg=6in. d; = 5.625 in. 


d, = — in. 5 


4 


(a) FORCES & STRESSES IN PIPE & ROD 


one degree stat-indet - cut rod at cap & use force in 
rod (Q) as the redundant 


Orel] = relative displ. between cut ends of rod due to 
1/4 turn of nut 


Orel] = —np ends of rod move apart, not 


together, so this is (—) 


Ore]2 = relative displ. between cut ends of rod due 
pair of forces Q 





LL Ec 
Ô rel2 — + 
EpAtod EcA pipe 
TT TT 
Arod = qo Apipe = 4 (do v di^) 


= 3.424 in” 
Orell 7 Orel — 


Aa = 0.196in? A 


pipe 


compatibility equation 








_ “p 
Q i Lei + 2te Lei 
EpAtod EcA pipe 
Q = 0.672 kips Foa = Q 
statics -Fipe = ~Q 
Fpipe s 
stresses o, = 0, = —0.196 ki < 
A pipe 
u Frog u : 
Op = —— gy = 3.42 ksi — €— 
Avod 


(b) BEARING AND SHEAR STRESSES IN STEEL CAP 


F 
Op = m m = 2.74ksi — <— 
r 
4 W r 
F 
T,— —9.  4-0285ks <— 
Mp. 





EX 
ar, 











Sec 2.5.qxd 9/25/08 3:00 PM Page 169 





CIS 
LA 





SECTION 2.5 Thermal Effects 169 


Problem 2.5-20 A plastic cylinder is held snugly between a rigid plate 
and a foundation by two steel bolts (see figure). 

Determine the compressive stress o; in the plastic when the nuts on the 
steel bolts are tightened by one complete turn. 

Data for the assembly are as follows: length L = 200 mm, pitch of the bolt 
threads p = 1.0 mm, modulus of elasticity for steel E, = 200 GPa, modulus of 
elasticity for the plastic E, = 7.5 GPa, cross-sectional area of one bolt A, = 
36.0 mm”, and cross-sectional area of the plastic cylinder A, = 960 mm^. 











Solution 2.5-20 Plastic cylinder and two steel bolts 
= COMPATIBILITY EQUATION 











L = 200 mm 
P=1. 
Vin 0, = elongation of steel bolt 
E, = 200 GP 
d r ô, = shortening of plastic cylinder 
A, = 36.0 mm" (for one bolt) 5,5, np (Eq. 2) 
E, = 7.5 GPa 
j FORCE-DISPLACEMENT RELATIONS 
A, = 960 mm 
= : P Pph 
n ] (See Eq. 2 22) 6, TENE: 8, — (Eq. 3, Eq. 4) 
EQUILIBRIUM EQUATION EAs Epâp 
SOLUTION OF EQUATIONS 
P, P, 
Substitute (3) and (4) into Eq. (2): 
P.L PaL 
EA ^pa ™@? (Eq. 5) 
P SaS p` PpP 
Solve simultaneously Eqs. (1) and (5): 
P, = tensile force in one steel bolt 2npE,A,E,A, 


P, = compressive force in plastic cylinder 


P, = ——————— 
P LE,A, + 2E.A 
P= OP, (Eq. 1) (EpAp sås) 








di 
ar, 
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STRESS IN THE PLASTIC CYLINDER 
Pi 2np E; A, Ep 
Op = —— 
Ay Ih, A, > 2E,A,) 
SUBSTITUTE NUMERICAL VALUES: 


N = E,A, E, = 54.0 X 10P N*/m? 


Problem 2.5-21 Solve the preceding problem if the data for the assembly are 
as follows: length L — 10 in., pitch of the bolt threads p — 0.058 in., modulus 
of elasticity for steel E, = 30 X 10° psi, modulus of elasticity for the plastic 
E, = 500 ksi, cross-sectional area of one bolt A, = 0.06 in.^, and cross- 


sectional area of the plastic cylinder A, — 1.5 in. 


CIS 


ely 





D = EA, + 2E,A, = 21.6 X 10° N 


D 


Oo 
P L 


200 mm 
= 25.0 MPa = 





7 = (2) . 2(1)(1.0 mm) 


| 


A 
D 


) 








Solution 2.5-21 Plastic cylinder and two steel bolts 


L = 10in. 
p = 0.058 in. 
E, = 30 X 10° psi 








A, = 0.06 in.” (for one bolt) 
E, = 500 ksi 
A, = 1.5 inf 
n = ] (see Eq. 2-22) 
EQUILIBRIUM EQUATION 
P, — tensile force in one steel bolt 
P, = compressive force in plastic cylinder 


P, = 2P, (Eq. 1) 





COMPATIBILITY EQUATION 
6, = elongation of steel bolt 
òp = shortening of plastic cylinder 


òs + 6, = np 





FORCE-DISPLACEMENT RELATIONS 





P.L P, L 
Ô, = a 
EA. E, Ap 


SOLUTION OF EQUATIONS 


Substitute (3) and (4) into Eq. (2): 








P.L Pol 
=F = np 
E, As Ep Ap 





as 


ar. 





(Eq. 2) 


(Eq. 3, Eq. 4) 


(Eq. 5) 
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Solve simultaneously Eqs. (1) and (5): SUBSTITUTE NUMERICAL VALUES: 

2 np E, A, E, Ay N = E, AE, = 900 X 10" Ib"/in.^ 
T» 7 IE, A, + 2E, A) D = E, A, + 2E,A, = 4350 X 10° Ib 
STRESS IN THE PLASTIC CYLINDER E n — 2(1Y0.058in.) (x) 
NE MEL a a P  LND/ 0m VD 

P A, L(E, A, + 2E,A 
p MED Ap sA) = 2400 psi <“ 


Problem 2.5-22 Consider the sleeve made from two copper tubes joined by tin-lead 
solder over distance s. The sleeve has brass caps at both ends, which are held in 

place by a steel bolt and washer with the nut turned just snug at the outset. Then, two 
“loadings” are applied: n = 1/2 turn applied to the nut; at the same time the internal 
temperature is raised by AT = 30°C. 


(a) Find the forces in the sleeve and bolt, P, and Pg, due to both the prestress 
in the bolt and the temperature increase. For copper, use E. = 120 GPa and 
a. = 17 X 10 °/°C; for steel, use E, = 200 GPa and a, = 12 X 10 °/°C. 
The pitch of the bolt threads is p = 1.0 mm. Assume s = 26 mm and bolt 
diameter d; = 5 mm. 
(b) Find the required length of the solder joint, s, if shear stress in the sweated 
wa joint cannot exceed the allowable shear stress Ta; = 18.5 MPa. 
(c) What is the final elongation of the entire assemblage due to both tempera- 
ture change AT and the initial prestress in the bolt? 








Solution 2.5-22 


a a 
The figure shows a section through the sleeve, cap and Ay = de A, = —[d/? — (d, — 28] 
bolt 4 4 
NUMERICAL PROPERTIES (SI UNITS) A, = 19.635 mm? A, = 263.894 mm? 

T 
n= > p=10mm AT = 30°C A, = FS — (dy — 2t2)] A2 = 131.947 mm 
E, = 120 GPa æ, = 172€00 956€ (a) FORCES IN SLEEVE & BOLT 


E. = 200 GPa a, = 12 x (10 5*C one-degree stat-indet - cut bolt & use force in bolt 
(Pg) as redundant (see sketches below) 


Taj = 18.5 MPa s = 26 mm d, = 5mm 
Óp| = -np + a, AT(L, + L^ = S) 
L,=40mm t =4mm L,=50mm t,=3 mm 


dj —25mm = 4d, -—2t, = 17 mm də = 17 mm 








as 
ar. 
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L + Ls L; —s Lə- s 
Sm = Pa HM LR CA 
Es Ap E.A] Ec A» E,.( A; + Ag) 
compatibility Og; + Ops = 0 
PoS —[- np +a,AT(L, + Lo — s)] 
P E L-7s,lo-s, s | 
E,Ap EcA, Ec A» E.( A; + Ag) 


Pg —25.4kN © 


Sketches illustrating superposition procedure for statically-indeterminate analysis 













cap 
1° SI superposition analysis using 
Actual internal force in bolt as the 
indeterminate redundant 
structure l 
underload(s) ! 
71 
== 
I 
sleeve 
p v 
Two released structures (see below) under: 
(1)load(s); (2) redundant applied as a load 
"a Y 


relative 
displacement 


across cut bolt, s, apply redundant 
due to both Ó and internal force P, & 
AT (positive if pieces find relative — 
move together) displacement 
M" across cut bolt, 
relative dp 
displacement 


across cut bolt, 635 
due to Pp (positive 
if pieces move 
together) 





as 
ar. 
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(b) REQUIRED LENGTH OF SOLDER JOINT~ ; LL -s L-s S 
=P + + o—————— 
a ee © SL EA; EA,  E(A + A) 
As 8, — —0.064 mm 
P E - 
Sreqd = : Sreqd — 25.7 mm Of = Op T Os Ôr = 0.35 mm em 
TdT aj 
(c) FINAL ELONGATION 
or = net of elongation of bolt (65) & shortening of 
sleeve (6,) 
Lı + L5 — § 
ôp Pg ———— —— ô = 0.413 mm 
EsAp 
Problem 2.5-23 A polyethylene tube (length L) has a cap which when installed "n IN qeu 
compresses a spring (with undeformed length L; > L) by amount ò = (L4 — L). E | | 


Ignore deformations of the cap and base. Use the force at the base of the spring as 


the redundant. Use numerical properties in the boxes given. Cap (assume rigid) 


(a) What is the resulting force in the spring, Fg? 

(b) What is the resulting force in the tube, F,? 

(c) What is the final length of the tube, L,? 

(d) What temperature change AT inside the tube will result in zero force in 


-Qa- the spring? 


Tube 
(do, t, L, Qt, Ej 





Spring (k, L4 > L) 


Modulus of elasticity 
Polyethylene tube (E, = 100 ksi) 


Coefficients of thermal expansion 
a, = 80 X 10-9/°F, a, = 6.5 x 10-6/°F 


Properties and dimensions 


do = 6 in. f= in, 


kip 


h= 12125m: > L= 12m; KH TD ra 











dh 
ar. 
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Solution 2.5-23 


The figure shows a section through the tube, cap and 
spring 


Properties & dimensions 


d, = 6 in. t= 8 in. E = 100 ksi 
We 2 . 2 
A, — Aldo = {dy -20-*] A, = 2.307 in 
. kip 
L, = 12.125 in. > L = 12 in. k = 1.5 — 
in 
spring is 1/8 in. ó—-Lj-L ô = 0.125 in. 


longer than tube 


“&=6500 PE = 
AT =0 


a, = 80 X (10 5)?F 
< note that Q result below is for 

zero temp. (until part(d)) 

(a) Force in spring F, = redundant Q 


L 
EBA 


Flexibilities f= 





1 L 
k t 


ô = rel. displ. across cut spring due to redundant 


= Q(f + fj) 


0, = rel. displ. across cut spring due to precompres- 
sion and AT = ô + o4 ATL, — o4 ATL 


compatibility: 0; + 6, = 0 


Problem 2.5-24 Prestressed concrete beams are sometimes 


manufactured in the following manner. High-strength steel wires 


are stretched by a jacking mechanism that applies a force Q, as 


represented schematically in part (a) of the figure. Concrete is then 


poured around the wires to form a beam, as shown in part (b). 


After the concrete sets properly, the jacks are released and the 
force Q is removed [see part (c) of the figure]. Thus, the beam is left 
in a prestressed condition, with the wires in tension and the concrete 


in compression. 


Let us assume that the prestressing force Q produces in the steel 
wires an initial stress oy = 620 MPa. If the moduli of elasticity of the 
steel and concrete are in the ratio 12:1 and the cross-sectional areas 
are in the ratio 1:50, what are the final stresses o, and o, in the two 


materials? 


CIS 
LA 





solve for redundant Q 
=ð + WT (ayy aL) 
peg sux a 
fd; 
F, = —0.174 kips <— compressive force in 
spring (Ej) & also 
tensile force in tube 


(b) F, = force in tube = -Q <“ 
NOTE: if tube is rigid, Fk = —kó = —0.1875 kips 


(c) Final length of tube 


Le =L + àj4 + 05 < 1.e., add displacements 


for the two released structures 
to initial tube length L 


L;-L- Qf -a(ATL .L;—1201in <— 


(d) Set Q = Oto find AT required to reduce spring force 
to zero 


Ó 
(—ayL, + aL) 
IT ead = 141.9°F 


AT reqd — 


since a; > o4, a temp. 
increase is req’d to expand 
tube so that spring force 
goes to zero 


Steel wires 











as 





ar. 
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Solution 2.5-24 Prestressed concrete beam 
Steel wires L = length 
do = initial stress in wires 
Q = g — 620 MPa 
As 
A, — total area of steel wires 
Ac = area of concrete 
= 50 A, 
E, = 12 E, 
P, = final tensile force in steel wires 
P, = final compressive force in concrete 
EQUILIBRIUM EQUATION STRESSES 
P,=P. (Eq. 1) Pp. 00 
COMPATIBILITY EQUATION AND Gg — A. = EA = 
S S 
FORCE-DISPLACEMENT RELATIONS ] € —— 
EcAc 
0, = initial elongation of steel wires uH Ps E To 
= QL = ToL l Ac Ac as E; 
EA, E As Ee 
ô = final elongation of steel wires SUBSTITUTE NUMERICAL VALUES: 
= = 620 MP Big as 
EA, im ^ RE ^ A 50 
03 = shortening of concrete 620 MPa 
E g, = "E — 500 MPa (Tension) — 
E.A, 50 
0, — ô = 63 Or 620 MPa 10 MPa (C 
— FS «— 
ToL PI PL Oc 50 4 12 a (Compression) 
E E e e (Eq. 2, Eq. 3) 


E, EAs LA 
Solve simultaneously Eqs. (1) and (3): 


OAs 
EAs 


EA; 











CI 
ar 
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Problem 2.5-25 A polyethylene tube (length L) has a cap which is held in place 
by a spring (with undeformed length Lı < L). After installing the cap, the spring 
is post-tensioned by turning an adjustment screw by amount 6. Ignore deforma- 
tions of the cap and base. Use the force at the base of the spring as the redundant. 


Use numerical properties in the boxes below. Tube 
(do, t, L, Qr, Ep 


Cap (assume rigid) 


(a) What is the resulting force in the spring, Fg? 

(b) What is the resulting force in the tube, F,? 

(c) What is the final length of the tube, L,? 

(d) What temperature change AT inside the tube will result in zero force in the 
spring? 


Spring (k, L4 < L) 


ô=L- L; 


Adjustment 
screw 


Modulus of elasticity 
Polyethylene tube (E, = 100 ksi) 


Coefficients of thermal expansion 
a, = 80 X 10-9/°F, a, = 6.5 X 10-6/?F 





Properties and dimensions 


dy = 6 in. tai 


n. 
kip 


L-12in. L)=11.875in. kc 15 





Solution 2.5-25 





The figure shows a section through the tube, cap and spring Pretension & temperature spring is 1/8 in. shorter 

: than tube 
Properties & dimensions 

ó—-L-lL, ô = 0.125 in. AT = 0 
d, = 6 in. es 1 in E, = 100 ksi note that Q result below is for zero temp. (until part (d)) 
€— 1 L 

, , kip Flexibilities f = — fi = 

L = 12 in. > L; = 11.875 in. k = 1.5 — k EA; 


in 
(a) Force in spring (F,) = redundant (Q) 


= —6 = =o 
oy = 65(10 ) < a = 80 x (10 ) follow solution procedure outlined in Prob. 2.5-23 
ma solution 
A, = 7h do — (d, = 207] 
ô + AT(—aklı + aL) 
A, — 2.307 in? d. 





EX 
ar, 
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F, = 0.174 kips <— also the compressive force in (d) Set Q = 0 to find AT required to reduce spring 
the tube force to zero 
(b) force in tube F, = ~Q = — 0.174k < —$8 





A Tread = 

"WO (—arli + oL) 
Le=L— Qf, + o(AT)L Le =11.99in, =< AT eqa = —141.6°F since a; > o4, a temp. 
drop is req’d to shrink 
tube so that spring force 
goes to zero 


(c) Final length of tube & spring Lr — L + ô + 00 








CX 
ar, 
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Stresses on Inclined Sections 


Problem 2.6-1 A steel bar of rectangular cross section 

(1.5 in. X 2.0 in.) carries a tensile load P (see figure). The allow- 
able stresses in tension and shear are 14,500 psi and 7,100 psi, 
respectively. Determine the maximum permissible load Pmax- 





MAXIMUM LOAD - tension 
Paai = OxA Prax = 43500 Ibs 
MAXIMUM LOAD - shear 


Pana = 274A Pens = 42,600 Ibs 





Because Tajjow 1s less than one-half of Gayo, the shear 
stress governs. 


NUMERICAL DATA 


A=3in?  o,- 14500 psi 
Ta = 7100 psi 


Problem 2.6-2 A circular steel rod of diameter d is subjected to a tensile d EN 
force P — 3.5 kN (see figure). The allowable stresses in tension and shear — 

are 118 MPa and 48 MPa, respectively. What is the minimum permissible 
diameter dmin of the rod? 








Solution 2.6-2 
d 
P | P= 3.5 kN Pus = 2T (fas) 
—— —— 
| l 
dini TT 4 P 


NUMERICAL DATA P=3.5kN o, = 118 MPa 
Ta a 48 MPa nan = 6.81 mm mco 

Find Pmax then rod diameter 

since 7, is less than 1/2 of o,, shear governs 





CI 
ar 
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Problem 2.6-3 A standard brick (dimensions 8 in. X 4 in. X 2.5 in.) is compressed 
lengthwise by a force P, as shown in the figure. If the ultimate shear stress for brick is 
1200 psi and the ultimate compressive stress is 3600 psi, what force Pmax is required to break 


the brick? 








Maximum shear stress: 


mex 77) = 34 
Oni, = 3600 psi Tu = 1200 psi 


Because 1,,;; is less than one-half of o,,;,, the shear stress 
governs. 








T max — 2A OF Fima MT 


P max = 2(10.0 in.”)(1200 psi) = 24,0001b —— 


A = 2.5 in. X 4.0 in. = 10.0 in.” 
Maximum normal stress: 


d 
os 
Problem 2.6-4 A brass wire of diameter d = 2.42 mm is stretched tightly T |4 T 
between rigid supports so that the tensile force is T — 98 N (see figure). The < © q —— 
coefficient of thermal expansion for the wire is 19.5 X + 10 /?C and the | 


modulus of elasticity is E= 110 GPa 


(a) What is the maximum permissible temperature drop AT if the allowable 


shear stress in the wire is 60 MPa? 
(b) At what temperature changes does the wire go slack? 





EX 
ar, 
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Solution 2.6-4 Brass wire in tension 
d — — UH 2 
T | T T,=60MPa A--—d 
<~ f q- 4 
| T 
PP 
A 
NUMERICAL DATA AT max = ———— 
Ea 
d=2.42mm T=98N 
AT = — 46°C (d 
a = 19.5 (10°C E = 110 GPa max (crop) 
(a) AT max (DROP IN TEMPERATURE) (b) AT AT WHICH WIRE GOES SLACK 
increase AT until o = 0 
= —— Ga AT) -< 
T Ea AT ih 
T= Z z AT = 9.93°C (increase) 
2A 2 


Problem 2.6-5 A brass wire of diameter d = 1/16 in. is stretched between 
rigid supports with an initial tension T of 37 lb (see figure). Assume that the T 


d 
T 
coefficient of thermal expansion is 10.6 X 10~°/°F and the modulus of <A © , a —— 
elasticity is 15 X 10° psi.) 


(a) If the temperature is lowered by 60°F, what is the maximum 
-&v- shear stress Tmax 1n the wire? 
(b) If the allowable shear stress is 10,000 psi, what is the 
maximum permissible temperature drop? 
(c) At what temperature change AT does the wire go slack? 





Solution 2.6-5 





T |? T (b) AT nax FOR ALLOW. SHEAR STRESS T, = 10000 psi 
<+ i s -— 
A 2T; 

NUMERICAL DATA ATinax = ES 

1 — o 
d=-zin  T-37lb — a-106x(0 5/F AT imax = —49.99P  €7 

(c) AT AT WHICH WIRE GOES SLACK 

E = 15 X (10°) psi AT = —60°F increase AT until ø = 0 
Ax T 

- AT — 


EaA 
AT = 75.9°F (increase) <— 


(a) Tmax (DUE TO DROP IN TEMPERATURE) 


T 
— — (EaAT) 
CO x A 


T max m Tmax m 
2 2 


Tmax = 10800 psi < 





AA 
E, 
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Problem 2.6-6 A steel bar with diameter d = 12 mm is subjected to 
a tensile load P = 9.5 KN (see figure). 


(a) What is the maximum normal stress Omax in the bar? P P = 9.5 KN 
(b) What is the maximum shear stress Tmax? —— 


(c) Draw a stress element oriented at 45° to the axis of the bar and show 
all stresses acting on the faces of this element. 


Solution 2.6-6 Steel bar in tension 


| d = |2 mm (b) MAXIMUM SHEAR STRESS 
A SSE 
m | — The maximum shear stress is on a 45° plane and 
| equals o,/2. 
Ox 
P — 9.5 EN Tmax ^ 4 = 42.0 MPa <— 


2 


(a) MAXIMUM NORMAL STRESS (c) STRESS ELEMENT AT 0 = 45° 


| P | 95kN 
g, = "id c 84.0 MPa 9.000 9,000 
2 

FE mm) 


| IN 
Omax = 84.0 MPa <= 9,000 EP > 9.000 
-&v- 9.000 
9.000 





NOTE: All stresses have units of MPa. 


Problem 2.6-7 During a tension test of a mild-steel specimen 
(see figure), the extensometer shows an elongation of 0.00120 

in. with a gage length of 2 in. Assume that the steel is stressed 
below the proportional limit and that the modulus of elasticity 

E = 30 x 10° psi. 





(a) What is the maximum normal stress max in 
the specimen? 

(b) What is the maximum shear stress Tmax? 

(c) Draw a stress element oriented at an angle of 45? to the 
axis of the bar and show all stresses acting on the 
faces of this element. 





EX 
ar, 
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Solution 2.6-7 Tension test 


ims in.——-4 


(b) MAXIMUM SHEAR STRESS 
T The maximum shear stress is on a 45? plane and 
equals o2. 





Oo 
Elongation: 6 = 0.00120 in. Tua E = 9,000 psi << 


(2 in. gage length) 
(c) STRESS ELEMENT AT 0 = 45° 


Strain: £ = B = — = 0.00060 9.000 9.000 

Hooke’s law: o, = Ee = (30 X 10° psi)(0.00060) A = 45° 
= 18,000 psi 9,000 uF > 9,000 

(a) MAXIMUM NORMAL STRESS | 9.000 


9,000 


o, is the maximum normal stress. l l 
NOTE: All stresses have units of psi. 


Omax 7 18,000 psi €— 


Problem 2.6-8 A copper bar with a rectangular cross section is held A45% 
without stress between rigid supports (see figure). Subsequently, the 
temperature of the bar is raised 50°C. 

Determine the stresses on all faces of the elements A and B, and show 
x these stresses on sketches of the elements. 
(Assume a = 17.5 X 10 9/?C and E = 120 GPa.) 








Solution 2.6-8 Copper bar with rigid supports 


MAXIMUM SHEAR STRESS 





45° 


Ox 
Tmax ~” 5 — 52.5 MPa 
AT = 50°C (Increase) STRESSES ON ELEMENTS A AND B 
- —6jo 
a = 17.5 X 10 °/°C 105 105 + 
E = 120GPa | ae. 2 
d 34. d «B — 45? 
STRESS DUE TO TEMPERATURE INCREASE 52.5 4% 
< B 
o, = Ea (AT) (See Eq. 2-18 of Section 2.5) d No J^ 
— 105 MPa (Compression) rs | 969 52.5 22,5 


NOTE: All stresses have units of MPa. 





dA 
ar, 
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Problem 2.6-9 The bottom chord AB in a small truss ABC 
(see figure) is fabricated from a W8 X 28 wide-flange steel 
section. The cross-sectional area A = 8.25 in.” (Appendix E, 
Table E-1 (a)) and each of the three applied loads P = 45 k. 
First, find member force N4g; then, determine the normal and 
shear stresses acting on all faces of stress elements located in the 
web of member AB and oriented at (a) an angle 0 = 0°, (b) an 
angle 0 = 30°, and (c) an angle 0 = 45°. In each case, show the 
stresses on a sketch of a properly oriented element. 

















Solution 2.6-9 


Statics — NAB 


B degrees in web of AB o, = EP E A = 8.25 in” 
P = 45 kips M, =0  B,-——P 
p Ma zo 3 c, = —109ksi  «— 

By = —33.75 k (a) 0=0 oj, = 10.91 ksi <— 

12 —" 
BCy = -B,  BCuy- —BC, BC,=45k (b) 0 = 30 

9 on +x face 
YFu=OatB Nas = BCy +P O = ocos (0) y= —8.18 ksi <— 
Nani vDKIps (COBIpressrony oec To = —0,8in (0) cos (0) t= 472ksi | <— 


Normal and shear stresses on elements at 0, 30 & 45 on +y face p= p P. 


Tg = 0,c0s(6)" Og = —2.73 ksi 


Tg = —osin(0) cos(0) Tg = —4.72 ksi 





as 
ar, 
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T 
(c) 0 — 45 degrees on +y face 0-0- 3 
Dia RAGE 0 = aycos(6)" oy = —5.45 ksi 
= 2 = 
To = OxCOS(O) go = —5945ks *7 Tg = —OG.,sin(0)cos( 0) Tg — —5.45 ksi 
Tg = — osin (0) cos (0) Tg = 545ksi  €— 
Problem 2.6-10 A plastic bar of diameter d = 32 mm is P= UN 
compressed in a testing device by a force P = 190 N applied as 100mm | 300 imi , 


shown in the figure. 


(a) Determine the normal and shear stresses acting on all 
faces of stress elements oriented at (1) an angle 0 = 0°, 
(2) an angle 0 = 22.5°, and (3) an angle 0 = 45°. In each 
case, show the stresses on a sketch of a properly oriented 
element. What are Omax and Tmax? 

(b) Find Omax and Tmax in the plastic bar if a re-centering 
spring of stiffness k is inserted into the testing device, as 
shown in the figure. The spring stiffness 1s 1/6 of the axial 
stiffness of the plastic bar. 






Re-centering 
spring 
(Part (b) only) 





Solution 


NUMERICAL DATA (2) 0 — 22.50 degrees 





B m 2 
d = 32mm Acc on +x face 
P — 190N A — 804.25 mm? To = o,cos( 0) 


" Tg = —O.sin(0) cos(0) 
b = 300 mm Tg = 334 kPa < 


(a) Statics - FIND COMPRESSIVE FORCE F & STRESSES IN 





TT 
PLASTIC BAR on +y face (DEDE > 
poe F = 760N Ta = excos(0)" 

a Og = —138.39 kPa 
oF 7 7 Tg = —o.sin(0) cos( 0) 

Ox = x ox = 0.945 MPa or o, = 945 kPa E 
from (1), (2) & (3) below (3) 0 = 45 degrees 
Omax — Ox Omax — —945 kPa on +x face 

os gg = 0,cos( 0)? 
Tmax = 472 kPa ca = —472kPa Oy = —472 kPa  <— 
(1) 0 = 0 degrees o% = —945 kPa < Tg = —oxsin(0) cos(0) 


Tg = 412 kPa < 





di 
ar, 
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qT 
= a 4 P 
on +y face p cgo ?) force in plastic bar F = ($ P) 


Og = 0,cos(0)? Og = —472.49 kPa 
To = —g,sin(0)cos(0) | vg = —472.49 kPa 


(b) ADD SPRING - FIND MAX. NORMAL & SHEAR STRESSES 


normal and shear stresses in plastic bar 
IN PLASTIC BAR 


F 
O, = — o, = 0.38 
100 mm 200 mm 100 mm [P t A 
Omax = —378 kPa < 
O x 
Tmax ^ 2 Tmax ^ — 189 kPa «— 





-e- Problem 2.6-11 A plastic bar of rectangular cross section (b — 1.5 in. 

and A = 3 in.) fits snugly between rigid supports at room temperature (68°F) 
but with no initial stress (see figure). When the temperature of the bar is 
raised to 160°F, the compressive stress on an inclined plane pq at midspan 








becomes 1700 psi. b 
(a) What is the shear stress on plane pq? (Assume a = 60 x 10 */^F h 
and E = 450 X 10? psi.) 
(b) Draw a stress element oriented to plane pq and show the stresses 
acting on all faces of this element. Load P for part (c) only 4 
(c) If the allowable normal stress is 3400 psi and the allowable shear 
stress is 1650 psi, what is the maximum load P (in +x direction) 
which can be added at the quarter point (in addition to 
thermal effects above) without exceeding allowable stress values in the bar? 
Solution 2.6-11 
NUMERICAL DATA (a) SHEAR STRESS ON PLANE PQ 
B , IDE B 7 5 STAT-INDET ANALYSIS GIVES, FOR REACTION AT RIGHT 
b=15in h=3in A=bh AT = (160 — 68)°F nor: 
AT = 92°F R- —EAGAT R= -111781b 
A-4Sim oy- —1700 psi r 
a= 60 X (10 °)/°F Ox = A Ox — — 2484 psi 


E = 450 x (10°) psi 





di 
ar, 
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using og = o«cos(0) cos(0)? == 
Ox 
o 
0 = 2cos( ze) 0 = 34.2? 
O x 


now with 0, can find shear stress on plane pq 
Tog — —OsSsin(0)cos(0) Tog = 1154 psi iz: 


Ong 0,cos( 0)? Opa = —1700 psi 
stresses at 0 + 7/2 (y face) 
Y 
Ty = oco 0 + z) o, = —784 psi 
(b) STRESS ELEMENT FOR PLANE PQ 


ANS 





Xe 
p Sw zx 
Né 0-342? 
y 





a AÑ A 


(c) MAX. LOAD AT QUARTER POINT oa = 3400 psi 


Ta = 1650 psi 27, = 3300 < less than o, so 
shear controls 


stat-indet analysis for P at L/4 gives, for reactions: 


Ro- Resp 
R2 4 L2 4 


(tension for 0 to L/4 & compression for rest of bar) 








EX 
ar, 





from (a) (for temperature increase AT): 
Rgı = —EAaAT Ri, = —EAaAT 
Stresses in bar (0 to L/4) 


3p Co 
T= —EaAT + 7 Tmax = 5 
Set Tmax = Ta & solve for P maxi 
— EaAT 3P 
la m pu oe 
2 8A 
4A 
Pmaxl = ^4 2m + EaAT) 
Paar = 34704 Ib 
SE aAT OP ssi 
uw a 
Tmax = 1650 psi < check 
3P 
o, = — EaAT + e 
4A 
o, = 3300 psi < less than o, 
Stresses in bar (L/4 to L) 
P O 
vc, — — EAT- 7 Tmax = > 


Set Tmax = Ta & solve for P5 


Pmax2 = —~4A(—27, + EaAT) 


P. = 14688 Ib 


Tmax m 2 


ao, = = EaAT = 


C— 


— EaAT u Pmax2 





8A 


buo 


4A 


shear in segment (L/4 
to L) controls 


Tmax = —1650 psi 


g, = —3300 psi 
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Problem 2.6-12 A copper bar of rectangular cross section (b = 18 mm 
and A — 40 mm) is held snugly (but without any initial stress) between 
rigid supports (see figure). The allowable stresses on the inclined plane pq 
at midspan, for which 0 = 55°, are specified as 60 MPa in compression 
and 30 MPa in shear. 

(a) What is the maximum permissible temperature rise AT if the 


SECTION 2.6 Stresses on Inclined Sections 


allowable stresses on plane pq are not to be exceeded? (Assume A 


a = 17 X 10 °/°C and E = 120 GPa.) 

(b) If the temperature increases by the maximum permissible amount, 
what are the stresses on plane pq? 

(c) If the temperature rise AT = 28°C, how far to the right of end A 
(distance BL, expressed as a fraction of length L) can load P = 15 kN 
be applied without exceeding allowable stress values in the bar? Assume 
that o, = 75 MPa and 7, = 35 MPa. 
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Load for part (c) only 4 


p E. (b) STRESSES ON PLANE PQ FOR max. TEMP. 
^ 


2 | : i B 
Ox 
| ÜOpq — 


= —EaATmax Ox = —63.85 MPa 
ocos(0)? | ay, = —21.0 MPa < 


«&—— 


^. 
q E 7 
Tog = —Ox$in(0) cos(6) Tpq — 30 MPa 
NUMERICAL DATA 
(c) ADD LOAD P IN +X-DIRECTION TO TEMPERATURE 
TT CHANGE & FIND LOCATION OF LOAD 
0-55 180 radians 


b= 18 mm h = 40 mm 


AT = 28 DEGREES C 


P = 15 KN from one-degree stat-indet analysis, 


A = bh A = 720 mm? reactions Ra & Rg due to load P are: 


Tpqa = 60 MPa Toga — 30 Mpa 
a=17X(10 °/°C E = 120 GPa 


RA = —(1 — )P Rg — BP 
now add normal stresses due to P to thermal 


AT = 20°C P = 15 kN stresses due to AT (tension in segment 0 to BL, 


(a) FIND AT nax BASED ON ALLOWABLE NORMAL & SHEAR 
STRESS VALUES ON PLANE pq 





compression in segment BL to L) 


Stresses in bar (0 to BL) 


— CO 
Ox — gel ©) 0 Trax B os m - R Oo 
a o, = — EaAT +— mu = 
Gy, = Oxcos(0) —— m, = —oysin(6)cos(0) A 2 


^ set each equal to corresponding allowable & 
solve for o, 


shear controls so set Tmax = 74 & solve for B 





E (1 — B)P 
O pqa 27, = — EaAT + 
Cas a Ox; = 182.38 MPa A 
cos(0) A 
Taa p=1- p PTa + E«AT] 
3 ES 0x5 = —63.85 MPa 
— sin(0 )cos(0) ges 
lesser value controls so allowable shear stress governs ^ impossible so evaluate segment (BL to L) 
«O0 x2 a 
Alir = = ATmax = 31.3°C < 
Ea 








dh 
ar. 
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Stresses in bar (BL to L) 
Rp Oo 
T= - EaAT - ~~ Tmax = 5 


Set Tmax = Ta & solve for P max2 


Problem 2.6-13 A circular brass bar of diameter d is member AC 
in truss ABC which has load P = 5000 Ib applied at joint C. Bar AC 
is composed of two segments brazed together on a plane pq making 
an angle a = 36° with the axis of the bar (see figure). The allowable 
stresses in the brass are 13,500 psi in tension and 6500 psi in shear. 


On the brazed joint, the allowable stresses are 6000 psi in tension 
and 3000 psi in shear. What is the tensile force N4c in bar AC? 
What is the minimum required diameter dmin of bar AC? 


Solution 2.6-13 


NUMERICAL DATA 


P = 5 kips a = 36° o, = 13.5 ksi 


7, = 6.5 ksi 
9 = > -æ 8-254 
Tia = 6.0 ksi 
Tia = 3.0 ksi 


tensile force NAc Method of Joints at C 


pP 
27, = — EaAT — — 
A 
— A 
B= ^p [-2ta + EaAT] 
B = 0.62 «— 





Nac 


P 
AC sin(60°) (tension) 


Nac = 5.77 kips — 


min. required diameter of bar AC 


(1) check tension and shear in bars; 7, < o;/2 so shear 


Ox 
controls Tmax = —— 
2 
N 
274 = FU o = 27,7 13 ksi 








as 
ar, 





Sec 2.6.qxd 9/25/08 11:40 AM Page 189 





CIS 
LA 





Argi = n Aega = 0.44 in? 
a 


dmin = z Areqd Gig ~ OF 


(2) check tension and shear on brazed joint 


tension on brazed joint 


Ta = 0,c0s(6)" set equal to oj, & solve for ox, 
then diea 


Problem 2.6-14 Two boards are joined by gluing along a scarf 
joint, as shown in the figure. For purposes of cutting and gluing, 
the angle œ between the plane of the joint and the faces of the 
boards must be between 10? and 40?. Under a tensile load P, 
the normal stress in the boards is 4.9 MPa. 


if a = 20°? 


SECTION 2.6 Stresses on Inclined Sections 





shear on brazed joint 


Tg = —o0,S1n( 0) cos(8) 
dl 
Cy = | 
— (sin(0) cos(0)) 





(a) What are the normal and shear stresses acting on the glued joint 


-Qa- (b) If the allowable shear stress on the joint is 2.25 MPa, what is the 





largest permissible value of the angle a? 
(c) For what angle œ will the shear stress on the glued joint be 
numerically equal to twice the normal stress on the joint? 


o, = —6.31 ksi 
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10°=a=40° 
Due to load P: o, = 4.9 MPa 


(a) STRESSES ON JOINT WHEN a = 20? 


|H 
ALES 
J X90*— wa 


m "d 
=a 
G | ne 
4 





EX 
ar, 





0 = 90° — & = 70° 
T = d, cos?0 = (4.9 MPa) (cos 70°)” 
= 0.57 MPa <— 


Tg — 


— g, sin 0 cos 0 


= (—4.9 MPa)(sin 70?)(cos 70?) 


—1.58 MPa -— 


(b) LARGEST ANGLE @ IF Tajioy = 2.25 MPa 


Tallow 


= — g, sin 0 cos 0 
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The shear stress on the joint has a negative sign. Its 
numerical value cannot exceed Tayo, = 2.25 MPa. 
Therefore, 


—2.25 MPa = —(4.9 MPa)(sin 0)(cos 0) or sin 0 cos 
0 — 0.4592 


1 
From trigonometry: sin0cos0 = > 20 


Therefore: sin 20 = 2(0.4592) = 0.9184 
Solving: 20 = 66.00" or 113.31? 

0 = 33.34? or 56.66? 

a = 90° — 0 “.a@ = 56.66° or 3334? 
Since a must be between 10° and 40°, we select 
a= 33.3° << 

NOTE: If o is between 10° and 33.3°, 

| tT | « 2.25 MPa. 

If a is between 33.3? and 40°, 


CIS 
LA 





| Te | > 2.29 MPa. 


(C) WHAT IS @ if Tg = 20? 


Numerical values only: 








| 4| = o sin 0cos 0 | oo| = o, cos^8 
" 
ES an 
0 0 
g, sin 0 cos 0 = 20,cos70 
sin 0—2cos0 or tan0—2 
0 — 63.43? a= 90° — 0 
a=26.6° < 


NOTE: For a = 26.6? and 0 = 63.4°, we find 
Og = 0.98 MPa and Tg = —1.96 MPa. 


Thus, 
o 


Problem 2.6-15 Acting on the sides of a stress element cut from a bar in 
uniaxial stress are tensile stresses of 10,000 psi and 5,000 psi, as shown 
in the figure. 


(a) Determine the angle 0 and the shear stress Tg and show all stresses on a 


sketch of the element. 


(b) Determine the maximum normal stress Cmax and the maximum shear 


stress Tmax in the material. 





= 


= 2 as required. 


5000 psi 


D 
A 


10,000 psi 


To 7g 


To Tg 


Og = 10,000 psi 


< 
A 


5000 psi 





as 
ar, 
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Solution 2.6-15 Bar in uniaxial stress 


5,000 psi 


Tg 
10,000 psi 
g 


E 
J 


\ 


10,000 psi 
5,000 psi 


(a) ANGLE 0 AND SHEAR STRESS 79 
= 2 
Og = o, cos 0 


O, = 10,000 psi 


ao X 10,000 psi 


cos^ 








g, = 
cos? 


PLANE AT ANGLE 0 + 90? 





= g, sin’ 
Og + 90° = 5,000 psi 


T 0+90° _ 5,000 psi 





sin^0 sin^0 
Equate (1) and (2): 
10,000 psi — 5,000 psi 
cos0 sin? 


Problem 2.6-16 A prismatic bar is subjected to an axial force that produces a 

tensile stress og = 65 MPa and a shear stress Tg = 23 MPa on a certain inclined plane 
(see figure). Determine the stresses acting on all faces of a stress element oriented at 
0 = 30° and show the stresses on a sketch of the element. 


CIS 
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To + 90° = a,[cos(6 + 90°)? = o[—sin 6]? 
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1 
tan^0 = » tanü = 0 = 35.26°  «— 


S|- 


From Eq. (1) or (2): 

0 = 15,000 psi 

Tg = —0O, Sin 0 cos 0 

= (— 15,000 psi)(sin 35.26?)(cos 35.26?) 
——7,070psi < 


Minus sign means that Tg acts clockwise on the plane 
for which 0 = 35.26". 


5,000 


\ — 10,000 _-—* 
$ X | 8235.26? 
7,070 : \ —— 
N \ 


(1) \ x 7,070 





3,000 


NOTE: All stresses have units of psi. 
(b) MAXIMUM NORMAL AND SHEAR STRESSES 
Omax = 04 = 15,000 psi = 
(2) 


HL ; P 
Tmax ^ > = 7,500 psi 





as 
ar 
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Solution 2.6-16 
—(— 4754 + 6505) — 0 
as 
18 
— ER 4754 
gy = 
65 
x = 73.1 MPa Og = 65 MPa 
09 
0 = acos 0 = 19.5° 
Ox 
find 0 & o, for stress state shown above 
o? 
lo NN 
O9 = 0,cos(0)* cos (8) = uis Nos 
Ox w 
A ass P d 
| g > 
SO sin (0) = 4/1 — = \ O= 30° 
Os 5 
Tg = —o;,sin(9) cos(0) N 
MN PIC "ds a 
ToN? 9 09 
= fo now find og & Tg for 0 = 30? 
Ox Ox Ox 
(2y 65 (Sy Oo, = G,cos(0? Sg = 549MPa < 
Ox Ox Ox Tg = —O;,sin(0):cos(0) Tg = —31.7 MPa << 
053" 65 25 14 mi 
S Se SR eg 0985 = o cos| 0 + — Op = 18.3 MPa  $— 
Cx 0 x on 2 


Problem 2.6-17 The normal stress on plane pq of a prismatic bar in 


P 
tension (see figure) is found to be 7500 psi. On plane rs, which makes "m 
an angle 8 = 30° with plane pq, the stress is found to be 2500 psi. r p 
Determine the maximum normal stress Cmax and maximum shear P 





stress Tmax in the bar. 





EX 
ar, 
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Solution 2.6-17 Bar in tension 
ZN SUBSTITUTE NUMERICAL VALUES INTO EQ. (2): 
B ^ 
" 
P P cos0, | 7500 psi V 
= |Z = V3 = 1.7321 
i cos(0, + 30° 2500 psi 
s | | 
g Solve by iteration or a computer program: 
0; = 30? 
Eq. (2-293): 
MAXIMUM NORMAL STRESS (FROM EQ. 1) 
2 
Og = ocos 0 
e B a, — 7500 psi 
di j — E cos^0, .— cos? 30° 
PLANE pq: 94 = ocos“ 0 a, = 7500 psi 
PLANE rs: o> = 0,Cos?(0, + p) 9» = 2500 psi = 10,000 psi < 
Equate c, from c and o: MAXIMUM SHEAR STRESS 
A 72 =" = so00psi <— 
Ox = = ———————— (Eq. 1) Tmax 9 , p 





cos^0, cos^(0, T-B) 


Or 

cos^0, T] cos0, T] 
a REC = ho a co 
cos“(0; + B) | 90» cos(0; + B) 05 


Problem 2.6-18 A tension member is to be constructed of two 


pieces of plastic glued along plane pq (see figure). For purposes of P p ANO P 
cutting and gluing, the angle 0 must be between 25? and 45°. 
The allowable stresses on the glued joint in tension and shear are zi 


5.0 MPa and 3.0 MPa, respectively. 


(a) Determine the angle 0 so that the bar will carry the largest 
load P. (Assume that the strength of the glued joint 
controls the design.) 

(b) Determine the maximum allowable load Pmax if the 
cross-sectional area of the bar is 225 mm". 


Solution 2.6-18 Bar in tension with glued joint 


ALLOWABLE STRESS 0 x IN TENSION 


p ZN 09 5.0 MPa 
= qm MESE, n= oco == D 


7 cos^0 cos^0 





Tg = — osin 0 cos 0 
25 < 0 < 45° i M m" 
Since the direction of Tg is immaterial, we can write: 


A = 225 mm* To| = csin 0 cos 0 
On glued joint: G4, = 5.0 MPa 
Tallow — 3.0 MPa 





as 
ar, 
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n (a) DETERMINE ANGLE @ FOR LARGEST LOAD 
[re | _ 3.0 MPa Point A gives the largest value of o, and hence the 
*  ginOcosÓÜ  sinÓ cosO (2) largest load. To determine the angle 0 correspon- 
ding to point A, we equate Eqs. (1) and (2). 
GRAPH OF Eos. (1) AND (2) 
5.0 MPa 3.0 MPa 
cos?^0 sin 0 cos 0 
Ox 
(MPa) 3.0 
tand = — 0-—30.6? << 
"$0 
(b) DETERMINE THE MAXIMUM LOAD 
From Eq. (1) or Eq. (2): 
5.0 MP 3.0 MP 
T s fM 6.80 MPa 
cos?^0 sin 0 cos 0 
Pax = OA = (6.80 MPa)(225 mm?) 
=153kN <— 
Problem 2.6-19 A nonprismatic bar 1-2-3 of rectangular cross " » 
section (cross sectional area A) and two materials is held snugly l 2 


(but without any initial stress) between rigid supports (see figure). 
The allowable stresses in compression and in shear are specified as 

O, and T,, respectively. Use the following numerical data: (Data: 

b, = 4b,/3 = b; A, = 2A, = A; E, = 3E,/4 = E; a4 = 5a,/4 = a; 
Oa, = 40q2/3 = Oa, Tal = 2041/5, Ta2 = 30 g2/5; let oa = 11 ksi, 

P = 12 kips, A = 6 in.”, b = 8 in. E = 30,000 ksi, a = 6.5 X 10°/°F; 
yi; = 5y/3 = y = 490 lb/ft?) 


(a) If load P is applied at joint 2 as shown, find an expression for 
the maximum permissible temperature rise AT,,,, so that the 
allowable stresses are not to be exceeded at either 

location A or B. 

If load P is removed and the bar is now rotated to a vertical 
position where it hangs under its own weight (load 
intensity = w, in segment 1—2 and w, in segment 2-3), find 
an expression for the maximum permissible temperature 
rise AT max so that the allowable stresses are not exceeded at 
either location 1 or 3. Locations 1 and 3 are each a short 
distance from the supports at 1 and 3 respectively. 





(b 


—_ 








EX 
E, 
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Solution 2.6-19 


(a) STAT-INDET NONPRISMATIC BAR WITH LOAD P Ar jt 2 


apply load P and temp. change AT - use R5 as 
redundant & do superposition analysis 


O34 = Pfi> + (a,b; + œb2)AT 


by 
ôm = Ralfi + f) fig —— f; =—— 
3b 3( 12 23) 12 EJA} 23 E,A> 





compatibility: 03, + 63, = 0 
m Pfi5 A (ab; P a5b5JAT 
R5 = 
fio + i3 
< compression at Location B 
due to both P and temp. increase 
statics: R; = —P — R; 


— Pf54 + (a,b, + œb )AT 
I5 + fog 


< compression due to temp. increase, 
tension due to P, at Location A 


R, = 


numerical data & allowable stresses 


——— (normal & shear) 





3 
O31 O3 O32 4 Oa 

2 9 
Tal — 2 Ta2 — 50 ?à 
Numerical data 
c,—-]llksi A=6in®? P= 12 kips 
E=30000ksi a=6.5 X (10 9y/F steel 


(1) check normal and shear stresses at element A 
location & solve for AT max using Oy; & Tay 


Ry 
OxA — Ap 
= [C 431 A1(fj5 + f53)] + Pfo3 
max (a,b; + a5b;) 
f E REL, 
127 EA 23 = EAS 
3 3 
—b —b 
"ROME SN E pe 
SV EA 4A 4A 
3. 2 3 2 


AT wax = 





as 
ar. 
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850A + 45P 
A Tro A ^ 64EAon AT, ax = 82.1°F 
Q 
- compression due to temp. 
rise but tension due to P 
OxA 
Tmax A — 7 
AT ses 
n n 
(2 ) b 4 |J, 
5° | BA 4A] 445A 
3 2 3 2 
o 4 3 
b+-a-—b 
(« 54 ) 
680 ,A + 45P 
ANT = ^ 64EAq AI = 67.1°F 
a 


< shear controls for Location A where 
temp. rise causes compressive stress but 
load P causes tensile stress «— 


(2) check normal and shear stresses at element B 
location & solve for AT max using Oy & Taz 


R5 
TB = 
V lo a2A2(fi2 + 123)] + Pfi2 


(aby + a5b;) 


< compression due to both temp. rise & load P 


AT ax 
3 
3 Al b 4 b 
42| EA 4 A|| EA 
ar 
(ab + S00) 
5 4 
255g ,A — 320P 
= == 


512EAa 
A Tmax = 21.7°F «— 


normal stress controls for Location B where temp. 
rise & load P both cause compressive stress; 

as a result, permissible temp. rise is reduced at 

B compared to Location A where temp. rise 
effect is offset by load P effect 
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_ OxB 
TmaxB — ?) 
2TA T =P 
A Thrax = [rath + Jaa) 7 Pho Location A where temp. riseeffect is offset by load P effect 
(ab; + aby) 
n 
9 A| b 4 b 
M- Oal- iz F i 
20 '/2|EA 4p: EA 
3 2 
AT ax = 4 3 
(ao dec 2e) 
5. 4 
1530,A — 160P 
A'lDnax = SS AT max = 27.3°F 


256EAa 
(b) STAT-INDET NONPRISMATIC BAR HANGING UNDER ITS OWN WEIGHT (GRAVITY) 


apply gravity and temp. change AT - use R; as redundant & do superposition analysis 





—Wi W2 
03, = 5 fio — Woafi2 — "m 9 


— (a1b; + a7b>) AT 
ôb = Ra(fi5 + fo3) 
b; bo 


E c 
EA ^ BA 


Wi Wo 
ER + W3fi2 + za + (a,b; + a5b5) AT 


compatibility: 63, t 039 = O Ra = GENES. 
12 23 


^ compression at Location 3 due to both 
P and temp. increase 


Wi W2 
a BW + —5 £3 + (ab, + a5b;)AT 


statics: R, = W, + W, — R; Ry = Wy + W5 — f+ f 
12 23 


^ compression at Location 1 due to temp. 
increase, tension due to W, & W- 
Ry O x] R3 O x3 


Ox] — A Tmaxl — 2) O x3 
1 








numerical data & allowables stresses (normal & shear) 





3 2 9 
Oat — Oa Oa ~ 47a T al T UM Tad ~ 59 7a 
ga = 11 ksi A = 6 in? E = 30000 ksi a= 6.5 X (10 °F 
0.490 
b = 8 in. = k/in? 
H 12? 





dh 
ar. 
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(1) check normal and shear stresses at element 1 location & solve for AT max using Gy; & 7,, normal stress 


Wi Wo 
5 in + Wifi. + g” + (ab + a5b5)AT 


fio + fo3 


041A = Wi + W2 - 


e yiA4bjfi5 + 20y1Aj4bi)fo3 + Y2A2b2f23 — 20 44 Aí( fio + f23) 
PS 2(ab, + ab) 








3 3 3 
=p — b — b 
na t 2(y Ab) ee 5 (25) 4 + 284A P E AM 
= LI uum T BM 
EA UUCALA 5254 /4.A S| EA 4_A 
3 2 32 2 3 2 
A sax Em 4 3 
(a T 5 a i) 
^ sign difference because gravity 
— ]1121yb + 13600 offsets effect of temp. rise 
AT max = —————— —— AT max = 74.9°F 
1024Ea 


Next, shear stress 


2 
—1121yb + 1360( 220, ) 


MI. = AT max = 59.9°F 
P 1024E« 


(2) check normal and shear stresses at element 3 location & solve for AT max using Gaz & 7,» normal stress 


Wi W» 
o ajAo(fi5 + £23) + 25 B + Wofi, + t 28 














A Tax = 
a,b; T a) bs 
<same sign because temp. rise & gravity 
both produce compressive stress at element 3 
3 A (1v) 3, 
a b 4 yAb b ER 5! 24 4 
4 72|BA 4,4 2 EA 5°'2\4 JEA 2 4_A 
> 2 3 2 
AT ass = 4 3 
aD Fab 
5 4 
5100, + 545yb 
AT = d AT max = 28.1?F 
1024Ea 
shear stress 
9 
si(2 Zo.) + 545yb 
AT hax = IDAE 2 AT = 253 F  *- 


shear at element 3 location controls 





dh 
ar. 
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Strain Energy 


When solving the problems for Section 2.7, assume that the 
material behaves linearly elastically. 


Problem 2.7-1 A prismatic bar AD of length L, cross-sectional 
area A, and modulus of elasticity E is subjected to loads 5P, 3P, 
and P acting at points B, C, and D, respectively (see figure). 
Segments AB, BC, and CD have lengths L/6, L/2, and L/3, 
respectively. 





(a) Obtain a formula for the strain energy U of the bar. 
(b) Calculate the strain energy if P = 6k, L = 52 in., 
A = 2.76 in, and the material is aluminum with 
E — 10.4 x 10? psi. 


Solution 2.7-1 Bar with three loads 











pug (a) STRAIN ENERGY OF THE BAR (EQ. 2-40) 
[2521 T- NL 
E = 10.4 X 10° psi 2EjA; 
= in.” l L L L 
A = 2.16 in. _ | B pr(£) 2e 2pp(£) , er( E) 
2EA 6 2 3 
INTERNAL AXIAL FORCES 
Nig =P Ng ——2P Ncp = P 7 P^L (2 E 23P?L 
LENGTHS 2EA\ 6 12EA 


L L (b) SUBSTITUTE NUMERICAL VALUES: 
LAB © Lac = y Lop = y 
23(6 k)^(52 in.) 


12(10.4 X 10° psi) (2.76 in.?) 


= 125in-lb < 





CI 
ar 
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Problem 2.7-2 A bar of circular cross section having two different diameters 
d and 2d is shown in the figure. The length of each segment of | d 
the bar is L/2 and the modulus of elasticity of the material is E. 5 —— á 


(a) Obtain a formula for the strain energy U of the bar due to the load P. | 
(b) Calculate the strain energy if the load P — 27 kN, the length L — 600 mm, | L 
the diameter d = 40 mm, and the material is brass with E = 105 GPa. 2 2 








2d 
d 
| | 
! 2 2 
(a) STRAIN ENERGY OF THE BAR (b) SUBSTITUTE NUMERICAL VALUES: 


Add the strain energies of the two segments of the 


bar (see Eq. 2-40). P=2/kN_ L= 600 mm 























EPa U=, ~ T zT T, 
i-12 EA; 2E (7d — (d) 5(27 kN2)(600 mm) 
— Pe ere nee | 
i T ( i . 3 E T L 477(105 GPa)(40 mm) 
TENA d AnEd = 1.036 N- m = 1.036J < 


Problem 2.7-3 A three-story steel column in a building supports roof 
and floor loads as shown in the figure. The story height H is 10.5 ft, the 
cross-sectional area A of the column is 15.5 in^, and the modulus of elasticity 





E of the steel is 30 X 10 psi. | 
Calculate the strain energy U of the column assuming P, = 40 k and H 

P> = P3 = 60k. | 
| 

H 
[i 

| 
H 

| 





eoecec rere eee eee eee eee eee eee eee eee eee eee ees e eee e ees e eee eee eee reese ee eee essere seeeeseeeereeeee eee eee eee eee eee eeseeeeeeeeeeeeeeeee eee eee ee eseeeeeeseeeeeeereereeeeeee eee eee eeee 
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Solution 2.7-3 Three-story column 
Upper segment: N; = —P, 
== Middle segment: Ny = —(P, + P2) 
| Lower segment: N3 = —(P, + P5 + P3) 
H 
| STRAIN ENERGY 
2E A; 
H 
H iad 2 2 
a eg Te E F eee) 
$ 2EA 
| 
i H 
H Za 
| zrl] 
| [Q] = (40 k)? + (100 k)? + (160 k}? = 37,200 k? 
E E 6 oi 
H= 10.5ft — E —50X I0 psi 2EA = 2(30 X 10° psi)(15.5 in.2) = 930 x 10° Ib 
A-—155in^ P,=40k 
on (10.5 ft)(12 in./ft) : 
"T U = — [37,200 k*] 
oe TO 930 x 10° Ib 
To find the strain energy of the column, add the strain 
——— energies of the three segments (see Eq. 2-40). s500 <= 





Problem 2.7-4 The bar ABC shown in the figure is loaded by a 
force P acting at end C and by a force Q acting at the midpoint B. The bar Q P 


has constant axial rigidity EA. LH e 


(a) Determine the strain energy U, of the bar when the force P acts | 
alone (Q — 0). 

(b) Determine the strain energy U» when the force Q acts alone (P = 0). 

(c) Determine the strain energy U5 when the forces P and Q act 
simultaneously upon the bar. 
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Solution 2.7-4 Bar with two loads 
Q P (c) FoncEs P AND Q ACT SIMULTANEOUSLY 
— 
A B C : T" PAIS), pup 
E. ——412——4 LI ——+ rem SBC OFA AEA 
+ 2 
(a) Force P ACTS ALONE (Q = 0) Segment AB: Uap = (Pt OY 2) 
2EA 
mc PL 
1 2 2 
AEA PL POL L 
_PL | POL Q 


(b) Force Q ACTS ALONE (P = 0) 4EA 2EA 4EA 


Quo QL u-u puy PL, POL Qu 
2EA 4EA 3 “BC ^ VAB OFA  2EA  4EA 





2 


(Note that U3 is not equal to U, + U>. In this case, 
Uz > U, + U>. However, if Q is reversed in direction, 
U3 < U, + U2. Thus, U3 may be larger or smaller than 
U, + Ua) 


Problem 2.7-5 Determine the strain energy per unit volume (units of psi) and the strain energy per unit weight (units of in.) 
that can be stored in each of the materials listed in the accompanying table, assuming that the material is stressed to the pro- 
portional limit. 


DATA FOR PROBLEM 2.7-5 


Weight Modulus of Proportional 

density elasticity limit 
Material (Ib/in.?) (ksi) (psi) 
Mild steel 0.284 30,000 36,000 
Tool steel 0.284 30,000 75,000 
Aluminum 0.0984 10,500 60,000 
Rubber (soft) 0.0405 0.300 300 


Solution 2.7-5  Strain-energy density 


STRAIN ENERGY PER UNIT VOLUME 





DATA: 
PL 

Weight Modulus of Proportional U = Volume V = AL 

density elasticity limit 2EA 
Material (Ib/in.?) (ksi) (psi) P 
Mild steel 0.284 30,000 36,000 Pesca 
Tool steel 0.284 30,000 75,000 ^ 
Aluminum 0.0984 10,500 60,000 | U _ OPL 
Rubber (soft) 0.0405 0.300 300 “Y 2E 
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Sec 2.7.qxd 9/25/08 11:42 AM Page 202 Za 
E 
202 CHAPTER 2  Axially Loaded Members 
At the proportional limit: At the proportional limit: 
2 
= yp = i CPL 
u = ug = modulus of resistance uy = (Eq. 2) 
2YE 
2 
CPL 
UR = 2E (Eq. 1) — 
RESULTS 

STRAIN ENERGY PER UNIT WEIGHT ug (psi) u,, (in.) 

PR | H Mild steel 22 76 
m IFA NINE Ue = VE Tool steel 94 330 

Aluminum 171 1740 
y = weight density Rubber (soft) 150 3700 
U a? 
u =. SSS. 
W W 2yE 


Problem 2.7-6 The truss ABC shown in the figure is subjected to a horizontal 
load P at joint B. The two bars are identical with cross-sectional area A and modulus 
of elasticity E. 


(a) Determine the strain energy U of the truss if the angle B = 60°. 
(b) Determine the horizontal displacement 0g of joint B by equating the strain 
energy of the truss to the work done by the load. 














p = 60° wae ie XE 
Lag = Lgc = L —F,, sin B+ Fgc sin B = 0 
sin B = V3/2 Fig = Pee (Eq. 1) 
cos B = 1/2 È Froiz = 0> < 
FREE-BODY DIAGRAM OF JOINT B —FApc0s D — Fgccos B+ P—0 
= Fap > Lae — =p (Eq. 2) 
B\ / NJ B 2cosB  2(1/2) 


vA x 
* FAB \ Fac 





as 
ar. 
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Axial forces: N45 — P (tension) (b) HORIZONTAL DISPLACEMENT OF JOINT B (EQ. 2-42) 
Ngc = —P (compression) 2U 2 ( rt) 2PL 
B = — = —| SS = — 
(a) STRAIN ENERGY OF TRUSS (EQ. 2-40) P PN EA EA 


NiL; |(NagYL | (NacYL _ PPL 
2E;A; 2EA 2EA EA 








U= > 





Problem 2.7-7 The truss ABC shown in the figure supports a 
horizontal load P, = 300 Ib and a vertical load P; = 900 Ib. Both 
bars have cross-sectional area A — 2.4 in.? and are made of steel 
with E = 30 X 10° psi. 






(a) Determine the strain energy U, of the truss when the load P, 
acts alone (P = 0). 





SEL RN 








(b) Determine the strain energy U5 when the load P, acts alone DE —— ^ Fico 
(PS = 0). B 

(c) Determine the strain energy U5 when both loads act P> = 900 Ib 
simultaneously. Cds ,| i 


L Lec ad ms 
= = 1n. = : 1n. 
AB cos 30° v3 


2EA = 2(30 x 10° psi)(2.4 in.^) = 144 X 10° Ib 








FORCES FA4g AND Fgc IN THE BARS 

From equilibrium of joint B: 

Far = 2P5 — 1800 Ib 

Frc = P, — P2V3 = 300 lb — 1558.8 Ib 





Force P, alone P; alone P, and P, 
P, = 300 Ib e 
Fup 0 1800 Ib 1800 Ib 
P5 = 900 Ib Fac 300 Ib — 1558.8 Ib — 1258.8 Ib 
Asainn EE» 
(a) LoAD P, ACTS ALONE 
E = 30 x 10° psi ; ; 
isum U, = E Lpc _ (300 Ib) B in.) 
EA 
= 0.0375 in.-lb «— 
— 
sin B = sin 30° = 2 (b) LoAD P» ACTS ALONE 


1 
V3 Uy = >| Fas) Lap + (Feo Lec 
cos B = cos 30° = —— 





as 
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= — (1800 1b)^(69.282 in. = ——] (1800 1b)^(69.282 in. 
EIE y in.) ERE or in.) 
+ (— 1558.8 Ib)^(60 in) + (— 1258.8 Ib)^(60 in.) 
370.265 x 10° Ib?-in. 6 I2. 
_ Le a ee _ 319.548 x 10° Ib?-in. 
144 x 10° Ib 144 x 10° Ib 
(c) Loaps P, AND P5 ACT SIMULTANEOUSLY 559544745 x 


NOTE: The strain energy U3 is not equal to U; + Up. 


U3 (Fap) Lag + (F A 


— OFA 


Problem 2.7-8 The statically indeterminate structure shown 

in the figure consists of a horizontal rigid bar AB supported by 
five equally spaced springs. Springs 1, 2, and 3 have stiffnesses 
3k, 1.5k, and k, respectively. When unstressed, the lower ends of 
all five springs lie along a horizontal line. Bar AB, which has 
weight W, causes the springs to elongate by an amount 0. 


(a) Obtain a formula for the total strain energy U of the 

s springs in terms of the downward displacement 
ô of the bar. 

(b) Obtain a formula for the displacement 6 by equating the 
strain energy of the springs to the work done by the 
weight W. 

(c) Determine the forces F4, F5, and F5 in the springs. 

(d) Evaluate the strain energy U, the displacement ô, and the 
forces in the springs if W = 600 N and k = 7.5 N/mm. 











CX 
ar, 
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Solution 2.7-8 Rigid bar supported by springs 
(c) FORCES IN THE SPRINGS 
3W 
F, = 3k6 = —— F, = 1.5kô = — < 
i Do s 20 
W 
F3 = ko = — <— 
10 
(d) NUMERICAL VALUES 
kı = 3k 
W= 600N k=7.5 N/ = 7500 N/ 
kə = 1.5k UT mE 
kg =k W 2 w2 
> U = 5k6? = sn) -— 
ô = downward displacement of rigid bar 10k 20k 
kô?” _ "m 
For a spring: U = os Eq. (2-38b) -24N:m-24J < 
(a) STRAIN ENERGY U OF ALL SPRINGS 8- Ww — 80mm = 
10K 
3k” 1.5k7N — kó* B 
U = 2| —— |] +2 + — = 5kô < 3W 
2 2 2 F,- — —180N < 
10 
(b) DISPLACEMENT Ó 
-Qa- wô Fy = S =90N < 
Work done by the weight W equals y 20 
Strain energy of the springs equals 5k" F = = GON = 
, = = 5k6* and ô= xr «— NOTE: W = 2F, + 2F, + F4 = 600 N (Check) 


Problem 2.7-9 A slightly tapered bar AB of rectangular cross 

section and length L is acted upon by a force P (see figure). The D 
width of the bar varies uniformly from b, at end A to b, at end B. by 
The thickness f is constant. 


(a) Determine the strain energy U of the bar. 
(b) Determine the elongation 6 of the bar by equating the 
strain energy to the work done by the force P. 








EX 
ar, 











Sec 2.7.qxd 9/25/08 11:42 AM Page 206 





CIS 
LA 





206 CHAPTER 2  Axially Loaded Members 


Solution 2.7-9 Tapered bar of rectangular cross section 


Apply this integration formula to Eq. (1): 























Fg P 
j P? l by — byx|p 
E U = | in|, - C k | 
2EtL — (by — by)(+) L 0 
PI -L -L 
— 2Et (bs — by — b Hp Lp — b In b» 
(b> = bx t ( 2 1) ( 2 1) 
b(x) = ba — a 
a PL 19 
SS | l SE 
A(x) = tb(x) 2Et(b> — bı) bi 
= | b, — M2 DE (b) ELONGATION OF THE BAR (EQ. 2-42) 
(a) STRAIN ENERGY OF THE BAR 5 = 2U = o PL Oo In b 
P Et(by — bi) by 
[NGO dx 
m 2EA(x) (Eq. 2- 41) NOTE: This result agrees with the formula derived in 
Prob. 2.3-13. 
-f P^dx -Ef dx (1) 
o 2Etb(x) — 2Et Jy b, — (by — biz 
From Appendix C Se ES T 
rom endix C: = —]n 
i: gx p E i 
Problem 2.7-10 A compressive load P is transmitted through a rigid plate to three 
magnesium-alloy bars that are identical except that initially the middle bar is slightly P 


shorter than the other bars (see figure). The dimensions and properties of the assembly 
are as follows: length L = 1.0 m, cross-sectional area of each bar A = 3000 mm”, 
modulus of elasticity E = 45 GPa, and the gap s = 1.0 mm. | 





(a) Calculate the load P, required to close the gap. 
(b) Calculate the downward displacement 6 of the rigid plate when P = 400 kN. L 
(c) Calculate the total strain energy U of the three bars when P — 400 kN. 
(d) Explain why the strain energy U is not equal to Po/2. 
(Hint: Draw a load-displacement diagram.) 





EX 
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Solution 2.7-10 Three bars in compression 
p (c) STRAIN ENERGY U FOR P = 400 kN 
B] i s = 10mm EAS? 
* FTH — | U — 
Um AE 
| b. 
i l 1 Outer bars: 8 — 1.321 mm 
Middle bar: ô= 1.321 mm — 5 
= 0.321 mm 
aL 
EA > ) 
U = —[2(1.321 mm)* + (0.321 mm)? 
2L 
s — 1.0mm 
L — |. 1 
zn = 5(135 x 10° N/m)G.593 mm?) 
For each bar: 
A = 3000 mm? = 243N: m = 243J < 
ee (d) LOAD-DISPLACEMENT DIAGRAM 
AA = 135 X 105 N/ 
E e bri 
L U —243J] —243N: m 
(a) LoAD P, REQUIRED TO CLOSE THE GAP Po - 1 400 kN)(1.321 mm) = 264 N* m 
PL EAS a 2 
In general, 6 = —— and P = —— 
= The strai U i lt LRN th 
AEE bare ve T e strain energy U is not equal to Ta ecause the 
load-displacement relation is not linear. 
p, = EE E, B 
i= LÀ" ( m)(1.0 mm) 400.1... 200kN — — af 
— <— 3007 
P, — 270 kN P P. 
(b) DISPLACEMENT 6 FOR P = 400 kN (kN) 200 ' 
Since P > P4, all three bars are compressed. 100 - NS 4 7 Se 
The force P equals P, plus the additional force » ^ 67.321 mm 
required to compress all three bars by the amount = z xd 
8— s Ó 5 190 45) 2 
Displacement à (mm) 
A 
L U = area under line OAB. 
Pô 
or 400 kN = 270 kN + 3(135 x 10° N/m) — = area under a straight line from O to B, which is 


(6 — 0.001 m) larger than U. 


Solving, we get ô = 1.321 mm < 
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dn 


Problem 2.7-11 A block B is pushed against three springs by a force P 
(see figure). The middle spring has stiffness kı and the outer springs each 
have stiffness k,. Initially, the springs are unstressed and the middle spring 


is longer than the outer springs (the difference in length is denoted s). 


(a) Draw a force-displacement diagram with the force P as ordinate 
(b) From the diagram, determine the strain energy U, of the springs 


(c) Explain why the strain energy Ui, is not equal to Pó/2, where ô = 2s. 


and the displacement x of the block as abscissa. 


when x = 2s. 





Solution 2.7-11 Block pushed against three springs 





Force Po required to close the gap: 

Po = ks (1) 
FORCE-DISPLACEMENT RELATION BEFORE GAP IS CLOSED 
P=kx Osx s s0 <P = Po) (2) 
FORCE-DISPLACEMENT RELATION AFTER GAP IS CLOSED 


All three springs are compressed. Total stiffness equals 
kı + 2k,. Additional displacement equals x — s. Force 
P equals Po plus the force required to compress all three 
springs by the amount x — s. 


P = Po + (ky + 2k5)(x — s) 
= kis + (ky + 2k5)x — kıs — 2kos 
P = (k; + 2k)x —2khs (x= s); (P = Po) (3) 
P, = force P when x = 2s 
Substitute x = 2s into Eq. (3): 
P, = 2(k, + ks (4) 


(a) FORCE-DISPLACEMENT DIAGRAM 


Force P 


Re exces ce st. net. up 





‘Slope = kų 


a 


Z 1 __ Slope = ky + 2k; 


Displacement x 


(b) STRAIN ENERGY U; WHEN x = 25 


U, = Area below force - displacement curve 
"aL kA 


1 I 1 
= phos ELE a Pas cos E 


= kıs? + (ky ks? 


U, = (2k, + ks? 





EX 
ar, 
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Pô ; : . 
(c) STRAIN ENERGY Ü, IS NOT EQUAL TO a ca = area under a straight line from O to B, which 


is larger than Uj. 


Po 1 
For ô = 2s: — = = P,(2's) = Pis = 2(ky + ks? P6 | 
2 2 Thus, 23 is not equal to the strain energy because 


(This quantity is greater than Uj.) the force-displacement relation is not linear. 


U, — area under line OAB. 


Problem 2.7-12 A bungee cord that behaves linearly 
elastically has an unstressed length Lo = 760 mm and a 
stiffness k = 140 N/m.The cord is attached to two pegs, dis- 
tance b — 380 mm apart, and pulled at its midpoint by a 
force P = 80 N (see figure). 


(a) How much strain energy U is stored in the cord? 
(b) What is the displacement Oc of the point where the 
load is applied? 
(c) Compare the strain energy U with the quantity 
Pôcl2. 
(Note: The elongation of the cord is not small compared 
to its original length.) 





a Solution 2.7-12 Bungee cord subjected to a load P. 


DIMENSIONS BEFORE THE LOAD P IS APPLIED From triangle ACD: 
1 
a= 5V 0 — p? = 329.09 mm (1) 


DIMENSIONS AFTER THE LOAD P IS APPLIED 








Lo 
Lo = 760 mm E = 380 mm 





b = 380 mm 
Let x = distance CD 


Bungee cord: 
E Let Lı = stretched length of bungee cord 


k = 140 N/m 








dh 
ar 
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From triangle ACD: 
L b\? 
om 
2 2 

Li = VD + Ax 


EQUILIBRIUM AT POINT C 


(2) 


(3) 


Let F = tensile force in bungee cord 





B L4/2 
PR x 








F 


XC 


ELONGATION OF BUNGEE CORD 


(4) 


Let ó — elongation of the entire bungee cord 


k | 2k Ax? 
Final length of bungee cord = original length + 6 


iy = (6) 


SOLUTION OF EQUATIONS 


Combine Eqs. (6) and (3): 


Pj bà 
L,— Lot —4l1+— = Vb? + 4° 
2k Ax? 


CIS 
LA 





(7) 


This equation can be solved for x. 
SUBSTITUTE NUMERICAL VALUES INTO EQ. (7): 


(80 N)(1000 mm/m) | 
4(140 N/m)x 





760 mm = £ — 


x V(380 mm)? + 4x? (8) 





760 — (1 E 1) V 144,400 + Ax? (9) 
X 


Units: x is in millimeters 
Solve for x (Use trial & error or a computer program): 


x — 497.88 mm 


(a) STRAIN ENERGY U OF THE BUNGEE CORD 


kô? 

pnm k = 140 N/m P= 80N 
From Eq. (5): 
8 zi 1 + p 305.81 

< os : mm 
2k Ax? 
i 

U= 540 N/m)(305.81 mm)? = 6.55 N.m 
U = 6.55] < 


(b) DISPLACEMENT Oc OF POINT C 
ôc = x — d = 497.88 mm — 329.09 mm 


168.8 mm 


«—— 
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(c) COMPARISON OF STRAIN ENERGY U WITH THE 
QUANTITY PÓc/2 


U — 6.55] 


Pic 1 

"9 (80 N)(168.8 mm) — 6.75 J 

The two quantities are not the same. The work done by 
the load P is not equal to Pôc/2 because the load- 
displacement relation (see below) is non-linear when 
the displacements are large. (The work done by the 
load P is equal to the strain energy because the bungee 
cord behaves elastically and there are no energy 
losses.) 


U = area OAB under the curve OA. 


Pô 
s — area of triangle OAB, which is greater than U. 


CIS 
LA 
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emo ohm -----.--*ar:—-m tm 









i 
A— Large 
displacements 


d." 


v 
Small 
displacements 


Displacement 
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Impact Loading 


behaves linearly elastically and no energy is lost during the impact. den 
ollar 


Problem 2.8-1 A sliding collar of weight W — 150 Ib falls from a height BEN 
h — 2.0 in. onto a flange at the bottom of a slender vertical rod (see figure). e» 


The problems for Section 2.8 are to be solved on the basis of the assumptions 
and idealizations described in the text. In particular, assume that the material he di 


The rod has length L = 4.0 ft, cross-sectional area A = 0.75 in.?, and modulus 
of elasticity E — 30 X 10 psi. 


L 
Calculate the following quantities: (a) the maximum downward Rod 
displacement of the flange, (b) the maximum tensile stress in the rod, BW : 


d (c) the 1 t factor. 
and (c) the impact factor Flange 


^w 
B 


Probs. 2.8-1, 2.8-2, 2.8-3 


Solution 2.8-1 Collar falling onto a flange 


(a) DOWNWARD DISPLACEMENT OF FLANGE 


WL 
8, = — = 0.00032 in. 
EA 





Eq. of (2-53): 


1/2 
2h 
Os 
| 
| 


= 0.0361 in. < 





(b) MAXIMUM TENSILE STRESS (EQ. 2-55) 


Eô 
i= LÍ = 22,600 psi < 





(c) IMPACT FACTOR (EQ. 2-61) 


max — 0.0361 in. 
W = 150 Ib 8, 0.00032 in. 


h = 2.0 in. L = 4.0 ft = 48 in. =113 < 
E = 30 X 10° psi A=075 10, 











Impact factor = 
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Problem 2.8-2 Solve the preceding problem if the collar has mass 
M = 80 kg, the height h = 0.5 m, the length L = 3.0 m, the cross-sectional 
area A = 350 mm?, and the modulus of elasticity E = 170 GPa. 





M — 80 kg 

W = Mg = (80 kg)(9.81 m/s?) 
= 784.8 N 

h = 0.5 m L=3.0m 

E=170GPa A = 350 mm’ 


(a) DOWNWARD DISPLACEMENT OF FLANGE 


WL 
by = = 0.03957 mm 


2h 1/2 
Eq. (2-53): Smax = 2E + (1 n 2 | 


St 

= 6.33 mm = 

(b) MAXIMUM TENSILE STRESS (EQ. 2-55) 

EO max 
L 


O max — 





= 359 MPa < 
(c) IMPACT FACTOR (EQ. 2—61) 


i a O nus 6.33 mm 
mpact factor = = — TT 
p 8, 0.03957 mm 


= 160 < 





Problem 2.8-3 Solve Problem 2.8-1 if the collar has weight W = 50 Ib, 
the height h = 2.0 in., the length L = 3.0 ft, the cross-sectional area 
A = 0.25 in.*, and the modulus of elasticity E = 30,000 ksi. 





W = 501b 
L = 3.0 ft = 36 in. 
E = 30,000 psi 


h = 2.0 in. 


A = 0.25 in.” 
(a) DOWNWARD DISPLACEMENT OF FLANGE 


|. WL 


8, = — = 0.00024 in. 
EA 


2h 1/2 
Eq. (2 — 53): Sax = 2E + (1 + 2 | 


= 0.0312 in. < 





di 
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(b) MAXIMUM TENSILE STRESS (EQ. 2-55) (c) IMPACT FACTOR (EQ. 2-61) 
EO max Ó 0.0312 1n 
= = 26,000 psi < = = N 
Cma ~ p pst EE EET TEM 


= 130 < 


Problem 2.8-4 A block weighing W = 5.0 N drops inside a cylinder 
from a height h = 200 mm onto a spring having stiffness k = 90 N/m 
(see figure). 


(a) Determine the maximum shortening of the spring due to the l 
impact, and (b) determine the impact factor. Cylinder 





Solution 2.8-4 Block dropping onto a spring 











W=50N EEE I0 Nm (b) IMPACT FACTOR (EQ. 2-61) 
(a) MAXIMUM SHORTENING OF THE SPRING Impact factor — Omax E og 
Ow 55.56 mm 
W | 50N 
84 =— = = 55.56 a i 
" ^k — 90N/m m 


2h 1/2 
Eq. (2-53): Smax = 2E + (1 + 2 | 


St 


= 215mm < 





dA 
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Sec 2.8-2.12.qxd 9/25/08 11:43 AM Page 215 





CIS 
LA 





SECTION 2.8 Impact Loading 215 


Problem 2.8-5 Solve the preceding problem if the block weighs 
W = 1.0 lb, h = 12 in., and k = 0.5 Ib/in. 


(a) MAXIMUM SHORTENING OF THE SPRING 


W | 101b 
S eu e o Dum 
S5  k ~ 0.5 ibin = 
2h 1/2 
Eq. (2-53): Smax = à, n (1 x 2 | 
St 
= 021] in. < 


(b) IMPACT FACTOR (EQ. 2-61) 





Ó 9.21 in. 
Impact factor = —— = e 
Ógst 2.0 in. 

=46 < 


W = 1.0 1b h = 12 in. k = 0.5 Ib/in. 


Problem 2.8-6 A small rubber ball (weight W = 450 mN) is attached by a rubber cord to 

a wood paddle (see figure). The natural length of the cord is Lọ = 200 mm, its cross- 

-&- sectional area is A = 1.6 mm^, and its modulus of elasticity is E = 2.0 MPa. After being 
struck by the paddle, the ball stretches the cord to a total length L, = 900 mm. 





What was the velocity v of the ball when it left the paddle? (Assume linearly elastic 
behavior of the rubber cord, and disregard the potential energy due to any change in 
elevation of the ball.) 





< S 

M 

g —9.81 m/s? E= 2.0 MPa 

A=1.6mm? Lọ = 200 mm 

Lı = 900 mm W = 450 mN 

WHEN THE BALL LEAVES THE PADDLE 
7 Wy? 


KE = — 
29 


WHEN THE RUBBER CORD IS FULLY STRETCHED: 





m EAS? — EA — 
i, 2." = 
CONSERVATION OF ENERGY 
mop ae a ay 
2o "Aie cw 
gEA 
vwd ~ Loy 
0 


gEA 
y = (L4 — Lo) WI, — 
0 


SUBSTITUTE NUMERICAL VALUES: 


[(9.81 m/s?) (2.0 MPa) (1.6 mm?) 
v = (700 mm) 
(450 mN) (200 mm) 


= 13.1] m/s <“ 








EN 
E, 
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Problem 2.8-7 A weight W = 4500 Ib falls from a height / onto 





a vertical wood pole having length L — 15 ft, diameter d — 12 in., | W = 4,500 Ib 
and modulus of elasticity E = 1.6 X 10? psi (see figure). | 
If the allowable stress in the wood under an impact load is 2500 psi, | Ph 
what is the maximum permissible height h? 
d — 12 in. 
L-15ft 


E = 1.6 X 10° psi 
Jallow — 2500 psi (= Cmax) 
Find Anax 





STATIC STRESS 


W 4500 Ib 
ud cm 


A 113.10in2 Seul 


MAXIMUM HEIGHT Anax 


2hE M" 
Eq. (2—59): Omax = 2L F (1 ae ) | 











Ost 
or 
Tmax i i - (1 " EY 
Ost Lo 


Square both sides and solve for h: 





2E Os 
W = 4500 Ib d= 12 in. SUBSTITUTE NUMERICAL VALUES: 
L= 15 ft = 180 in. (180 in.) (2500 psi) / 2500 psi 
Amax = "nrzoi1n6 NV 2070 Nn — 
nup 2(1.6 X 10° psi) N39.79 psi 


d e" 
A — —— - 113.10 in. 
4 = 8.55in. < 





di 
ar, 
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Problem 2.8-8 A cable with a restrainer at the bottom hangs 


vertically from its upper end (see figure). The cable has an nC 
effective cross-sectional area A = 40 mm? and an effective E 
modulus of elasticity E — 130 GPa. A slider of mass M — 35 kg | 
drops from a height h = 1.0 m onto the restrainer. Cable / 


If the allowable stress in the cable under an impact load is 
500 MPa, what is the minimum permissible length L of the cable? 





STATIC STRESS 


W 343.4N 
ga =— = = 8.585 MPa 


A 40mm 





MINIMUM LENGTH Lmin 


OnE \ 2 
Eq. (2 — 59): fug ZL + (1 d ) | 








Los 
or 
o 2hE M^ 
——1.- (1 + ) 
O st Los; 


Square both sides and solve for L: 
2Eho 4 


Cia (Ores E 20,5) 


L= Loin = 








SUBSTITUTE NUMERICAL VALUES: 


W = Mg = (35 kg)(9.81 m/s?) = 343.4 N EREE ees NN 


h=1.0m Tow = Caa = 500 MPa =9.25mm < 


Find minimum length Lmin 








di 
ar, 
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Problem 2.8-9 Solve the preceding problem if the slider has 
weight W = 100 Ib, h = 45 in., A = 0.080 in.”, E = 21 X 10° psi, yu 
and the allowable stress is 70 ksi. | 


Restrainer 





STATIC STRESS 


W | 1001b 
A 0.080 in.” 


MINIMUM LENGTH Lmin 


2hEN? 
Eq. (2—59): Omax = ZL T (1 + ) | 





Os = = 1250 psi 











Loy 
Or 
o 2hE M^? 
O st Lo 


Square both sides and solve for L: 
2Eho,, 


L2 La ——————À 
T Omax(O max 2051) 





SUBSTITUTE NUMERICAL VALUES: 


2(21 X 10° psi) (45 in.) (1250 psi) 
(70,000 psi) [70,000 psi — 2(1250 psi)] 


= 500in. < 


W = 100 lb Limin = 
A=0.080in.2 E=21 X 10° psi 
h=A5in ^ Gus Üre 70ksl 


Find minimum length Lmin 





dA 
ar, 
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Problem 2.8-10 A bumping post at the end of a track in a railway 
yard has a spring constant k = 8.0 MN/m (see figure). The maximum 
possible displacement d of the end of the striking plate is 450 mm. 

What is the maximum velocity Vmax that a railway car of weight 
W — 545 kN can have without damaging the bumping post when it 
strikes it? 













"mE 





STRAIN ENERGY WHEN SPRING IS COMPRESSED TO THE 
v MAXIMUM ALLOWABLE AMOUNT 
U 


—O k8inax — kd 
k 2 2 


"uim 






















CONSERVATION OF ENERGY 





| 


| | 





Wy? kd kd* 
KE=U ——-— y-—— 

2 P W/eg 

k=8.0MN/im W=545kN paye E 
W/ 
d — maximum displacement of spring c c 
SUBSTITUTE NUMERICAL VALUES: 

d = Omax = 450 mm 





: 8.0 MN/m 
Find n, Vmax = (450 mm) Hoe en a 3 
(545 kN)/(9.81 m/s^) 


KINETIC ENERGY BEFORE IMPACT 
E My? u Wy? 
2 2g 


= 5400 mm/s = 5.4 m/s —— 


KE 


Problem 2.8-11 A bumper for a mine car is constructed with 

a spring of stiffness k = 1120 Ib/in. (see figure). If a car weighing 
3450 Ib is traveling at velocity v = 7 mph when it strikes the 
spring, what is the maximum shortening of the spring? 
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Solution 2.8-11 Bumper for a mine car 





k = 11201b/in. — W = 3450 lb oSA EREE 
2 2 

v = 7 mph = 123.2 in./sec geg DW. a Ne 

g = 32.2 ft/sec? = 386.4 in./sec? 2g 2 
W 2 

Find the shortening max of the spring. Solve for max: Omax = 4 p «— 
g 

KINETIC ENERGY JUST BEFORE IMPACT 

2 2 SUBSTITUTE NUMERICAL VALUES: 
|. Mv. Wë 





KE =-= 2s 5 [ (8450 Ib) (123.2 in./sec)? 
mE (386.4 in./sec?) (1120 Ib/in.) 
STRAIN ENERGY WHEN SPRING IS FULLY COMPRESSED 


11.0in. < 
HEU" i wane 


2 











Problem 2.8-12 A bungee jumper having a mass of 55 kg leaps 
from a bridge, braking her fall with a long elastic shock cord having 
axial rigidity EA — 2.3 kN (see figure). 

If the jumpoff point is 60 m above the water, and if it is desired to 
maintain a clearance of 10 m between the jumper and the water, what 
length L of cord should be used? 
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Solution 2.8-12 Bungee jumper 


SOLVE QUADRATIC EQUATION FOR Omax: 


WL WL\? WL \ V? 
Sn = — +| (— ) +24 — 
EA EA EA 


h d ( EAN 
Eu + (1 + 4 
EA W 


VERTICAL HEIGHT 


h=C+L+ 8mm 


WL 2EA \!2 
k= CS be. tf a 
EA W 





W = Mg = (55 kgX(9.81 m/s?) SOLVE FOR L: 

= 539.55 N L- h= C 

= Ww 2EA V? 
FA -23N ie Pho G AY 
Height: h = 60 m EA Ww 
kame C= 10 SUBSTITUTE NUMERICAL VALUES: 

W 539.55N 
Find length L of the bungee cord. — = —— = 0.234587 
P EA | 23kN 


PE. = Potential energy of the jumper at the top of 


bridge (with respect to lowest position) PES = a ee 














= WL + Sax) Denominator = 1 + (0.234587) 
1/2 
U = strain energy of cord at lowest position x £ " (1 " 2 ) | 
0.234587 
EA ax 
E = 1.9586 
2L 
| 50m |. 255 u 
CONSERVATION OF ENERGY tose mer 
EA8;, 
PE.=U W+ Sma) = LS 
52 2WL 2WL* 
r — — — = 
O max EA max EA 
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Problem 2.8-13 A weight W rests on top of a wall and is attached to one 
end of a very flexible cord having cross-sectional area A and modulus of . 


elasticity E (see figure). The other end of the cord is attached securely 
to the wall. The weight is then pushed off the wall and falls freely the full 
length of the cord. 


(a) Derive a formula for the impact factor. 
(b) Evaluate the impact factor if the weight, when hanging statically, 
elongates the band by 2.5% of its original length. 





EA62 
PE.=U W+ Bmax) = 75 m 
2WL 2WL? 


or TEM 0 EA max EA uL. 








SOLVE QUADRATIC EQUATION FOR Omax: 


WL WL \2 WL \ |? 
W = Weight Omax = =a + (=) T a( BE) 
EA EA 


Properties of elastic cord: 
STATIC ELONGATION 


WL 
ds = TA 


E = modulus of elasticity 
A = cross-sectional area 
L = original length 


l l IMPACT FACTOR 
Ômax — elongation of elastic cord 


l Oma 2EA + 
PE. = potential energy of weight before fall (with 3 epa d se Ww = 
respect to lowest position) i 

PE. = WL + 6max) NUMERICAL VALUES 
Let U = strain energy of cord at lowest position 8, = (2.5%)(L) = 0.025L 

EAS8inax WL W EA 
UT UM. Ó,—-—— —=0.025 — = 40 

EA EA W 


Impact factor = 1 + [1 + 2(40)]P* =10 < 





CX 
ar, 
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Problem 2.8-14 A rigid bar AB having mass M = 1.0 kg and 
length L — 0.5 m is hinged at end A and supported at end B by a nylon 
cord BC (see figure). The cord has cross-sectional area A — 30 mm”, 
length b = 0.25 m, and modulus of elasticity E = 2.1 GPa. 

If the bar is raised to its maximum height and then released, what is 
the maximum stress in the cord? 






























lh A/ PF | B 
Mie = A 
| W 
— L 
CD = CB=b 
RIGID BAR: Se, 2 
AD=AB=L 


W = Mg = (1.0 kg)(9.81 m/s? 
amu gX s) h — height of center of gravity of raised bar AD 


— 9,81 N 
Omax = elongation of cord 
ae From triangle ABC:sin 0 : 
rom triangle SI Dom 

NYLON CORD: V vs p 

= 2 cos 0 = ————— 
o VEN 
b = 0.25 m " — 59 2h . 2h 
F=21GPa rom line AD: sin AD I 
Find maximum stress Gmax in cord BC. From Appendix C: sin 2 0 = 2 sin 0 cos 0 





2h ( b X L ) -Jbl 
L Vb + PNV +P) DHL 
bL? 


and h = ——— Eq. 1 
b + 1? Eg 








EX 
ar, 
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CONSERVATION OF ENERGY Substitute from Eq. (1) into Eq. (3): 
P.E. — potential energy of raised bar AD " W IWLZE 
Ce Oe eme ——— esf (Eq. 4) 
_ w(n + “nn: UC A A(b? + D) : 
2 


SOLVE FOR Omax! 


EA; 2 
U = strain energy of stretched cord = —— — AES LE d dT + | 
2n "* 2AL V wp? + p 


5 EA; 
Prat Wht | | = Mn (Eq. 2) SUBSTITUTE NUMERICAL VALUES: 


2b 
Omax = 33.3 MPa < 
OmaxP 


E 

Substitute into Eq. (2) and rearrange: 
W 2WhE 

Omax —  Fmax T ^bA — 





For the cord: 0444, = 


0  (Eq.3) 


Stress Concentrations 


The problems for Section 2.10 are to be solved by considering 
the stress-concentration factors and assuming linearly elastic behavior. 


Problem 2.10-1 The flat bars shown in parts (a) and (b) of the figure are — 
subjected to tensile forces P = 3.0 k. Each bar has thickness t = 0.25 in. 








(a) For the bar with a circular hole, determine the maximum stresses for 
hole diameters d = 1 in. and d = 2 in. if the width b = 6.0 in. 

(b) For the stepped bar with shoulder fillets, determine the maximum (a) 
stresses for fillet radii R = 0.25 in. and R = 0.5 in. if the bar 
widths are b = 4.0 in. and c = 2.5 in. R 








(b) 
Probs. 2.10-1 and 2.10-2 


Ce ooeoooooooooooooooooooooooo‘oooo‘oooooooooo‘oocoooc ooo cooo coocoo o cooo coocoo coco oľo cooo oooooľooooooolooeooosʻsMÞsiķťsÞ—snbťsMÞlstIbťlsnbķlsIMťsaMblstsnb‘lsMÞlstIl‘lsab‘lsIM‘lsIÞlsIlťlsaÞ‘lsIMťlsIÞlstIÞťlsaÞlsIMťsIÞlsnb‘”sMÞlsIl‘lsIblsIMl”sMÞ‘sM‘salsML‘sosMl’soGsML‘sososoGsIolsoosolsnolsosososoLsosnLoooooooo T 





CX 
ar, 
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Solution 2.10-1 Flat bars in tension 


R = radius 
» 
: E et SE p 








(b) 
(a) 
P=30k p= 0s in (b) STEPPED BAR WITH SHOULDER FILLETS 
(a) BAR WITH CIRCULAR HOLE (b = 6 in.) b = 4.0 in. c = 2.5 in.; Obtain k from Fig. 2-64 
P 3.0 k 


Obtain K from Fig. 2-63 = 4.80 ksi 


Inom g — (2.5 in.) (0.25 in) 


Ford= lin: c=b-d=5in. For R = 0.25 in.: R/c =0.1 b/c = 1.60 


P 3.0k 





O nom = — = ————— ———— = 2.40 ksi k = 2.30 Omax = KOnom ^ 11.0 ksi < 

ct (5 1n.) (0.25 in.) 

; For R = 0.5 in.: R/c = 0.2 b/c = 1.60 
dlb = 6 K & 2.60 K = 1.87 Omax = KOnom ~ 9.0 ksi < 
Omax = KOnom ~ 6.2 ksi < 
xum For d = 2in.:c = b—d=4in. 

P 3.0k 

T nom = — 3.00 ksi 


ct (4 in.) (0.25 in) 
l 
db-- K% 231 


Omax = KOnom ~ 6.9 ksi <— 


Problem 2.10-2 The flat bars shown in parts (a) and (b) of the figure 
are subjected to tensile forces P = 2.5 KN. Each bar has thickness 
t = 5.0 mm. 


(a) For the bar with a circular hole, determine the maximum stresses for 
hole diameters d = 12 mm and d = 20 mm if the width b = 60 mm. 





(b) For the stepped bar with shoulder fillets, determine the maximum 
stresses for fillet radii R = 6 mm and R = 10 mm if the bar widths are 
b = 60 mm and c = 40 mm. 








EN 
E. 
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Solution 2.10-2 Flat bars in tension 





P = 
(a) 
P—25kN (= saan (b) STEPPED BAR WITH SHOULDER FILLETS 
(a) BAR WITH CIRCULAR HOLE (b = 60 mm) b = 60 mm c = 40 mm; 
Obtain K from Fig. 2-63 Obtain K from Fig. 2-64 
E oe - P 2.5 kN 
For d = 12 mm: c = b — d = 48mm Cum =— = — 12.50 MPa 
P 2.5 kN ct (40 mm) (5 mm) 
nom y (48 mm) (5 mm) = 10.42 MPa For R = 6mm: R/c = 0.15 b/c = 1.5 
1 K = 2.00 Omax = KOnom ~ 25 MPa < 
A E For R = 10 mm: Ræ = 0.25 — b/c— 15 
Omax = KOnom ~ 26 MPa < K = 1.75 Omax = KOnom ~ 22 MPa < 
For d = 20 mm: c = b — d = 40mm 
P 2.5 kN 
O nom = = oo = 12.50 MPa 


ct E (40 mm) (5 mm) 
1 
dlb = 3 K & 2.31 


Omax = KOnom ~ 29 MPa < 


Problem 2.10-3 A flat bar of width b and thickness t has a hole 
of diameter d drilled through it (see figure). The hole may have 





any diameter that will fit within the bar. P C )4 P 
What is the maximum permissible tensile load Pmax if the allowable | ZN 
tensile stress in the material is o;? 





eeoeererer eer cere rere eee eee eee eee eee eee eee eee e eee reese eseeeeeeeseeeseseeeseeeeeeereeesreereseereereereeeereereee reece rere sre reece rere eee eee rere eee eee eee ere reese eee eee eee eee eee eeeeeee 





as 
ar, 























Sec 2.8-2.12.qxd 9/25/08 11:44 AM Page 227 XE 
RE, 
SECTION 2.10 Stress Concentrations 227 
Solution 2.10-3 Flat bar in tension 
d 
P p T 
| b K P* 
0 3.00 0.333 
mE 0.1 2.73 0.330 
t = thickness 0.2 2.50 0.320 
o, = allowable tensile stress 0.3 23) 0.298 
Find Prax 0.4 2.24 0.268 
Find K from Fig. 2-64 We observe that Pmax decreases as d/b increases. 
Therefore, the maximum load occurs when the hole 
u .. Omax o r 
P nax = C nom Ct = ct = p (b — d)t becomes very small. 
d 
Co d ——0 and K— 3) 
= br (1 - 3 t 
K b 
Gibt 
Because o;, b, and t are constants, we write: P ca «— 





Problem 2.10-4 A round brass bar of diameter d, = 20 mm has 
upset ends of diameter d) = 26 mm (see figure). The lengths of 
the segments of the bar are L; = 0.3 m and L, = 0.1 m. 
Quarter-circular fillets are used at the shoulders of the bar, and 
the modulus of elasticity of the brass is E — 100 GPa. 

If the bar lengthens by 0.12 mm under a tensile load P, what is 
the maximum stress Omax in the bar? 











CX 
ar, 






































Sec 2.8-2.12.qxd 9/25/08 11:44 AM Page 228 E 
E 
228 CHAPTER 2  Axially Loaded Members 
Solution 2.10-4 Round brass bar with upset ends 
" ria 26 mm dy = sim 2 Use Fig. 2-65 for the stress-concentration factor: 
= ——— — | P EA» OE 
Cnn. "t ase. m s Pe TAE RS ET 
A 2L5A, + LA A1 
155 MUR one RECEN 
2 
B ôE 
E = 100 GP di V 
i a 2L» d, + Ly 
ô = 0.12 mm A 
SUBSTITUTE NUMERICAL VALUES: 
L> = 0.1m 
(0.12 mm) (100 GPa) 
Lı = 0.3 m O nom = De = 28.68 MPa 
R = radius of fillets = e CENE = 3 mm 26 
R 3mm _ 0.15 
5 = (22) 4- PLi D| 20 mm l 
EA» EA, 
8EA,A» Use the dashed curve in Fig. 2-65. K ~ 1.6 
Solve for P: P= 
2L5A, + L4A» Omax = KOnom ~ (1.6) (28.68 MPa) 
-d- = 46 MPa < 
Problem 2.10-5 Solve the preceding problem for a bar of monel p jh ja jh 
metal having the following properties: d; = 1.0 in., d» = 1.4 in., 
L, = 20.0 in., L, = 5.0 in., and E = 25 X 10° psi. Also, the bar 1 t 1 
lengthens by 0.0040 in. when the tensile load is applied. i nca m ^ d 


Solution 2.10-5 Round bar with upset ends 


js Tuin | dr*10in 


i — OEA,A> 
| XE Solve for P: P — 


Use Fig. 2-65 for the stress-concentration factor. 





E = 25 X 10° psi 
| P SEA> SE 
= (ex sa 
L, = 20 in. ee js Td 
L> = 5 in, — O 9E 
1.4in. — 1.0 in. L9 y 47 
R = radius of fillets R = —————— — ^V d; 


2 
— 0.2 1n. 





EX 
ar, 
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SUBSTITUTE NUMERICAL VALUES: Use the dashed curve in Fig. 2-65. K ~ 1.53 
(0.0040 in.)(25 X 10° psi) 
T nom = ac NEN — 3,084 psi Tmax = KOnom ~ (1.53)(3984 psi) 
2(5 m( =) + 20 in. ~6100 psi < 
R 0.2 in. 
is — = 0.2 
D,  1.Oin. 


Problem 2.10-6 A prismatic bar of diameter dọ = 20 mm is being compared 
with a stepped bar of the same diameter (d; = 20 mm) that is enlarged 

in the middle region to a diameter d; — 25 mm (see figure). 

The radius of the fillets in the stepped bar is 2.0 mm. 


(a) Does enlarging the bar in the middle region make it stronger than the 
prismatic bar? Demonstrate your answer by determining the maximum 
permissible load P, for the prismatic bar and the maximum permissible 
load P, for the enlarged bar, assuming that the allowable stress for the 
material is 80 MPa. 

(b) What should be the diameter dp of the prismatic bar if it is to have the same 
maximum permissible load as does the stepped bar? 








Solution 2.10-6 Prismatic bar and stepped bar 


E Fillet radius: R = 2 mm 


Pi ye~ 
5 S Allowable stress: o; = 80 MPa 





(a) COMPARISON OF BARS 
Td; 


Prismatic bar: P, = g;Ao = (=) 


= (80 MPay( = )(20mmy =251kN < 


Stepped bar: See Fig. 2-65 for the stress-concentration 
factor. 


R=2.0 mm D, = 20 mm D, = 25 mm 


bibit LP) Pr Fas 
di = 20 mm O nom Tp dis O nom K 
d, = 25 mm 4 





as 
ar, 
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o o 
AT E eei E 9; a (b) DIAMETER OF PRISMATIC BAR FOR THE SAME 
K K ALLOWABLE LOAD 
80 MPa Y/ 7 md c, ( ds di 
— 2 d63D 2 = "EU a et dc 
135 JG) um EE of 4 a 4) OTK 
d, 20mm 
x 14.4kN < dọ = —= ®& ~x 15.. mm < 
"4K VEG 
Enlarging the bar makes it weaker, not stronger. The 
ratio of loads is P,/P, = K = 1.75 
. , . | e 
Problem 2.10-7 A stepped bar with a hole (see figure) has widths p | H p 
b = 2.4 in. and c = 1.6 in. The fillets have radii equal to 0.2 in. e C — 


What is the diameter dmax of the largest hole that can be drilled © | ; —- 


through the bar without reducing the load-carrying capacity? 














ARETA BASED UPON HOLE (Use Fig. 2-63) 
c= 1.6in. b = 2.4 in. d = diameter of the hole (in.) 
Fillet radius: R = 0.2 in. pcc 
O max 
Find dmax Pmax = F nom Cit = K (b — d) 
BASED UPON FILLETS (Use Fig. 2-64) o1 d 
= K [= » bto max 
b — 2.4 in. c = 1.6in. R = 0.2 in. 
R/c = 0.125 b/c — 1.5 K =~ 2.10 d(in.) d/b K P naal O D Rax 
= — Umax , _ Umax [ € 0.3 0.125 2.66 0.329 
P nax = uu = ct = — WDE 
— K K a l 0.4 0.167 2.57 0.324 
z 0.317 bt Cmax 0.5 0.208 2.49 0.318 
0.6 0.250 2.41 0.311 
0.7 0.292 2.37 0.299 
0.33 / Based upon hole 
: Based upon fillets 
0.32 
0.31 das, -0.Slin — «— 
P miax a 
DIO max 





AA 
ar 
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Nonlinear Behavior (Changes in Lengths of Bars) 


Problem 2.11-1 A bar AB of length L and weight density y hangs vertically 
under its own weight (see figure). The stress-strain relation for the material is 
given by the Ramberg-Osgood equation (Eq. 2-71): 


o e o y L 
e=—+—|— 
E E 00 
Derive the following formula 
D LS yL" 
du e (E) 
2E (m+ DE\ G9 


for the elongation of the bar. 


Solution 2.11-1 Bar hanging under its own weight 


STRAIN AT DISTANCE X 








n Let A = cross-sectional area c oala\" yx To ( yx V" 
. A € = — + ——| — = + —— {| —_ 
Let N = axial force at distance x E E Nao E aE\ oo 
N — yAx ELONGATION OF BAR 
N : B X Ona » X Am 
L gc coge S= | cdr dee Pape aad (E l'a. 
{> 0 o E E jg N00 
L opal LN” 
= 4 (=) QED. — 
2E (m + 1)EN Go 
Problem 2.11-2 A prismatic bar of length L — 1.8 m and cross-sectional A 2 SN P, 


area A = 480 mm? is loaded by forces P, = 30 kN and P; = 60 kN 
(see figure). The bar is constructed of magnesium alloy having a stress-strain 2L L d 
curve described by the following Ramberg-Osgood equation: — 43 4 


7 o z (5) (o = MPa) 
^ 45000 | 618\ 170 es 








in which c has units of megapascals. 


(a) Calculate the displacement óc of the end of the bar when the load 
P, acts alone. 


(b) Calculate the displacement when the load P, acts alone. 


(c) Calculate the displacement when both loads act simultaneously. 


€ *€06062906020€620062020606006029006020602906020€6960062902060602060292206029206029606292060606029229006020829290290989090989920909822902989290292909029029006029282902990902902982099290929890292982902920290902902829929029029029890292060029060282990290206060920909020298202006029069029606029600606006020906200606062902060606020660206020606290206060629062062062906292060900629299209296 
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Solution 2.11-2 Axially loaded bar 
(c) BorH P, AND P» ARE ACTING 
PP 90 kN 
AB:o = —— = ——— = 187.5 MPa 
A 480 mm 
€ = 0.008477 
L=18m A = 480 mm^ or 
P,=30kN = P,-60kN ÓAp = (=) = 10.17 mm 
Ramberg—Osgood Equation: P; 60 kN 
10 BO cue ey ee 
o I/ A 480 mm 
€= + ——| ——]} (@ = MPa) 
45,000 618\170 e = 0.002853 
Find displacement at end of bar. L 
ORC (4) = 1.71 mm 
(a) P4 ACTS ALONE 3 
P 30 kN Oc = ÓA4g + Opc = 11.88 des 
AB: o = — = —— = 62.5 MPa dii ee "e 
A 480mm 
— 0.001389 (Note that the displacement when both loads act 
SMS simultaneously is not equal to the sum of the dis- 
2L placements when the loads act separately.) 
Ôc =E 3/7 167mm < 
ep (b) P2 ACTS ALONE 
P 60 kN 
ABC;g = — = ——— = 125 MPa 
A 480mm 
€ = 0.002853 
ô = eL = 5.]3mm < 
Problem 2.11-3 A circular bar of length L = 32 in. and diameter 
d = 0.75 in. is subjected to tension by forces P (see figure). 
The wire is made of a copper alloy having the following hyperbolic d 
stress-strain relationship: P P 


18,000e 
o = — — 0zxe€z003 (o = ksi) L 
1 + 300e 


(a) Draw a stress-strain diagram for the material. 
(b) If the elongation of the wire is limited to 0.25 in. and 
the maximum stress is limited to 40 ksi, what is the allowable load P? 


eee ece ese e eee eee eee eee ee eee eee eee ee eee eee eee eee errr eee eee eee eee eee eee eee eee eee eee eee eee eee reese eee eee eeeeeeeeeeseeeeseeeeeeeereseeeseeesreseeeseeereeereereseeresreereereereee 
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Solution 2.11-3 Copper bar in tension 


| d (b) ALLOWABLE LOAD P 





OT — Max. elongation 0,44, = 0.25 in. 


m: L | | Max. stress Omax = 40 ksi 


Based upon elongation: 








mE Iu 8 0.25 in. 
L=32in. d=0.75in. Emax = 22 = 77 7 = 0.007813 
r L 32 in 
A=" = T 18.000 
4 LII m. cis 


O max 
(a) STRESS-STRAIN DIAGRAM 


BASED UPON STRESS: 


B 18,000e pus "T 
dara RA LNDEL Fax = 40 ksi 
P= A = (40 ksi)(0.4418 in.” 
-— Slope = 18,000 ksi Stress governs. P = Gmax A = (40 ksi)(0.4418 in.) 
2i d A s miM MEE SOM 2177k = 
(ksi) ' x 
Asymptote 
equals 60 ksi 
(3 








200 
Problem 2.11-4 A prismatic bar in tension has length L = 2.0 m 


and cross-sectional area A = 249 mm^. The material of the bar has the stress- 

strain curve shown in the figure. o (MPa) 
Determine the elongation 6 of the bar for each of the following axial 

loads: P — 10 kN, 20 kN, 30 kN, 40 kN, and 45 kN. From these results, 

plot a diagram of load P versus elongation ó (load-displacement diagram). 








100 























0 0.005 0.010 
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Solution 2.11-4 Bar in tension 


P P 
————————5 
e Me 

L=2.0m 
A = 249 mm? 





STRESS-STRAIN DIAGRAM : aig 
(See the problem statement for the diagram) 0 5 10 15 20 6 (mm) 


LOAD-DISPLACEMENT DIAGRAM 
NOTE: The load-displacement curve has the same 


P o = P/A © esL shape as the stress-strain curve. 
(kN) (MPa) (from diagram) (mm) 
10 40 0.0009 1.8 
20 80 0.0018 3.6 
30 120 0.0031 6.2 
40 161 0.0060 12.0 
45 181 0.0081 16.2 
Problem 2.11-5 An aluminum bar subjected to tensile forces P has length d 


L — 150 in. and cross-sectional area A — 2.0 in.? The stress-strain behavior of the 
aluminum may be represented approximately by the bilinear stress-strain diagram 
shown in the figure. 

Calculate the elongation 6 of the bar for each of the following axial loads: 
P = 8k, 16k, 24k, 32 k, and 40 k. From these results, plot a diagram of load 12:000: 9m 
P versus elongation 6 (load-displacement diagram). psi 






E,-22.4 10° psi 


E,=10 10° psi 
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Solution 2.11-5 Aluminum bar in tension 


LOAD-DISPLACEMENT DIAGRAM 


—_ 
o = P/A € (from Eq. ô= eL 
am L es P (k) (psi) 1 or Eq. 2) (in.) 
8 4,000 0.00040 0.060 
L= 150 in. 16 8,000 0.00080 0.120 
24 12,000 0.00120 0.180 
A = 2.0 in^ 32 16,000 0.00287 0.430 


STRESS-STRAIN DIAGRAM 40 20000 0.00453 (0.680 


BD) mener 40k -—— 


30 wk ~~ 
E. 


I 
i 
1 
i 


ana 0.68 in 





ó (in.) 


co —————————— c 
à 


E, — 10 X 10? psi 
E, = 2.4 X 10° psi 


oa, = 12,000 psi 
T] 12,000 psi 


Ep 10 X 106 psi 
= 0.0012 


ForO sos: 


€] 


Oo Oo 
€ zZz —— Z eee 
E?  |0 X 10°psi 


For 0 = o: 


(c = psi) Eq. (1) 


= 0] ao — 12,000 
= 0.0012 + — ——— 
E) 2.4 x 10° 


— 0.0038 (c — psi) Eq. (2) 





& = £1 + 


24x 106 
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Problem 2.11-6 A rigid bar AB, pinned at end A, is supported by a 
wire CD and loaded by a force P at end B (see figure). The wire is 
made of high-strength steel having modulus of elasticity E — 210 GPa 
and yield stress oy = 820 MPa. The length of the wire is L = 1.0m 
and its diameter is d — 3 mm. The stress-strain diagram for the steel is 
defined by the modified power law, as follows: 











(a) Assuming n = 0.2, calculate the displacement 6, at the end of 
the bar due to the load P. Take values of P from 2.4 kN to 
5.6 kN in increments of 0.8 kN. 


(b) Plot a load-displacement diagram showing P versus Og. 


From Eq. (2): e = —| — (5) 
E Oy 
"M SP 
Axial force in wire: F = a 
ess in wire: o AC 


PROCEDURE: Assume a value of P 
Calculate o from Eq. (6) 
Calculate ¢ from Eq. (4) or (5) 
Calculate ôg from Eq. (3) 





Wire: E = 210 GPa 


P o (MPa) € Eq. (4) Op (mm) 
oy = 820 MPa (KN) Eq. (6) or (5) Eq. (3) 
L=10m 2.4 509.3 0.002425 3.64 
dec B2 679.1 0.003234 4.85 
; 4.0 848.8 0.004640 6.96 
A = _ 7.0686 mm? 4.8 1018.6 0.01155 17.3 
4 5.6 1188.4 0.02497 37.5 


STRESS-STRAIN DIAGRAM 
E : For 0 = gy = 820 MPa: 
= = = 
du MN ie a (= 0,0039048  P-—3.864kN 5, = 5.86 mm 
Ee 


oO = Oy (=) (o = ay) (n = 0.2) (2) (b) LOAD-DISPLACEMENT DIAGRAM 
Y 


(a) DISPLACEMENT Óg AT END OF BAR 
| 

. l E | 

ô = elongation of wire ôg = ^u — ~ (3) F 








e 


fo P=386RN 


. . (kN) 43-7 | 
Obtain & from stress-strain equations: |i 7 oy =820 MPa 
^I !] 1 
oF ^ Sg = 5.86 mm 
From Eq. (1): e = —— —— —— (4) E——— DG Rt. 
(0 S 0 S oy) 0 2 40 60 smm) 
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Elastoplastic Analysis 


The problems for Section 2.12 are to be solved assuming that the material is 
elastoplastic with yield stress oy, yield strain ey, and modulus of elasticity 
E in the linearly elastic region (see Fig. 2-70). 


Problem 2.12-1 Two identical bars AB and BC support a vertical load 
P (see figure). The bars are made of steel having a stress-strain curve that 
may be idealized as elastoplastic with yield stress oy. Each bar has 
cross-sectional area A. 

Determine the yield load Py and the plastic load Pp. 


Solution 2.12-1 Two bars supporting a load P 





JOINT B 


È Fyen = 0 
(2oyA) sin 0 = P 





Structure is statically determinate. The yield load Py 
and the plastic lead Pp occur at the same time, namely, 
when both bars reach the yield stress. Py = Pp = 20A sin 0 < 


Problem 2.12-2 A stepped bar ACB with circular cross sections 
is held between rigid supports and loaded by an axial force P at 
midlength (see figure). The diameters for the two parts of the bar are 
d, = 20 mm and d, = 25 mm, and the material is elastoplastic with 
yield stress oy = 250 MPa. 

Determine the plastic load Pp. 








CX 
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Solution 2.12-2 Bar between rigid supports 
Fac = OyA, Fcg = OyAz 
P= Fac + Fcp 
Pp = oyA, T OyA> = oA, + A>) — 
SUBSTITUTE NUMERICAL VALUES: 
d =20mm  d,-25mm øy= 250 MPa Pp = (250 mPa( = ) (dh 
DETERMINE THE PLASTIC LOAD Pp: d 
| h 
At the plastic load, all parts of the bar are stressed to the — (250 MPa) ( T ) OU am)? 205 mm] 
yield stress. 4 
Point C: = 201 kN < 
= P 
! r 
Fac Fog 
Problem 2.12-3 A horizontal rigid bar AB supporting a load P is hung 
from five symmetrically placed wires, each of cross-sectional area A R 
(see figure). The wires are fastened to a curved surface of radius R. 
(a) Determine the plastic load Pp 1f the material of the wires is 
elastoplastic with yield stress oy. 
(b) How is Pp changed if bar AB is flexible instead of rigid? 
(c) How is Pp changed if the radius R is increased? 
A B 
P 





(b) BAR AB IS FLEXIBLE 
At the plastic load, each wire is stressed to the yield 
stress, so the plastic load is not changed. <— 





(a) PLASTIC LOAD Pp 
At the plastic load, each wire is stressed to the yield 


(c) RADIUS R IS INCREASED 
Again, the forces in the wires are not changed, so the 
stress. ". Pp = 5oyA  «— plastic load is not changed. <— 


F = o0yA 





di 
ar, 
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Problem 2.12-4 A load P acts on a horizontal beam that is supported by four 

rods arranged in the symmetrical pattern shown in the figure. Each rod has 

cross-sectional area A and the material is elastoplastic with yield stress oy. 
Determine the plastic load Pp. 











F = OyA 
Sum forces in the vertical direction and solve for the 
load: 





At the plastic load, all four rods are stressed to the yield Pp = 2F + 2F sin q 
eee Pp=20yA(1+sine) <— 


k21 in. >+«——— 54 in. ———>¥ 21 in. > 


Problem 2.12-5 The symmetric truss ABCDE shown in the figure 
is constructed of four bars and supports a load P at joint E. Each of 
the two outer bars has a cross-sectional area of 0.307 in.?, and each of 
the two inner bars has an area of 0.601 in.” The material is elasto- 
plastic with yield stress oy = 36 ksi. 

Determine the plastic load Pp. 





eoeoec reece reer eee eee eee e eee eee eee eee eee eee eee eee eee eee ee eeeseeeeeeeeseeseeeeeeeeeeeeseseeeeeeeeeeeeeereereereeeeeereeeerereereereeeeee eee rere eee eee e eee reer eee eee eee eee reese 





EN 
E. 
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Solution 2.12-5 Truss with four bars 
|«21 in, = 27 in. —— 27 in. — 21 in. + PLASTIC LOAD Pp 
— ey uA At the plastic load, all bars are stressed to the yield 
AW ry ir, rF stress. 
| | Fag = GyAAE Fee = OyApe 
*T 6 
em Pp = gUyAag + © Oy Ape = 
J Se 1 SUBSTITUTE NUMERICAL VALUES: 
Aag = 0.307 in^ Agr = 0.601 in.” 
oy = 36 ksi 
Lar = 60 in. Ler = 45 in. 6 : p. 3 8 . "E 
jon Pp = s (96 ksi) (0.307 1n.^) + 5 (36 ksi) (0.601 in.^) 
Equilibrium: 
FBE = 13.26 k + 34.62 k = 47.9k < 
Fina. / 3 4 
NN. F3 fe 2F AE 5 + 2F BE 5 — P 
E Or 
| 6 8 
p P= Pak t SFE 





Problem 2.12-6 Five bars, each having a diameter of 10 mm, support a 
load P as shown in the figure. Determine the plastic load Pp if the material is 
elastoplastic with yield stress ay = 250 MPa. 
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Solution 2.12-6 Truss consisting of five bars 
IK— b —>|— b | b |< b | At the plastic load, all five bars 
are stressed to the yield stress 
F = TyÅ 
Sum forces in the vertical direc- 
tion and solve for the load: 
Pp = ar( 5) t 2E) + F 
ý V2 V5 
oyA 
= —5V2 + 4V5 + 5) 
d = 10mm - 4203104 <— 
ad 2 
A= "A = 78.54 mm Substitute numerical values: 
Pp = (4.2031)(250 MPa)(78.54 mm? 
oy = 250 MPa p= X X ) 
= 82.5kN < 
Problem 2.12-7 A circular steel rod AB of diameter d = 0.60 in. A | B 
is stretched tightly between two supports so that initially the <A 9 = ——À 
tensile stress in the rod is 10 ksi (see figure). An axial force P is ji 


then applied to the rod at an intermediate location C. 


(a) Determine the plastic load Pp if the material is elastoplastic 
with yield stress oy = 36 ksi. 

(b) How is Pp changed if the initial tensile stress is doubled — — — 
to 20 ksi? C 








PoiNT C: 


oyA P oyA 
«—— C — <— 





Pp = 20A = (2) (36 «s ( 7.) in.) 


d = 0.6 in. 
= 20.4k < 
gy = 36 ksi 
Initial tensile stress = 10 ksi (B) INITIAL TENSILE STRESS IS DOUBLED 
(a) PLASTIC LOAD Pp Pp is not changed. «— 


The presence of the initial tensile stress does not 
affect the plastic load. Both parts of the bar must 
yield in order to reach the plastic load. 





dA 
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Problem 2.12-8 A rigid bar ACB is supported on a fulcrum 
at C and loaded by a force P at end B (see figure). Three 
identical wires made of an elastoplastic material 

(yield stress oy and modulus of elasticity E) resist the load P. 
Each wire has cross-sectional area A and length L. 





(a) Determine the yield load Py and the corresponding 
yield displacement ôy at point B. 

(b) Determine the plastic load Pp and the corresponding 
displacement 6p at point B when the load just reaches 
the value Pp. 

(c) Draw a load-displacement diagram with the load 
P as ordinate and the displacement ôg of point B 
as abscissa. 











(b) PLAsTIC LOAD Pp 


gyA aTyA 








(a) YIELD LOAD Py 


Yielding occurs when the most highly stressed wire 
reaches the yield stress oy 


yA Mc = 


E ayA 4g yA 
| dE 


At the plastic load, all wires reach the yield stress. 

















At point A: 
5, = e) = 7 
EA E 
At point 5: 
30yL 
SMc = 0 Op = 304 = Op= E 
P,—-oyA <“ (c) LOAD-DISPLACEMENT DIAGRAM 
At point A: 
= (ENE) 
2 EA 2E 
At point B: 
E coc 
2E 








dh 
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Problem 2.12-9 The structure shown in the figure consists of a 
horizontal rigid bar ABCD supported by two steel wires, one of length L 
and the other of length 3/4. Both wires have cross-sectional area A and 
are made of elastoplastic material with yield stress oy and modulus of 
elasticity E. A vertical load P acts at end D of the bar. 














(a) Determine the yield load Py and the corresponding yield 
displacement ôy at point D. 

(b) Determine the plastic load Pp and the corresponding displacement 
Op at point D when the load just reaches the value Pp. 

(c) Draw a load-displacement diagram with the load P as ordinate 2b »«— —b »«—— pb > 
and the displacement 6p of point D as abscissa. 











FREE-BODY DIAGRAM 





A — cross-sectional area 


EQUILIBRIUM: 
Oy = yield stress 
2M =U = Fg(2b) + Fc(3b) = P(AD) 


E — modulus of elasticity oF, + AF. = 4P 
B C= 


DISPLACEMENT DIAGRAM (3) 
A B C D FORCE-DISPLACEMENT RELATIONS 
3 
"-— óc ô F (21) 
‘ BL LB R M 4, 5 
COMPATIBILITY: Substitute into Eq. (1): 
3 3FcL | 3FgL 
Ôc = —0 Pa s 
dll tien () AEA — 2EA 
Op = 20g (2) Pocos (6) 
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ar, 
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STRESSES From Eq. (3): 
F F — 
5 
Wire C has the larger stress. Therefore, it will yield first. P = Pp = qo = 
(a) YIELD LOAD 
From Eq. (4): 
_ „UC Oy 
Oc = Oy gp = — = — (From Eq. 7) FgL oyL 
2 2 ôg = —_ = — 
EA E 
1 . 
fco TTT From Eq. (2): 
2 20 yL 
Óp = Op = 20p T 
From Eq. (3): E 


1 (c) LOAD-DISPLACEMENT DIAGRAM 
2 2 + 3(ayA) = 4P 
P= Py = OyA ~< 
From Eq. (4): 

F pL Oo yL 
Op ILL a 

EA AE 

From Eq. (2): 





OyL 
Óp = Oy = 20p = E e— 
(b) PLAsTIC LOAD 
At the plastic load, both wires yield. 


OB = Oy = Oc Fg = Fc = oyA 


Problem 2.12-10 Two cables, each having a length L of approximately 40 m, support a 1 
oaded container of weight W (see figure). The cables, which have effective cross-sectional area 
A = 48.0 mm? and effective modulus of elasticity E = 160 GPa, are identical except that one 
cable is longer than the other when they are hanging separately and unloaded. The difference 

in lengths is d = 100 mm. The cables are made of steel having an elastoplastic stress-strain 
diagram with oy = 500 MPa. Assume that the weight W is initially zero and is slowly increased 
by the addition of material to the container. 


(a) Determine the weight Wy that first produces yielding of the shorter cable. Also, determine 
the corresponding elongation ôy of the shorter cable. 


(b) Determine the weight Wp that produces yielding of both cables. Also, determine the 
elongation Op of the shorter cable when the weight W just reaches the value Wp. 


(c) Construct a load-displacement diagram showing the weight W as ordinate and the 
elongation ô of the shorter cable as abscissa. (Hint: The load displacement diagram is 
not a single straight line in the region 0 = W S Wy.) 








EX 
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Solution 2.12-10 Two cables supporting a load 


L=40m A= 48.0 mm? 

E = 160 GPa 

d = difference in length = 100 mm 
oy = 500 MPa 
INITIAL STRETCHING OF CABLE 1 


Initially, cable 1 supports all of the load. 
Let W; — load required to stretch cable 1 
to the same length as cable 2 


EA 
W, = 77d = 19.2 kN 


0, = 100 mm (elongation of cable 1) 





Wi Ed 


O71 EP a OO < oy.. > OK) 


(a) YIELD LOAD Wy 


Cable 1 yields first. Fi = oyA = 24 kN 


ôy = total elongation of cable 1 





ôy = total elongation of cable 1 
FiL yL 

Ójy = —— = —— = 0.125 m = 125 mm 
EA E 

Oy = O1y = 125mm <“ 


ôy = elongation of cable 2 


= ôy — d= 25 mm 


EA 
Fə E — ôy = 4.8 KN 
L 
Wy = Fi + Fp = 24 kN + 4.8 kN 
= 28.8 kN  — 
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(b) PLASTIC LOAD Wp 
Fi = OyA F5 = OyA 
Wp = 20yA =48 kN < 


Oop = elongation of cable 2 


L OyL 
= Fy) — | = —- = 0.125 mm = 125 mm 
EA E 


Ôp = Oop + d = 225 mm 
Ôp = O1p = 225 mm — 


LOAD-DISPLACEMENT DIAGRAM 


(c 


Ne 





100 200 300 


ô (mm) 
W Ô 
— 215 “~=1.25 
Wi Ô] 
W 
— 21.667 — 2138 
Wy dy 


0 « W< W;: slope = 192,000 N/m 
W, < W < Wy: slope = 384,000 N/m 
Wy < W < We: slope = 192,000 N/m 
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Problem 2.12-11 A hollow circular tube T of length L — 15 in. 
is uniformly compressed by a force P acting through a rigid plate P 
(see figure). The outside and inside diameters of the tube are 3.0 and 
2.75 in., repectively. A concentric solid circular bar B of 1.5 in. 
diameter is mounted inside the tube. When no load is present, there is 
a clearance c — 0.010 in. between the bar B and the rigid plate. Both 
bar and tube are made of steel having an elastoplastic stress-strain 
diagram with E = 29 X 10° ksi and oy = 36 ksi. 


(a) Determine the yield load Py and the corresponding shortening 
Oy of the tube. 

(b) Determine the plastic load Pp and the corresponding shortening 
Op Of the tube. 

(c) Construct a load-displacement diagram showing the load P as 
ordinate and the shortening 6 of the tube as abscissa. (Hint: The 
load-displacement diagram is not a single straight line in the 
region 0 x P x Py.) 





Solution 2.12-11 Tube and bar supporting a load 





Clearance = c 





L 
L — 15 in. TUBE: 
c = 0.010 in. d, = 3.0 in. 
E = 29 x 10° ksi d, = 2.75 in. 
oy = 36 ksi Ar = ; - di) = 1.1290 in? 





dh 
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BAR (b) PLAsTIC LOAD Pp 
d = 1.5 in. Fr = oyAr Fg = oyAp 
d Pp = Fr + Fg = oy(Ar + A 
Ag = = 1,7671 in? i es Usted 
4 = 104,300 lb < 
INITIAL SHORTENING OF TUBE T Opp = shortening of bar 
Initially, the tube Supers all of the load. _ Fal L ) _ oyL — 0.018621 in. 
Let P, — load required to close the clearance EAg E 
EA Orp = Opp + c = 0.028621 in. 
P, = —c = 21,827 Ib ulii 
L Op = Orp = 0.02862 in. = 
Let 0, = shortening of tube ô, = c = 0.010 in. 
(c) LOAD-DISPLACEMENT DIAGRAM 
P 
o; = — = 19,330 psi — (a, oy ~. OK) 
Ar 
P 
(a) YIELD LOAD Py (kips) 
Because the tube and bar are made of the same 
material, and because the strain in the tube is larger 
than the strain in the bar, the tube will yield first. 
Fr — OyÁT = 40,644 Ib 
Ory = shortening of tube at the yield stress 
FTL OyL : 
O Ty — == = 0.018621 in. 
EAr E d | 
Sy = Sry = 0.018621 in. «— 0.01 0.02 0.03 6 (in.) 
Opy = shortening of bar Py ayy ôy aaa 
= Ory — c = 0.008621 in. 1 Ô] i 
EA 
Fg = —P8py = 29,453 Ib YP 445 CP a 45a 
L Py . Sy . 
Py = Fr F Fg = 40,644 lb + 29,453 Ib O<P< P slope — 2180 k/in. 
— 70,097 Ib P, « P « Py: slope = 5600 k/in. 
Py = 70,100lb < Py « P< Pp: slope = 3420 k/in. 
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Torsional Deformations 


Problem 3.2-1 A copper rod of length L — 18.0 in. is to be twisted d 
by torques 7 (see figure) until the angle of rotation between the ends T T 
of the rod is 3.0. 


If the allowable shear strain in the copper 1s 0.0006 rad, what is 
the maximum permissible diameter of the rod? NENNEN ERN. 
Probs. 3.2-1 and 3.2-2 








-Qa- Solution 3.2-1 Copper rod in torsion 
d 
T T 
LE a 
L= 18.0 in. From Eq. (3-3): 
T | 1rd dọ 
bd = 3.0° = eof) rad Ymax ^ p ^ »[ 
— 0.05236 rad d 7 2E dios B (2)(18.0 1n.)(0.0006 rad) 
mx  . © — m ABAmMEF.  — — 
O52 
Yanow = 0.0006 rad p 0.05236 rad 
Find dmax dmax = 0.413 in. «— 


Problem 3.2-2 A plastic bar of diameter d = 56 mm is to be twisted by torques T (see figure) until the angle of rotation 
between the ends of the bar is 4.0°. 
If the allowable shear strain in the plastic is 0.012 rad, what is the minimum permissible length of the bar? 


249 
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Solution 3.2-2 


NUMERICAL DATA 
d= 56mm 
ya = 0.012 radians 


bd = (a) radians 


d 
solution based on Equ. (3-3): Lmin = "n 
Ya 


Lmin = 162.9mm <— 


Problem 3.2-3 A circular aluminum tube subjected to pure 
torsion by torques T (see figure) has an outer radius r equal to 
1.5 times the inner radius r}. 





(a) If the maximum shear strain in the tube is measured as L 
400 X 10 rad, what is the shear strain y; at the inner 


surface? e 
(b) If the maximum allowable rate of twist is 0.125 degrees e 
per foot and the maximum shear strain is to be kept at 
400 x 10" rad by adjusting the torque T, what is the 
-6> minimum required outer radius (r2)min? Probs. 3.2-3, 3.2-4, and 3.2-5 





Solution 3.2-3 








NUMERICAL DATA (b) MIN. REQUIRED OUTER RADIUS 
= = —6 : — Ymax _ Ymax 
r2 = l5r, Ymax = 400 x (10 °”) radians Pe TE 
0 0 
T 1 
0 = 0.125| —— |l — Fomin = 2.2 inches <— 
C3 5) 


0 = 1.818 X 10 ^ rad/m. 
(a) SHEAR STRAIN AT INNER SURFACE AT RADIUS F} 


l| 1 


eer N Y1 s Ymax 


yı = 267 X 107° radians *— 


Problem 3.2-4 A circular steel tube of length L = 1.0 m is loaded in torsion by torques T (see figure). 
(a) If the inner radius of the tube is rı = 45 mm and the measured angle of twist between the ends is 0.5°, what is the 


shear strain y; (in radians) at the inner surface? 


(b) If the maximum allowable shear strain is 0.0004 rad and the angle of twist 1s to be kept at 0.45? by adjusting the torque 
T, what is the maximum permissible outer radius (r2)max? 
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Solution 3.2-4 
NUMERICAL DATA (b) MAX. PERMISSIBLE OUTER RADIUS 
L = 1000 mm T l p 
bd = 0.45| —— | radians Ymax = r27 
ri = 45 mm 180 L 
E = L 
= as( a )n diu Ymax ^ 0.0004 radians = Promax = Ymax 
lomax = 50.9 mm <— 
(a) SHEAR STRAIN AT INNER SURFACE 


Mj e nt y; = 393 X 10 ° radians <— 


Problem 3.2-5 Solve the preceding problem if the length L = 56 in., the inner radius r; = 1.25 in., the angle of twist is 
0.5°, and the allowable shear strain is 0.0004 rad. 


Solution 3.2-5 


NUMERICAL DATA 


(b) MAXIMUM PERMISSIBLE OUTER RADIUS (12) max 
L = 56 inches rı = 1.25 inches 


- bd = os.) radians 
= 0.5| —— | radians 
d (=) Ymax — "PT 
Ya = 0.0004 radians y, = 0.0004 radians 
L 
(a) SHEAR STRAIN gl (IN RADIANS) AT THE INNER Pomax = Yav 
SURFACE p 


p Tomax = 2.57 inches <— 
Mp "n y; = 195 X 10 radians <— 
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Circular Bars and Tubes 
Problem 3.3-1 A prospector uses a hand-powered winch i ; P ey 


(see figure) to raise a bucket of ore in his mine shaft. The axle 
of the winch is a steel rod of diameter d = 0.625 in. Also, the 
distance from the center of the axle to the center of the lifting 
rope is b — 4.0 in. 

If the weight of the loaded bucket is W — 100 Ib, what is 
the maximum shear stress in the axle due to torsion? 





X Z Z 4 
N Ss. z E á 





Solution 3.3-1 Hand-powered winch 


Axle 4 = 0.625 in MAXIMUM SHEAR STRESS IN THE AXLE 
b = 4.0 in. From Eq. (3-12): 
W = 100 Ib "OA 
max ad? 


Torque T applied to the axle: 

l (16)(400 Ib-in.) 

T = Wb = 400 Ib-in. Tmax = RETE NE SE 
7:(0.625 in.) 








Tmax ^ 9,240 psi < 


Problem 3.3-2 When drilling a hole in a table leg, a furniture 
maker uses a hand-operated drill (see figure) with a bit of 
diameter d — 4.0 mm. 


(a) If the resisting torque supplied by the table leg is equal 
to 0.3 N:m, what is the maximum shear stress in the drill bit? 
(b) If the shear modulus of elasticity of the steel is G — 75 GPa, 
what is the rate of twist of the drill bit (degrees per meter)? 
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Solution 3.3-2 Torsion of a drill bit 


(b) RATE OF TWIST 


From Eq. (3-14): 





T 


0 = — 
Glp 


d=40mm T=0.3Nm G=75 GPa 
0.3 Nem 


(a) MAXIMUM SHEAR STRESS 0 = 


From Eq. (3-12): (75 cpa )ao mm) 


16T " 
Tmax — 3 0 = 0.1592 rad/m = 9.12 /m «— 
Td 
16(0.3 N:m) 
m SS =a 
ud T(4.0 mm)? 


Tmax ^ 23.8 MPa < 


Problem 3.3-3 While removing a wheel to change a tire, 

a driver applies forces P = 25 lb at the ends of two of the arms 
of a lug wrench (see figure). The wrench is made of steel with 
shear modulus of elasticity G — 11.4 X 10 psi. Each arm of 
the wrench is 9.0 in. long and has a solid circular cross section 
of diameter d — 0.5 in. 


(a) Determine the maximum shear stress in the arm 
that is turning the lug nut (arm A). 

(b) Determine the angle of twist (in degrees) 
of this same arm. 
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Solution 3.3-3 Lug wrench 
|^ P = 25 ]b (a) MAXIMUM SHEAR STRESS 
mu € L = 9.0 in. From Eq. (3-12): 
Ta ee ee) »| 167 (16)(450 Ib- in.) 
p d = 0.5 in. Tmax ~ 3^ 2.4.3 
] "d 77(0.5 in.) 


G — 11.4 X 10? psi 
ps Tmax ^ 18,300 psi «— 
T=t ti 
ene enue (b) ANGLE OF TWIST 
arm A 


Am AW — A) 
nn P), T = P(2L) = 2(25 |b) From Eq. (3-15): 


(2.0 in) Qo TL GS0binX90im) 


GI 
= 450 lb-in. d (11.4 X 10° psi( = Jas in.)* 


$ = 0.05790 rad = 3.3200 < 


Problem 3.3-4 An aluminum bar of solid circular cross section 
is twisted by torques T acting at the ends (see figure). The 
dimensions and shear modulus of elasticity are as follows: 

L = 1.4 m, d = 32 mm, and G = 28 GPa. 





(a) Determine the torsional stiffness of the bar. 

(b) If the angle of twist of the bar is 5°, 

—Cp- what is the maximum shear stress? 

What is the maximum shear strain (in radians)? 





Solution 3.3-4 








(a) TORSIONAL STIFFNESS OF BAR (b) MAX SHEAR STRESS AND STRAIN 
d = 32mm G — 28 GPa T 
GI o = 180 radians 
T 
kp-—  1y2 ld 
T L 
5 4 2 
I, = 1.029 X 10° mm T=krd Tmax = : 
p 
sao ( Z 0.032") Tmax = 27.9MPa <= 
_— 22 
uii 1.4 _ Tmax 
Ymax G 


kr = 2059N:m < 


Ymax = 997 X 107° radians «— 
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Problem 3.3-5 A high-strength steel drill rod used for boring 


a hole in the earth has a diameter of 0.5 in. (see figure). : d 50.1. : 
The allowable shear stress in the steel is 40 ksi and the shear < 
modulus of elasticity is 11,600 ksi. 

What is the minimum required length of the rod so that ~ L — ——— 


one end of the rod can be twisted 30° with respect to the other 
end without exceeding the allowable stress? 


Solution 3.3-5 Steel drill rod 


TL 32TL 
d 0.5 in. From Eq. (3-15): $p = —— = 


T T GIp — Grd 
is ———= 
Grd*h 


— | L — T = GLO substitute Tinto Eq. (1): 














G — 11,600 psi ( 16 eS Gde 
: Tmax ^| a Am 
d — 0.5 in. ad? 32L 2L 
- "T" Gdo 
b = 30° = (30 (rad — 0.52360 rad min = yr e 
M .. (11,600 ksi)(0.5 in.)(0.52360 rad) 
Tallow ~ “NSS! 7 2(40 ksi) 
MINIMUM LENGTH Lain = 38.0 in. = 
16T 
From Eq. (3-12): Tmax = "es (1) 
md 


Problem 3.3-6 The steel shaft of a socket wrench has a 
diameter of 8.0 mm. and a length of 200 mm (see figure). 

If the allowable stress in shear is 60 MPa, what is the 
maximum permissible torque Tmax that may be exerted with 
the wrench? 

Through what angle ¢ (in degrees) will the shaft twist 
under the action of the maximum torque? (Assume G — 78 GPa 
and disregard any bending of the shaft.) 
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Solution 3.3-6 Socket wrench 

ANGLE OF TWIST 

L 
From Eq. (3-15): $ = Gh 
TOT max 

From Eq. (3-12): Tnax = 
d=8.0mm L=200mm 16 
Tae, = 60 MPa G=78GPa e DES] ( ca md 

E I——d "m 
MAXIMUM PERMISSIBLE TORQUE 16 Glp 32 
16T 
From Eq. (3-12): Tmax = m je Td TaxL(32) E 2TmaxL 
3 16G(zd^) Gd 
Jd $us 
dux = 16 
2(60 MPa)(200 mm) nested 
= —__————_ = 0. ra 
77(8.0 mm)*(60 MPa) (78 GPa)(8.0 mm) 

I ipak — |^ ^— aS 


180 À 
T 6.03 N $ = (0.03846 e deg/rad) =220  — 
max — O. m e— 


Problem 3.3-7 A circular tube of aluminum is subjected to T T 
torsion by torques T applied at the ends (see figure). The bar is — 00 C 
24 in. long, and the inside and outside diameters are 1.25 in. and 
1.75 in., respectively. It is determined by measurement that the 
angle of twist is 4° when the torque is 6200 lIb-in. 

Calculate the maximum shear stress Tmax in the tube, the 
shear modulus of elasticity G, and the maximum shear strain 
Ymax (in radians). 
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Solution 3.3-7 
NUMERICAL DATA ro 
MAX. SHEAR STRAIN Ymax = FA 
L-Mim n= in y= Sin Ymax = 0.00255 radians < 
TT : : Tmax 
db = (=) radians T m 6200 lb-in. SHEAR MODULUS OF ELASTICITY G G =. 
180 Ymax 
G = 3.129 X 10? psi 
Tr? 
MAX. SHEAR STRESS Tux = TL 
Ip or A G=3.13X10° psi  — 
T 
I, ET 2 ry ES r^) I5 — 0.681 in.^ P 
Tr» . 
Tua ~" —— Tmax ^ 7965 psi «— 
Ip 






Problem 3.3-8 A propeller shaft for a small yacht is made of a 

solid steel bar 104 mm in diameter. The allowable stress in shear 

is 48 MPa, and the allowable rate of twist is 2.0° in 3.5 meters. 
Assuming that the shear modulus of elasticity is G = 80 GPa, 

determine the maximum torque Tmax that can be applied to the É 


shaft. 





T 


Solution 3.3-8 








NUMERICAL DATA FIND MAX. TORQUE BASED ON ALLOWABLE RATE OF TWIST 
9 GL, 

d — 104 mm 7, = 48 MPa 0 = 7 Troe = T Tmax = GIO 

o| Z 
" 180/ rad Aan Tmax = 9164 N: m «— 

= = a ^ 
3.5 a governs 

I, EE gi I, — 1149 x 10’ mm’ FIND MAX. TORQUE BASED ON ALLOWABLE SHEAR STRESS 

32 Talp 

mas = PO i nm = 10,602 N-m 
2 
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Problem 3.3-9 Three identical circular disks A, B, and C are welded 
to the ends of three identical solid circular bars (see figure). The bars 
lie in a common plane and the disks lie in planes perpendicular to the 
axes of the bars. The bars are welded at their intersection D to form a 
rigid connection. Each bar has diameter d, = 0.5 in. and each disk has 
diameter d5 — 3.0 in. 

Forces P4, P5, and P, act on disks A, B, and C, respectively, thus 
subjecting the bars to torsion. If P, = 28 Ib, what is the maximum shear 
stress Tmax in any of the three bars? 





Solution 3.3-9 Three circular bars 


T, 
a 
E F "A 
TS 
"4 








D 

Un 
o 

` 


JY 


2 L/ 
T5 is the largest torque 
T5 = T,V2 = Pida V2 


MAXIMUM SHEAR STRESS (Eq. 3-12) 
16T  16T; — 16P\d,V2 











Tmax — ad = m = nd 
d, = diameter of bars 
bd Tmax — ea = 4840 psi < 
d, = diameter of disks Tr (0.5 in.) 
— 3.0 in. 
P, = 28 |b 


T, = Pid; Ty = Pod, T3 = Pad, 
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Problem 3.3-10 The steel axle of a large winch on an ocean liner is subjected to a 


torque of 1.65 kN : m (see figure). What is the minimum required diameter d, if the i fe 
allowable shear stress is 48 MPa and the allowable rate of twist is 0.75°/m? (Assume 
that the shear modulus of elasticity is 80 GPa.) T 


Solution 3.3-10 





BUSCA dain = 0.068m dmn =63.3 mm  — 
T= 1.65 kN-m T, = 48 MPa G = 80 GPa ^ governs 
B T \ rad MIN. REQUIRED DIAMETER OF SHAFT BASED ON ALLOWABLE 
04 = 0.75 180/ m SHEAR STRESS 
MIN. REQUIRED DIAMETER OF SHAFT BASED ON zc Td zm Td 
ALLOWABLE RATE OF TWIST 2r, ( T F H 
T T T 4 T 32 


LS 


0-—— Ln-— — 
GI, GO 32 G0 





16T ? 
"NE dain = 0.056 m 


TI Ta 


dmin 55.9 mm 


Problem 3.3-11 A hollow steel shaft used in a construction auger has 
outer diameter d; = 6.0 in. and inner diameter d, = 4.5 in. (see figure). 
The steel has shear modulus of elasticity G = 11.0 X 10° psi. 

For an applied torque of 150 k-in., determine the following quantities: 


(a) shear stress 7» at the outer surface of the shaft, 
(b) shear stress 7, at the inner surface, and 
(c) rate of twist 0 (degrees per unit of length). 


Also, draw a diagram showing how the shear stresses vary in 
magnitude along a radial line in the cross section. 
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Solution 3.3-11 Construction auger 


(c) RATE OF TWIST 


də = 6.0in. r= 3.0 in. . 
T (150 k-in.) 
Y) d,=4.5in. r, = 2.25 in. REI uim ee SERTAREME 
| Glp (11 X 10? psi)(86.98 in.) 


4 G = 11 X 10° psi 
k—d, gat | T = 150 k-in. 0 = 157 X 10 ? rad/in. = 0.00898 /in. — <— 
EUN 4 po idi — d) = 86.98 in^ (d) SHEAR STRESS DIAGRAM 
5170 psi 

(a) SHEAR STRESS AT OUTER SURFACE 3880 psi-. — 
Tr, (150 k-in.)(3.0 in.) 7 BED 

T3 = —— = See eee == P | 

Ip 86.98 in. as ; 


= 5170 psi < 





(b) SHEAR STRESS AT INNER SURFACE 


Tr r 
7n == = = 3880psi < 
lp n 


Problem 3.3-12 Solve the preceding problem if the shaft has outer diameter d; = 150 mm and inner diameter d; = 100 mm. 
Also, the steel has shear modulus of elasticity G = 75 GPa and the applied torque is 16 kN - m. 





Solution 3.3-12 Construction auger 





d, = 150 mm rə = 75 mm (b) SHEAR STRESS AT INNER SURFACE 
d, = 100 = Tr f 

1 mm rı = 50mm n = bel. = 20.1 MPa " 

G — 75 GPa Ip r? 

T—16kN:m (c) RATE OF TWIST 

T 16 kN* 
Ip = —(d$ — df) = 39.88 X 10° mm^ — ERU NN 
32 Glp (75 GPa)(39.88 X 10° mm^) 

(a) SHEAR STRESS AT OUTER SURFACE 0 = 0.005349 rad/m = 0.306?/m  —— 


= Tr) = (16 KN - m)(75 mm) (d) SHEAR STRESS DIAGRAM 


72 7 6... 4 
Ip 39.88 x 10° mm 


30.1 MP is 30.1 MPa 
= i a 


20.1 MPa 





r (mm) 
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Problem 3.3-13 A vertical pole of solid circular cross section is twisted by 
horizontal forces P — 1100 Ib acting at the ends of a horizontal arm AB (see 
figure). The distance from the outside of the pole to the line of action of each 
force is c — 5.0 in. 

If the allowable shear stress in the pole is 4500 psi, what is the minimum 
required diameter d,,;, of the pole? 





g” | PQc*d)d | 16P(2c+d) 


ad^/16 qd? 
(TTaa dE — (16P)d — 32Pc = 0 


Tmax E 





P — 1100 Ib SUBSTITUTE NUMERICAL VALUES: 
ps Units: Pounds, Inches 


ee ee (77)(4500)d° — (16)(1100)d — 32(1100)(5.0) = 0 


Find dimin Or 
d? — 1.24495d — 12.4495 = 0 


Solve numerically: d — 2.496 in. 
Amin = 2.50in. < 








Problem 3.3-14 Solve the preceding problem if the horizontal forces have magnitude P — 5.0 kN, the distance c — 125 mm, 
and the allowable shear stress is 30 MPa. 
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Solution 3.3-14 Vertical pole 

TORSION FORMULA 

Tr Td 
T. LE Lum gW———— 
max I5 ob 
T=PQ2ctd I md^ 
= C = 
P 23 
PQc+d)d  16P(2c- d) 
T. i 5 M 
= md*/16 rd? 
(TT max)d> — (16P)d — 32Pc = 0 
SUBSTITUTE NUMERICAL VALUES: 
P — 5.0 kN Units: Newtons, Meters 
c — 125 mm (4)(30 X 1054? — (16)(5000)d — 32(5000)(0.125) = 0 

Tallow = 30 MPa or 
Find dyin d? — 848.826 x 10 °d — 212.207 x 10 °=0 


Solve numerically: d = 0.06438 m 


dmin 64.4mm < 





Problem 3.3-15 A solid brass bar of diameter d = 1.25 in. is 
subjected to torques T, as shown in part (a) of the figure. The 
allowable shear stress in the brass is 12 ksi. 








(a) What is the maximum permissible value of the torques 73? 

(b) If a hole of diameter 0.625 in. is drilled longitudinally through 
the bar, as shown in part (b) of the figure, what is the maximum 
permissible value of the torques 75? 

(c) What is the percent decrease in torque and the percent decrease 
in weight due to the hole? 


(a) 








CX 
ar, 























Sec 3.3.qxd 9/27/08 1:27 PM Page 263 ED 
IP. 
SECTION 3.3 Circular Bars and Tubes 263 
Solution 3.3-15 
> | 
E aN 
| | - | d d, = 1.25 in. d, = 0.625 in. Ta = 12 ksi 
X : J j 
kr Aue TT 
u€— | Ta 55A d = dif) 
T^max zs d 
(a) MAX. PERMISSIBILE VALUE OF TORQUE T; — SOLID BAR a 
T L 2 
7 Talp 7 $9 1 d;—dj 
Timax = d Timax = d Tamiz = 16^ aT d; 
: 2 Tomax =431in-k < 
Timax = 16 nd” 
l (c) PERCENT DECREASE IN TORQUE & PERCENT DECREASE 
Tina = ig 1200.25)? IN WEIGHT DUE TO HOLE IN (b) 


T SAGAS EST percent decrease in torque 
lmax Tf = 


Timax n Tomax 
(b) MAX. PERMISSIBILE VALUE OF TORQUE T, — T (100) = 6.25% — 
HOLLOW BAR , . ani . 
percent decrease in weight (weight is proportional to 
x-sec area) 


TT TT 
Aj— —dy = Ay —(df- df 
i um 2= 4i - df) 
1 


hak, 
— — (100) = 25 % «— 
Ay 





dı 


d —— 


Problem 3.3-16 A hollow aluminum tube used in a roof structure has an outside 
diameter də = 104 mm and an inside diameter d; = 82 mm (see figure). The tube is 
2.75 m long, and the aluminum has shear modulus G — 28 GPa. 


(a) If the tube is twisted in pure torsion by torques acting at the ends, what is the 
angle of twist (in degrees) when the maximum shear stress is 48 MPa? di d 
(b) What diameter d is required for a solid shaft (see figure) to resist the same torque a 


with the same maximum stress? 
(c) What is the ratio of the weight of the hollow tube to the weight of the solid shaft? 
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Solution 3.3-16 


NUMERICAL DATA 
də = 104 mm 
d, = 82mm 





L = 2.75 x 10° mm 


G = 28 GPa 
I, = (n/32)(d5* — dif) 
I, = 7.046 X 10? mm* 


(a) FIND ANGLE OF TWIST Tmax = 48 MPa 


re o o 


GI, 21, / Gd» 
2L 
p= ma) Ga, 
o = 0.091 radians 
$-—5.19? < 


(b) REPLACE HOLLOW SHAFT WITH SOLID SHAFT - FIND 
DIAMETER 





d 

T— 
| 2 16T 
Tmax TT Tmax EE Pr 

4 

hd 32d 


set Tmax expression equal to 


32Td 
ge es then solve for d 


al as = ai) 
dy — df 
dy 


dj — N 
dreqd = d dega = 88.4 mm «— 
2 





q = 





(c) RATIO OF WEIGHTS OF HOLLOW & SOLID SHAFTS 
WEIGHT IS PROPORTIONAL TO CROSS SECTIONAL AREA 


Ap = = (a? = dj 


4 
4 2 Ah 
A, 4 dread A, = 0.524 = 


So the weight of the tube is 52% of the solid shaft, 
but they resist the same torque. 
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Problem 3.3-17 A circular tube of inner radius r, and outer radius rə is 
subjected to a torque produced by forces P — 900 Ib (see figure). The 
forces have their lines of action at a distance b = 5.5 in. from the outside 
of the tube. 


If the allowable shear stress in the tube is 6300 psi and the inner 
radius r, = 1.2 in., what is the minimum permissible outer radius r2? 





SOLUTION OF EQUATION 
Units: Pounds, Inches 


Substitute numerical values: 
B 4(900 Ib)(5.5 in. + r5)(r;) 








6390 psi = UD — Q2 in 
Or 
PD r4 — 2.07360 
b = 5.5 in. “P(t + 55) — 0.181891 = 0 
Tallow = 6300 psi or 
r, = 1.2 in. r4 — 0.181891 r5 — 1.000402 r> — 2.07360 = 0 
Find minimum permissible radius rz Solve numerically: 
TORSION FORMULA r2 = 1.3988 in. 
T = 2P(b + rə MINIMUM PERMISSIBLE RADIUS 
" r = ]40in. <— 
lp om) 


u Tr» 2P(b m ro )ra 4P(b + ro)ra 
=Z L1. Em —_ ee o NEUE E 
Te- A-D 


All terms in this equation are known except r2. 





di 
ar, 
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266 CHAPTER 3 Torsion 


Nonuniform Torsion 


Problem 3.4-1 A stepped shaft ABC consisting of two solid 
circular segments is subjected to torques T, and T» acting in 
opposite directions, as shown in the figure. The larger segment 
of the shaft has diameter d; = 2.25 in. and length Lı = 30 in.; 
the smaller segment has diameter d» = 1.75 in. and length 
L> = 20 in. The material is steel with shear modulus 
G = 11 X 10° psi, and the torques are T, = 20,000 Ib-in. 
and T> = 8,000 Ib-in. 

Calculate the following quantities: (a) the maximum shear 
stress Tmax in the shaft, and (b) the angle of twist óc (in degrees) 
at end C. 





Solution 3.4-1 Stepped shaft 

SEGMENT BC 

Tgc = +T> = 8,000 Ib-in. 
16Tgc — 16(8,000 Ib-in.) 














Tee = = 7602 psi 
BC mdi (1.75 in. d 
Toc; (8,000 Ib-in.)(20 in.) 
PBC = Gase o [r NH" 
d, = 2.25 in. L, = 30 in. (11 X 10" psi) 32 (1.75 in.) 
d, = 1.75 in. L, = 20 in. — 40015797 rad 


G = 11 X 10° psi 
T, — 20,000 Ib-in. (a) MAXIMUM SHEAR STRESS 


Segment BC has the maximum stress 
Tə = 8,000 Ib-in. 
Tmax = 7600 psi e 


SEGMENT AB 
(b) ANGLE OF TWIST AT END C 
Tap = T» = Ti = — 12,000 ]b-in. 
Qc = bap + gc = (—0.013007 + 0.015797) rad 








E Tag|  16(12,000 Ib-in.) "— 
Tue Je——— eee rx rom S1 = = : 
AB di 70225 in)? p dc = 0.002790 rad = 0.16° —— 
Taala ( — 12,000 Ib-in.)(30 in.) 

Pas = G()AB j 6 T 

(11 X 10? psi)| — ](2.25 in. 

32 
= — 0.013007 rad 





di 
ar, 
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SECTION 3.4 Nonuniform Torsion 267 


Problem 3.4-2 A circular tube of outer diameter d = 70 mm and 
inner diameter d» = 60 mm is welded at the right-hand end to a fixed 
plate and at the left-hand end to a rigid end plate (see figure). A solid 
circular bar of diameter d, = 40 mm is inside of, and concentric with, 
the tube. The bar passes through a hole in the fixed plate and is 
welded to the rigid end plate. 

The bar is 1.0 m long and the tube is half as long as the bar. A 
torque T — 1000 N : m acts at end A of the bar. Also, both the bar 
and tube are made of an aluminum alloy with shear modulus of 
elasticity G — 27 GPa. 





(a) Determine the maximum shear stresses in both the bar 
and tube. 
(b) Determine the angle of twist (in degrees) at end A of the bar. 





Solution 3.4-2 Bar and tube 









TORQUE 
Tube 
J 2 T —1000N:m 
SR a, 
ze: IR (a) MAXIMUM SHEAR STRESSES 
`~ 16T 
i — Bar: Thar = E 79.6 MPa «— 
5 r -. — T Tdi 
m A 7 T(d3/2) 
i Tube: T tube = : = 32.3 MPa «— 
(15) tube 
TUBE 
d = 70 mm d, = 60 mm (b) ANGLE OF TWIST AT END A 
_ TL 
Lupe = 0.5 m G = 27 GPa Bar: Ọbar = —€— 0.1474 rad 
" G() bar 
(Ip) tube = 35 (ds — d3) ^" 
Tube: pe = GU) une — 0.0171 rad 
— 1.0848 x 109 mm^ p) tube 
ba = Doar + Pube = 0.1474 + 0.0171 = 0.1645 rad 
SE b,=943°  — 
d,=40mm L,,,=10m  G-27GPa 
"dj 34 
(I) bar = 32 — 251.3 X 10" mm 





EX 
ar, 
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268 CHAPTER 3 Torsion 


Problem 3.4-3 A stepped shaft ABCD consisting of solid circular 
segments is subjected to three torques, as shown in the figure. The 
torques have magnitudes 12.5 k-in., 9.8 k-in., and 9.2 k-in. The 
length of each segment is 25 in. and the diameters of the segments 
are 3.5 in., 2.75 1n., and 2.5 in. The material is steel with shear 
modulus of elasticity G — 11.6 X 10? ksi. 


NL 98.-in. X 92kin. 
[3.5 in. [275 in. y 










f 


25 inlas in — 


<= 25 mn 





(a) Calculate the maximum shear stress Tmax in the shaft. 
(b) Calculate the angle of twist dp (in degrees) at end D. 


Solution 3.4-3 





NUMERICAL DATA (INCHES, KIPS) (Tc * T dac 
C DI 
T 
Ty—92kin L=25in. 35 dac. 


dap = 3.5 in. dpgc = 2.75 in. 
dcp = 2.5 in. G = 11.6 X (10°) ksi 


Trac = 4.65 ksi — controls 


(b) ANGLE OF TWIST AT END D 


a) MAX. SHEAR STRESS IN SHAFT 
( ) T, = |R,| T> = Tc + Tp T4 = Tp 


torque reaction at A: RA = —(Tg + Tc + Tp) 














Ra = —31.5 in.-kip TT TT 
Ip = zda Ip = = dec 
dap 32 32 
[Ral Tr 
2 ] Ip3 = —d as 
TAB — — Tmax ^ 3.742 ksi 32 
pri Yd 
32 TL; L/T Tə T3 
bo = Ler, b= c a d 
dcp pi Pl P2 P3 
I5c— 
Check CD: Tcp = Tcp ^ 2.999 ksi dp = 0.017 radians p = 0.978 degrees < 
T 
L 
D 





dh 
ar, 
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SECTION 3.4 Nonuniform Torsion 269 


Problem 3.4-4 A solid circular bar ABC consists of two 
segments, as shown in the figure. One segment has diameter 
d; = 56 mm and length L, = 1.45 m; the other segment has 
diameter d) = 48 mm and length Ly = 1.2 m. 

What is the allowable torque Tanow if the shear stress is not » " 
to exceed 30 MPa and the angle of twist between the ends of the i 2 
bar is not to exceed 1.25°? (Assume G = 80 GPa.) 











Solution 3.4-4 











NUMERICAL DATA Tatlow based on angle of twist 
d,—56mm d = 48mm _T Mg, ^ 
Pmax m G 
L,-1450mm  14-1200mm G= 80 GPa (= at) (= a) 
= 32 32 
Ta = 30 MPa Qa = 1.25( | radians 
180 
"TS GO a 
Allowable torque allow ~~ Ia m 
o + o 
Tatlow based on shear stress T på T 4 
435 di 45 d 
167 nnd? 32 32 
| daa allow ^ 16 Tallow = 459 N+ m «— governs 
d s = 651.441 N:m 
Problem 3.4-5 A hollow tube ABCDE constructed of T= Tə = T3 = Gs T; = 


monel metal is subjected to five torques acting in the directions 1000 Ib-in. 500 lb-in. 800 lb-in. 500 lb-in. 800 lb-in. 


shown in the figure. The magnitudes of the torques are 
T, = 1000 Ib-in., T; = Ty = 500 Ib-in., and T4 = T; = 800 Ib-in. IÈ CA RQ | À (A 
The tube has an outside diameter d» = 1.0 in. The allowable 
shear stress is 12,000 psi and the allowable rate of twist is h B C | D E 
2.0"7fft. d, = 1.0 in. 

Determine the maximum permissible inside diameter dı 
of the tube. 





CX 
ar, 
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270 CHAPTER 3 Torsion 


Solution 3.4-5 Hollow tube of monel metal 


REQUIRED POLAR MOMENT OF INERTIA BASED UPON 
ALLOWABLE SHEAR STRESS 








To T. (32. 
Ta Ip = Fmax(@!?) _ 0105417 in^ 
I, Tallow 


d» = ].O in. Tallow ^ 12,000 psi 


Oo, = 2°/ft = 0.16667^/in. REQUIRED POLAR MOMENT OF INERTIA BASED UPON 
ALLOWABLE ANGLE OF TWIST 


= 0.002909 rad/in. 
T, T, l 
From Table H-2, Appendix H: G = 9500 ksi 0 = > p,— —P* = 0.04704 in. 
GIp G0 allow 
TORQUES 


SHEAR STRESS GOVERNS 


Required Jp = 0.05417 in.* 





Ip = 35 di - db 
Tı = 1000 Ib-in. T> = 500 Ib-in. T5 = 800 Ib-in. 





| | 4 a ip | 4 — 32(0.05417 in.*) 
T4 — 500 Ib-in. T5 = 800 Ib-in. dj = di — pua (1.0 in.) — = 
INTERNAL TORQUES = 0.4482 in.* 
Tag = — T, = — 1000 Ib-in. dı = 0.818in. < 


[oes + 7 S500 bain. 
Tcp = Ti T T^ T4 = — 1300 Ib-in. 
Thor = des Ti -H T» — T4 F T4 = — 800 Ib-in. 


(Maximum permissible inside diameter) 


Largest torque (absolute value only): 


Tmax = 1300 Ib-in. 


Problem 3.4-6 A shaft of solid circular cross section consisting of two 
segments is shown in the first part of the figure. The left-hand segment 
has diameter 80 mm and length 1.2 m; the right-hand segment has 
diameter 60 mm and length 0.9 m. 

Shown in the second part of the figure is a hollow shaft made of the 
same material and having the same length. The thickness f of the hollow 
shaft is d/10, where d is the outer diameter. Both shafts are subjected to 
the same torque. 

If the hollow shaft 1s to have the same torsional stiffness as the solid 
shaft, what should be its outer diameter d? 














EX 
ar, 
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Solution 3.4-6 Solid and hollow shafts 
SOLID SHAFT CONSISTING OF TWO SEGMENTS TORSIONAL STIFFNESS 
| T 
pow OU mm kp — n Torque T is the same for both shafts. 
$< .. For equal stiffnesses, o, = do 
| i | 
D sd oh hs a i al 4. 3.5569 m 
98,741 m = d ow 
TL; T(1.2 m) T(0.9 m) 
$17 EG. t d = 22309 36.023 x 1076 mf 
Pi T 4 T 4 i m 
o| Z )ao mm) (=) (60 mm) 98,741 


32T d = 0.0775 m = 77.5 mm é 
= — (29,297 m ? + 69,444 m ?) 
mG 


32T 


— (98,741 m?) 
TG 


HOLLOW SHAFT 


1 = outer diameter 








T REN 
dg = inner diameter = 0.8d 

TL T(2.1 m) 
— Gl, — 





" WES 
G| — lidt — (0.8d)* 
(Zu - osos 
- 27 2.1 m )- ees) 
TG \ 0.5904 d* mG d^ 


Units: d = meters 


Problem 3.4-7 Four gears are attached to a circular shaft and transmit 
the torques shown in the figure. The allowable shear stress in the shaft is 


10,000 psi. 8,000 Ib-in. 


(a) What is the required diameter d of the shaft if it has a VAN 
solid cross section? C | 







19,000 Ib-in. 


| Y 4,000 Ib-in. 
7,000 Ib-in. 


(b) What is the required outside diameter d if the shaft is 
hollow with an inside diameter of 1.0 in.? 





EN 
ar 
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272 CHAPTER 3 Torsion 


Solution 3.4-7 Shaft with four gears 


ym 19,000 1b-in. 4,000 Ib-in. —— 7,0001b, (P) HOLLOW sHAFT 
8,000 Ib-in. ~~ ~> aa /7 - ! 
oF Inside diameter dọ = 1.0 in. 






j B C D d 
Tr T mox 2 
Tallow = 10,000 psi Tec = +11,000 Ib-in. Tmax — L T allow — I 
P p 
TAB = —8000 Ib-in. Tcp = +7000 Ib-in. J 
(11,000 b-in)( $) 
(a) SOLID SHAFT 10,000 psi = ——— ~ 
TT . 
16T (Z) — (1.0 in.)*] 
Tmax — mi? 


Units: d = inches 
56,023 d 
d^—1 


16T 16(11,000 Ib-in.) 
P = —* = 25.3800 in^ B 
TT allow 1: (10,000 psi) s 10,000 — 


Required d — 1.78 in. = 
Or 


d^—5.6003d4—1-0 
Solving, d — 1.832 
Required d — 1.83 in. E 


Xu Problem 3.4-8 A tapered bar AB of solid circular cross section A 
is twisted by torques T (see figure). The diameter of the bar varies 5 4 
linearly from d; at the left-hand end to dz at the right-hand end. 
For what ratio dp/d4 will the angle of twist of the tapered bar 
be one-half the angle of twist of a prismatic bar of diameter d4? L 
(The prismatic bar is made of the same material, has the same length, 


and is subjected to the same torque as the tapered bar.) Hint: Use the © d d 
A B 
results of Example 3-5. 








ANGLE OF TWIST 
l B +B+1 1 


TAPERED BAR (From Eq. 3-27) 








TL (B^ -* B1 dp di = 72 
Oa (B ) p ? 3p" ? 
(Ip)A 3B dA 3 2 
or 38 — 2B" — 2B -—2=0 
PRISMATIC BAR SOLVE NUMERICALLY: 
i= TL dg 
iE B- 2 145 < 





EN 
ar 
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Problem 3.4-9 A tapered bar AB of solid circular cross section is twisted 
by torques T = 36,000 Ib-in. (see figure). The diameter of the bar varies 
linearly from d; at the left-hand end to dg at the right-hand end. The bar 
has length L — 4.0 ft and is made of an aluminum alloy having shear 
modulus of elasticity G — 3.9 X 10? psi. The allowable shear stress in 
the bar is 15,000 psi and the allowable angle of twist is 3.0°. 

If the diameter at end B is 1.5 times the diameter at end A, what is 
the minimum required diameter d, at end A? (Hint: Use the results of 
Example 3-5). 





MINIMUM DIAMETER BASED UPON ALLOWABLE ANGLE OF 











dg — 15d 
ú 2 TWIST (From Eq. 3-27) 
T — 36,000 Ib-in. 
A CHAS 
L= 4.0 ft = 48 in. EL qubd " 
= ME d= ( ) = (0.469136) 
G = 3.9 X 10^ psi G(Ip)A 38? Gp), 
Tallow = 15,000 psi (36,000 Ib-in.)(48 in.) 
ET = M —L— (0.469136) 
Patiow = 3.0) (3 9x 10° 2 1T Jai 
! S1)| = 
= 0.0523599 rad pP 327 4 
E! 
MINIMUM DIAMETER BASED UPON ALLOWABLE SHEAR - 2.11728 ID. 
STRESS di 
_16T — $ . 16T _ 16(36,000 Ib-in.) p 241728 int _ 2.11728 in.” 
Tmax ~ Td SC TERT cus 7 1:(15,000 psi) i Pallow 0.0523599 rad 
= 12.2231 in? = 40.4370 in. 
d, = 2.30 in. d4 = 2.52 in. 


ANGLE OF TWIST GOVERNS 


Min. d4 — 2.52 in. «— 





fis 
E. 
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274 CHAPTER 3 Torsion 


Problem 3.4-10 The bar shown in the figure is tapered linearly from 
end A to end B and has a solid circular cross section. The diameter at the 
smaller end of the bar is d4 = 25 mm and the length is L = 300 mm. 
The bar is made of steel with shear modulus of elasticity G = 82 GPa. 

If the torque T = 180 N : m and the allowable angle of twist is 0.3°, 
what is the minimum allowable diameter dg at the larger end of the bar? 
(Hint: Use the results of Example 3-5.) 


Solution 3.4-10 Tapered bar 


® 
oe 














d, = 25 mm o( m rad 
^ Ce e =) 
L = 300 mm : 
-m)(0. + 
G = 82 GPa _ (180 N+ m)(0.3 m) (£ Be - 
T=180N:m (82 aeu -Z Jas mm) "B 
Ga 0.304915 = Aaa 
-&- Find dg i B 3 p? 
DIAMETER BASED UPON ALLOWABLE ANGLE OF TWIST 091474589 — g^ —-1=0 
(From Eq. 3-27) 
SOLVE NUMERICALLY: 
B= 7 B = 1.94452 
TI. B2 gs d a Min. dg = Bd, = 48.6 mm = 
m fag = pipe da 
Güp)A 3p 32 





fis 
E. 
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Problem 3.4-11 The nonprismatic cantilever circular bar 
shown has an internal cylindrical hole from 0 to x, so the net 
polar moment of inertia of the cross section for segment 1 is 
(7/8)1,. Torque T is applied at x and torque 7/2 is applied 

at x — L. Assume that G is constant. 


Segment 1 Segment 2 


(a) Find reaction moment R4. 
(b) Find internal torsional moments T; in segments 1 & 2. 


(c) Find x required to obtain twist at joint 3 of o4 = TI/GI, 1 2 
(d) What is the rotation at joint 2, o»? 
(e) Draw the torsional moment (TMD: T(x), 0 = x = L) and KL A L-x 


displacement (TDD: (x), 0 S x S L) diagrams. 

















Ti 
BEEN ae 
TMD 0 0 
5 
TDD 0 0 
x Solution 3.4-11 
17 1 
(a) REACTION TORQUE R, | our 
T zn 14 2 
YM, =0 R= -| T+—]) Rs- T 
2 2 L) 7 
S| — x= — <— 
(b) INTERNAL MOMENTS IN SEGMENTS | & 2 17\2 17 
T (d) ROTATION AT JOINT 2 FOR X VALUE IN (C) 
T, = —R, T, —1.5T Tl — 
] arat) 
—T — 
(c) FIND X REQUIRED TO OBTAIN TRWIST AT JT 3 by = Tix += 2 y 
7 7 
T;L; G| cl, G| c1, 
Qm OR 8 8 
TL Tx TXL — x) —— Pm 
up Ere ORUM: 17GIp 
GIp 7 GIp 
G ri 
(e) TMD & TDD — SEE PLOTS ABOVE 
3 T 
TL e r)s GL — x) TMD is constant - T, for 0 to x & T» for x to L; 
Mur EL REN pM hence TDD is linear - zero at jt 1, $» at jt 2 & 3 
GIp 7 GIp at jt 3 
G| —Ip 
8 
G) 
mee 
a + L 
= x) 





d 
IE, 
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Problem 3.4-12 A uniformly tapered tube AB of hollow circular cross 
section is shown in the figure. The tube has constant wall thickness t and 
length L. The average diameters at the ends are d4 and dg = 2d,. The polar 
moment of inertia may be represented by the approximate formula Ip ~ zd"t/A 
(see Eq. 3-18). 

Derive a formula for the angle of twist $ of the tube when it is subjected 
to torques 7 acting at the ends. e À quie» 





t = thickness (constant) 





| À 
«i . T fas da, dg = average diameters at the ends 


adit 


| i P dg = 2d4 Le 1 (approximate formula) 

















Take the origin of coordinates at point O. For element of length dx: 
x x T, 3 
d(x) = zr «9 7 ; dà dc dx —  — Tdx — — 4TL Rd 
Glp(x) |— " o( ti) " Je TGtdax 
m[dG)Pt — midi , AD. 
L,(x) = = 3 X 2L 
4 4L rm [ ^ ATL’ E "dx B 
L Gta x d 








CX 
ar, 
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Problem 3.4-13 A uniformly tapered aluminum-alloy tube AB t constant 
of circular cross section and length L is shown in the figure. The L dg — 2t 
outside diameters at the ends are d4 and dg = 2d4. A hollow A B 


section of length L/2 and constant thickness t = d4/10 is cast T T 
into the tube and extends from B halfway toward A. © 
(a) Find the angle of twist q of the tube when it is subjected d4 L | E 


to torques T acting at the ends. Use numerical values as 
follows: da = 2.5 in., L = 48 in., G = 3.9 X 10° psi, and 
T = 40,000 in.-Ib. 

(b) Repeat (a) if the hollow section has constant diameter 


d4. (See figure part b.) I—1— dy 
B 


Solution 3.4-13 


PART (A) - CONSTANT THICKNESS 
use x as integration variable measured from B toward A 
from B to centerline 


outer and inner diameters as function of x 


a) = dp — (25725). 


0x xx 


L 


xda 
do(x) = 2d 4 — uL 


[Qd4 — 2t) — (d4 — 20] 





d;(x) = (dg — 2t) 


L 
—] . =L + 3x 
dive hZ 
ix) 5 A L 
solid from centerline to A 
xem ao 
$ 5 NS o(x) = 2d4 L 





CX 
ar, 
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5 7A L 


E e £L 
GAT) Jo ( 23] 7 (3 — 9L + zy S > | =a 











T (^ 125 3InQ) + 2In(7) — In(197) — 125 —2ln(19) + In(181) , 19 


— 32 
$ Gar 





c iE 16TL 71117 TL 
Simplifying: 6 = — — | 38 + 10125 In or dy = 3.868 —7 


Use numerical properties as follows L = 48 in. G — 3.9 x 10? psi d4 — 2.5 in. 


Pa = 0.049 radians $6,279  — 


PART (B) - CONSTANT HOLE DIAMETER 
dg — da 
L 


dA 


do( x) — dg — ( ): dox) = 2d4 — ES di(x) = da 


xda 
S xum dox) = 2da — T 


L 
5 L 
T(32 i 1 1 
6-72 | a «+ | ve 
GN 7 '( a) 4 i ( a) 





dy de 204 = Uu 
3 
In(5) + 2atan z) 

T |1 2 1 In(3) + 2atan(2) 19 

dp = 32—— 3 a a ge 1 

Gm |4 da 4 da Sld, 
Simplifying, d 3.057 = 
implifying, —3057— — 
pulying, Pp Gd? 


Use numerical properties given above 


d, = 0.039 radians bp =2.21° «€ 


Pa — 1.265 so tube (a) is more flexible than tube (b) 


Pp 





fis 
E. 





2 a 2 ae 81d," 


f= 


dA 
10 


T — 40000 in.-Ib 
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Problem 3.4-14 For the thin nonprismatic steel pipe of constant 2d 


thickness f£ and variable diameter d shown with applied torques at 
joints 2 and 3, determine the following. 


(a) Find reaction moment R4. 

(b) Find an expression for twist rotation @3 at joint 3. Assume 
that G is constant. 

(c) Draw the torsional moment diagram (TMD: T(x), 
O=x=L). 





Solution 3.4-14 


(a) REACTION TORQUE R, oT l 1 
c" = = — | — d 
statics: XT = 0 $3 Gat Jo NC d 
T = 7 2d 1. = = 
Ry Sa =f) Ry = —. e— L 
2 2 


(b) ROTATION AT JOINT 3 























d(x) a z) EEE or f | 
X) = — — = cS 
12 L 9 $3 = zl 2 ax 
0 X 
L (1-7) 
d53(x) = d ? =. y= L 
QTL 
L i Grd°t 
2 2 
$5 = f dx b 3TL QTL 
= E 
: o| asco?) 1 SG: Grd: 
19TL 
h T $3 = 3 — 
" J © h 8SGad?t 
L TT 
2 o| Zas) (c) TMD 


TMD is piecewise constant: T(x) = +T/2 for 
segment 1-2 & T(x) = +T for segment 2-3 (see plot 
above) 


use Ip expression for thin walled tubes 





di 
ar, 
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Problem 3.4-15 A mountain-bike rider going uphill applies Handlebar extension  <_ 
torque T = Fd (F = 15 |b, d = 4 in.) to the end of the handlebars doi foi b" 
i E 





ABCD (by pulling on the handlebar extenders DE). Consider 
the right half of the handlebar assembly only (assume the 

bars are fixed at the fork at A). Segments AB and CD are | 

prismatic with lengths L, = 2 in. and L4 = 8.5 A C D 
in., and with outer diameters and thicknesses do; = 1.25 in., 3 

to) = 0.125 in., and do3 = 0.87 in., tog = 0.115 in., respectively Ly L L 

as shown. Segment BC of length L, = 1.2 in., however, 

is tapered, and outer diameter and thickness vary linearly 

between dimensions at B and C. Handlebar 
extension 


do, to3 









Consider torsion effects only. Assume G = 4000 ksi is 
constant. F 
Derive an integral expression for the angle of twist D 43e 
of half of the handlebar tube when it is subjected to torque 








T — Fd acting at the end. Evaluate «D for the given numerical Handlebar 
values. 
Solution 3.4-15 
ASSUME THIN WALLED TUBES AFd| L Ly Lo” 
bp = Cm | 3 + / 3 Ax 
S AB & CD T ldo toi 0 (dojL5 — dox + do3x) 
i X (tojL; — tox + to3x) 
T T 
Ipi = dg Ip, = —do3°t 
Pl = 4 401 fol P3 = “4 403 103 l; | 
3 €«— 
do3 fos 
Segment BC 0zxxzL 
do) = do _ ) 4 dos( - ] NUMERICAL DATA 
2 2 Ly = 2 in. L> = 1.2 in. I4 = 8.5 in. 
u lo, = 0.125 in. Íy3 = 0.115 in. doi = 1.25 in. 

om ea) cE dos =0.87in.  F=15lb  d=4in. 

Ly G = 4 X (10°) psi 

T is — 0.142? «— 
t = fg 1 — — ] + tl — Es 
o2 (X) o( =) x =) 

to; L — tox + to3x 

to2(x) = BEES 

2 

Fd| L h 1 L 
= Glint a 
P i T toa GO n 
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Problem 3.4-16 A prismatic bar AB of length L and solid circular cross 
section (diameter d) is loaded by a distributed torque of constant intensity 


t per unit distance (see figure). t 
A 
(a) Determine the maximum shear stress Tmax 1n the bar. 
(b) Determine the angle of twist $ between the ends of the bar. 7 
L B 


(a) MAXIMUM SHEAR STRESS 
16T, 16tL 
Tinga = tL Tmax — — —— A 


ad? ad? 


(b) ANGLE OF TWIST 




















Ti) = I cd 
X) = tx = — 
82 
. T(x)x | 32 tx dx 
Gp "Gd" 
-Qa- t — intensity of distributed torque L 32; [* l6iL? 
o = f do = " f x dx = 
d — diameter 0 Gd" Jo Gd" 
G — shear modulus of elasticity 
Problem 3.4-17 A prismatic bar AB of solid circular cross section 
(diameter d) is loaded by a distributed torque (see figure). The intensity 
of the torque, that is, the torque per unit distance, is denoted t(x) and t(x) 
varies linearly from a maximum value t, at end A to zero at end B. Also, A 


the length of the bar is L and the shear modulus of elasticity of the 
material is G. 


(a) Determine the maximum shear stress Tmax in the bar. L 
(b) Determine the angle of twist between the ends of the bar. d 





EX 
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282 CHAPTER 3 Torsion 


Solution 3.4-17 Bar with linearly varying torque 


(a) Maximum shear stress 


16T max 16T4 StAL 
Tmax — = = — 


md nË ad 


(b) ANGLE OF TWIST 


T(x) = torque at distance x from end B 


B t(x)x 7 tax? md 


2 sp Toc» 
_ T(x) dx 16t4x? dx 


d - 
? GIp aGLd* 


L L p 
16t 16t, L 
b= | = J wet. <- 
0 





T(x) 











a GLd^ Jo — 3aGd* 


t(x) = intensity of distributed torque 
t4 = maximum intensity of torque 
d = diameter 
G = shear modulus 

T, = maximum torque 
=F tah 


Problem 3.4-18 A nonprismatic bar ABC of solid circular 
cross section is loaded by distributed torques (see figure). 

The intensity of the torques, that is, the torque per unit 
distance, is denoted f(x) and varies linearly from zero at A to a 
maximum value TL at B. Segment BC has linearly distributed 
torque of intensity t(x) = To/3L of opposite sign to that applied 
along AB. Also, the polar moment of inertia of AB is twice that 
of BC, and the shear modulus of elasticity of the material is G. 


(a) Find reaction torque R4. 

(b) Find internal torsional moments 7(x) in segments AB 
and BC. 

(c) Find rotation dc. 

(d) Find the maximum shear stress Tmax and its location 
along the bar. 

(e) Draw the torsional moment diagram (TMD: T(x), 
O=<x<L). 
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Solution 3.4-18 


(a) TORQUE REACTION R4 


STATICS: ST eu) 

1/1, T 1/7 L 
bea A 
2\L 2 2\3L 2 
TL m NE C S 

m A 6 


To x M To \x 
uU EE ESSE 
7 


Pony tsn ir] See 
AB 6 I 0 








E ie To donee 

rew — 2E 

> 

x — LM T$ 
Tact) = -| ( 7 )2 
L 
—= y= L «— 
2 


(c) ROTATION AT C 


iT X 5 X 
bo= [mae [ Be) 
o G(2Ip) L Gip 


L 
2 6 
&- | Le 
o GQIp 























+ dx 
Glp 
ToL ToL 
Pc = i 
48Glp — 72Glp 
|. hL 
$c = 144GIp 
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(d) MAXIMUM SHEAR STRESS ALONG BAR 
For AB 2Ip = — dg! 
P ~ 35 AB 


For BC Ip = 2 duci 





32 
1 
] \4 
dgc = (2) daB 
To daB 
6 2 
At A, T = T)/6 Tu WERT 
deg st 
32 AB 
8T, 
Tmax — 3nd, p <— controls 


Just to right of B, T = —Tyl2 


(suc) 
12\ 2 


To C 
12 2 


Tmax — 


Tmax = 


TT 
35 (0-841 dan)” 


2.2437, 


mdan’ 





Tmax zx 


(e) TMD = two 2nd degree curves: from T6 at A, to 
—T /12 at B, to zero at C (with zero slopes at A & C 
since slope on TMD is proportional to ordinate on 
torsional loading) — see plot of 7(x) above 
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Problem 3.4-19 A magnesium-alloy wire of diameter d — 4 mm and 

length L rotates inside a flexible tube in order to open or close 

a switch from a remote location (see figure). A torque T is applied Flexible tube 

manually (either clockwise or counterclockwise) at end B, thus To = torque 

twisting the wire inside the tube. At the other end A, the rotation of V 

the wire operates a handle that opens or closes the switch. [em 7 21 | 
A torque To = 0.2 N - m is required to operate the switch. el 

The torsional stiffness of the tube, combined with friction between A 

the tube and the wire, induces a distributed torque of constant KE 


intensity t = 0.04 N - m/m (torque per unit distance) acting along f 
the entire length of the wire. 





(a) If the allowable shear stress in the wire 1s 7445, = 30 MPa, 
what is the longest permissible length Lmax of the wire? 

(b) If the wire has length L — 4.0 m and the shear modulus of 
elasticity for the wire is G = 15 GPa, what is the angle of twist & 
(in degrees) between the ends of the wire? 





d = 4mm (b) ANGLE OF TWIST $ 


To, —02N: 
mro L=4m G= 15 GPa 

| o, = angle of twist due to distributed torque t 
(a) MAXIMUM LENGTH Lmax 








16tL* 
Tallow = 30 MPa gr (from problem 3.4-16) 
Equilibrium: T = tL + To a 
16T T T max p = angle of twist due to torque Tọ 
From Eq. (3-12): Tmax = P T — —6 DLL 32L 
=- ~ g romEq-3-15) 
cd Glp — «Gd 
tL + To = ——— 2 
16 o = total angle of twist 
1 = Py T p2 
aGd* i 


I 3 
Lmax = mo Tallow — lOTp) a Substitute numerical values: 


Substitute numerical values: Lmax = 4.42 m < $ = 2.971 rad = 170 S 
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Problem 3.4-20 Two hollow tubes are connected by a pin 
at B which is inserted into a hole drilled through both tubes at 
B (see cross-section view at B). Tube BC fits snugly into tube 
AB but neglect any friction on the interface. Tube inner and 
outer diameters d; (i — 1, 2, 3) and pin diameter d, are labeled 
in the figure. Torque Tọ is applied at joint C. The shear 
modulus of elasticity of the material is G. 

Find expressions for the maximum torque 7 max which can 
be applied at C for each of the following conditions. 








(a) The shear in the connecting pin is less than some 
allowable value (75i; < Tpsatiow): 

(b) The shear in tube AB or BC is less than some allowable Cross-section at B 
value (Tube < Tallow): 

(c) What is the maximum rotation óc for each of cases 
(a) and (b) above? 


Solution 3.4-20 











(a) Tomax BASED ON ALLOWABLE SHEAR IN PIN AT B (2) 
Tol — 
Pin at B is in shear at interface between the two TubeAB = 2 
tubes; force couple V*d5 = To Dui TT (d 4 d 4) 
44M3 «22 
TRI » 
-Qa- v d» Tpin B As " u 16Tod3 
tubeAB —  -. q qe 
" | mdt — dy) 
2. jm so based on tube AB: 
= 2 2 0 4 4 
Tin = ———z— Trin = m(d3* — dy’) 
B "d, E Tdd, T o. max = nao e 
16d3 
4 
mi P and based on tube BC: 
Tomax = Tpatow( — 1 = T (2) 
ae. 
(b) Tomax BASED ON ALLOWABLE SHEAR IN TUBES TtubeBC ~ we 
AB & BC 2b — di^) 
32 
TT 4 4 
Ipap = z(« — dy ) 16Tod; 
32 TtubeBC — 4 4 
mdz" — di) 
4 4 
T o. max — Tt allow 
16d» 
"(2) 
ae 
TtubeAB ^ 7. 





as 
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Max. ROTATION BASED ON ALLOWABLE SHEAR STRESS 








(C) MAX. ROTATION AT C BASED ON EITHER ALLOWABLE 
SHEAR IN PIN AT B OR ALLOWABLE SHEAR STRESS IN IN TUBE AB 
TUBES 205 = d>*) 
Q Cmax — Ti son] | 
MAX. ROTATION BASED ON ALLOWABLE SHEAR IN Gd, 
PIN AT B 
G Mlpap {TPBC (d — dy) (dy — di”) 
m 
r Cc d MAX. ROTATION BASED ON ALLOWABLE SHEAR STRESS 
p.allow 
$ u 4 IN TUBE BC 
7 CHEN NES uM 
We G j ka : 2 
— T 
Lx : Í; Cmax t, allow Gd; 
TT TT 
—(di^— dj —(d* - d,* L L 
35 d 2) 35 2 1) C EH 
(d — dy") (dy — dj) 
8dod, 
Q Cmax — Tp, allow G 
La Lg 
— «— 


LO + 
(d3* — d^ (df — dy‘) 
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SECTION 3.5 Pure Shear 287 
Pure Shear 
Problem 3.5-1 A hollow aluminum shaft (see figure) has outside 4 
diameter d» = 4.0 in. and inside diameter d, = 2.0 in. When twisted T : T 


by torques T, the shaft has an angle of twist per unit distance equal 


to 0.54°/ft. The shear modulus of elasticity of the aluminum is 
G = 4.0 X 10° psi. L 


(a) Determine the maximum tensile stress Cmax in the shaft. 
(b) Determine the magnitude of the applied torques T. 





I" dy 


Probs. 3.5-1, 3.5-2, and 3.5-3 


Solution 3.5-1 Hollow aluminum shaft 











d, =4.0in. dy =2.0in. 0 = 0.54°/ft Qa 
G = 4.0 X 10° psi Omax occurs on a 45° plane and is equal to Tmax: 
MAXIMUM SHEAR STRESS Omax = Tmax = 6280 psi < 
Tmax = Gré (from Eq. 3-7a) (b) APPLIED TORQUE 
r = d5/2 = 2.0 in. Tr 
Ift — Use the torsion formula Tmax = I» 
0 = (0.54°/ft) 
12 in. / V 180 degree ee < 
Pe! qnc aon] —O0in | 
= 785.40 X 10 ° rad/in. r dE ^ dn iun 
Tmax = (4.0 X 10° psi) (2.0 in.)(785.40 x 107° rad/in.) = 23.562 in ^ 
— 6283.2 psi D (6283.2 psi) (23.562 in.*) 


2.0 1n. 
= 74,000 Ib-in. «— 





CX 
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Problem 3.5-2 A hollow steel bar (G = 80 GPa) is twisted by torques T (see figure). The twisting of the bar produces 
a maximum shear strain Ymax — 640 X 107° rad. The bar has outside and inside diameters of 150 mm and 120 mm, 
respectively. 


(a) Determine the maximum tensile strain in the bar. 
(b) Determine the maximum tensile stress in the bar. 
(c) What is the magnitude of the applied torques T? 





G=80GPa Ymax 640 X 1079 rad (b) MAXIMUM TENSILE STRESS 
d» = 150 mm di = 120 mm Tmax — G Ymax = (80 GPa)(640 x 10 5) 
= 51.2 MPa 


IT 
Ip = — (d$ — di 
P = 39 2 ~ di) Tmax = Tmax = 51.2 MPa — 





TT 
— [(150 mm)* — (120 mm)*] (C) APPLIED TORQUES 
T. Td 
«ye = 29.343 x 10° mm* Torsion formula: Tmax = 2 
Ip —2Ip 
(a) MAXIMUM TENSILE STRAIN A 2IpTmax  2(29.343 X 10° mm*)(51.2 MPa) 
s Dans Ut 150 mm 


—320x109$ < 





Emax — 


= 20,030 N-m 
= 20.0kN:m < 


Problem 3.5-3 A tubular bar with outside diameter d; = 4.0 in. is twisted by torques T = 70.0 k-in. (see figure). Under the 
action of these torques, the maximum tensile stress in the bar is found to be 6400 psi. 


(a) Determine the inside diameter d, of the bar. 

(b) If the bar has length L — 48.0 in. and is made of aluminum with shear modulus G — 4.0 X 10 psi, what is the angle of 
twist œ (in degrees) between the ends of the bar? 

(c) Determine the maximum shear strain Ymax (in radians)? 


e€6€060606060620€620600600602920600602902890902020600602092900600602029606060200606020€62060620296206060060298220902902960060290298229029006060202900606209029€606060602960606020€602060060029220900602902982909029029600602929822902029606006020€6020606020€606062060296060602060296200292090602060282902026006209029€0060690296060620602060606020€62060606029206060206029220920290260060029209060206029060602006060020€60€00629029090990995 
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Solution 3.5-3 Tubular bar 

















də = 4.0in. T = 70.0 k-in. = 70,000 Ib-in. eee 
GI 
Omax = 6400 psi Tmax = Gmax = 6400 psi p 
2I 
From torsion formula, T = e 
(a) INSIDE DIAMETER d, d» 
Torsi f la: _ Tr Td» : = Hmm ( L ) = = 
orsion formula: Tmax — I; = 77 is ds GI» Gd, 
Td 70.0 k-in.)(4.0 in. 2(48 in.)(6400 psi 
=e p ee onsen 
2T max 2(6400 psi) (4.0 X 10° psi)(4.0 in.) 
= 21.875 in^ $2220 < 


T T 
Also, fp = 35 (d$ — dj) = a in.)* — dj] (c) MAXIMUM SHEAR STRAIN 


Tmax 6400 psi 








Equate formulas: 





Yy — — 
U* G — 40x 10° psi 
-Qa- T "X T 6 
T [256 in.” — dj] = 21.875 in. = 1600 x 10 "rad. < 
Solve for d,: d, = 2.40 in. — 
(b) ANGLE OF TWIST $ 
L=48in. G= 4.0 x 10° psi 
Problem 3.5-4 A solid circular bar of diameter d = 50 mm Strain gage 


jd = 50 mm T = 500 N-m 





(see figure) is twisted in a testing machine until the applied 
torque reaches the value T = 500 N : m. At this value of torque, 
a strain gage oriented at 45? to the axis of the bar gives a reading 
e = 339 X 10 5. 

What is the shear modulus G of the material? 








EX 
ar, 
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Solution 3.5-4 Bar in a testing machine 





Strain gage at 45°: SHEAR STRESS (FROM EQ. 3-12) 
— —6 16T | 16(500N:m 
Emax = 339 X 10 Eu oe 2 = 20.372 MPa 
T=500N-m SHEAR MODULUS 
SHEAR STRAIN (FROM Eq. 3-33) G= TE. EIER — 30.0 GPa = 


y x 10-6 
Vie O18 0 max 678 X 10 


Problem 3.5-5 A steel tube (G = 11.5 X 10° psi) has an outer diameter d; = 2.0 in. and an inner diameter d, = 1.5 in. 
When twisted by a torque T, the tube develops a maximum normal strain of 170 x 107°. 
What is the magnitude of the applied torque T? 








| ( ) ] [di a 
Y = 
b — T 
G=11.5X 10° psi d;—20in. dy = L5 in. EIUS 
= m Td» 
Emax — 170 X 10 ULT GY max 
T T an 
Ip = — (d$ — d?) = —[(2.0in.)* — (1.5 in. 
PF 3 du) 32 ied M SOLVE FOR TORQUE 
= 1.07379 in. m 2GI p'Ymax 
SHEAR STRAIN (FROM EQ. 3-33) 2 
NS 4 —6 
E 1, BNO O " 2(11.5 X 10° psi)(1.07379 1n. )(340 X 10 >”) 


2.0 1n. 


SHEAR STRESS (FROM TORSION FORMULA) — 4200 Ib-in ix 


Tr Td» 
" T 

max Ip 9 m 
Also, Tmax = G'Ymax 
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Problem 3.5-6 A solid circular bar of steel (G = 78 GPa) transmits a torque T = 360 N - m. The allowable stresses 
in tension, compression, and shear are 90 MPa, 70 MPa, and 40 MPa, respectively. Also, the allowable tensile strain is 


220 x 10 9. 
Determine the minimum required diameter d of the bar. 


Solution 3.5-6 Solid circular bar of steel 


T—360N:m G = 78 GPa 


ALLOWABLE STRESSES 


Tension: 90 MPa Compression: 70 MPa 
Shear: 40 MPa 
Allowable tensile strain: €max = 220 X 107° 


DIAMETER BASED UPON ALLOWABLE STRESS 


The maximum tensile, compressive, and shear stresses 
in a bar in pure torsion are numerically equal. 
Therefore, the lowest allowable stress (shear stress) 
governs. 


Tallow ^ 40 MPa 


IT 4 | 16T  16860N:m) 


nd? — TTalow — 7(40 MPa) 








Tmax — 


d? = 45.837 X 10 °m 
d = 0.0358 m = 35.8 mm 


Problem 3.5-7 The normal strain in the 45° direction on the 
surface of a circular tube (see figure) is 880 X 107° when the 
torque T — 750 Ib-in. The tube is made of copper alloy with 
G = 62 X 10° psi. 


If the outside diameter də of the tube is 0.8 in., what is the 
inside diameter d,? 





DIAMETER BASED UPON ALLOWABLE TENSILE STRAIN 


Ymax EZ 2B a Tmax = GY¥max = 2G ax 





_16T 4 16T 16T 
Tmax ad? TI SnG Sn 
g 16G60N-m) 


— 2m(18 GPa)(220 x 1075) 
= 53.423 x 10 8 m? 


d = 0.0377 m = 37.7 mm 


TENSILE STRAIN GOVERNS 


dmin = 37.7 mm «— 


Strain gage 


d; — 0.8 in. 


T = 750 Ib-in. 
N 











T r 44» | 
- = = @ Nh |a 
x /Aas® E Y | 
T 45 Ne 


də =0.80in. T= 750 lb-in. G = 62 X 10° psi 
Strain gage at 45°: ena, = 880 x 107° 





as 
ar, 





MAXIMUM SHEAR STRAIN 


Ymax mE 2E mas 
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MAXIMUM SHEAR STRESS INSIDE DIAMETER 
Tmax = G¥max = 2GEmax Substitute numerical values: 
2o T2), Th Th (2 SEE 
"e ip 5 XE Jn T (6.2 X 10° psi) (880 x 10 9) 
E M EE" Td = 0.4096 in.^ — 0.2800 in.* = 0.12956 in. 
Ip = =x (dx — dy) = 
32 4GE max dı = 0.60in.  — 
8Td 8Td 
d -dj-——-— df= d- : 
TT G£max TT GZmax 


Problem 3.5-8 An aluminium tube has inside diameter d; = 50 mm, shear modulus of elasticity G = 27 GPa, and torque 
T = 4.0 kN : m. The allowable shear stress in the aluminum is 50 MPa and the allowable normal strain is 900 x 107°. 
Determine the required outside diameter db. 





d,— 50mm G = 27 GPa NORMAL STRAIN GOVERNS 
T—40kN:m Tow = 50 MPa ej, = 900 x 107° Tallow = 48.60 MPa 
Determine the required diameter d». REQUIRED DIAMETER 
ALLOWABLE SHEAR STRESS Tr (4000 N + m)(d5/2) 
T=— 48.6 MPa = ——————— 
(Tallow)1 = 50 MPa Ip 


TA 4 
35 42 L^ (0.050 m) | 
ALLOWABLE SHEAR STRESS BASED ON NORMAL STRAIN 

Rearrange and simplify: 


Yy T 
€ = — = — T= 2Ge 
UN OO 2G c dé — (419.174 x 109a, — 625 x 107° = 0 


(Tatlow)2 = 2GEatow = 2(27 GPa)(900 X 10 5) Solve numerically: 


= 48.6 MPa d; = 0.07927 m 


d, = 79.3 mm «— 





fis 
E. 
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Problem 3.5-9 A solid steel bar (G = 11.8 X 10° psi) of 
diameter d = 2.0 in. is subjected to torques T = 8.0 k-in. 
acting in the directions shown in the figure. 


(a) Determine the maximum shear, tensile, and compressive 
stresses in the bar and show these stresses on sketches of 
properly oriented stress elements. 

(b) Determine the corresponding maximum strains (shear, ten- 
sile, and compressive) in the bar and show these 
strains on sketches of the deformed elements. 


T = 8.0 k-in. 





T = 8.0 k-in. 
G — 11.8 X 10? psi 


(a) MAXIMUM STRESSES 


16T — 16(8000 Ib-in.) 








T. — 
ed m(20in) 
= 5093 psi < 
o, = 5090 psi o, = —5090 psi < 
/ Te = 5090 psi 
^ 45° 








; Ji = 5090 psi 


N 


Problem 3.5-10 A solid aluminum bar (G = 27 GPa) of 
diameter d = 40 mm is subjected to torques T = 300 N : m 
acting in the directions shown in the figure. 


(a) Determine the maximum shear, tensile, and compressive 
stresses in the bar and show these stresses on sketches of 
properly oriented stress elements. 

(b) Determine the corresponding maximum strains (shear, 
tensile, and compressive) in the bar and show these 
strains on sketches of the deformed elements. 





SECTION 3.5 Pure Shear 


293 





G = 11.8x10? psi 


(b) MAXIMUM STRAINS 


5093 psi 
11.8 X 10 psi 


| Ymax _ 


Ymax G 








«— 


= 432 X 10 rad 


Ymax 


Emax = —y = 216 X 10 9 








e, 7216 X 107° e, — —216 X 10° 


v 
\ a 
Ymax = \ 
4.32 x 1075.4 w 
rad 





d = 40mm T = 300 N-m 
T —— N 


| 
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Solution 3.5-10 Solid aluminum bar 











(a) MAXIMUM STRESSES (b) MAXIMUM STRAINS 
ries Cane) _ Tmax _ 23.87 MPa 
Lo PT SS He cum 27 GPa 
= 23.8] MPa < = 884 X 10 $rad < 
0; = 23.9 MPa o, = —23.9 MPa — Emax = “a — A42 x 1076 


e, = 442 X 107? g& =-442x10° < 








Transmission of Power 


Problem 3.7-1 A generator shaft in a small hydroelectric plant turns 120 rpm 
at 120 rpm and delivers 50 hp (see figure). d 
(a) If the diameter of the shaft is d = 3.0 in., what is the maximum 
shear stress Tmax 1n the shaft? 
(b) If the shear stress is limited to 4000 psi, what is the minimum DICH 
permissible diameter dmin of the shaft? 


Solution 3.7-1 Generator shaft 














n=120rpm H=50hp d= diameter = 16T  16(26,260 Ib-in.) 
TORQUE i ad i 7 (3.0 in.)? 
= 0 Poi cmm dede Tmax = 4950psi < 
(b) MINIMUM DIAMETER dnin 
T= 33,000 H _ (33,000)(50 hp) ramos, 4000 psi 
2mn 27(120 rpm) odd 


— 2188 1b-ft — 26,260 1b-in. Ii 9. a T 
TT allow TT (4000 psi) 


dmin = 3.22 in. = 








(a) MAXIMUM SHEAR STRESS Tmax 
d = 3.0 in. 
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Problem 3.7-2 A motor drives a shaft at 12 Hz and delivers 20 kW 
of power (see figure). 12 Hz 


(a) If the shaft has a diameter of 30 mm, what is the maximum shear 
stress Tmax in the shaft? 

(b) If the maximum allowable shear stress is 40 MPa, what is the 20 kW 
minimum permissible diameter dmin of the shaft? 


Solution 3.7-2 . Motor-driven shaft 


f=12 Hz P = 20kW = 20,000 N : m/s 16T — 16(265.3 N* m) 


T = ———À > 
UA qud? 77(0.030 mp 
TORQUE 
P=20fT P= watts f=Hz=s ' = 50.0 MPa < 
T = Newton meters (b) MINIMUM DIAMETER dmin 
P 20,000 W Tallow — 40 MPa 
= — = — — —2653N':m 
2af 27(12 Hz) p= 16T B 16(265.3 N° m) 





TT 
(a) MAXIMUM SHEAR STRESS Tmax allow 7™(40 MPa) 


d = 30mm = 33.78 X 10 ^ n? 
dmin = 0.0323 m = 32.3 mm = 





Problem 3.7-3 The propeller shaft of a large ship has outside 12 in: 100 rpm 
diameter 18 in. and inside diameter 12 in., as shown in the figure. | 
The shaft is rated for a maximum shear stress of 4500 psi. 





(a) If the shaft is turning at 100 rpm, what is the maximum 
horsepower that can be transmitted without exceeding the 
allowable stress? 





(b) If the rotational speed of the shaft is doubled but the power 
requirements remain unchanged, what happens to the shear 
stress in the shaft? 


Solution 3.7-3 Hollow propeller shaft 





d = 18in. d,- 12in. Tow = 4500 psi (a) HORSEPOWER 
TT . 
Ip = 39 @ — d$) = 8270.2 in^ n-10mm H= 2anT 
33,000 
TORQUE 


n=rpm T= lb-ft H = hp 
T(d/2) T= 2T allow! P 





Tmax — 277(100 rpm)(344,590 Ib-ft) 
ý E 33,000 
‘ - A ? 
T- 2(4500 PE in.) -65605p = 
in. 


= 4.1351 x 10° 1b-in. 
= 344,590 1b-ft. 








as 
ar, 





Sec. 3.5-3.7.qxd 9/27/08 1:10 PM Page 296 





CIS 
cly 





296 CHAPTER 3 Torsion 


(b) ROTATIONAL SPEED IS DOUBLED 


|. 2mnT 
33,000 





If n is doubled but H remains the same, then T is 
halved. 


If T is halved, so is the maximum shear stress. 


.. Shear stress is halved «— 


Problem 3.7-4 The drive shaft for a truck (outer diameter 
60 mm and inner diameter 40 mm) is running at 2500 rpm 
(see figure). 


(a) If the shaft transmits 150 kW, what is the maximum shear 
stress in the shaft? 


(b) If the allowable shear stress is 30 MPa, what is the 

















maximum power that can be transmitted? ae 
60 mm 
Solution 3.7-4 Drive shaft for a truck 
a d = 60mm d,=40mm_ n= 2500 rpm pee eee 
- 2lp . 2(1.0210 x 10 9 m^ 
Ip = —(d3 — dj) = 1.0210 x 10 9 m 
32 — 16.835 MPa 
(a) MAXIMUM SHEAR STRESS Tmax Tmax = 16.8 MPa < 
P = power (watts) P = 150 kW = 150,000 W (b) MAXIMUM POWER Pmax 
T = torque (newton meters) n = rpm Tatlow = 30 MPa 
o9 oun d - 16.835 MPa 
60(150,000 W 
M N SeN m = 267kW.  — 
277(2500 rpm) 


Problem 3.7-5 A hollow circular shaft for use in a pumping station is being designed with an inside diameter equal to 


0.75 times the outside diameter. The shaft must transmit 400 hp at 400 rpm without exceeding the allowable shear stress 
of 6000 psi. 


Determine the minimum required outside diameter d. 





di 
ar, 
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Solution 3.7-5 Hollow shaft 
d = outside diameter H=hp n=rpm T= lb-ft 
dọ = inside diameter x 33,000 H  (33,000)(400 hp) 
— 0.75d 27M 277(400 rpm) 
H=400hp n= 400 rpm = 5252.1 lb-ft = 63,025 Ib-in. 
Tallow = 6000 psi MINIMUM OUTSIDE DIAMETER 
Ip = [a+ — (0.75 d^] = 0.067112 d* TED E TTE 
32 21 P zu 2T allow 
TORQUE 63,025 Ib-in. 
0.067112 d^ — See) 
QanT 2(6000 psi) 
33,000 Ê -78259in? d,,-2428in <— 


Problem 3.7-6 A tubular shaft being designed for use on a construction site must transmit 120 kW at 1.75 Hz. The inside 
diameter of the shaft is to be one-half of the outside diameter. 
If the allowable shear stress in the shaft is 45 MPa, what is the minimum required outside diameter d? 


{> Solution 3.7-6 Tubular shaft 


d = outside diameter P 120,000 W 


T A Oo CCC rl errr 
2af 27(1.75 Hz) 





= 10,913.5N:- m 
dọ = inside diameter 








= 0.5d MINIMUM OUTSIDE DIAMETER 
P = 120 kW = 120,000 W f= 1.75 Hz Td Td Td 
Tmax ^ 4, +P = 
Tallow = 45 MPa 2Ip 2T max 27 allow 
Ip = 2 [d^ — (0.5 d} = 0.092039 d4 sine He ee IUE 
32 2(45 MPa) 

ToRQUE d? = 0.0013175 m? d= 0.1096 m 
P —2mfT P = watts f= Hz di, = 110 mm e 


T — newton meters 


Problem 3.7-7 A propeller shaft of solid circular cross section 
and diameter d is spliced by a collar of the same material 
(see figure). The collar is securely bonded to both parts 
of the shaft. 

What should be the minimum outer diameter d, of the collar in 
order that the splice can transmit the same power as the solid shaft? 








dh 
ar. 
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298 CHAPTER 3 Torsion 


Solution 3.7-7 Splice in a propeller shaft 








SOLID SHAFT EQUATE TORQUES 
3 For the same power, the torques must be the same. 
16 Tj T Tus i 
com ; n- pr ee For the same material, both parts can be stressed to the 
"d 16 same maximum stress. 


HOLLOW COLLAR 





VT, T, — =— (dt - dqt 
T Tor — TXdJ2) 1 7? — 16 16d, e ) 
4 4 
Ip = ——(di — d’) Tmax ^ , 7 
32 Ip Ip 4M d 
1 1 
or (4) == T (Eq. 1) 
m 2T max! p " 2T nax TT 4 4 d d 
peccet) 
dı d 1 32 MINIMUM OUTER DIAMETER 
TT 
- TA di eut Solve Eq. (1) numerically: 


Min. dı = 1.221d < 


Problem 3.7-8 What is the maximum power that can be delivered by a hollow propeller shaft (outside diameter 50 mm, 
x inside diameter 40 mm, and shear modulus of elasticity 80 GPa) turning at 600 rpm if the allowable shear stress is 100 MPa 
and the allowable rate of twist is 3.0°/m? 





Solution 3.7-8 Hollow propeller shaft 


d» = 50mm d, =40mm BASED UPON ALLOWABLE RATE OF TWIST 
— — T 

G = 80 GPa n = 600 rpm 9 = 5 T; cb]. 

Tallow ^ 100 MPa Ü iow = 3.0°/m P 


—9 4 
2 = 3 X 0° 
Ip = - (d = a) = 362.3 X 1079 m4 T, = (80 GPa) (362.3 X 10 m )3.0*/m) 


T 
BASED UPON ALLOWABLE SHEAR STRESS X (= rad/ degree ) 


Tə = 1517N-m 
Tmax Íp 1 d 


SHEAR STRESS GOVERNS 


RE —9 4 
y — 2(100 MPa)(362.3 x 107? m?) ee ee oe 


0.050 m 
MAXIMUM POWER 





= 1449N-m B 2mnT — 27(600 rpm)(1449 N: m) 
| 60 60 
P = 91,047 W 


Pmax = 91.0kW < 
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Problem 3.7-9 A motor delivers 275 hp at 1000 rpm to the end of a shaft (see figure). The gears at B and C take out 125 
and 150 hp, respectively. 


Determine the required diameter d of the shaft if the allowable shear stress is 7500 psi and the angle of twist between the 


motor and gear C is limited to 1.5°. (Assume G = 11.5 X 10° psi, L4 = 6 ft, and L, = 4 ft.) 


Motor 
































Solution 3.7-9 Motor-driven shaft 


ad 275 hp / 125 hp 
4 L. AB 

Li = 6ft 

Lz = 4 ft 


d — diameter 

n = 1000 rpm 

Tallow = 7500 psi 

(QAc)anow = 1.5? = 0.02618 rad 
G = 11.5 X 10° psi 


TORQUES ACTING ON THE SHAFT 





H 2mnT H=h 
—= = — m 
33,000 ass 
33,000 H 
Tes- 
2mn 
, 33,000(275 hp) 
At point A: T4 = ——— — — — 
277(1000 rpm) 
= 1444 lb-ft 
= 17,332 lb-in. 
At point B: T = 
int B: = — 
po B' 975 
At point C: T 2 
int C: = —— 
po C ^ 275 




















<— L, —~— — L, —> 


PROBS. 3.7-9 and 3.7-10 







T = lb-ft 


T, = 7878 Ib-in. 


T4 — 9454 Ib-in. 


FREE-BODY DIAGRAM 


TA = 17,332 Ib-in. 





Tg = 7878 Ib-in. 


TA = 17,332 Ib-in. 
Tc = 9454 Ib-in. 

d — diameter 
Tg = 7878 lb-in. 
INTERNAL TORQUES 
Tag = 17,332 Ib-in. 
Tgc = 9454 Ib-in. 


DIAMETER BASED UPON ALLOWABLE SHEAR STRESS 


The larger torque occurs in segment AB 


= 11.77 in? 


> éD g 18Taw. 
Ut qd TT allow 
.. 16(17,332 Ib-in.) 
T (7500 psi) 
d — 2.27 in. 


DIAMETER BASED UPON ALLOWABLE ANGLE OF TWIST 


ad TL 


32TL 





Ib = — 
n 99 





dh 
ar. 





Glp  qGd* 


Tc = 9454 Ib-in. 
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Segment AB: 0.4018 
BC — 4 
39 T Las d 
a 1.5070 
From A to C: pac = bap + bBc = 21 
32(17,330 Ib — in.)(6 ft)(12 in./ft) 
B allow = 0.02618 rad 
(11.5 x 10° psi)d4 (Pacan M 
1.5070 
mE ^ 002618 = — 7— and d=275in. 
d^ d 
Segment BC: Angle of twist governs 
r 32 TpcLpc d = 2.75 in. — 
a aGd* 


.. 32(9450 Ib-in.)(4 ft)(12 in./ft) 
7(11.5 X 10° psi)d* 





Problem 3.7-10 The shaft ABC shown in the figure is driven by a motor that delivers 300 kW at a rotational speed of 
32 Hz. The gears at B and C take out 120 and 180 kW, respectively. The lengths of the two parts of the shaft are L; = 1.5 m 


and L = 0.9 m. 
Determine the required diameter d of the shaft if the allowable shear stress is 50 MPa, the allowable angle of twist 
> between points A and C is 4.0°, and G = 75 GPa. 








300 kW 20k 300,000 W 
» inca (A80 EW At point A: T4 — = 1492 N°: m 
; 277(32 Hz) 


P ~ 








120 
At point B: Tp = —— T4 = 596.8 N° m 


d — diameter At point C: Tc — 300 T, = 895.3 N° m 
PEA FREE-BODY DIAGRAM 
Tallow = 50 MPa 

T, =1492N-m Tc = 895.3 N -m 
G = 75 GPa DE / / 





(dac)allow = 4° = 0.06981 rad 


Tg =596.8N-m 


TORQUES ACTING ON THE SHAFT 


P —2m-fT P = watts f= Hz Ta = 1492 N + m 


T = newton meters Tg = 596.8 N : m 


2nf d — diameter 
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ES 
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INTERNAL TORQUES Segment BC: 
Tag = 1492N-m b 32 TgcLgc 32(895.3 N+ m)(0.9 m) 
BO LL. eee T 
Tec = 895.3 N - m aGd* (75 GPa)d* 
DIAMETER BASED UPON ALLOWABLE SHEAR STRESS duode 0.1094 x 107° 
BC 4 
The larger torque occurs in segment AB d 
0.4133 x 10 6 
16 Tap qn 16 Tag  16(1492 N- m) From A to C: bac = fas + $pc = E ue 5 
Tmax — 3 Fegan e: DAT fee eee C 
d TT T (50 MPa 
7 oe ciae (@acattow = 0.06981 rad 
d^ = 0.0001520 m° d = 0.0534 m = 53.4 mm 
0.1094 x 10 6 
DIAMETER BASED UPON ALLOWABLE ANGLE OF TWIST <. 0.06981 = m cd 
4 
E nd _ TL _ 3L and d = 0.04933 m 
4 

oF Glep "Gd = 49.3mm 
Segment AB: SHEAR STRESS GOVERNS 
n = 32 TApLAB = 32(1492 N+ m)(1.5 m) d = 53.4mm «— 

^5 ^ mqGd^ (75 GPa)d4 
0.3039 x 10 6 





(CEN 
ES 
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Statically Indeterminate Torsional Members 


Problem 3.8-1 A solid circular bar ABCD with fixed supports is 
acted upon by torques Tọ and 2T? at the locations shown in the figure. 

Obtain a formula for the maximum angle of twist dmax of the bar. 
(Hint: Use Eqs. 3-46a and b of Example 3-9 to obtain the reactive 
torques.) 








Solution 3.8-1 Circular bar with fixed ends 
ANGLE OF TWIST AT SECTION B 
To 2Tp 
EA. | 





From Eqs. (3-46a and b): 














To Lp T,(3L/10) 9To L 
= TA = bp = bag = = 
L Glp 20GIp 
| Tola ANGLE OF TWIST AT SECTION C 
p——— 
L Tp(4L/10)  3TọL 
dede ue 
APPLY THE ABOVE FORMULAS TO THE GIVEN BAR: GIp SGIp 
7 4 1ST MAXIMUM ANGLE OF TWIST 
TA = To aa + 2To NIE — oa 
10 10 10 "— 3To L — 
mp = (2) + an($) - 55 max TC" 5GIp 
Do N10 “10 10 
Problem 3.8-2 A solid circular bar ABCD with fixed supports at To To 
ends A and D is acted upon by two equal and oppositely directed 
i i i l A A B C D Tp 
torques To, as shown in the figure. The torques are applied at points <—_ Cys 


B and C, each of which is located at distance x from one end of the 
bar. (The distance x may vary from zero to L/2.) 


(a) For what distance x will the angle of twist at points B and C be 
a maximum? 
(b) What is the corresponding angle of twist Pmax? 
(Hint: Use Eqs. 3-46a and b of Example 3-9 to obtain the 
reactive torques.) 





as 
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Solution 3.8-2 Circular bar with fixed ends 


(a) ANGLE OF TWIST AT SECTIONS B AND C 























u E TAX u To 
From Eqs. (3-46a and b): Pp = Pap = Gle GEL (L — 2x)(x) 
To Lg d T, 
A E MN 
L dx  GIpL 
To L4 do 
Toa —*=0;L — 4x = 
B L rs 0O;L — 4x = 0 
APPLY THE ABOVE FORMULAS TO THE GIVEN BAR: $ 
=- «v 
or x 1 
(b) MAXIMUM ANGLE OF TWIST 
ToL 
Pmax = (Pp) max = (pp)x=! = 8GIp ba 
TyL —x) Tox To 
= = = L2 Ty = T 
A L L LA X) Tp= fA 
Problem 3.8-3 A solid circular shaft AB of diameter d is fixed against rotation at Disk 
both ends (see figure). A circular disk is attached to the shaft at the location shown. 4 


What is the largest permissible angle of rotation dpa, of the disk if the allowable 
shear stress in the shaft is 7445? (Assume that a > b. Also, use Eqs. 3-46a and b of 
Example 3-9 to obtain the reactive torques.) 


Disk Assume that a torque Tọ acts at the disk. 
| The reactive torques can be obtained from Eqs. (3-46a 
and b): 
Tob Toa 
Diu ee I5- 
A L BOT 


Since a> b, the larger torque (and hence the larger 
stress) 1s in the right hand segment. 








EX 
ar, 
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Tg(d/2) Toad ANGLE OF ROTATION OF THE DISK (FROM Eq. 3-49) 
mec m Wwe To ab 
ALI pT max 2L IPT allow GLIp 
To zm d (To)max = d 
a a ob E (To)maxab m Abr allow 
“ GLI, Gd 


Problem 3.8-4 A hollow steel shaft ACB of outside diameter 50 mm 
and inside diameter 40 mm is held against rotation at ends A and B 
(see figure). Horizontal forces P are applied at the ends of a vertical 
arm that is welded to the shaft at point C. 

Determine the allowable value of the forces P if the maximum 
permissible shear stress in the shaft is 45 MPa. (Hint: Use Eqs. 3-46a 
and b of Example 3-9 to obtain the reactive torques.) 











Solution 3.8-4 Hollow shaft with fixed ends 


GENERAL FORMULAS: Ty = P(400 mm) 
Lg = 400 mm 
L4 = 600 mm 


L = Li + Lg = 1000 mm 
d, = 50mm d; = 40mm 
Tallow = 45 MPa 

. ToLg — P(0.4 m)(400 mm) 











= 0.16 P 
A L 1000 mm 
Ta L P(0.4 m)(600 mm 
T,— ola — ( X ) 4p 
L 1000 mm 


Units: P = Newtons T = Newton meters 


From Eqs. (3-46a and b): 





To Lg 
LAE ON 

To LA 
Tp = L 


The larger torque, and hence the larger shear 
stress, occurs in part CB of the shaft. 








EN 
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C Tmax = Tg = 024 P Substitute numerical values into (Eq. 1): 
SHEAR STRESS IN PART CB ups 2(45 X 10° N/m?)(362.26 x 107? m*) 
T max(d/ 2) 2T max! P | 0.05 m 
Tmax — I max `~ d — (Eq. 1) 
P = 652.07 N:m 
Units: Newtons and meters  652.07N-m _ N 
Tmax = 45 X 10°N/m? | 024m | 


= «— 
Ij = m (dá— d$) = 362.26 x 10?m* Pus = 2920N 


d = dy = 0.05 mm 


Problem 3.8-5 A stepped shaft ACB having solid circular cross 0:75 ii. 1.50 in. 
sections with two different diameters is held against rotation at 
the ends (see figure). 

If the allowable shear stress in the shaft is 6000 psi, what is 
the maximum torque (To)max that may be applied at section C? 
(Hint: Use Eqs. 3-45a and b of Example 3-9 to obtain the reactive 
torques.) 

















Combine Eqs. (1) and (3) and solve for To: 


1 Lalpg 
(To)ac = TdAT E + ) 


dą =0.75in. dg = 1.50 in. 
La =6.0in. Lg = 15.0in. 











Tallow ^ 6000 psi 16 LplpA 
Find (To)max 1 3 L ad» 
= — TdAT allow\ 1 + (4) 
REACTIVE TORQUES (from Eqs. 3-45a and b) 16 Lad] 
LplpA : 
LS- (1) Substitute numerical values: 
Lglpa + Lalpp . 
(To)ac = 3678 lb-in. 
TF = Lame 2 
BT +0 [p E (2) ALLOWABLE TORQUE BASED UPON SHEAR STRESS 
IN SEGMENT CB 
ALLOWABLE TORQUE BASED UPON SHEAR STRESS 
16Tp 
IN SEGMENT AC TcR = : 
16T, mae 
TAC — 35 ] 1 
14 i Tg = 16 TdgTCp = 16 TdgT allow (5) 
Ta = 16 TdATAC S 16 TdAT allow (3) 





EX 
ar, 
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Combine Eqs. (2) and (5) and solve for To: SEGMENT AC GOVERNS 

1 LplpA (T, ras = 3680 lb-in. Mm 
(To)cp = ie ndr a | EE Lil ) l 

A” PB NOTE: From Eqs. (4) and (6) we find that 
1 LpdA 
= ac mdr anol 1 195) @ Ge (Baar) 
Ladp (To)cB Lp / Nd4 


Substitute numerical values: 
(To)cp = 4597 ]b-in. 


which can be used as a partial check on the results. 


Problem 3.8-6 A stepped shaft ACB having solid circular cross 20 mm 25 mm 
sections with two different diameters is held against rotation at A | C | B 
the ends (see figure). 
If the allowable shear stress in the shaft is 43 MPa, what is the | , | 
0 


maximum torque (To)max that may be applied at section C? 
(Hint: Use Eqs. 3-45a and b of Example 3-9 to obtain the reactive 
torques.) 

















E 1 1 
d, = 20mm TA = 16 TdATAC - 16 TdAT allow (3) 
dg -— 25mm 
L. —25mm Combine Eqs. (1) and (3) and solve for To: 
4 = 
_ 1 Lalpp 
Lg om (To)ac — 16 "dT a1 T Lol ) 
Tallow ^ 43 MPa P 
1, Lid, 
Find (To)max = 16 TdAT allow I+ A ds (4) 
REACTIVE TORQUES (from Eqs. 3-45a and b) 
Substitute numerical values: 
Lpl 
T, = zi B-PA ) (1) (To)ac = 150.0 N -m 
Lglpa + Lalpg 
LI ALLOWABLE TORQUE BASED UPON SHEAR STRESS 
Tp = (—_} (2) IN SEGMENT CB 
+ 
BLPA AL PB — 167; 

ALLOWABLE TORQUE BASED UPON SHEAR STRESS TCB ~ 218 
IN SEGMENT AC 2 

16T, Tg = 16 TdjTcp = 16 TART allow (5) 





TAC — 
adi 





as 
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Combine Eqs. (2) and (5) and solve for To: SEGMENT AC GOVERNS 
1 LplpA (Tomax = 150N:m < 
(To) cp = 76 raat "- T Lil ) ° 
At PB NOTE: From Eqs. (4) and (6) we find that 
1 Lyd 
m indie a1 T : 3 (6) (Toc — (2) (2) 
L4dg (To)cB Lg / NdA 

Substitute numerical values: which can be used as a partial check on the results. 


(To)cp = 240.0N : m 





Problem 3.8-7 A stepped shaft ACB is held against rotation at ends d, dp 

A and B and subjected to a torque To acting at section C (see figure). | I pA C | [pg p 
The two segments of the shaft (AC and CB) have diameters d4 and dp, A 

respectively, and polar moments of inertia Jp, and pg, respectively. | 

The shaft has length L and segment AC has length a. To | 


(a) For what ratio a/L will the maximum shear stresses be the same a —À 
in both segments of the shaft? 

(b) For what ratio a/L will the internal torques be the same in 
both segments of the shaft? (Hint: Use Eqs. 3-45a and b of 
Example 3-9 to obtain the reactive torques.) 





SEGMENT AC: d4, Ip, = La = a or (L — a)d4 = adg 

S CB: dg, I Lg-L-— d 
DER diio M i Solve for a/L: —— 

REACTIVE TORQUES (from Eqs. 3-45a and b) L  d4-t dg 


E ( Lpl pa ) i ( Lalpp ) (b) EQUAL TORQUES 
laS lten arr l laI rr 


LglpA is Lalpp LpglpA + Lalpp TA = Tg or Lpl pA = Lalpp 








(a) EQUAL SHEAR STRESSES or (L— aMp, = alpg 
— Ta(dal2) — T3(dg/2) Ios 
TAC ^ T TCB ^ T Solve for a/L: = 
m EC L Ipa + [pp 
TAdA Tgdpg 4 
TAG = Fog Ob == (Eq. 1) "T A es Oda 
IPA Ipp L didi 


Substitute 74 and T5 into Eq. (1): 
LglpadA _ Lalppdp 


Ipa Ipp 





Leda = LAdp 





EE 
uL 
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Problem 3.8-8 A circular bar AB of length L is fixed against | 
rotation at the ends and loaded by a distributed torque f(x) that (x) AX l 
varies linearly in intensity from zero at end A to tọ at end B ^v | 
(see figure). 

Obtain formulas for the fixed-end torques T4 and Tp. 








— 
:—| 
L dT, = Elemental reactive torque 


m fox dT, = Elemental reactive torque 
(x) = — 
L From Eqs. (3-46a and b): 
To = Resultant of distributed torque 





dT, = 1(x)d (4 i =) dTs = 1(x)d (=) 

= t(x)dx = t(x)dx| — 

“tox toL i L i L 

To =] t(x)dx = TL dx — PEE REACTIVE TORQUES (FIXED-END TORQUES) 
0 0 


E L= foL 
EQUILIBRIUM T, - Jar, -Í (rJ 3m E * ct 
L L 
toL 0 
ae as wel (et — 
= = tn— = = —_— 
p ATA TS 


toL 
NOTE: T4 + Tg = > (check) 





Problem 3.8-9 A circular bar AB with ends fixed against rotation has 
a hole extending for half of its length (see figure). The outer diameter 
of the bar is də = 3.0 in. and the diameter of the hole is d, = 2.4 in. 
The total length of the bar is L = 50 in. 

At what distance x from the left-hand end of the bar should a torque 
To be applied so that the reactive torques at the supports will be equal? 


«— — 25 in. ———>— — 25 in. — 














dh 
ar 








Sec 3.8.qxd 9/27/08 1:13 PM Page 309 





CIS 
LA 





SECTION 3.8  Statically Indeterminate Torsional Members 309 


Solution 3.8-9 Bar with a hole 


Ip, = Polar moment of inertia at left-hand end 
lpg = Polar moment of inertia at right-hand end 
Tg(L/2) " Tg(L/2) 7 To(x — L/2) 

Glpp GlIpA Glpp 


T)(L/2) j 
L = 501in. Glp, (2) 


L/2 — 25 in. 


p — 








Substitute Eq. (1) into Eq. (2) and simplify: 
də = outer diameter 


"E To L L x E L L 
= 3.0 in. 5 G AI pp AIT pA Ipp 2Ipp 2IpA 
d, = diameter of hole 
COMPATIBILITY $g — 0 
— 2.4 1n. 


To =T lied at dist 0X 3L L 
o = Torque applied at distance x NS LED LN 
Ipp 4lpg Alp 


Find x so that T4 = Tg 


SOLVE FOR X: 
EQUILIBRIUM 
AI s) 
_ _, 10 ye Oo 
TA + Tg = To C cd geo (1) 4 IpA 
Is di — dp | (a) 
R B ao cuo cM CAT. 
EMOVE THE SUPPORT AT END JN di d; 


de - 


SUBSTITUTE NUMERICAL VALUES: 


50 in. 2.4 in. V! l 
x= 1 2+ = 30.12in. © 











3.0 in. 


og = Angle of twist at B 


Problem 3.8-10 A solid steel bar of diameter d, = 25.0 mm is 
enclosed by a steel tube of outer diameter d4 — 37.5 mm and inner 
diameter də) = 30.0 mm (see figure). Both bar and tube are held 
rigidly by a support at end A and joined securely to a rigid plate 

at end B. The composite bar, which has a length L — 550 mm, 

is twisted by a torque T = 400 N - m acting on the end plate. 


(a) Determine the maximum shear stresses 7, and 7» in the bar and 
tube, respectively. 

(b) Determine the angle of rotation ¢ (in degrees) of the end plate, 
assuming that the shear modulus of the steel is G — 80 GPa. 

(c) Determine the torsional stiffness ky of the composite bar. 
(Hint: Use Eqs. 3-44a and b to find the torques in the bar and tube.) 








Ex 
ar 
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Solution 3.8-10 Bar enclosed in a tube 
Tube (2) TORQUES IN THE BAR (1) AND TUBE (2) 


FROM Eas. (3-44A AND B) 








I 
Bar: T, — r( >) = 100.2783 N -m 
Ip, + Ipm 
Tube: 75 = T = 299.7217 N:m 
Ip, + Ip 
(a) MAXIMUM SHEAR STRESSES 
Tı(d;/2) 
Bar: q = ——— = 32.7 MPa <— 
Ipi 
T>(d3/2 
Tube: 7) = EGE _ a9 MPa <— 
Ip? 


(b) ANGLE OF ROTATION OF END PLATE 
d,— 25.0mm d,=30.0mm_ d; = 37.5 mm 





TiL T5L 

G = 80 GPa = 1 = -4 = 0.017977 rad 
GIp, | Gl po 

POLAR MOMENTS OF INERTIA paio = 

; ae —9 4 
Bar: Ip; = 32 dy = 38.3495 X 10 "m (c) TORSIONAL STIFFNESS 
Tube: Ip) = (d$ — d$) = 114.6229 x 107? m^ Hc MESE Sc 
Problem 3.8-11 A solid steel bar of diameter d, — 1.50 in. is enclosed Tube 


by a steel tube of outer diameter d3 = 2.25 in. and inner diameter 

də = 1.75 in. (see figure). Both bar and tube are held rigidly by a support 
at end A and joined securely to a rigid plate at end B. The composite bar, 
which has length L = 30.0 in., is twisted by a torque T = 5000 Ib-in. 
acting on the end plate. 


(a) Determine the maximum shear stresses 7, and 7» in the bar and 
tube, respectively. 

(b) Determine the angle of rotation ¢ (in degrees) of the end plate, 
assuming that the shear modulus of the steel is G = 11.6 X 10° psi. 

(c) Determine the torsional stiffness ky of the composite bar. (Hint: Use 
Eqs. 3-44a and b to find the torques in the bar and tube.) 











EX 
ar, 
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Solution 3.8-11 Bar enclosed in a tube 


Tube (2) TORQUES IN THE BAR (1) AND TUBE (2) 
FROM Eos. (3-44A AND B) 





T = 5000 Ib-in. Tp] ! 
p3 Bar: Ti = T | —— —— | = 1187.68 lb-in. 
Ip; + Ip; 
"End Ip; : 
lata Tube: Tə = T | ————— | = 3812.32 Ib-in. 
P Ip, + Ipm 


(a) MAXIMUM SHEAR STRESSES 





Tı(dı/2) 
Bar: 7, = = 1790 pi < 
Ipi 
T>(d3/2 
Tube: T) = 2G") = 2690 psi < 
Ip? 


(b) ANGLE OF ROTATION OF END PLATE 
d, = 1.50in. d =1.75 in. d3 = 2.25 in. TE ToL 
G = 11.6 X 10° psi E Gl», = Gl»; — 0.006180015 rad 
POLAR MOMENTS OF INERTIA o = 0.354° < 
(c) TORSIONAL STIFFNESS 


T 
-&- TT kr = 809 k-in. «— 
Tube: Ip) = (d$ — di) = 1.595340 in. p 


Bar: Ip, = ~ = 0.497010 in.^ 





Problem 3.8-12 The composite shaft shown in the figure is 
manufactured by shrink-fitting a steel sleeve over a brass core so that 
the two parts act as a single solid bar in torsion. The outer diameters 

of the two parts are d; = 40 mm for the brass core and d = 50 mm for 
the steel sleeve. The shear moduli of elasticity are G, = 36 GPa for the 
brass and G, = 80 GPa for the steel. 


Steel sleeve 





Assuming that the allowable shear stresses in the brass and steel are 
T, = 48 MPa and 7, = 80 MPa, respectively, determine the maximum 
permissible torque Tmax that may be applied to the shaft. (Hint: Use | 
Eqs. 3-44a and b to find the torques.) di d 


ER 


Probs. 3.8-12 and 3.8-13 


Solution 3.8-12 Composite shaft shrink fit 





Steel sleeve a d, = 40mm 
5 FOE om x ' d, = 50mm 
Cok Gs = 36 GPa Gs = 80 GPa 


Allowable stresses: 
Tg = 48 MPa Ts = 80 MPa 





Brass core 
B 





di 
ar, 
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BRAss CORE (ONLY) Gol ps 
Eq. (3-44b): Ts = T | ————— 
Gplpg + Gslps 
= 0.762082 T 
T = Tg + T; (CHECK) 
ALLOWABLE TORQUE T BASED UPON BRASS CORE 
T3(d,/2 2T pl 
Ipp X * dí = 251.327 X 10? m? Tp — Fala?) Tp = a 
32 Ipp di 
G,lpg = 9047.79 N- m? Substitute numerical values: 
STEEL SLEEVE (ONLY) Ld 
. 2(48 MPa)(251.327 X 10? m^) 
2 40 mm 
T = 2535N-m 
ALLOWABLE TORQUE T BASED UPON STEEL SLEEVE 
T 
~i T (d>/2) Wr ps 
TT Ts 7 irc Ts = UR 
Ips = — (dł — dj) = 362.265 x 10 ? mî PS 2 
32 SUBSTITUTE NUMERICAL VALUES: 
Gslps = 28,981.2 N + m? T; — 0.762082 T 
TORQUES .. 2(80 MPa)(362.265 X 10? m^) 
Xp- Total torque: T = Tg + Ts 50 mm 
"T Gplppg T= 1521 N: m 
Eq. (3-44a): Tg = T| ———— ——— 
Gplpp + Gs lps STEEL SLEEVE GOVERNS Tmax = IS20ON-m < 


= 0.237918 T 


Problem 3.8-13 The composite shaft shown in the figure is manufactured by shrink-fitting a steel sleeve over a brass core 
so that the two parts act as a single solid bar in torsion. The outer diameters of the two parts are d, = 1.6 in. for the brass 
core and d» = 2.0 in. for the steel sleeve. The shear moduli of elasticity are G, = 5400 ksi for the brass and G, = 12,000 ksi 
for the steel. 


Assuming that the allowable shear stresses in the brass and steel are 7, = 4500 psi and 7, = 7500 psi, respectively, 
determine the maximum permissible torque Tmax that may be applied to the shaft. (Hint: Use Eqs. 3-44a and b to find 
the torques.) 





CEN 
ES 
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Solution 3.8-13 Composite shaft shrink fit 


Steel] sleeve 
S t xe m 





d; 
Brass core ^ | 
B 
d, = 1.6 in. 
d, = 2.0 in. 
Gg = 5,400 psi Gs = 12,000 psi 


Allowable stresses: 
Tg = 4500 psi Ts = 7500 psi 


BRASS CORE (ONLY) 





ism a4 = 0.643308 10: 
PB 32 1 : 1n. 


Gplpg = 3.47435 X 10? Ib-in.? 


STEEL SLEEVE (ONLY) 








£N 


NL 








Ips = 2 (d — di^) = 0.927398 in^ 


GsIps = 11.1288 X 10° Ib-in.? 


Problem 3.8-14 A steel shaft (G, = 80 GPa) of total length L = 3.0 m is encased for one-third of its length by a brass 
sleeve (G, = 40 GPa) that is securely bonded to the steel (see figure). The outer diameters of the shaft and sleeve are 


d, = 70 mm and d, = 90 mm. respectively. 


SECTION 3.8  Statically Indeterminate Torsional Members 


TORQUES 
Total torque: T = Tg + Ts 

Gl pg ) 
Gplpg + Gslps 
— 0.237918 T 

Gsl ps ) 
Gplpg + Gslps 

— 0.762082 T 

T = T; + T; (CHECK) 


Eq. (3-44 a): Tp — r( 


Eq. (3-44 b): Ts = r( 


ALLOWABLE TORQUE T BASED UPON BRASS CORE 
Tg(d4/2) 2Tplpp 
TR ——— e a 
Ipg dı 
Substitute numerical values: 
Tg = 0.237918 T 
. 2(4500 psi)(0.643398 in.^) 
7 1.6 in. 
T = 15.21 k-in. 


ALLOWABLE TORQUE 7 BASED UPON STEEL SLEEVE 


Ts(d5/2) 2TsI ps 

Geel uere re 
Ips d» 

Substitute numerical values: 


Ts — 0.762082 T — l 
2.0 1n. 


T — 9.13 k-in. 


STEEL SLEEVE GOVERNS 





fis 
SE 





2(7500 psi)(0.927398 in.^) 


Taa = 9.13 k-in. «— 


313 
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(a) Determine the allowable torque T, that may be applied 
to the ends of the shaft if the angle of twist between the Bras d>=90mm Steel 
ends is limited to 8.0°. d h 

(b) Determine the allowable torque 7> if the shear stress in 
the brass is limited to 7; = 70 MPa. 

(c) Determine the allowable torque T; if the shear stress 
in the steel is limited to 7, = 110 MPa. 

(d) What is the maximum allowable torque Tmax if all three 
of the preceding conditions must be satisfied? 





Solution 3.8-14 





(a) ALLOWABLE TORQUE 7, BASED ON TWIST AT ENDS OF statics 
8 DEGREES Gul 
First find torques in steel (7) & brass (Ty) in segment T,-T,-T, T,= naer) 
in which they are joined - 1 degree stat-indet; use T, Gslps + Gylp, 
as the internal redundant; see equ. 3-44a in text now find twist of 3 segments: 
example 
ee 
T, = n( G, Ips ) ly 54 15 
Gp; T Gplpp b 


= + + 
G,Ipp Gp, Gy Ip; 


For middle term, brass sleeve & steel shaft twist the same so could use 7;,(L/4)/(G,/p,;) instead 
Let da = Panow; substitute expression for T, then simplifiy; finally, solve for T,. ajo, 


b, = 4 Gslps + Gplpy/4 4 d^ 
" — Gplpp Gs Ip; Gp; 
L L L 
p RE H 
4 4 2 

Pa = 








+ ———"____ + 
Gplpp | G,lp, + Gplpp — Gels 


a 


L 1 1 2 
pa =T-| —— + HMM 
4 Gy py, Gp; + Gy pi, G; Ip; 


T E 22d Gplp,(Gelps + Gplpp)GsIps | 
G"* LG?) 4G ,lpyG,Ipy 26212; 





mÓ 





EX 
ar, 
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NUMERICAL VALUES $, = (=) rad T> alow = 13.69 kKN-m 


so T» for hollow segment controls 
G, = 80GPa G,=40GPa L=3.0m 
(c) ALLOWABLE TORQUE 73 BASED ON ALLOWABLE SHEAR 











d,=70mm d,=90mm STRESS IN STEEL, T, 
- 7, = 110 MPa 
= 4 — —6 4 
Ips = 32 dy Ips = 2.357 X10 m First check segment 2 with brass sleeve over steel 
shaft 
EU ET = —6 4 d 
Ir = z7 (d — dit) Ipp = 4.084 X 10 5m ed 
Ti us =9.51kKNem <— T= where from stat-indet analysis above 
, allow . PS 
(b) ALLOWABLE TORQUE 75 BASED ON ALLOWABLE SHEAR 
STRESS IN BRASS, Tp T, = (Le) 
7, = 70 MPa Gslps + GpIpp 
First check hollow segment 1 (brass sleeve only) " _ 2T,(G,Ips + GyIpb) 
d 3, allow di. 
T S 
20 2Tplpp T; alow = 13.83 kN-m 
T — T^ allow = 
Ip d» 


also check segment 3 with steel shaft alone 
15 aow = 6.35 kN: m e 

















di 
controls over T> below also check segment 2 with fy. 27,Ips 
—Cp- brass sleeve over steel shaft = T3. allow = 
I PS d 1 
r, 2 T> allow = 7.41 kKN:m < controls over 73 above 
T= 7 where from stat-indet analysis above (d) Tnax IF ALL PRECEDING CONDITIONS MUST BE 
Ra CONSIDERED 
( Gl pj from (b) above 
Inc ——— ———— 
? ; G,Ips + Gplpp Tmax = 6.35 KN-m *— max. shear stress in 
27,(G,Ips + GplIpp) hollow brass sleeve in 
T2 allow = AG) segment | controls overall 





OS 
ES 








Sec 3.8.qxd 9/27/08 1:13 PM Page 316 





CIS 
LA 





316 CHAPTER 3 Torsion 


Problem 3.8-15 A uniformly tapered aluminum-alloy tube AB of circular cross section and length L is fixed against rota- 
tion at A and B, as shown in the figure. The outside diameters at the ends are d4 and dg = 2d4. A hollow section of length 
L/2 and constant thickness t = d,/10 is cast into the tube and extends from B halfway toward A. Torque T, is applied at L/2. 


(a) Find the reactive torques at the supports, 74 and Tg. Use numerical values as follows: d4 = 2.5 in., L = 48 in., 
G = 3.9 x 10° psi, Ty = 40,000 in.-Ib. 
(b) Repeat (a) if the hollow section has constant diameter d4. 


Fixed against 2— 24 a Fixed against 
rotation bv a rotation d(x) 
































t constant 
TA 
e < 
w L A 
(a) 
| —7 Fixed against _ A Fixed against 
s e ^ pg'| rotation 
rotation | 
T, NEEDS. 
i 3 Tp 
^ M 
Xu (b) 
Solution 3.8-15 
Solution approach-superposition: select T5 as the redundant (1? SI ) 
T 41 | a m — — Q4 (same results for parts a & b) 
| ms 608TL ToL 
| -——— = 2389 —— 
b 81GardA Gd," 















p" w 2 P See Prob. 3.4-13 for results 
To Nem » for q» for Parts a & b 
-— 4««—— 
_ ——————— Tp r _ ToL 
5 L 2a s G ge 
do, = 3.057 —— 
2a Gd, 4 


dh 
ar 
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(a) REACTIVE TORQUES, T4 & Tp, FOR CASE OF (b) REACTIVE TORQUES, Ta & Tp, FOR CASE OF 
CONSTANT THICKNESS OF HOLLOW SECTION OF TUBE CONSTANT DIAMETER OF HOLE 
compatibility equation: $4 — $5 —0 608T4L Gdf 
Tg = redundant BT Iib 
To = 40000 in.-Ib 

Tı 
( 608ToL Y Gd, Tg = 2.45560— Ts=31266in-lb < 
BT MENSES A OOXOnay 
1 3.86804L 
eee Ta = To— Tg T, = 8734in.-lb < 
Tı ; 
Ty = 1.94056 — T; = 24708 in-lb < T4, + Tg = 40,000 in.-1b (check) 


TA z- To = Tp TA z 15292 in- 1b €— 
T4 + Tg = 40,000 in.-Ib (check) 


Problem 3.8-16 A hollow circular tube A (outer diameter d4, wall 
thickness £4) fits over the end of a circular tube B (dg, tg), as shown 
in the figure. The far ends of both tubes are fixed. Initially, a hole 
through tube B makes an angle f with a line through two holes in 
tube A. Then tube B is twisted until the holes are aligned, and a pin 
(diameter d,) is placed through the holes. When tube B is released, 
the system returns to equilibrium. Assume that G is constant. 











(a) Use superposition to find the reactive torques T4 and Tg at the 
supports. 

(b) Find an expression for the maximum value of f if the shear 
stress in the pin, 7,, cannot exceed 7,,allow. 

(c) Find an expression for the maximum value of £ if the shear 
stress in the tubes, 7, cannot exceed 7,,allow. 

(d) Find an expression for the maximum value of £ if the bearing 
stress in the pin at C cannot exceed o;,allow. 











Solution 3.8-16 
(a) SUPERPOSITION TO FIND TORQUE REACTIONS - USE Tg (b) ALLOWABLE SHEAR IN PIN RESTRICTS MAGNITUDE OF [9 
AS THE REDUNDANT 


or TORQUE Tp = FORCE COUPLE Vdp WITH V = SHEAR IN 
compatibility: og, + g2 = 0 - a = 


PIN AT C 
dg; = —p < joint tubes by pin then release end B Tg V 
—— T — —_ 
" mp.) dg ” A 
pec cq cos 
G \Ipa — [pp Tp. 22 IpAl pp ) 
TgL Ipg + IpA u dp u L Ipa t Ipp 
Q2 mic n Er V RAE Tp, allow — T Tp, allow — 
G \ Ipalpp IP dg 24; 
<P ( IpAlpp ) 
Be o o MEN L 
L Ipa + Ipp P max — Tp, allow 4 G 
T, = —Tg < Statics 


Ipp + I 
( PB P^ Jagd? _ 
IpAlpp 





EX 
ar, 
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(c) ALLOWABLE SHEAR IN TUBES RESTRICTS MAGNITUDE Bearing stresses from tubes A & B are: 
OF B F F 
ObA — A ObB — = 
r,” r,” d ptA dptp 
quoc. Em E Ob Thr = pm Tg Tp 
max I max I 
ER is dA — fA dg — tg 
(Aer Opg me —— 
Gp ( IpAlpp ) dA EE "5 dptg 
Tmax = EA u AG substitute Tg expression from part (a), then simplify 
IPA € solve for B 
x GB ( Ipalpp 
(ate |e L \Ipa + Ipp 
max = 
Ipp A dot, 
simplifying these two equ., then solving for B GB ( Ipalpp ) 
gIVCS: L IpA EE Ipp 
bec P(e "e dg — fp 
L2 DU EVE a ats 
or B GIpalpg 
OE E EE a 
m u Ip, IL L(Ipg + IpaA)(da — ta) apt, 
max = p Ia + Ipp) 2 Died G IpAlppg 
—Cp- L (Ipg + Ipa)(dg — tg)dptg 
2L \(Ipa + IPB 
p max  7t,allow\ 7, J\  . E = L 
Gd, Ipp Pix — Ob, allow G 
Or 
E + Ipa)(da — tm 
IpAl pp 


2L \/ {Ipa + IPB 
p max — ^t, allow Gdg E 


Bmax = € t, allow 7; 
where lesser value of B controls em oar 6 


cee + Ipa)(dg — icd 
IpAlpp 





(d) ALLOWABLE BEARING STRESS IN PIN RESTRICTS 
MAGNITUDE OF f 


Torque Tg = force couple Fg(dg — fg) or where lesser value controls 


FA(d4 — ta), with F = ave. bearing force on 
pin at C 





fis 
E. 
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Strain Energy in Torsion 
Problem 3.9-1 A solid circular bar of steel (G — 11.4 X 10 psi) d 


with length L = 30 in. and diameter d = 1.75 in. is subjected to 
pure torsion by torques T acting at the ends (see figure). 


(a) Calculate the amount of strain energy U stored in the bar NENNEN REN 


when the maximum shear stress is 4500 psi. 
(b) From the strain energy, calculate the angle of twist œ 
(in degrees). 


Solution 3.9-1 Steel bar 











Td" Lay 
= —— Eq. 2 
16G (Eq. 2) 
Substitute numerical values: 
U = 32.0 in.-lb = 
— 11.4 X 10° psi 
ah nee (b) ANGLE OF TWIST 
L = 30 in. b 
T: 2U 
d = 1.75 in. U = — = — 
in 5 0) T 
Xp Tmax = 4500 psi 
Substitute for T and U from Eqs. (1) and (2): 
167 T TT max , 
Tmax — 3 ES Lr 
ad 16 cs 2 e Eq. 3 
h Gd (Eq. 3) 
ad^ 
NE o (Eq. 1) Substitute numerical values: 


o = 0.013534 rad = 0.775? —_ 
(a) STRAIN ENERGY 


n- Be (Ay (3) 
2GIp 16 2G /\ md’ 


Problem 3.9-2 A solid circular bar of copper (G = 45 GPa) with length L = 0.75 m and diameter d = 40 mm is subjected 
to pure torsion by torques 7 acting at the ends (see figure). 





(a) Calculate the amount of strain energy U stored in the bar when the maximum shear stress is 32 MPa. 
(b) From the strain energy, calculate the angle of twist ¢ (in degrees) 





EX 
ar, 
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Solution 3.9-2 Copper bar 
(a) STRAIN ENERGY 
y= 2 - (eyes) 
2GIp 16 2G / N ad^ 
ad^ Lr? 
G — 45 GPa ae "A (Eq. 2) 
L= 0.75 m Substitute numerical values: 
d = 40 mm U = 5.36 J = 
Tmax = 32 MPa (b) ANGLE OF TWIST 
16T Td Tmax To AU 
—— T = —— Z = t 
Tmax A 16 = 2 p= T 
ad Substitute for T and U from Eqs. (1) and (2): 
Ip = 3 (Eq. 1) ALT 
Qc (Eq. 3) 
Gd 
Substitute numerical values: 
o = 0.026667 rad = 1.53? «— 
{D Problem 3.9-3 A stepped shaft of solid circular cross sections 
(see figure) has length L = 45 in., diameter d) = 1.2 in., and 
diameter d, = 1.0 in. The material is brass with G = 5.6 X 10° psi. 


Determine the strain energy U of the shaft if the angle of 
twist is 3.0°. 

















= E LC i 7 (Eq. 1) 
Gd d 

Also, U — = (Eq. 2) 
Equate U from Eqs. (1) and (2) and solve for T: 

d, = 1.0 in. E «Gd! did 

d, = 1.2 in. a 16L(dt + di) 

L = 45 in. Td TGA? d d | 

G — 5.6 X 10? psi (brass) U — EE = 391, t z 2) þ = radians 


d$ = 3.0° = 0.0523599 rad SUBSTITUTE NUMERICAL VALUES: 


STRAIN ENERGY U = 22.6 in.-lb «— 


PL 16T°(L/2 16 T°(L/2 
pk e NONE, NIU 
2GIp 7™Gd> TrGd| 








dh 
ar. 
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Problem 3.9-4 A stepped shaft of solid circular cross sections (see figure) has length L — 0.80 m, diameter d; — 40 mm, 
and diameter d; = 30 mm. The material is steel with G = 80 GPa. 


Determine the strain energy U of the shaft if the angle of twist is 1.0°. 


Also, U = 3 (Eq. 2) 


Equate U from Eqs. (1) and (2) and solve for T: 
|. wG dj dió 
16L(d} + d3) 


y- Tb aar dt d3 
dj + d? 





d, = 30mm d, = 40 mm 
L = 0.80 m G = 80 GPa (steel) 2 32L 
bd = 1.0? = 0.0174533 rad 





) o = radians 


SUBSTITUTE NUMERICAL VALUES: 


U= 1.84] < 


STRAIN ENERGY 


TL 16T°(L/2) : 16T*(L/2) 








U = = 
> 2GIp aGd3 aGd} 
"TG Nd? di d 





Problem 3.9-5 A cantilever bar of circular cross section and length L is 
fixed at one end and free at the other (see figure). The bar is loaded by a 
torque 7 at the free end and by a distributed torque of constant intensity 
t per unit distance along the length of the bar. 


(a) What is the strain energy U, of the bar when the load T acts alone? 
(b) What is the strain energy U» when the load f acts alone? 
(c) What 1s the strain energy U5 when both loads act simultaneously? 





G — shear modulus 
Ip — polar moment of inertia 
T — torque acting at free end 


t = torque per unit distance 








dh 
ar. 
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(a) Loap T ACTS ALONE (Eq. 3-5 1a) 


. TL 
2GIp 





U; e 


(b) LOAD f ACTS ALONE 
From Eq. (3-56) of Example 3-11: 


dE 
6GIp 





U^, <— 


Problem 3.9-6 Obtain a formula for the strain energy U of the statically 
indeterminate circular bar shown in the figure. The bar has fixed supports 
at ends A and B and is loaded by torques 27, and Tọ at points C and D, 





(c) BorH LOADS ACT SIMULTANEOUSLY 





At distance x from the free end: 











T(x) = T + tx 
L 2 L 
T(x 1 
z= ee I (T + tx)*dx 
o0 2Glp 2GIp Jo 
TL THE rI 
——— +——_ + <— 
2Glp 2GIp  6GIp 


NOTE: U; is not the sum of U, and U>. 


245 To 











respectively. 
Hint: Use Eqs. 3-46a and b of Example 3-9, Section 3.8, to obtain the C D 
reactive torques. L L L 
<—_ 4 — 5 — 4 —» 
Solution 3.9-6  Statically indeterminate bar 
2T To 
7 [> 7 
ww i i 


REACTIVE TORQUES 


From Eq. (3-46a): 








Tp = 3To 


INTERNAL TORQUES 


TT) To 


Tac = T cp = 
AC A CD 4 

















EE 
E, 
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Problem 3.9-7 A statically indeterminate stepped shaft ACB is fixed at 
ends A and B and loaded by a torque T, at point C (see figure). The two 
segments of the bar are made of the same material, have lengths L4 and Lg, 
and have polar moments of inertia Jp, and pg. 

Determine the angle of rotation $ of the cross section at C by using | 
strain energy. » 

Hint: Use Eq. 3-51b to determine the strain energy U in terms of the 
angle $. Then equate the strain energy to the work done by the torque Tọ. 
Compare your result with Eq. 3-48 of Example 3-9, Section 3.8. 





WORK DONE BY THE TORQUE Tọ 


To? 
2 


EQUATE U AND W AND SOLVE FOR $ 


Gra , Io) Tod 














2. Xa Lpg 2 
d ToLALg 
EP G(LplpA + LAlpg) 
STRAIN ENERGY (FROM EQ. 3-51B) 
n h2 2 2 (This result agrees with Eq. (3-48) of Example 3-9, 
U = CORE = CE? + Clap Section 3.8.) 
ce 2L 2LA 2Lpg 
_ Ts " 2) 
2 Wiha Lpg 


Problem 3.9-8 Derive a formula for the strain energy U of the cantilever bar shown in the figure. 
The bar has circular cross sections and length L. It is subjected to a distributed torque of intensity t per unit distance. The 
intensity varies linearly from t = 0 at the free end to a maximum value t = fo at the support. 


to 








dh 
ar. 
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Solution 3.9-8 Cantilever bar with distributed torque 


X — distance from right-hand end of the bar 





STRAIN ENERGY OF ELEMENT dX 
ELEMENT dé 





[T(x) dx 1 tg V. j 
Consider a differential element dé at distance € from the dU = —____ = — | x'dx 

2GIp 2GIp\ 2L 
right-hand end. 


fj 
2 X 
8L^GIp 





^ dx 





dT m STRAIN ENERGY OF ENTIRE BAR 


L 
Sa Nad v= [w= i [sa 
0 0 


8L^GIp 





2 5 

dT = external torque acting on this element er (=) 
2 

dT = (dé 8L°GIp\ 5 


273 
é pus = 
ora dé 40GIp 


ELEMENT dx AT DISTANCE X 








T(x) 
en — 





T(x) — internal torque acting on this element 


T(x) = total torque from x = 0 tox = x 


i X 7 X € 
T(x) = far- [3 Jae 


tox" 
2L 








fis 
E. 
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Problem 3.9-9 A thin-walled hollow tube AB of conical shape has 
constant thickness t and average diameters d4 and dg at the ends 


(see figure). 


(a) Determine the strain energy U of the tube when it is subjected 


to pure torsion by torques T. 
(b) Determine the angle of twist œ of the tube. 


Note: Use the approximate formula Ip = «d^t/4 for a thin circular 


ring; see Case 22 of Appendix D. 
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t = thickness 


-Qa- dą = average diameter at end A 


dg — average diameter at end B 





d(x) — average diameter at distance x from end A 


d(x) = d, + (25745, 


POLAR MOMENT OF INERTIA 


p- 7%! 
P 4 
mdt z (2 — as) | 
Ip(x) — Lm m da + LL x 


(a) STRAIN ENERGY (FROM EQ. 3-54) 


| L dx 
u= | — 
o 2GIp(x) 


7 27? [' dx 
— qGt dg —d,\ P 
fae (A 
L 
From Appendix C: 


J dx 1] — 
(a + bx) 2b(a + bx? 


(Eq. 1) 





as 





ar. 








Therefore, 
| x dx 
dg — d à 
[a (FF) 
L 
L 
E 1 
2(dg — w (2 3 | 
A X 
L L 0 
L L 
mm 2+ 2 
2(dg — d4)(dp) 2(dg — dAY(dA) 
| L(d4 + dp) 


— 2dldj 
Substitute this expression for the integral into the equation 
for U (Eq. 1): 
Te 2T? Ld, + dg TL (2 + 3 
TGt  2didg TG! \ di dj 
(b) ANGLE OF TWIST 


To 
Work of the torque T: W = a 


Tọ | T^L(d, + dp) 





LM TGt d.d), 
Solve for ¢: 

. 2TL(d4 + dp) 
oe di di, 
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Problem 3.9-10 A hollow circular tube A fits over the end of 

a solid circular bar B, as shown in the figure. The far ends of both 
bars are fixed. Initially, a hole through bar B makes an angle 6 with 
a line through two holes in tube A. Then bar B is twisted until the 
holes are aligned, and a pin is placed through the holes. 

When bar B is released and the system returns to equilibrium, 
what is the total strain energy U of the two bars? (Let Ip, and [pz 
represent the polar moments of inertia of bars A and B, respectively. 
The length L and shear modulus of elasticity G are the same for 
both bars.) 























——— COMPATIBILITY 
da t bp = D 
FORCE-DISPLACEMENT RELATIONS 
TL TL 
PA = 


~ Gip, PB = Gis 





Substitute into the equation of compatibility and solve 


T = torque acting on the tube for T: 
$4 = angle of twist T= BG ( IpAl pp ) 
L \Ipa + Ipp 
BAR B 


STRAIN ENERGY 


2 2 2 
TA bg USE T-L TL 
_—, 








= + 


r( l l ) 
d É——— + p——— 
Substitute for T and simplify: 


P Ipa Ipp ) 
B 






U = 
Ipa + Ipp 


T = torque acting on the bar 


dp = angle of twist 





dA 
ar, 
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Problem 3.9-11 A heavy flywheel rotating at n revolutions per minute is 
rigidly attached to the end of a shaft of diameter d (see figure). If the 
bearing at A suddenly freezes, what will be the maximum angle of twist œ 
of the shaft? What is the corresponding maximum shear stress in the shaft? 
(Let L — length of the shaft, G — shear modulus of elasticity, and 
Im, = mass moment of inertia of the flywheel about the axis of the shaft. 
Also, disregard friction in the bearings at B and C and disregard the mass 
of the shaft.) 


Hint: Equate the kinetic energy of the rotating flywheel to the strain 
energy of the shaft. 





Solution 3.9-11 Rotating flywheel 


Shaft Ip = 7 oq 
32 
d = diameter of shaft 
nGd p? 
6L 
UNITS: 





G = (force)/ (length)? 


d = diameter Ip = (length) 




















Tos p = radians 
KINETIC ENERGY OF FLYWHEEL L = length 
1 U — (length)(force 
KE. = 1 iv! (length)(force) 
EQUATE KINETIC ENERGY AND STRAIN ENERGY 
y= 2mn co mn L, B aGd‘ 7 
99 mE 1800 — 64L 
n = rpm 
P ; Solve for ¢: 
1 2 
K.E. = Pm) on [mL 
2 60 = "T G 
q^ n^ Lyn 
E 1800 MAXIMUM SHEAR STRESS 
T(d/2) TL 
UNITs: T= = —— 
Ip GIp 
I, = (force)(length)(second)? 
Alength)t ) Eliminate T: 
œw = radians per second 
_ Gdo 
K.E. = (length)(force) T= 2L 
STRAIN ENERGY OF SHAFT (FROM EQ. 3-51b) Gd2n  |2ml,L 
2 Tmax = 2 
GIph 2LISdq? V G 
© 2L n |[27GL», 


— «— 


Tmax 15d L 








EN 
ar 
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Thin-Walled Tubes 


Problem 3.10-1 A hollow circular tube having an inside diameter of 10.0 in. 

and a wall thickness of 1.0 in. (see figure) is subjected to a torque T — 1200 k-in. 
Determine the maximum shear stress in the tube using (a) the approximate 

theory of thin-walled tubes, and (b) the exact torsion theory. Does the approximate 

theory give conservative or nonconservative results? 


APPROXIMATE THEORY (Eo. 3-63) 


T 1200 k-in. 














T= = ————— = 6314 psi 
art  2m(5.5in)X1.0 in.) . 
Tapprox ~ 0310 psi «— 
EXACT THEORY (Eo. 3-11) 
T — 1200 k-in. T(d/2) Td; 
t = ].O in. Ip TT 
| —" (= | (dj — dj) 
r — radius to median line 32 
r — 5.5 in. = l6(1200k-in.)(12.0 in.) 
d, = outside diameter = 12.0 in. T[(12.0 in.)* — (10.0 in.)*] 


d, = inside diameter = 10.0 in. 6831 psi 


T exact = 0830 psi €— 


Because the approximate theory gives stresses that are 
too low, it is nonconservative. Therefore, the approxi- 
mate theory should only be used for very thin tubes. 


Problem 3.10-2 A solid circular bar having diameter d is to be 
replaced by a rectangular tube having cross-sectional dimensions 
d X 2d to the median line of the cross section (see figure). 

Determine the required thickness tmin of the tube so that the 
maximum shear stress in the tube will not exceed the maximum 
shear stress in the solid bar. 





ge ue 





EX 
ar, 
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Solution 3.10-2 Bar and tube 
SOLID BAR An = (d)(2d) = 2 (Eq. 3-64) 
| = (Eq. 3-12) T T 
Tmax — 3 q. 3- TB PCR NE z 
d qid Tmax 21A,, Aid? (Eq. 3 61) 
2 EQUATE THE MAXIMUM SHEAR STRESSES AND SOLVE FOR f 
RECTANGULAR TUBE 16T E T 
amd  Atd* 
ard 
Ímin — 64 A 


If t > tmin, the shear stress in the tube is less than the 
shear stress in the bar. 





Problem 3.10-3 A thin-walled aluminum tube of rectangular 
cross section (see figure) has a centerline dimensions b = 6.0 in. 
and h = 4.0 in. The wall thickness f is constant and equal to 0.25 in. 


(a) Determine the shear stress in the tube due to a torque h 
T = 15 k-in. 

(b) Determine the angle of twist (in degrees) if the length L of 
the tube is 50 in. and the shear modulus G is 4.0 X 10° psi. 


I —— —— — —————— pb —————————» 


Probs. 3.10-3 and 3.10-4 


Solution 3.10-3 Thin-walled tube 


Eq. (3-64): Am = bh = 24.0 in.” 





Eq. (3-71) with LH = b= £ J = 
J = 28.8 in. 


(a) SHEAR STRESS (EQ. 3-61) 





T= RE = 1250 psi < 
o (b) ANGLE OF TWIST (EQ. 3-72) 
h = 4.0 in. m 
t = 0.25 in. p = G 0.0065104 rad 
T = 15 k-in. =0373 <= 
L = 50 in. 


G = 4.0 X 10° psi 





dA 
ar, 
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Problem 3.10-4 A thin-walled steel tube of rectangular cross section (see figure) has centerline dimensions b = 150 mm 
and h = 100 mm. The wall thickness f is constant and equal to 6.0 mm. 


(a) Determine the shear stress in the tube due to a torque T = 1650 N - m. 
(b) Determine the angle of twist (in degrees) if the length L of the tube is 1.2 m and the shear modulus G is 75 GPa. 




















b = 150 mm (a) SHEAR STRESS (Eq. 3-61) 
— T 
DEIN T-—— 29]7MPa <- 
t — 6.0 mm 21Am 
T= 1650N:m (b) ANGLE OF TWIST (Eq. 3-72) 
— TL 
Hoch $ = — = 0.002444 rad 
G = 75 GPa 
=0.140 < 
Eq. (3-64): Am = bh = 0.015 m? 
Eq. (3-71) with 4 =h =t J Pi 
. (3-71) wi —f,-—t = 
E DM b +h 
J = 10.8 X 107° mî 
—Cp- Problem 3.10-5 A thin-walled circular tube and a solid circular bar of ues? Bar (2) 
the same material (see figure) are subjected to torsion. The tube and bar 
have the same cross-sectional area and the same length. 
What is the ratio of the strain energy U, in the tube to the strain 
energy U, in the solid bar if the maximum shear stresses are the same in 
both cases? (For the tube, use the approximate theory for thin-walled bars.) 
THIN-WALLED TUBE (1) 
Am =r J-—2mrt A=2art ea) 
Taux = = A = Tr Ip = 23 r2 
T = 2 mr^tT, ax » u Tr Nu 2T Nu TT) Tmax 
max 7 v 
Ip mr 2 
2 2r tra) L 
U, = Lu = Cadi U = TL u Gores u TT TmaxL 
2GJ 2G(2Tr t) 25 2G = m ~ — 4G 
2 8G - F2 
(OürTwaxL 2 
i G ATZ. L 
But mrs = A SU, = ——— 
A ^ — 4G 
But rt = — 
2T RATIO 
AT mac L Ui 
1 = = Z 2 €«— 
2G U2 





EN 
ar 
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Problem 3.10-6 Calculate the shear stress 7 and the angle of twist œ (in 
degrees) for a steel tube (G — 76 GPa) having the cross section shown 

in the figure. The tube has length L = 1.5 m and is subjected to a torque 
T= JOKN : m. 





Solution 3.10-6 Steel tube 











rz8mm SHEAR STRESS 
TY j : T = TD = |  IDOkN:m 
KN A, L=15m = 35.0 MPa < 
M PER UR EAT n 7 
aee T-l0kN^m 
bz 100 rum ANGLE OF TWIST 
— eid TL (10 kN: m)(1.5 m) 
bit ° Gl 76 GPa)(19.83 x 10° mm^ 
Am = T (50 mm)? + 2(100 mm)(50 mm) ( a)(19. mm^) 
2 = 0.00995 rad 
= 17,850 mm 
= 0.570 «— 
Lm = 2b 27r 
€p- = 2(100 mm) + 27(50 mm) 
= 514.2 mm 
T 4tA;, — 4(8 mm)(17,850 mm^)? 
E Lin i 514.2 mm 


= 19.83 x 10° mm^ 


Problem 3.10-7 A thin-walled steel tube having an elliptical cross 
section with constant thickness f (see figure) is subjected to a torque 
T = 18 k-in. 

Determine the shear stress 7 and the rate of twist 0 (in degrees 
per inch) if G = 12 X 10° psi, t = 0.2 in., a = 3 in., and b = 2 in. 
(Note: See Appendix D, Case 16, for the properties of an ellipse.) 














EX 
ar, 





LA 
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Solution 3.10-7 Elliptical tube 
FROM APPENDIX D, CASE 16: 
Am = mab = m(3.0 in.)(2.0 in.) = 18.850 in? 
L,, ~ qr [1.5(a + b) — Vab] 
= n[1.5(5.0 in.) — V6.0 in.^] = 15.867 in. 
— 4tA;, — 4(0.2 in.)(18.850 in.^)* 
i 15.867 in. 
= 17.92 in.^ 
T = 18 k-in. 
SHEAR STRESS 
G = 12 X 10° psi 
T 18 k-in. 
f — constant gc m 
ME | | 2tAm — 2(02 in.(18.850 in.?) 
t = 0.2 in a = 3.0 in. b = 2.0 in. = 2390 psi " 
ANGLE OF TWIST PER UNIT LENGTH (RATE OF TWIST) 
B o T. 18 k-in. 
L GJ (12 x 10° psi)(17.92 in.) 
0 = 83.73 X 10  rad/in. = 0.0048°/in.  <— 
Problem 3.10-8 A torque T is applied to a thin-walled tube having 
a cross section in the shape of a regular hexagon with constant wall 





thickness ¢ and side length b (see figure). 
Obtain formulas for the shear stress 7 and the rate of twist 0. 





b — Length of side 
t — Thickness 
Lin = 6b 


FROM APPENDIX D, CASE 25: 











nner B=60° n=6 
b? 6b? o 
m^ pu = — cot 30 
4 2 4 
336" 
2 
iD 
xF 
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SHEAR STRESS T 2T 2T 
= = EE E Rp «— 
T TV3 GJ  G(9b 9Gb*t 
— =< 





T ——— 
2tAm  9bt (radians per unit length) 


ANGLE OF TWIST PER UNIT LENGTH (RATE OF TWIST) 
4A?t 4At bt 


paT 
0 t 


Problem 3.10-9 Compare the angle of twist ¢, for a thin-walled circular tube 
(see figure) calculated from the approximate theory for thin-walled bars with the 
angle of twist œ, calculated from the exact theory of torsion for circular bars. 





(a) Express the ratio $,/$» in terms of the nondimensional ratio B = r/t. 
(b) Calculate the ratio of angles of twist for 8 = 5, 10, and 20. What conclusion 
about the accuracy of the approximate theory do you draw from these results? 











(a) RATIO 
oy 4r 490 a 0 
$^ Ar? Ar? 
1 
Let B = Or _ i re — 
t 2 Ap 
A 
PPROXIMATE THEORY (b) B | b/d, 
. TL 7 5 |... TL 
uoc Jc amr cec 5 | 1.0100 
10 | 1.0025 
EXACT THEORY 20 | 1.0006 


TL Trt > 2 
do = —— From Eq. (3-17): IZ, = —- (4r + t^) 
GI ý p92 | 

P As the tube becomes thinner and 6 becomes larger, the 


j TL 2TL ratio ġı/Q approaches unity. Thus, the thinner the tube, 
z= = 


Glp — qGrt(Ar? + t?) the more accurate the approximate theory becomes. 





Problem 3.10-10 A thin-walled rectangular tube has uniform thickness t 
and dimensions a X b to the median line of the cross section (see figure). 
How does the shear stress in the tube vary with the ratio 8 = a/b if 
the total length L,, of the median line of the cross section and the torque T 

remain constant? 
From your results, show that the shear stress is smallest when the 
tube is square (B = 1). 








Cr 
ar 
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Solution 3.10-10 Rectangular tube 
T, t, and L,,, are constants. 
2T 1+ gy 
Let k = —, = constant T= A LES A 
tL. p 
8 
6 | Lcd 
Aa 
ae Se | 
f — thickness (constant) 2 | 
E" | L me UM 
a, b — dimensions of the tube 3 r 3 A B b 
B=4 8T 
b (z) = 4 Tmin ^ 5. 
k min tL; 
Lm = 2(a + b) = constant 
T — constant From the graph, we see that T is minimum when f = 1 
and the tube is square. 
SHEAR STRESS 
T ALTERNATE SOLUTION 
— —. — 2 
ote ee  2r[à + B? 
' Hà p 
wane Ly = 2b(1 + f) = constant m 
] lm | La | z 2 [BOR + B)- A+ BO] _, 
"2045 ^" Floq4 By dB tL? B’ 
BLin or 2B(1+ B)- (1+ py =0 -B-1 
™ A By 1 . 
2 2 Thus, the tube is square and 7 is either a minimum or a 
"M EON OO BU = ST E maximum. From the graph, we see that 7 is a minimum. 
2tAm 2tBL?, tL? B 
Problem 3.10-11 A tubular aluminum bar (G — 4 X 10 psi) of square 
Cross section (see figure) with outer dimensions 2 in. X 2 in. must resist a f 
torque T — 3000 Ib-in. a 


Calculate the minimum required wall thickness tmin if the allowable 2 in. 
shear stress 1s 4500 psi and the allowable rate of twist is 0.01 rad/ft. 





EX 
ar, 
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Solution 3.10-11 Square aluminum tube 
— ES THICKNESS f BASED UPON SHEAR STRESS 
| 
| | uc. woe. aeta 
2 in. ! DA. (C 2 27 
Units: t= in. b=in. T= lb-in. T= psi 
3000 Ib-in. 1 
i (xum eed mc Zin? 


= 2(4500psi) 3 


| 2m. 32 —12—1-20 


Outer dimensions: Solve for t: t = 0.0915 in. 
2.0 in. X 2.0 in. 
"M THICKNESS tf BASED UPON RATE OF TWIST 
G —4X 10° psi 
T = 3000 lb-in. 0 = EA = a t(b — py — P 
GJ Gtb — ty G0 


Tallow — 4500 psi ; ; . 
Units:t=in. G— psi 0-— rad/in. 


0.01 

= 0. Ee s In. 3000 Ib-i 

0 allow = 0.01 rad/ft 12 rad/in i(Q.0in. — 9? = in 
(4 X 10° psi)(0.01/12 rad/in.) 

Let b — outer dimension 9 

= 2.0 in. ~ 10. 
Centerline dimension = b — t 10#2 —1)° —920 
Am — (b — fy Lm = 4(b — f) Solve for t: 

_ 4tAn, b- " t = 0.140 in. 
D A(b — t) 


ANGLE OF TWIST GOVERNS 


tmin ^ 0.140 in. < 


Problem 3.10-12 A thin tubular shaft of circular cross section 
(see figure) with inside diameter 100 mm is subjected to a torque 
of 5000 N : m. 

If the allowable shear stress is 42 MPa, determine the required 
wall thickness t by using (a) the approximate theory for a thin-walled 
tube, and (b) the exact torsion theory for a circular bar. 





EX 
ar, 
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Solution 3.10-12 Thin tube 
(b) EXACT THEORY 
Tr» 
x cc 
I, 
qT qT 
15302-7005 160+ 5 —60 
T = 5000N:m d; = inner diameter = 100 mm aig ee ED 
Tow = 42 MPa 5160 + 54 — (5054 
t is in millimeters. 
emai: (50 + Ð$ — (50 — (5000 N+ m)Q) 
r= Average radius ~ soir — (m42 MPa) | 
t 6 
= 50mm + > zT as 


= 50 mm 
t = 7.02mm < 
rə = Outer radius 
2 The approximate result is 5% less than the exact 
= 50mm +t A, = Tr 











result. Thus, the approximate theory is nonconserv- 
ative and should only be used for thin-walled tubes. 
—Cp- (a) APPROXIMATE THEORY 
T T T 
2tAm — 2t(mr^) | 2mr^t 
5,000 N*m 
TEMPI — 
t 
os (so ns z) t 
2 
or 
t\? 5,000N-m 5x106  , 
30+ =). = = mm 
2 277(42 MPa) 847 
Solve for t: 


t=666mm < 








fis 
E 
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Problem 3.10-13 A long, thin-walled tapered tube AB of circular cross 





section (see figure) is subjected to a torque T. The tube has length L and B 
constant wall thickness f. The diameter to the median lines of the cross T A T 
sections at the ends A and B are d, and dg, respectively. 
Derive the following formula for the angle of twist of the tube: 
B (dae) bema 
TGt\ Ëd ; 
t 
Hint: If the angle of taper is small, we may obtain approximate ra 
results by applying the formulas for a thin-walled prismatic tube to a 
differential element of the tapered tube and then integrating along the 
axis of the tube. d d 
A <—ag—> 
Solution 3.10-13 Thin-walled tapered tube 
4 E — For entire tube: 
-=n t L 
aO wey | dp p-f & 
o> 4 EN TGT 0 P dp E da 3 
~v —| |< Pra A L x 
L From table of integrals (see Appendix C): 
p 221 . 
t — thickness (a + bx 2b(a + bx)? 
dą = average diameter at end A 
dg — average diameter at end 5 L 
"ees T Gt dp — da dp I da 2 
d(x) = average diameter at distance x from end A. 2 T. da + z "X 0 
dg — 3 
d(x) = d, + |—— — 
aca (7) "——" 
, 0d mGtl 2(dg — da)dg — 2(dg — dada 
J = 2Tr = 4 
. 2TL( dą + dg 
Tt 4 wt dp — dA : $= Gt 2 p 
J(x) = 4 14091 m d, + — hk 7 dAdg 


For element of length dx: 














EX 
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Stress Concentrations in Torsion 


The problems for Section 3.11 are to be solved by considering the 
stress-concentration factors. 


Problem 3.11-1 A stepped shaft consisting of solid circular 
segments having diameters D, = 2.0 in. and D, = 2.4 in. (see figure) 
is subjected to torques T. The radius of the fillet is R = 0.1 in. 

If the allowable shear stress at the stress concentration is 6000 psi, 
what is the maximum permissible torque Tmax? Probs. 3.11-1 through 3.11-5 





Solution 3.11-1 Stepped shaft in torsion 


USE FIG. 3-48 FOR THE STRESS-CONCENTRATION FACTOR 











R Oli. D2 24i. _ 1, 
D} 2.0 in. D| 2.0 in. 
16 T 
K ~= 1.52 Tmax = KT nom = K (| 
D, = 2.0in. p = TD iTmax 
. max 16K 
D, = 2.4 in. 
-— _ m(2.0 in.)?(6000 psi) | UI 
= VU.1 1n. | = 16(1.52) = -1n. 
Tallow = 6000 psi ^ Tmax = 6200 Ib-in. <— 


Problem 3.11-2 A stepped shaft with diameters D, = 40 mm and D; = 60 mm is loaded by torques T = 1100 N- m 


(see figure). 
If the allowable shear stress at the stress concentration is 120 MPa, what is the smallest radius Rmin that may be used for 


the fillet? 








| D» R Use Fic. 3-48 FOR THE STRESS-CONCENTRATION FACTOR 
B 7 16T 
Tmax = KT nom = K TD? 
— mDÌTmax — 7(40 mm) (120 MPa) _ - 
|. 16T |  160100N:m) 
D, = 40 mm NEC UL ie 
by 260 mi Dj, 40mm 
D 
T= 1100N-m From Fig. (3-48) with - = 1.5 and K = 1.37, 
l 


Tallow ^ 120 MPa R 
we get — ~ 0.10 
Dj 


^ Rain ~ 0.10(40 mm) = 4.0mm < 








EN 
ar 
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Problem 3.11-3 A full quarter-circular fillet is used at the shoulder of a stepped shaft having diameter D» = 1.0 in. 
(see figure). A torque T = 500 Ib-in. acts on the shaft. 


Determine the shear stress Tmax at the stress concentration for values as follows: D, 5 0.7, 0.8, and 0.9 in. Plot a graph 
showing Tmax Versus Dj. 


0.15 | 0.214 | 1.20 8900 
0.10 | 0.125 | 1.29 6400 
0.05 | 0.056 | 1.41 4900 











D^ = |.O in. 
10,000 y 
T = 500 Ib-in. * 
T "s 
D, — 0.7, 0.8, and 0.9 in. (psi) 
s 
Full quarter-circular fillet (D5 = D, + 2R) 5000 a 
D» — D D 
um. R=" = 05in. — — 
Usk Fic. 3-48 FOR THE STRESS-CONCENTRATION FACTOR p A————Á——— MH 
16 T 0.6 0.8 l Di (in.) 
Tmax — KT nom = kK (£5) 
— _„ 16(500 Ib-in.) _ K NOTE that Tmax gets smaller as D, gets larger, even 
=K "D? = 2546 D? though K is increasing. 


Problem 3.11-4 The stepped shaft shown in the figure is required to transmit 600 kW of power at 400 rpm. 
The shaft has a full quarter-circular fillet, and the smaller diameter D, = 100 mm. 

If the allowable shear stress at the stress concentration is 100 MPa, at what diameter D» will this stress be reached? 
Is this diameter an upper or a lower limit on the value of D5? 





CEN 
ES 
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Solution 3.11-4 Stepped shaft in torsion 








P=600kW D, = 100 mm Use the dashed line for a full quarter-circular fillet. 

a an oe = ~ 0.075 R ~ 0.075 D, = 0.075 (100 mm) 

Full quarter-circular fillet en 

Power P = l ( Eq. 3-42 of Section 3.7) fete ee oD eh ee 
n D=115mm < 


P = watts n = rpm T = Newton meters 


60P  60(600 x 10? W) 
T= zm — (400 = 14,320 N° m (If D, is less than 115 mm, R/D, is smaller, K is larger, 
d "( rpm) and Tmax is larger, which means that the allowable stress 


is exceeded.) 


This value of D» is a lower limit <— 





Usk Fic. 3-48 FOR THE STRESS-CONCENTRATION FACTOR 


16T 
P- Tmax = KT nom - « ) 





aD} 
g — Tmax(™DI) 
16T 
. (100 MPa)(7)(100 mm)’ 


= 1.37 





16(14,320 N* m) 


Problem 3.11-5 A stepped shaft (see figure) has diameter D» = 1.5 in. and a full quarter-circular fillet. The allowable shear 
stress is 15,000 psi and the load T = 4800 Ib-in. 
What is the smallest permissible diameter D,? 








fis 
E. 
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Solution 3.11-5 Stepped shaft in torsion 














Paeis Use trial-and-error. Select trial values of D, 
T = 4800 lb-in. 0.077 1.38 15,400 
Full quarter-circular fillet D, = D, + 2R 0.056 1.41 14,000 
0.036 1.46 13,000 
D — D; l D; i 
R = — = 0.75 in. — — 
2 2 
Tmax (psi) 
Usk Fic. 3-48 FOR THE STRESS-CONCENTRATION FACTOR 
7 = 16T 16,000 
Tmax — KT aom = Ke) 
K | 16(4800 Ib-in.) | 
H 15,000 
E bil 
K 
= 24,450—- 
Di 14,000 
13,000 





From the graph, minimum D, = 1.31 in. < 





fis 
E. 
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shear Forces and 
Bending Moments 


Shear Forces and Bending Moments 


800 Ib 1600 Ib 
Problem 4.3-1 Calculate the shear force V and bending moment M at a cross 
section just to the left of the 1600-1b load acting on the simple beam AB shown 4 B 


in the figure. 
«30 in.> 50 in. —><— 40 in. 7 
< — — — 120 in. 








Solution 4.3-1 
XM, = 0: Rg = 2900 — 1267 Ib > F VERT = 0: V = 1600 lb — 1267 Ib 
3 
= 333 Ib 
3400 
> Mp = 0: R; = Um = 1133 Ib 2, Mp = 0: M = (1267 Ib)(40 in.) 
152000 
FREE-BODY DIAGRAM OF SEGMENT DB ibean- = 50067 bean. x 
1600 Ib 














D — 
MN in d 
Rs 


343 





CX 
ar, 
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Problem 4.3-2 Determine the shear force V and bending moment M at the 6.0 kN ^ (ENS 
midpoint C of the simple beam AB shown in the figure. 
Solution 4.3-2 
FREE-BODY DIAGRAM OF SEGMENT AC YM,-0: Rp = 3.9375 kN 
‘espe y M XMg =0: R, = 5.0625 kN 
a 403 DFverr=0: V-RQ-6-2-0938kN  — 
Frons malom- YM.-0 M=Ry:2m—6kN-1m 
RA —4.]2kN:m <— 
Problem 4.3-3 Determine the shear force V and bending moment M at the " Pb Pb 7 
midpoint of the beam with overhangs (see figure). Note that one load acts | [N [N 
downward and the other upward. Also clockwise moments Pb are applied 


at each support. 





C 
C — —c— j) 
| | 
M j 


FREE-BODY DIAGRAM (C IS THE MIDPOINT) 





1 =? — — p= 
> Mpg =0: R= 7 CPL — (b + L)P — Pb) > Fverr 0: V=R,-P=0 «— 


L 
>M, =0: Rpg = P (downward) 





di 
ar, 
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Problem 4.3-4 Calculate the shear force V and bending moment M at a cross |" kN {SiN 


section located 0.5 m from the fixed support of the cantilever beam AB shown A 
in the figure. i B 
Lio solio M 2.0 m | 


Solution 4.3-4 Cantilever beam 














|. kN 1.5 kN/m Y ii = 6: 
T V = 4.0 KN + (1.5 kKN/m)(2.0 m) 
. . -40kN-30kN-70kN  — 
1.0 m>< 1.0 m> 2.0 m ——* 
T T T YXMp-0: M = —(4.0 KN)(0.5 m) 
FREE-BODY DIAGRAM OF SEGMENT DB — (1.5 kN/m)(2.0 m)(2.5 m) 
Point D is 0.5 m from support A. = —20kN-m—7.5kN-m 
44 D4 BPTLPT TIT 
\ | 1 
bass — adm 
1.0 mp 2.0 m — 
Problem 4.3-5 Determine the shear force V and bending moment M at a cross 400 Ib/ft 300 Ib/ft 
section located 18 ft from the left-hand end A of the beam with an overhang B 
shown in the figure. A | | IC 
.—10 ft —1«—10 ft +6 Js ft> 
Solution 4.3-5 
400 1b/ft 200 Ib/ft 
n* iili B ez! C FREE-BODY DIAGRAM OF SEGMENT AD 
A A i j 400 lb/ft s 
— L = Ty ^ 
p 10 ft 10 ft -6 ft 6 ft Al JM 
Ra Rg 10 ft—++6 ft + ' 
RA V 


> Mg —0: R4 = 2190 Ib Point D is 18ft from support A. 
2M, = 0: Rg = 3610 Ib YXFygger = 0: V= 2190 lb — (400 Ib/ft)(10 ft) 
=-1810lb <— 


>M. =0: M = (2190 Ib)(18 ft) 


— (400 Ib/ft)(10 ft)(13 ft) 
= — 12580 lb-ft < 





d 
IE, 
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346 CHAPTER 4 Shear Forces and Bending Moments 


Problem 4.3-6 The beam ABC shown in the figure is simply — P, = 4.0 kN 
supported at A and B and has an overhang from B to C. The 
loads consist of a horizontal force P, — 4.0 kN acting at the 
end of a vertical arm and a vertical force Pa = 8.0 kN acting 
at the end of the overhang. 

Determine the shear force V and bending moment M at a 
cross section located 3.0 m from the left-hand support. 


(Note: Disregard the widths of the beam and vertical arm and nn EUN - 
use centerline dimensions when making calculations.) MILLE ‘Om 








FREE-BODY DIAGRAM OF SEGMENT AD 


Point D is 3.0 m from support A. 


A i M 
(sour í = D | | 


RA 








> Fverr = 0: V = -Ra = —1.0 kN — 
2Mp =0: M= —R,(3.0 m) - 40kN:m 


2Mg-0: R, = 1.0 kN (downward) 


= —7.0 kN - = 
oO " 


>M, =0: Rg = 9.0 kN (upward) 





Problem 4.3-7 The beam ABCD shown in the figure has overhangs at each q 
end and carries a uniform load of intensity q. 

For what ratio b/L will the bending moment at the midpoint of the beam A D 
be zero? B C 








CX 
ar, 
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Solution 4.3-7 Beam with overhangs 


FREE-BODY DIAGRAM OF LEFT-HAND HALF OF BEAM: 


Point EF is at the midpoint of the beam. 


M=0 (Given) 











From symmetry and equilibrium of vertical forces: 


f= Rc oo +=) - hE) +o )(04 4) =o 


Problem 4.3-8 At full draw, an archer applies a pull of 130 N to the bowstring 
ane of the bow shown in the figure. Determine the bending moment at the midpoint 
of the bow. 









1400 mm 








as 
ar, 
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Solution 4.3-8 Archer’s bow 
FREE-BODY DIAGRAM OF SEGMENT BC 
2,Mc — 0 PEU 
H l 
T(cos (2) + T(sin B\(b) — M = 0 
H l 
M = r (Z cosg F b sin g ) 
P=130N 
_ 70 P/H 
p = 70 - (Zt tang) 
H = 1400 mm 
—Cp- = 1.4m SUBSTITUTE NUMERICAL VALUES: 
= 130 N | 1.4 
b = 350 mm M | E + (0.35 m)(tan 70) 
= 0.35 m 


M= 108 N: m zu: 
FREE-BODY DIAGRAM OF POINT A 





T — tensile force in the bowstring 
> Fponrz —0: 2Tcos p —PpP-0 
P 
T= 
2 cos B 








CIN 
aF 
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Problem 4.3-9 A curved bar ABC is subjected to loads in the form of M 


two equal and opposite forces P, as shown in the figure. The axis of the 
bar forms a semicircle of radius r. 

Determine the axial force N, shear force V, and bending moment M 
acting at a cross section defined by the angle 0. 





AF.y^-0 7.vV N-Psin0-0 
N=Psn0 < 

SFy=0 NİN  V-Pcos0-20 
V=Pcos@ < 

2Mo-0 ^*^ M-Nr=0 
M-7Nr-7PrsinO < 





Problem 4.3-10 Under cruising conditions the distributed 
load acting on the wing of a small airplane has the idealized 
variation shown in the figure. 

-Qa- Calculate the shear force V and bending moment M at the 
inboard end of the wing. 








(Minus means the shear force acts opposite to the direc- 
tion shown in the figure.) 


LOADING (IN THREE PARTS) 





700 N/m 


SHEAR FORCE 900 N/m 


> Fverr = 0 Ta a 





V + ; (700 N/m)(2.6 m) + (900 N/m)(5.2 m) 


1 
+ 5 (900 N/m)(1.0 m) = 0 


V = —6040 N = —604kN < 





as 
ar. 
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a M = 788.67 N: m + 12,168 N - m + 2490 N - m 
=M,=0 ^^^ = 15,450 N - m 


15.45 kN: m «— 
1 2.6m 
— Mc 5 (700 N/m) (2.6 m) E E 


4- (900 N/m) (5.2 m) (2.6 m) 


l 1.0 m 
+ z (900 N/m) (1.0 m) (s2m + | = 0 


Problem 4.3-11 A beam ABCD with a vertical arm CE is supported as 
a simple beam at A and D (see figure). A cable passes over a small pulley 
that is attached to the arm at E. One end of the cable is attached to the 
beam at point B. 

What is the force P in the cable if the bending moment in the 
beam just to the left of point C is equal numerically to 640 Ib-ft? 
(Note: Disregard the widths of the beam and vertical arm and use 
centerline dimensions when making calculations.) 

















Solution 4.3-11 Beam with a cable 








2,Mc = 0 AA 





4P 4P B 
Lu M 5 (6 ft) + 9 (12 ft) = 0 
P in Ib gP 
M in lb-ft M = ET Ib-ft 


Numerical value of M equals 640 Ib-ft. 
8P 
.. 640 lb-ft = — lb-ft 
15 
and P = 1200lb < 





as 
ar, 
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Problem 4.3-12 A simply supported beam AB supports a trapezoidally 50 kN/m 
distributed load (see figure). The intensity of the load varies linearly from 25 kN/m 


50 kN/m at support A to 25 kN/m at support B. 
Calculate the shear force V and bending moment M at the midpoint of 
the beam. A B 


Solution 4.3-12 




















50 kN/m FREE-BODY DIAGRAM OF SECTION CB 
| IT TT. Too 25 KN/m Point C is at the midpoint of the beam. 
= f r l. l 1 Vf 4 T 4 I = =- 
| ull | T TH 37.5 kN/m 
Y T Y a. t ‘rr Y a3 
—25 kN/m 
V | 
4 | d | 
4- JL f 
m 
Raf I R; ` ,| Re 
SMr =0: — R, (4m) + (25 kN/m) (4m) (2m 
xum ° =’ | $ P >Fyert = 0: V — (25 kN/m)(2 m) 
+ (25 kN/m)(4 m(5) (4 m=) = 0 1 
2 3 - (12.5 kN/m)Q m). + Rg = 0 
R, = 83.33 kN 


V= —4.17kN < 


> Fvygrr = 0: Ra + Rg 
SMc=0: — M — (25 KN/m)(2 m)(1 m) 


l 
75 (50 kN/m + 25 kN/m)(4 m) = 0 


— (12.5 kN/m)(2 m) : (2 mz] 


Rpg = 66.67 kN 


M=75kN-m <— 


Problem 4.3-13 Beam ABCD represents a reinforced-concrete foundation beam qı = 3500 lb/ft 
that supports a uniform load of intensity q, = 3500 Ib/ft (see figure). Assume that 
the soil pressure on the underside of the beam is uniformly distributed with 
intensity q». 


(a) Find the shear force Vg and bending moment Mg at point B. q> 
(b) Find the shear force V,, and bending moment M,, at the midpoint TT ft >| 8.0 ft JB J 


of the beam. 











dh 
ar. 
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Solution 4.3-13 Foundation beam 
a= 3500 lb/ft (b) V AND M at MIDPOINT E 
A B | | i | AE A |c D Qe m 






* 


TETTE HEN 


> Fverr = 0: q(14 ft) = q(8 ft) = 3 ft Ed A 4 ft = 

















8 
sup a4 dp 2000 Ib/ft $ Fverr = 0: Y5.9200015/f00 ft 
— (3500 Ib/ft)(4 ft) 
(a) V AND M Ar POINT B you xc 
A. zM > Mpg =0 
| ) B SF vert = 0: 
PTTL tt thy Mn = (2000 Ib/ft)(7 ft)(3.5 ft) 





[en Vs = 6000lb < — (3500 Ib/ft)(4 ft)(2 ft) 


M,, = 21,000 lb-ft =< 
2,Mg —0: Mz = 9000 lb-ft <— 


Problem 4.3-14 The simply-supported beam ABCD is loaded by 
a weight W = 27 KN through the arrangement shown in the figure. 
The cable passes over a small frictionless pulley at B and is attached 
at E to the end of the vertical arm. 

Calculate the axial force N, shear force V, and bending moment M 
at section C, which is just to the left of the vertical arm. 
(Note: Disregard the widths of the beam and vertical arm and use 
centerline dimensions when making calculations.) 








aks 
ar, 
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Solution 4.3-14 Beam with cable and weight 
FREE-BODY DIAGRAM OF PULLEY AT B 


FP 21 kN 


d —~21.6 EN 
$ 
$10.8 kN 

27 kN J) 





Ra =18kKN Rp =9KN 


FREE-BODY DIAGRAM OF SEGMENT ABC OF BEAM 





; 20m i 2.0 NP 
é V 
-— 
>Fyoriz ^0: N = 21.6 kN (compression) «— 
> Fverr =Q: V — 7.2 kN — 
Mc =0: M=504kKN-m < 





Problem 4.3-15 The centrifuge shown in the figure rotates in a horizontal plane 
(the xy plane) on a smooth surface about the z axis (which is vertical) with an 
angular acceleration a. Each of the two arms has weight w per unit length and 
supports a weight W = 2.0 wL at its end. 

Derive formulas for the maximum shear force and maximum bending moment 
in the arms, assuming b = L/9 and c = L/10. 








as 
ar, 
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Solution 4.3-15 Rotating centrifuge 






Tangential acceleration = ra 
W 
Inertial force Mra = —ra 
g 
Maximum V and M occur at x — b. 


w L+b x 
Vus = T+ boda f —xdx 
8 b 8 


Wa 
— (Lb o) 
8 


wLa 
+—(L+2b) — 
2g 


Wa 
M max = ES (Lb box T) 
Lb we 
+ f — x(x = b)dx 
b 8 


Wa 
EH E E 


L'a 


8 


W 
$ 





QL + 3b) — 





CX 


CIS 


LA 





ar, 


w Xy 
wax 
& 


i (L+b+cha 


SUBSTITUTE NUMERICAL DATA: 


L 
W=20wL b= = 
9 
max 


max 








7 9lwL a 
30g 


| 229wL'a 








75g 


€ 7 19 
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Shear-Force and Bending-Moment Diagrams 


When solving the problems for Section 4.5, draw the shear-force 

and bending-moment diagrams approximately to scale and label all 

critical ordinates, including the maximum and minimum values. 
Probs. 4.5-1 through 4.5-10 are symbolic problems and 


Probs. 4.5-11 through 4.5-24 are numerical problems. The remaining : p p 
problems (4.5-25 through 4.5-40) involve specialized topics, such — | [^ 
as optimization, beams with hinges, and moving loads. A B 


Problem 4.5-1 Draw the shear-force and bending-moment diagrams for 


a simple beam AB supporting two equal concentrated loads P (see figure). 
L 


Solution 4.5-1 Simple beam 











AK B 
SOC 
R4 =P L | RgzP 








V 
M 
Problem 4.5-2 A simple beam AB is subjected to a counterclockwise Mo 
couple of moment Mp acting at distance a from the left-hand support A B 
(see figure). 
Draw the shear-force and bending-moment diagrams for this beam. 





as 
ar, 
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Solution 4.5-2 Simple beam 
Mo 
— 
A ESS US. 1. AB 
LN 7 A. 
> | ! 
R, = Mo | | Mo 
A L 4 L | Rg = T 





M 0 a 
-M (1- T2) pe 


Problem 4.5-3 Draw the shear-force and bending-moment diagrams for 
a cantilever beam AB carrying a uniform load of intensity q over one-half of A B 
its length (see figure). 








8 qe 
2 





dA 
ar, 
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Problem 4.5-4 The cantilever beam AB shown in the figure 











is subjected to a concentrated load P at the midpoint and P m,- PL 
a counterclockwise couple of moment M, = PL/4 at | D bug 
the free end. 7 
Draw the shear-force and bending-moment diagrams for this A B 
beam. L L uM 
2 2 
_ PL Ka =P 
=z 
u -PL 
ui 
LL 
4 
Problem 4.5-5 The simple beam AB shown in the figure is subjected | NR 
to a concentrated load P and a clockwise couple M, = PL/3 acting at the A — ——————Àg 
third points. A E 
Draw the shear-force and bending-moment diagrams for this beam. XX 
3 


Solution 4.5-5 


























Hs 
px uo ee ee V7 -2P/3 
PLIS 
M 0— = 











dh 
ar. 
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Problem 4.5-6 A simple beam AB subjected to couples M, and 3M, T 
acting at the third points is shown in the figure. l 3M; 


Draw the shear-force and bending-moment diagrams for this beam. m y; 


Solution 4.5-6 








Problem 4.5-7 A simply supported beam ABC is loaded by a vertical 
load P acting at the end of a bracket BDE (see figure). 
Draw the shear-force and bending-moment diagrams for beam ABC. 










di 
ar, 
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Solution 4.5-7 Beam with bracket 





Problem 4.5-8 A beam ABC is simply supported at A and B 
and has an overhang BC (see figure). The beam is loaded by two 
forces P and a clockwise couple of moment Pa that act through 
the arrangement shown. 

> Draw the shear-force and bending-moment diagrams for 
beam ABC. 








upper 
beam: 








dA 
ar 
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Problem 4.5-9 Beam ABCD is simply supported at B and C and has 





overhangs at each end (see figure). The span length is L and each overhang d 
has length L/3. A uniform load of intensity q acts along the entire length of 
the beam. A D 
Draw the shear-force and bending-moment diagrams for this beam. | B C 
E L 
J A L vk E > 


V5 
GS B = 0.3727L 





Problem 4.5-10 Draw the shear-force and bending-moment diagrams do 


for a cantilever beam AB supporting a linearly varying load of maximum 
intensity qo (see figure). 








CX 
ar, 
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Solution 4.5-10 Cantilever beam 





| | qo = 10 Ib/in. 
Problem 4.5-11 The simple beam AB supports a triangular load P = 801b 


of maximum intensity qo = 10 lIb/in. acting over one-half of the 
span and a concentrated load P — 80 Ib acting at midspan 


-Qa- (see figure). 


Draw the shear-force and bending-moment diagrams for this 


beam. L . ans | es 
Pa gn ft ten 















Solution 4.5-11 Simple beam 


XM, = 0: Rg (80 in.) — (80 Ib)(40 in.) 
d À 2. 
= (10 lb/in. 7)(40 in.)(40 + 407 in.) = 0 


Rpg = 206.7 Ib 





1 
> Fygrr = 0: R4 + Rg — 801b — (10 fin. ao in.) =0 









V 
RA = 73.3 Ib 
—207 Ib 
2933 lb-in 











as 
ar, 
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Problem 4.5-12 The beam AB shown in the figure supports a uniform load SONT 
of intensity 3000 N/m acting over half the length of the beam. The beam rests on = 


a foundation that produces a uniformly distributed load over the entire length. A B 
Draw the shear-force and bending-moment diagrams for this beam. 
EZTALA op qr 


Otte sean = 2-004 








Problem 4.5-13 A cantilever beam AB supports a couple and a concentrated 
load, as shown in the figure. 
Draw the shear-force and bending-moment diagrams for this beam. SB 


400 lb-ft 








CES 
aF, 
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Solution 4.5-13 Cantilever beam 





M, = = 1600 lb- ft | 


R, = 200 Ib m = 





V 
(Ib) 
M 
(Ib-ft) 
Problem 4.5-14 The cantilever beam AB shown in the figure is 2.0 kN/m 
subjected to a triangular load acting throughout one-half of its length 
and a concentrated load acting at the free end. 2.5 kN 
Draw the shear-force and bending-moment diagrams for this beam. | 





Solution 4.5-14 
4.5 kN 





—11.33 kKN*m 





CI 
ar 
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Problem 4.5-15 The uniformly loaded beam ABC has simple supports 25 Ib/in. 


at A and B and an overhang BC (see figure). 


Draw the shear-force and bending-moment diagrams for this beam. 








5 “72 in. —— in. —| 
= 500 Ib he 





12 kN/m 3kN*m 


Problem 4.5-16 A beam ABC with an overhang at one end supports 
a uniform load of intensity 12 kN/m and a concentrated moment of 
magnitude 3 kN * m at C (see figure). 
Draw the shear-force and bending-moment diagrams for this beam. 
—1.6 m 1.6 A, m— 











Solution 4.5-16 Beam with an overhang 


12 kN/m 3kN*m 

















0 kN 











—3.86 kN 














dh 
ar. 
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Problem 4.5-17 Consider the two beams below; they are loaded the same but have different support conditions. Which 
beam has the larger maximum moment? 

First, find support reactions, then plot axial force (N), shear (V) and moment (M) diagrams for both beams. Label all 
critical N, V & M values and also the distance to points where N, V &/or M is zero. 








Solution 4.5-17 

BEAM (a): 0 

—3P/5(compression) i | 
| | 4P/5 ! 










] 
L 





4 5 
My = UC= ;P4L — P (upward) 


4 P 
ARSA z? Cy -y (downward) 


3 
> Fy = 0: A, = z P (ight) 





T 
7. 


dr o ae oe ues 
Ste nay ipt . sod 
-PLAD kog e 
ae e 1 i 


esa a 
CELO UNE CAE ELE" 
: so. 


-HPLAO E2286 64] con ys 





as 
ar, 
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BEAM (b): 3P/5 
ADM 0: C = (Sii) ay d) ibi 
—0:C,—-—(-P— — — P (upwar 
270 LNS 47 5 7 | | | $* @ 
| | | l | 
4 2 | | | | | 
> Fy = 0: Dy = £z P — Cy = = P (upward) | | | 
| | | 
X | | | AEN 
3 | | | LUCR TRUM 
> Fy = 0: D, = zP (right) | | | | -2P/5, 
| | | | | 
| | | | | 
.. The first case has the larger maximum moment | | | PL/10 h 
M O0 


(SrL) — 





Problem 4.5-18 The three beams below are loaded the same and have the same support conditions. However, one has a 
moment release just to the left of C, the second has a shear release just to the right of C, and the third has an axial release 
just to the left of C. Which beam has the largest maximum moment? 

First, find support reactions, then plot axial force (N), shear (V) and moment (M) diagrams for all three beams. Label all 
critical N, V & M values and also the distance to points where N, V &/or M is zero. 





PL at B 
ED d Axial force 7> 
A; Ay CG 
release C 
y 
(c) 





dh 
ar. 
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BEAM (a): MOMENT RELEASE 


A, — P (upward) 


13 
C, = — n P (downward) 
12 
D, = s P (upward) 


3 
A, = 5 P (right) 


BEAM (b): SHEAR RELEASE 


1 
A= 5 P (upward) 


C 


1 
pn 5 P (downward) 


4 
pi 5 P (upward) 


3 
A, = 5 P (right) 


BEAM (C): AXIAL RELEASE 


1 
e 5 P (downward) 


C, = P (upward) 


3 
C, = 5 P (right) 


.. The third case has the largest maximum moment 


($m) — 
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ak 





ar, 


367 





—9PL/10 VON ato 





oe —APL/5 


N 0 pA [ee 


Yo oee 






—P/5 


$7 PL iG. | 


** A s us 





—3P/5 (Compression) 


$c * ,. a 
$ n > 
ara 
. H 


-PL/10 |. Mt LA 
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Problem 4.5-19 A beam ABCD shown in the figure is simply 
supported at A and B and has an overhang from B to C. The loads 
consist of a horizonatal force P;= 400 Ib acting at the end of the 
vertical arm and a vertical force Pa = 900 Ib acting at the end of 
the overhang. 

Draw the shear-force and bending-moment diagrams for this 
beam. (Note: Disregard the widths of the beam and vertical arm 
and use centerline dimensions when making calculations.) 





Solution 4.5-19 Beam with vertical arm 


; P, = 400 Ib 








P; = 900 Ib 





. LN corer 
E _ 4.0 f L0 ft 
Ry = 125 Ib Agen Hn 





900 Ib 


400 lb-ft 





Problem 4.5-20 A simple beam AB is loaded by two segments 
of uniform load and two horizontal forces acting at the ends of a vertical arm 
(see figure). 

Draw the shear-force and bending-moment diagrams for this beam. 





—10.0 
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Problem 4.5-21 The two beams below are loaded the same and have the same support conditions. However, the location of 
internal axial, shear and moment releases is different for each beam (see figures). Which beam has the larger maximum 
moment? 

First, find support reactions, then plot axial force (N), shear (V) and moment (M) diagrams for both beams. Label all 
critical N, V & M values and also the distance to points where N, V &/or M is zero. 








A | Axial force Shear Moment D. 
^ release release Cy release Dy 
=- 
A Shear Axial force E Moment D, 
release release Y release D, 
(b) 


Solution 4.5-21 


Support reactions for both beams: 3P/5(tension) 


M ce oA e N 0 
| | | 
2 2 | | | 
C, 5 P ( upward), D, = 5 P ( upward) | | | | 
| | | | 
3 | LODS © | 

D, — 5 P (rightward) V O0; 


.. These two cases have the same maximum 
moment (PL) < 
(Both beams have the same N, V and M diagrams) 








dA 
ar, 
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Problem 4.5-22 The beam ABCD shown in the figure has 10.6 kN/m 
overhangs that extend in both directions for a distance of 4.2 m SIENI Sd EN 


from the supports at B and C, whiich are 1.2 m apart. 
Draw the shear-force and bending-moment diagrams for this 
overhanging beam. B C 


Solution 4.5-22 Beam with overhangs 


10.6 kN/m 


; mor | | |) T mes m 
"m m" 
a — — —— D 


As M C 
4.2m e m 
à = 













Problem 4.5-23 A beam ABCD with a vertical arm CE is supported as a 
simple beam at A and B (see figure). A cable passes over a small pulley 
that is attached to the arm at E. One end of the cable is attached to the 
beam at point B. The tensile force in the cable is 1800 Ib. 

Draw the shear-force and bending-moment diagrams for beam ABCD. 
(Note: Disregard the widths of the beam and vertical arm and use center- 
line dimensions when making calculations.) 





L 6n 6 t—+—6 t — 








as 
ar, 
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Solution 4.5-23 Beam with a cable 
1800 Ib 1440 








| 1440 
| / 5760 lb-ft 
D 


+ 800 





AD, AA 
p—s 6 f th 


Rp = 800 lb Rp = 80 












V 
(Ib) 
p ut ! Wo = PIL 
roblem 4.5-24 Beams ABC and CD are supported l 
at A, C and D, and are joined by a hinge (or moment release) C A LT L ell 
-e- just to the left of C and a shear release just to the right of C. 3 3 
The support at A is a sliding support (hence reaction => 
A, = 0 for the loading shown below). Find all support Ax / [5 
reactions then plot shear (V) and moment (M) diagrams. \ PL 2 
Label all critical V & M values and also the distance to A Sliding Moment C, D 
points where either V &/or M is zero. í support release d 
Solution 4.5-24 


P/12 


Ma, = —PL (clockwise), A, —0,A4,—0 € 


1 1 
O T (upward), D, = B P (upward) < 










P 
Vmax = & Myax = PL S 


0.016PL 








EX 
ar, 














O4Ch04.qxd 9/25/08 12:43 PM Page 372 Za 
E 
3/2 CHAPTER 4 Shear Forces and Bending Moments 
Problem 4.5-25 The simple beam AB shown in the figure supports a 5k 
concentrated load and a segment of uniform load. | 2.0 k/ft 


Draw the shear-force and bending-moment diagrams for this beam. 











(Kips) 





-13.75 
max 47.3 





Problem 4.5-26 The cantilever beam shown in the figure supports a concentrated | kN 1.0 kN/m 


load and a segment of uniform load. 
A 
Draw the shear-force and bending-moment diagrams for this cantilever beam. B 
Lo. hos M 1.6 m —— 





CX 
ar, 
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Solution 4.5-26 Cantilever beam 





I-OKNIm — 
E- o E å O H 
6.24 kN -m 1B 


Problem 4.5-27 The simple beam ACB shown in the figure is subjected to 
a triangular load of maximum intensity 180 lb/ft and a concentrated moment of 


300 Ib-ft at A. 


Draw the shear-force and bending-moment diagrams for this beam. 
A 





V 
(Ib) 


(Ib-ft) 
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V 
(kN) 
M 
(kN * m) 
180 Ib/ft 


300 Ib-ft 










4. $0. ae eine ow 
ft a Sor | . 
. . A tw oe gt . 
. ^er 
] . 
s’ a . 
0 "ESSE - : - 


l«— 3625 i> 


max 


* eps 4 # tee uos 
n ss " 





EN 
ar 
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Problem 4.5-28 A beam with simple supports is subjected to a trapezoidally 3.0 kN/m 
distributed load (see figure). The intensity of the load varies from 1.0 kN/m 1.0 kN/m 
at support A to 3.0 kN/m at support B. 

Draw the shear-force and bending-moment diagrams for this beam. 





Rg- 2.8 kN 


2 Max = 1-450 


V=20-8=— 5 (x = meters; V = kN) 





- iu. d 






Set V —0: x, = 12980m (kN-m) 0 4———— 
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Problem 4.5-29 A beam of length L is being designed to support a uniform load q 
of intensity q (see figure). If the supports of the beam are placed at the ends, 
creating a simple beam, the maximum bending moment in the beam is g/7/8. 


However, if the supports of the beam are moved symmetrically toward the middle A4 A 
of the beam (as pictured), the maximum bending moment is reduced. 
Determine the distance a between the supports so that the maximum bending "ED __,] 


moment in the beam has the smallest possible numerical value. g——————s 
Draw the shear-force and bending-moment diagrams for this condition. 


Solve fora: a—(2-— VIL —0.858L < 
Mi =M, S — ay 


gL? ; 
= e 2V2) = 0.02145gL2 < 





0.2071 qL 















l Mj ol | | 
= 0.2071 gL — 0.2929 gL 
The maximum bending moment is smallest when 0.02145 gL” 
M, = M, (numerically). € 7 
«CL - ay M 
8 

a\ ql’ qL er A 
M,=R,(—) — 5— — —— Qa — L) — 0.02145 qL — 0.02145 qL 

2 8 8 
M; = M> (L — ay = La — L) x; = 0.3536 a 

= 0.2071 L 





CX 
ar, 
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Problem 4.5-30 The compound beam ABCDE shown in the figure 
consists of two beams (AD and DE) joined by a hinged connection at D. 
The hinge can transmit a shear force but not a bending moment. The loads 
on the beam consist of a 4-kN force at the end of a bracket attached at 
point B and a 2-kN force at the midpoint of beam DE. 

Draw the shear-force and bending-moment diagrams for this 
compound beam. 








Problem 4.5-31 The beam shown below has a sliding support 
at A and an elastic support with spring constant k at B. 

A distributed load q(x) is applied over the entire beam. Find all 
support reactions, then plot shear (V) and moment (M) diagrams 
for beam AB; label all critical V & M values and also the 
distance to points where any critical ordinates are zero. 








dh 
ar 
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Solution 4.5-31 
M4 = E (clockwise), A, c0 << " 
B, = S L (upward) < -qoL/2 
M 
Problem 4.5-32 The shear-force diagram for a simple beam 12 kN 
is shown in the figure. V 


Determine the loading on the beam and draw the bending- 
moment diagram, assuming that no couples act as loads on 
the beam. 


Solution 4.5-32 Simple beam (V is given) 











CX 
ar, 
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Problem 4.5-33 The shear-force diagram for a beam is shown 652 Ib 
in the figure. Assuming that no couples act as loads on the beam, 
determine the forces acting on the beam and draw the bending- 
moment diagram. 





Solution 4.5-33 Forces on a beam (V is given) 
FORCE DIAGRAM 652 


20 Ib/ft 


NECS E RIEN attrition [7 T^P4 


| | | | | 
"wy s T Y* ' 


E -=-= 
M — — 








652]b 700 Ib 1028 lb 500 Ib 

Problem 4.5-34 The compound beam below has an internal Wol2 
moment release just to the left of B and a shear release just to Ma =- i A y 
the right of C. Reactions have been computed at A, C and D wo : na 
and are shown in the figure. ( UI ml 

First, confirm the reaction expressions using statics, then A B C jo D 
plot shear (V) and moment (M) diagrams. Label all critical 
V and M values and also the distance to points where either A,=0 a / ES — e — 
V and/or M is zero. ? Moment ^? \ 2 





as 
ar 
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Solution 4.5-34 


FREE-BODY DIAGRAM 





Problem 4.5-35 The compound beam below has an shear Wo 

release just to the left of C and a moment release just to the Ma 

right of C. A plot of the moment diagram is provided below | 

for applied load P at B and triangular distributed loads w(x) on A 

segments BC and CD. A 
First, solve for reactions using statics, then plot axial 


force (N) and shear (V) diagrams. Confirm that the moment ^ Moment 
p WoL Shear release pf 





diagram is that shown below. Label all critical N and V & M 
values and also the distance to points where N, V &/or M is zero. 2 release 





dè 
ar 
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Solution 4.5-35 
Solve for reactions using statics 
Two 2 . 
M4 = ———- L^ (clockwise), = 
30 
3 
Ay —--—woL(left) < 
10 
3 
A= c 20 WoL (downward) < 
Wo 
C, — — L (upward) — 
12 
Wo 
D, — rs L (upward) < 
FREE-BODY DIAGRAM 
E 2 
WTO DADA w RA TIT TIT 
3woL/10 | /\ | | | 
awgLao YOZ wollt — wrJA woL/12 woL/6 
3wgL/10 (tension) 






V Oa, 
—3woLl20 | | 
| 
TwgL?/60 | | | 
| 
| 





EX 
ar, 
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Problem 4.5-36 A simple beam AB supports two connected wheel loads 
P and 2P that are distance d apart (see figure). The wheels may be placed 
at any distance x from the left-hand support of the beam. 


(a) Determine the distance x that will produce the maximum shear force 
in the beam, and also determine the maximum shear force Vmax- 

(b) Determine the distance x that will produce the maximum bending 
moment in the beam, and also draw the corresponding bending- 
moment diagram. (Assume P = 10 kN, d = 2.4 m, and L = 12 m.) 





Reaction at support B: 


MONROE 
pom LN ^L " 


Bending moment at D: 


Mp = Rg(L — x — d) 





ae 





= LU; t SX) CL. o eu) 
(a) MAXIMUM SHEAR FORCE 
By inspection, the maximum shear force occurs at sup- P j 
port B when the larger load is placed close to, but not TF [-3x' + GL — 5d)x + 2d(L — d)) Eq.(1) 
—— directly over, that support. 
dMp P 
F3 UN 3L — 5d) = 0 
b: 
L Sd 
Solve for x: x=- (3 = :J —40m < 
6 L 





Substitute x into Eq (1): 


_ Pd opi ! 
In =2 Rgz P(3- D t P(E Sd 


2 
Mya =F 3 - 5) + (3L — 5d) 


6 


(Q-H) ona 


PL d \? 
= —— dues =784kN°-m © 


x=L—-—d=96m «— 
d 
Vaux = Ry = P(3 2) = 28i «— 


(b) MAXIMUM BENDING MOMENT 12 
By inspection, the maximum bending moment occurs at 
point D, under the larger load 2P. 


WM 


A i *D B 











EE 
uL 
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Problem 4.5-37 The inclined beam below represents the loads 
applied to a ladder: the weight (W) of the house painter and the 
self weight (w) of the ladder itself. Find support reactions at A 
and B, then plot axial force (N), shear (V) and moment (M) 
diagrams. Label all critical N, V & M values and also the 
distance to points where any critical ordinates are zero. Plot 

N, V & M diagrams normal to the inclined ladder. 


ioo 
> 





W = 150 lb 


Solution 4.5-37 


—16.79 Ib 


w*  4B,cos 02 -16.79 It 
af 


Ny, sin 0=47.5 Ib 





W cos 0- 50 Ib 





—214.8 Ib 


> 


A, cos 0 


+A, sin = 214.8 Ib A, cos 0— A, sin 0— 22.5 Ib 





EX 
ar, 
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g 1 |. IAI (2) Use 0 to find forces at ends A & B which are along 
cos 0 = i846 ym 0 — 3 and perpendicular to member AB (see free-body dia- 


gram); also resolve forces W and w into components 


Solution procedure: along & perpendicular to member AB 


(3) Starting at end A, plot N, V and M diagrams (see 


(1) Use statics to find reaction forces at A & B 
plots) 


> Fy = 0: A, = 150 + 2.5 (18 + 6) = 210 lb 
A, = 210 lb (upward) < 
XM, = 0: B,:24sin@+ 150 -64+2.5 + 24°4=0 
b, 50.38 Ib (left) 
> Fy = 0; A, = 50.38 Ib (right) 


«—— 


«— 


Problem 4.5-38 Beam ABC is supported by 
a tie rod CD as shown (see Prob. 10.4-9). 
Two configurations are possible: pin support 
at A and downward triangular load on AB, or 
pin at B and upward load on AB. Which has 





the larger maximum moment? 

First, find all support reactions, then plot 
axial force (N), shear (V) and moment (M) 
diagrams for ABC only and /abel all critical 
N, V & M values. Label the distance to 
points where any critical ordinates are zero. 


Solution 4.5-38 


FREE-BODY DIAGRAM—BEAM (a) 





Moment 
releases 


qo at B 





4qoL/9 
qoL/2 
tre 

—» 
7q ol /9 Tal 9 qoL 

qoL/2  qgL/2 

{ | do^ — qr | | qol? | 

17qgL/18 
AgoLl9 4qoLI9  4qoL9 "oum 








dh 


ar. 
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Use statics to find reactions at A and D for Beam (a) 


l 
A, = — 2 qoL (left) << 


17 
Ay 18 qoL (upward) < 





(b) 


D, 


D 


3 


Mp = 0 = 


i B 
i "à 
AY 





Moment 
releases 





as 


ar. 





l 
—5 «oL (left) 






(compression) 





«—— 


4 
E^ qoL (downward) 





«—— 
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SECTION 4.5 Shear-Force and Bending-Moment Diagrams 305 


FREE-BODY DIAGRAM—BEAM (b) 








5qgL/3 
an ] 
ea 
L 
qoL^/6  qoL°l6 qoL^ qoL 
eem oz 
| gL ! qoL/2 eH2T 
5qgL/3 


qoL/2 SqoL/3 SqoL/3 


Use statics to find reactions at B and D for Beam (b) 


1 
B= 5 gol (right) < 


1 5 7 
p= E qoL + 3 qoL = 6 qoL (upward) < 


1 
Dy = 5 qoL (right) < 


5 
D= = 3 qoL (downward) < 


Mp = 0 *e— 


—5qgL/3 
(compression) 






A B 
N 0 : E 
NEMPE 
| NEL 
(compression) 
| SqoL/3. 


qoL/2| 








EN 
ar 
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Problem 4.5-39 The plane frame below consists of column AB and beam BC do 


which carries a triangular distributed load. Support A is fixed and there is a 
roller support at C. Column AB has a moment release just below joint B. 

Find support reactions at A and C, then plot axial force (N), shear (V) and 
moment (M) diagrams for both members. Label all critical N, V & M values 
and also the distance to points where any critical ordinates are zero. 






release 


Solution 4.5-39 


Use statics to find reactions at A and C qo 
Re, — 4 L (upward) «— 

















MA = 0 — ? 
R4 = 0 e— 
Ky = ae (upward) < t 
—B B B 
B 0 C 
N O0[ T1 ——] 

| | | 

8 | | | 

A | | | 

zi WoL/6 

= 

a 

Q 0.5774L 

as —woL/3 

= | 

T 
| | | 
| | | 
| 8woL7/125 | 

A A ^ MoO I" 
0 0 0 
N V M 





dh 
ar. 
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SECTION 4.5 Shear-Force and Bending-Moment Diagrams 


Problem 4.5-40 The plane frame shown below is part of an 
elevated freeway system. Supports at A and D are fixed but 
there are moment releases at the base of both columns (AB and 
DE), as well near in column BC and at the end of beam BE. 
Find all support reactions, then plot axial force (N), shear (V) 
and moment (M) diagrams for all beam and column members. 
Label all critical N, V & M values and also the distance to 
points where any critical ordinates are zero. 


Solution 4.5-40 


Solution procedure: 


(1) M4 = Mp = O due to moment releases 
(2) XM, = 0: D, = 61,164 N = 61.2 kN 
(3) DF, = 0: Ay = —18,414 N = —18.41kN 


FREE-BODY DIAGRAM 





387 


Moment 
release 


(4) > Mz = 0 for AB: A, = 0 
(5) > Fy = 0: D, = —63 kN 


(6) Draw separate FBD’s of each member (see below) to 
find N, V and M for each member; plot diagrams (see 
below) 


Hg 
32.7 kN 750 N/m : - 46.9 kN 
^ ~œ p 
C C bus M C] 45 kN 
g 
1500 N/m Z g 
= 
32.7 KN | FU y 
BN IVY VY NVI | 
issin? 1 E^  e12kN 
14.25 kN s 
B 14.25 KN gh p ' 63kN 
i 
A — 63 kN 
18.41 kN 61.2 kN 





EX 
ar, 
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CHAPTER 4 Shear Forces and Bending Moments 


32.7 kN 





18.41 kN 





AXIAL FORCE DIAGRAM. 
(— ) COMPRESSION 


SHEAR FORCE DIAGRAM. 


756 kN-m p 





BENDING MOMENT DIAGRAM 








—46.9 kN 





—61.2 kN 
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Stresses in Beams 
(Basic Topics) 


Longitudinal Strains in Beams d 


Problem 5.4-1 Determine the maximum normal strain £max produced in 
a steel wire of diameter d = 1/16 in. when it is bent around a cylindrical 
drum of radius R = 24 in. (see figure). 





-&- Solution 5.4-1 Steel wire 
1. Substitute numerical values: 
D R-—24in. d=— in. 
RÀN /a 16 7 1/16 in. E p 
mur. X From Eq. (5-4): Emax — 5094 in.) + 1/16in. - 1300 X 10 = 
)y— —— 





EN , 


|. d2 d 
R+d2 2R+d 





Problem 5.4-2 A copper wire having diameter d = 3 mm is bent into d = diameter 


a circle and held with the ends just touching (see figure). If the maximum 
permissible strain in the copper is £max = 0.0024, what is the shortest L - length 
length L of wire that can be used? 


Solution 5.4-2 Copper wire 


d d=3mmM Emax = 0.0024 From Eq. (5-4): 
L = 291p yo ey ee NUS 
Pn p LNT L 
Lmin = us EE Oum «— 








Emax —— 0.0024 


389 
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ar. 
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390 CHAPTER 5 Stresses in Beams (Basic Topics) 


Problem 5.4-3 A 4.5 in. outside diameter polyethylene pipe 
designed to carry chemical wastes is placed in a trench and bent 
around a quarter-circular 90* bend (see figure). The bent section of 
the pipe is 46 ft long. 

Determine the maximum compressive strain £max in the pipe. 





Angle equals 90° or 7/2 radians, 











L — length of 90? bend r — p — radius of curvature 
L — 46ft — 552 in. L1 2L : _y_ dp 
d = 4.5 in. FP os m UU p 2L 
|. 7d  m(45in.Y | 6 
A He mec Fe = assu)" 6400 x 10 i 
4 2 





Problem 5.4-4 A cantilever beam AB is loaded by a couple My at 


its free end (see figure.) The length of the beam is L = 1.5 m and the A 8 

longitudinal normal strain at the top surface is 0.001. The distance 

from the top surface of the beam to the neutral surface is 75 mm. B 
Calculate the radius of curvature p, the curvature k, and the vertical L EG Mo 


deflection 6 at the end of the beam. 


Solution 5.4-4 


NUMERICAL DATA Deflection: constant curvature for pure bending so 

T5498 2... = 0.0012 gives a circular arc; assume flat deflection curve 
i (small defl.) so BC = L 

c = 82.5 mm 


! ; | (=) 
RADIUS OF CURVATURE sin(u) = — u = asin| — 
p p 





p-—-  p-688m < 


€ max 


L 
u — 0.029 radians — = 0.029 
CURVATURE p 
1 — cos(u) = 4.232 x 10^ =p = 6875 X 10* mm 


1 
k=- . k-21455x10?m! < 
p ô = p(1 — cos(u)) ô = 29.1mm < 








di 
ar 
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SECTION 5.4 Longitudinal Strains in Beams 391 


Problem 5.4-5 A thin strip of steel of length L — 20 in. and thickness 
t = 0.2 in. is bent by couples Mọ (see figure). The deflection at the 
midpoint of the strip (measured from a line joining its end points) 1s found 
to be 0.20 in. 
Determine the longitudinal normal strain e at the top surface of the strip. 





Solution 5.4-5 


NUMERICAL DATA ô 
solving for p: p = M 
L = 28 inches t = 0.25 inches ( L ) 
] — cos| — 
ô = 0.20 inches 
i l 0.20 
E insert numerical data: p= 
ONGITUDINAL NORMAL STRAIN AT TOP SURFACE 14 
—t pe cos( =) 
2 -1 | | ! | 
E€ = — £ = — numerical solution for radius of curvature p gives 
p 2p p = 489.719 inches 
= " strain at top (compressive): 
8 — p(1— cos(0) . sin(0) =^ sin(0) = — eat 22555 x10 
p 2p 2p 


assume angle is small so that 
E L 
d= — 5 = p(1- co) 
2p 2p 


Problem 5.4-6 A bar of rectangular cross section is loaded and 
supported as shown in the figure. The distance between supports is 
L = 1.5 m and the height of the bar is h = 120 mm. The deflection 
at the midpoint is measured as 3.0 mm. 


What is the maximum normal strain € at the top and bottom of 
the bar? L L 
a d — Ld — —L a 
2 2 








as 
ar, 
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392 CHAPTER 5 Stresses in Beams (Basic Topics) 


Solution 5.4-6 


NUMERICAL DATA L 
ô= p| 1 — cos| — 
L=1.5m h = 120 mm 2p 


— L 
Om “2p (1 = os =) )—0 = 0 
2p 


NORMAL STRAIN AT TOP OF BAR: l ; l ; 
numerical solution for radius of curvature p gives 


h p = 93.749 m 
2 h l . . . T 
£=- £= — tensile strain, p = radius of strain at top (compressive): 
p p curvature h 6 
E= — £ = 640 X 10 — 
2p 
SMALL DEFLECTION SO SMALL ANGLE 0 
: 
2 L 
sin(0) = — 0 —— 
p 2p 
Normal Stresses in Beams 3. 
f= — 1n. 
32 
Problem 5.5-1 A thin strip of hard copper (E = 16,000 ksi) having length 
L = 90 in. and thickness t = 3/32 in. is bent into a circle and held with the 
ends just touching (see figure). 
(a) Calculate the maximum bending stress Cmax in the strip. 
(b) By what percent does the stress increase or decrease if the thickness of 
the strip is increased by 1/32 in.? 
Solution 5.5-1 
(a) MAXIMUM BENDING STREES Omaxnew — 09.813 ksi 
3 = 
E = 16000 ksi L = 90 inches t= ao Omaxnew ^— Omax (100) = 33.3 —_ 
O max 
Ld 33% increase (linear) in max.stress due to increase 
E 2 — 3 in f; same as % increase in thickness t 
gc —E|-— pc 
p 2m a 5 
Et 32. 32 
p = 14.324 inches Gmax = F EE CEN (100)/—5:33.5 
p 


Cau = 524ksi — — 3 


(b) 96 CHANGE IN STRESS 
4 _ Etnew 
2p 


fnew — ZH Omaxnew — 
32 





a 
ar, 
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SECTION 5.5 Normal Stresses in Beams 393 


Problem 5.5-2 A steel wire (E = 200 GPa) of diameter d = 1.25 mm 
is bent around a pulley of radius Ro = 500 mm (see figure). 


(a) What is the maximum stress Omax in the wire? 


(b) By what percent does the stress increase or decrease if the radius of the pulley is 
increased by 25%? 





Solution 5.5-2 


a AX. NORMAL STRESS IN WIRE o CHANGE IN MAX. STRESS DUE TO INCREASE 
(a) M (b) 96 C 
E =200GPa  d-125mm  R,- 500mm DETER Eee 
d 
d d ü 
B E E 
"m Trew = ———— ——7. new = 199.8 MPa 
p d | += 
Ry + 5 1.25 Ro + 5 
Oo — C8 
Omax = 250 MPa <- w (100) = -20% <— 


ex n 





L = length 
Problem 5.5-3 A thin, high-strength steel rule (E = 30 X 10° psi) ka 


having thickness t = 0.175 in. and length L = 48 in. is bent by couples 
Mo into a circular are subtending a central angle a = 40° (see figure). 


(a) What is the maximum bending stress Omax in the rule? 


(b) By what percent does the stress increase or decrease if the central angle is 
increased by 1096? 





Solution 5.5-3 


(a) MAX. BENDING STRESS (b) % CHANGE IN STRESS DUE TO 10% INCREASE 
IN ANGLE @ 
T 
a = 40 (=) a = 0.698 radians Et(1.1a) 
180 Onew ^ oL. Onew ^ 41997 psi 
L = 48inches t=0.175in. E = 30(10°) psi 
Fiw ~ T 
L new max = 
p=% p= 68.755 inches gl = = 
a 
E t linear increase (%) 


2 Et Eta 
Omax ^ 4 Omax 
P 2p 


Omax = 38.2 ksi < 





di 
ar, 
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Problem 5.5-4 A simply supported wood beam AB with span length q 


L — 4m carries a uniform load of intensity q — 5.8 kN/m (see figure). | | | | | | | | | | 
(a) Calculate the maximum bending stress Cmax due to the load q if the A B h 
beam has a rectangular cross section with width b = 140 mm and Á !, à 
height h = 240 mm. 


(b) Repeat (a) but use the trapezoidal distuibuted load shown in the " irs 
figure part (b). 





Solution 5.5-4 
(a) MAX. BENDING STRESS DUE TO UNIFORM LOAD q (b) MAX. BENDING STRESS DUE TO TRAPEZOIDAL LOAD q 
qL^ 


I 1 /q 1 2 | 
Max = 7. <= RA—|—iIl—IL-4T-—1—-—]L 
-&- * g h 4 Hd ate 
2 


uniform load (g/2) & triang. load (q/2) 








bh? 1 
P Ri =—=gL 
12 Í A d 
Noe Ser 3 
3 find x — location of zero shear 
2 1 
gi? t -1x- S (42) x=0 
E M sax E g 2 2 135.2 
Imax g Omax ~ 74 3x? + 6Lx — 417 = 0 
(e) 
—6L — V (84L?) 
3 I? X = a 
Onax = “q — 2(3) 
4 bk? 
X 1 
kN — — (-1 + Evaa) 
q = 5.8 — L=4m b = 140 mm L 6 
m 
Xmax = 0.52753 L 
h = 240 mm 
2 
qL 
M mu dE 
max g 


Mmax = 11.6 kN: m 
Omax = 8.63 MPa < 





di 
ar, 
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: 2 M 
X 1 /x X 
Pigs. — aane ; z E ( L 3 3 Omax ~ 5 i 
— =2 2 N 
Max = 8.727 kN m aii 


Problem 5.5-5 Each girder of the lift bridge (see figure) is 
180 ft long and simply supported at the ends. The design load 
for each girder is a uniform load of intensity 1.6 k/ft. The girders 
are fabricated by welding tree steel plates so as to form an 
I-shaped cross section (see figure) having section modulus 
S = 3600 in". 

What is the maximum bending stress Cmax in a girder due 
to the uniform load? 





L=180ft q= 1.6k/ft 


q 
r^ S = 3600 in? 
2 
qL 
M = 
max g 
M max — gL’ 








O max S v SS 


1.6 k/ft)(180 ft)2(12 in./ft 
NULL ini NM 
8(3600 in.?) 


O max 





CX 
ar, 
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Problem 5.5-6 A freight-car axle AB is loaded approximately as shown in P P 
the figure, with the forces P representing the car loads (transmitted to the axle A | | B d 
through the axle boxes) and the forces R representing the rail loads (transmitted M7 a O0 d 
to the axle through the wheels). The diameter of the axle is d = 80 mm, the d [| 
distance between centers of the rails is L, and the distance between the forces R R 


P and is R is b — 200 mm. b — L9 b 


Calculate the maximum bending stress Omax in the axle if P = 47 kN. 


Solution 5.5-6 


NUMERICAL DATA MAX. BENDING STRESS 
d = 82mm b — 220mm Md 
Omax ^ A, 
P=50 kN 2I 
d Co = 203 MPa e 
je a I= 2.219 x 1076 m4 zd 


Ma = Pb Ma = 11 kKN-m 


Problem 5.5-7 A seesaw weighing 3 Ib/ft of length is occupied by two 
children, each weighing 90 Ib (see figure). The center of gravity of each 
child is 8 ft from the fulcrum. The board is 19 ft long, 8 in. wide, and 
1.5 in. thick. 

What is the maximum bending stress in the board? 





b = 8 in. h = 1.5 in. 
q = 3 lb/ft P = 90 lb d = 8.0 ft L= 9.5 ft 





= 855.4 lb-ft = 10,264 Ib-in. 


q 
=a = — —— Mmax = Pd + ~~ = 720 Ib-ft + 135.4 Ib-ft 
A mbH Tt 


bh? 
S = — = 3.0 in.. 
6 
= M 10,264 Ib-in. 


= — = 3420 psi <— 
"NES = g 3.0 in? j 








di 
ar, 
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Problem 5.5-8 During construction of a highway bridge, 52 mm 
the main girders are cantilevered outward from one pier toward Lu cu 
the next (see figure). Each girder has a cantilever length of 

48 m and an I-shaped cross section with dimensions shown 

in the figure. The load on each girder (during construction) 

is assumed to be 9.5 kN/m, which includes the weight of 






the girder. 2600 mm 
Determine the maximum bending stress in a girder due to 

this load. 

Solution 5.5-8 

NUMERICAL DATA ( B oo "T 

Minax = gL = Monae = 1. x 
fr — 52mm tw = 28 mm max 2 max m 
h = 2600mm br = 620mm — Mmax h 
2I 
kN 
12 Lob - L,- th - 2097 
“i jp mW f mann 
I = 141 X 10!! mm* 





Problem 5.5-9 The horizontal beam ABC of an oil-well pump 

has the cross section shown in the figure. If the vertical pumping force acting at 
end C is 9 k and if the distance from the line of action of that force to point B is 
16 ft, what is the maximum bending stress in the beam due to the pumping 
force? 
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Solution 5.5-9 
NUMERICAL DATA MAX. BENDING STRESS AT B 
Fo=9k BC = 16 ft 22 
i Mmax (12) (2) 
M max = F c (BCO) M max = 144 k-ft - Lc EM 
max I 
1 3 1 
[= 12 (8) (22) — T (8 — 0.625) Tmax = 9.53 ksi "- 


x [22 — 2(0.875] I= 1.995 x 10? in. 


Problem 5.5-10 A railroad tie (or sleeper) is subjected to two rail 
loads, each of magnitude P — 175 kN, acting as shown in the figure. 
The reaction q of the ballast is assumed to be uniformly distributed 
over the length of the tie, which has cross-sectional dimensions 
b = 300 mm and h = 250 mm. 

Calculate the maximum bending stress Omax in the tie due to 
the loads P, assuming the distance L — 1500 mm and the overhang 
length a — 500 mm. 








Solution 5.5-10 Railroad tie (or sleeper) 

















Dara P= 175 kN b — 300mm h — 250 mm Substitute numerical values: 
A> L = 1500 mm a = 500 mm M, = 17,500 N: m M» = —21,875 N° m 
2P bh? M, = 21,875N-m 
q = = = 3195 X10 om = 
L+ 2a 6 
MAXIMUM BENDING STRESS 
BENDING-MOMENT DIAGRAM Mos 21,875 N°m 
Omax = = — , = 7.0MPa <— 
Mı Mi 5 3.125 X 107° m’ 
p z I^ 
U Ge | y y (Tension on top; compression on bottom) 
M; 
9 2 
a P 
2 L + 2a 
a(t ) PL 
M5o,—--—-l-- — — 
232 2 
P (5 ) PL 
L+ 2a\2 2 
"Qa — L) 
= da — 
4 





CX 
ar, 
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Problem 5.5-11 A fiberglass pipe is lifted by a sling, as shown in the l 


figure. The outer diameter of the pipe is 6.0 in., its thickness is 0.25 in., 
and its weight density is 0.053 Ib/in.? The length of the pipe is L — 36 ft 
and the distance between lifting points is s — 11 ft. 

Determine the maximum bending stress in the pipe due to its own 
weight. 


Solution 5.5-11 Pipe lifted by a sling 





-Qa- s=11ft=132in. dı =d — 2t = 5.5 in. oa 


- q = yA = (0.053 Ib/in.?)(4.5160 in.”) = 0.23935 Ib/in. 
y-00531lb/n? A= qh — di) = 4.5160 in.” 





MAXIMUM BENDING STRESS 


M max © dy 


Tmax = 5 Qo codon 


a = (L — sy2 = 150 in. 





BENDING-MOMENT DIAGRAM 

(2,692.7 Ib-in.)(3.0 in.) 

o EE eee 
ad 18.699 in. 


(Tension on top) 


= 432 psi < 





2 
a 
2 
qL(L ! 
M, = es = s) = — 2,171.4 Ib-in. 
4 «2 


Max = 2,692.7 Ib-in. 








CX 
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400 CHAPTER 5 Stresses in Beams (Basic Topics) 


Problem 5.5-12 A small dam of height h = 2.0 m is constructed of 
vertical wood beams AB of thickness t — 120 mm, as shown in the figure. 
Consider the beams to be simply supported at the top and bottom. 

Determine the maximum bending stress Omax in the beams, assuming 
that the weight density of water is 'y — 9.81 kN m? 























Lx y 
h = 2.0 m = 7 — a 
t= 120mm 2 
dM 
y = 9.81kN/m' (water) ES 6 2L VA 
Let b = width of beam perpendicular to the plane Subsduea = T mothe equation ord 
of the figure 
Let qy = maximum intensity of distributed load Mone = 2 (=) Z - (+ ) - T. 
= ybh S= br 
do 3 6 P 2 





For the vertical wood beam: L = h; M max = 9\3 


Maximum bending stress 
Mmax u 2qo h? 2 2yh” 


O p—s — — 

E S 3V3 be 33e 
SUBSTITUTE NUMERICAL VALUES: 
Omax ^ 2.10 MPa < 


NOTE: For b = 1.0 m, we obtain qo = 19,620 N/m, 
S = 0.0024 m’, 
Mmax = 5,034.5 N: m, and Omax = Mmax/S = 2.10 MPa 














dh 
ar. 





05Ch05.qxd 9/24/08 4:59 AM Page 401 





CIS 
LA 





SECTION 5.5 Normal Stresses in Beams 401 


Problem 5.5-13 Determine the maximum tensile stress o; 
(due to pure bending about a horizontal axis through C 

by positive bending moments M) for beams having cross =: X, y 
sections as follows (see figure). | I> 


" = ^ 
(a) A semicircle of diameter d fo»? h 


(b) An isosceles trapezoid with bases b, = b and b», = 4b/3, 
and altitude h - d i k— b, > 


(c) A circular sector with a = 7/3 and r = d/2 
































(a) (b) 
Solution 5.5-13 
MAX. TENSILE STRESS DUE TO POSITIVE BENDING MOMENT yd 
IS ON BOTTOM OF BEAM CROSS-SECTION I, = 4 (a + sin (a) cos(a))) 
(a) SEMICIRCLE — 2r (sin (a) E 
From Appendix D, Case 10: Ybar — 3 P C = Ybar 
p OTi _ Or - 60d qu 
C O Nwa 5 aB ag A- dm 
Ar 2d ora = m/3, r = d/2: aa 3 
c= >= 
3m 3r 
a= #(4) A = 02618 2 
Mc 768M M 12 
0, — 3 2 3 — 30.93 B <= 
A> Il. (9x? — 64)d d (2) (z) 
2 > sin 3 
(b) ISOSCELES TRAPEZOID C= 3 E c — 0.276 d 
From Appendix D, Case 8: 3 
— WoT + 4byby + b5) ( J 
a 36(b, + bo) DE RP - 
E 73bh3 a ae 3 + sin 3 COS 3 
756 I, = 0.02313 d* 
_ We: + b) _ 10h Ic = L — AYbar 
3b; + bj) — 21 po | gt m3V59 (FN a( N3YT 
Mc 360M C 768 12/|2V m 
le — T3bh Ic = 3234 x 1073 d^ 
(c) CIRCULAR SECTOR WITH @ = 77/3, r = d/2 . _ Mc E M 
> max. tensile stress o, = T. 0; = 85.24 F = 
C 


From Appendix D, Case 13: 
A — r? (a) 


Problem 5.5-14 Determine the maximum bending stress Omax 
(due to pure bending by a moment M) for a beam having a cross 
section in the form of a circular core (see figure). The circle has 
diameter d and the angle 6 = 60°. (Hint: Use the formulas given 
in Appendix D, Cases 9 and 15.) 








EN 
ar 
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402 CHAPTER 5 Stresses in Beams (Basic Topics) 


Solution 5.5-14 Circular core 
From Appendix D, Cases 9 and 15: 





œ = radians 


D = radians 


a=rsnB b=rcosB 


mdt  d'(m ; 8 
i=" ae a p — sinBcosB + 2sin p cos" B 


"d^  d'(m 2 
uL aa pP — (snBcosB)(1 — 2cos* B) 


-z2 H(z. - (4sin 2p )c- 28)) 
u uo uM ud ee) 


Problem 5.5-15 A simple beam AB of span length L = 24 ft 
is subjected to two wheel loads acting at distance d = 5 ft apart 
(see figure). Each wheel transmits a load P = 3.0 k, and the 
carriage may occupy any position on the beam. 

Determine the maximum bending stress Cmax due to the wheel 


loads if the beam is an I-beam having section modulus $ = 16.2 in. 


L = 24 ft = 288 in. 





d = 5 ft = 60 in. 
P=3k 
S = 16.2 in? 


MAXIMUM BENDING MOMENT 


AE eee a, ee ee, ee E 
A UL * Ep T L i 


P 2 
M = Rax = 7L QLx — dx — 2x) 


p e ucc uc 
dx L a +9 


ad^ d^ (a l 
= — — — 5 Bt snap 


64 322 
dí 
= Tag “P — sin4 f) 


MAXIMUM BENDING STRESS 


Mc l d. 
Omax ^ E c = rsinp = 5 sin B 
H 64M sin B 
7m B48 —sn4B) O 
For B = 60? = 7/3 rad: 
576M M 
Omax = ——=_ — & DUC = 


= 10 
(85/3 + 9d? d? 


Substitute x into the equation for M: 


P d\? 
Mmax = 57 Bou 


MAXIMUM BENDING STRESS 
MV ax P d : 
Omax — S = by > = 


Substitute numerical values: 
3k 

2(288 in.)(16.2 in.?) 

21.4 ksi 








(288 in. — 30 in. 


O max m 


«— 





dA 
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Problem 5.5-16 Determine the maximum tensile stress o; and í i t 
maximum compressive stress c. due to the load P acting on the 


simple beam AB (see figure). 
Data are as follows: P = 6.2 kN, L = 3.2 m, d = 1.251, 
b = 80 mm, t = 25 mm, h = 120 mm, and h; = 90 mm. 








Solution 5.5-16 





NUMERICAL DATA MAX. MOMENT & NORMAL STRESSES 
P — 6.2 kN L=3.2m Pd (L — d) 
Myax = —— —— Mgax = 4.7 kN: m 
d=125m b= 80mm - 
t — 25mm h = 120 mm u 
MAX. COMPRESSIVE STRESS AT TOP (C = C1) 
— 90 
f AE = Mmax C1 — 61.0MP < 
Beam cross section properties: centroid and moment 9c I Mg oem s 
of inertia 
Ay = b(h — hi) Ay = th, MAX. TENSILE STRESS AT BOTTOM (c = c5) 
hi (h hi) M max C2 
2 ÉL = ——— = 35.4 MP = 
Ay 5 T Aj h 5 D Or 7 Or a 
cj = Ap + Ay c; = 76 mm 
CQ =h-c C5 = 44 mm dist. to C from bottom 
poc qc ped 
p> p i 


I = 58793952 mm* 


250 Ib 
Problem 5.5-17 A cantilever beam AB, loaded by a uniform load and a | 
concentrated load (see figure), 1s constructed of a channel section. 22.5 lb/ft 
Find the maximum tensile stress o, and maximum compressive stress o, 
if the cross section has the dimensions indicated and the moment of inertia 


about the z axis (the neutal axis) is J = 3.36 in (Note: The uniform load A B 
represents the weight of the beam.) 5 0 ft 30 - 


[og in. 















dh 
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CHAPTER 5 Stresses in Beams (Basic Topics) 


Solution 5.5-17 


NUMERICAL DATA 


12336in^ c = 0.617 in. 
C5 — 2.269 in. 
22.5 (8)? 
Amax = — 5 ~ + 250 (5) ft-lb 


Mamax = 1970 ft-lb 
Mamax (12) = 23640 in.-Ib 


Problem 5.5-18 A cantilever beam AB of isosceles trapezoidal 
cross section has length L = 0.8 m, dimensions b; = 80 mm, 

b> = 90 mm, and height h = 110 mm (see figure). The beam is 
made of brass weighing 85 kN/m? 


(a) Determine the maximum tensile stress c; and maximum 


compressive stress c. due to the beam’s own weight. 


(b) If the width 5; is doubled, what happens to the stresses? 
(c) If the height h is doubled, what happens to the stresses? 


MAXIMUM STRESSES 


M c 
O; = —— o, = 4341 psi <= 

M C 
T, = — g. = 15964psi — 

a $b — 
i 
| AA. 
rn 


Solution 5.5-18 


NUMERICAL DATA 


kN 
L = 0.8 m T= 

m 
b, = 80mm b, = 90mm 
h = 110mm 


(a) MAX. STRESSES DUE TO BEAM’S OWN WEIGHT 
qL 


M max as EN 


A = 935 x 10° mm? 


] 
q=yA A= 5 1 + bh 


N 
q = 7.9475 x 107 — 
m 


Mmax = 254.32 N +m 
h(2b, + b2) 
Ybar ole Rx 
3(b, + b2) 
(br 4b, by b5) 
36 (b, + b2) 


Ybar ^ 33.922 mm 





I = 9417 X 10° mm 


MAX. TENSILE STRESS AT SUPPORT (TOP) 


M way (h Ybar) 


: o, = 1.514 MPa 


g, = 
MAX. COMPRESSIVE STRESS AT SUPPORT (BOTTOM) 


M max Jbar 
I 


«—— 


c, = 1.456 MPa 


Oc = 


(b) DOUBLE b,& RECOMPUTE STRESSES 


b, = 160 mm 
1 
A PRU + by)h A = 1375 X 10* mm? 
N 
q= yA q = 1.169 x 10° — 
m 
2 
qL 
M max = EN 
Maga, = 374N* m 
| Ab, + by) — 60133 
Ybar — 3 (bi E b») Ybar — . mm 








di 


ar, 
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bí + Abb, + b5 ie 
a (Pi Abi by * b3) Max = — —— Max = 508.64 N- m 
36(b, + bo) 2 
I = 1.35 x 10’ mm* h (2b, + b 
Ybar = uie Nd Ybar = 107.843 mm 
3 (b; + b2) 
MAX. TENSILE STRESS AT SUPPORT (TOP 
DEN oy por + Abi be + bÒ) 
= D 0,— 1381MPa  <— 36 (b, + b) 
I = 7.534 X 10’ mm* 
MAX. COMPRESSIVE STRESS AT SUPPORT (BOTTOM) 
M MAX. TENSILE STRESS AT SUPPORT (TOP) 
_ max bar u 
gy rtc o, = 0.757 MPa < 
(c) DOUBLE h & RECOMPUTE STRESSES 
bi = 80mm h = 220mm MAX. COMPRESSIVE STRESS AT SUPPORT (BOTTOM) 
M 
] _ M max Ybar E 
A-j(b tb)h A= 1.87 x 10* mm? Ao: 000 Mua S 


N 
q = yA q = 1.589 x 10° — 
m 


200 Ib/ft 


Problem 5.5-19 A beam ABC with an overhang from B to C supports 
a uniform load of 200 lb/ft throughout its length (see figure). The beam is 
a channel section with dimensions as shown in the figure. The moment of 
inertia about the z axis (the neutral axis) equals 8.13 in 
Calculate the maximum tensile stress c; and maximum compressive 


stress c. due to the uniform load. m e ft 











z 
C 2.613 in 
Solution 5.5-19 
NUMERICAL DATA LOCATON OF ZERO SHEAR IN SPAN AB & MAX. (+) 
lb 4 MOMENT IN SPAN AB 
q = 200. I = 8.13 in. Ry NEM 
cı = 0.787 in. C5 — 2.613 in. max q max i 
Xmax 
COMPUTE SUPPORT REACTIONS Mica = RA Xmax ` 4 a 
; (18) Momaxap = 2025 ft-lb 
X M, = 0 Rp = EE Rp = 2700 Ib max. (—) moment at 5 
© (6) 
2 Py R4 = q (18) — Rg R 4 — 900 Ib Ma —-4-,- Mg = 3600 ft-lb 





EN 
ar 
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MAX. STRESSES IN SPAN AB MAX. STRESSES IN SPAN BC 
M 12) c Mp(12)c 
oc = Taxan | ) 1 o, = 2352 psi o, = BC ) 2 
I I 
M maxag (12) c2 go, = 13885 psi *— max. compressive stress 
SS 
| I — Mg (12) ci cain 
c, = 7810 psi << _ max. tensile stress dg I o, = 4182 psi 


| 
i 


Problem 5.5-20 A frame ABC travels horizontally with an acceleration 
à (see figure). Obtain a formula for the maximum stress Cmax in the 
vertical arm AB, which had length L, thickness t , and mass density p. 





Solution 5.5-20 Accelerating frame 





L — length of vertical arm TYPICAL UNITS FOR USE 
t — thickness of vertical arm IN THE PRECEDING EQUATION 
Pb Ceneu SI units: p = kg/m? = N:s?/m* 
-Qa- dg = acceleration 

Let b — width of arm perpendicular to the plane of the figure L — meters (m) 
Let q — inertia force per unit distance along vertical arm ag — m/s? 
VERTICAL ARM f — meters (m) 

EX p= Omax ^ N/m? (pascals) 

USCS units: p = slug/ft = ibs i 


L= ams pe 
Omax = lb/ft? (Divide by 144 to obtain psi) 








dè 
ar 











05Ch05.qxd 9/24/08 4:59 AM Page 407 





CIS 
LA 





SECTION 5.5 Normal Stresses in Beams 407 
Problem 5.5-21 A beam of T-section is supported and ee 
loaded as shown in the figure. The cross section has width P = 700 Ib (8 
b = 2 1/2 in., height h = 3 in., and thickness t = 3/8 in. x T = 100 Ib/ft —L- 
Determine the maximum tensile and compressive stresses -— i 
in the beam. n cs 
in. 
T ES 
-— — P T E b -21in. 


Solution 5.5-21 


NUMERICAL DATA 

















MFE-0  Rẹ=P + ql; — Re Ry = 281 1b 
L = 3 ft Ly = 8 ft L3 = 5ft 
Ib Moment diagram (843.75 ft-lb at load P, —1250 ft-lb 
P = 700 Ib q — 100 k at right support) 
2 8.438E+02 
p= Sin, h=3in b=25in. lt 
Find centroid of cross section (c> from bottom, 
c, from top) Ay = t(h — f) Ay — tb 
t h-t 
— = ] in. 
C? Apt Ay C? in 
Mp = 843.75 ft-lb 
Cy =h- c cy = 2 in. 
M, = 1250 ft-lb 
PN ae T 
m i 2 MAX. STRESSES IN BEAM 
check c = 
Ap F Ay at load P 
c =2 Ci +c =3 equals A Mp (12) c 
i i : i Oc = CaA ) 61 o, = 12494 psi <= 
MOMENT OF INERTIA I , 
(max. compressive stress) 
1 £y 
a PE a Mp(12) c 
tA, m (n — p 1=2in4 at right support 
7 My, (12) c; | 
O = ~ o, = 8654 psi 
FIND SUPPORT REACTIONS-SUM MOMENTS ABOUT LEFT I 
SUPPORT My (12) cy 
g, = — T o, = 18509 psi — 


L3 
PL; + qL} iQ Tu 
>» Mr = 0 Ry = LM 


Ry = 919 Ib 





a 
ar, 





(max. tensile stress) 
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408 CHAPTER 5 Stresses in Beams (Basic Topics) 


Problem 5.5-22 A cantilever beam AB with a rectangular 
cross section has a longitudinal hole drilled throughout its length p" mm 
(see figure). The beam supports a load P — 600 N. The cross 
section is 25 mm wide and 50 mm high, and the hole has a 
diameter of 10 mm. 

Find the bending stresses at the top of the beam, at the top 
of the hole, and at the bottom of the beam. 














Solution 5.5-22 


MOMENT OF INERTIA ABOUT THE NEUTRAL AXIS 
(THE Z AXIS) 


All dimensions in millimeters. 


Rectangle: 
I, = I, + Ad* 





MAXIMUM BENDING MOMENT 


M = PL = (600 N\(0.4 m) = 240N* m 


= (25)(50) + (25)(50)(25 — 24.162) 


260,420 + 878 = 261,300 mm^ 


PROPERTIES OF THE CROSS SECTION Hole: 
A, = area of rectangle L= l, + Ad = <10 + (78.54)(37.5 — 24.162) 


— — 2 
nna) — a = 490.87 + 13,972 = 14,460 mm4 


A» = area of hole 
2 Cross-section: 











= = (10 mm? = 78.54 mm? I = 261,300 — 14,460 = 246,800 mm* 
^ STRESS AT THE TOP OF THE BEAM 

A — area of cross section Mc, — Q40 N- m)(25.838 mm) 

= A, — A5 = 1171.5 mm "1 1I  24680mm 
Using line B — B as reference axis: = 25.1 MPa < 
YXAjy; A105 mm) — A2(37.5 mm) = 28,305 mm? (tension) 
E 5 Ay; 28305 mm? STRESS AT THE TOP OF THE HOLE 
y= = = 24.162 mm My 

A 1171.5 mm? oo ea 7.5mm = 18.338 mm 

Distances to the centroid C: (240 N+ m)(18.338 mm) 
c; = y = 24.162 mm VAT 246,800 mm^ = 17.8 MPa < 
c, = 50mm — c = 25.838 mm (tension) 


STRESS AT THE BOTTOM OF THE BEAM 


Mc» (240 N+ m)(24.162 mm) 
03 = — —_ = — 





I 246,800 mm^ 
= —23.5 MPa < 
(compression) 





AA 
ar 
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Problem 5.5-23 A small dam of height h = 6 ft is constructed of 
vertical wood beams AB, as shown in the figure. The wood beams, 
which have thickness t = 2.5 in., are simply supported by horizontal 


steel beams at A and B. 


Construct a graph showing the maximum bending stress Omax in 
the wood beams versus the depth d of the water above the lower 
support at B. Plot the stress Omax (psi) as the ordinate and the 
depth d (ft) as the abscissa. (Note: The weight density y of water 


equals 62.4 Ib/ft?.) 













409 


h * 
e 
B We 5 
AN qo 
ANALYSIS OF BEAM 
r | | 
¥ "T " 
A B 





Vertical wood beam in a dam 


h —6ft 

t = 2.5 in. 

y = 62.4 lb/ft? 

Let b = width of beam 
(perpendicular to the 
figure) 


Let go = intensity of 
load at depth d 


qo = ybd 


L=h= O6ftt 
qod 
6L 


RA 











dh 
ar 





SECTION 5.5 Normal Stresses in Beams 
Steel beam 
OE Wood beam — f 
Steel beam Wood beam 
Side view Top view 
MAXIMUM BENDING STRESS 
1 
Section modulus: § = 6 bf? 
Max 6 mE d 2d |d ) 
Oo = = — 
dd S bel 6 L 3LN3L 
qo — y bd 
nt f d 2d ld ) 
O 2 e — — E — 
maxs 42 L  3LN3L 





SUBSTITUTE NUMERICAL VALUES: 
d = depth of water (ft) (Max.d = h = 6 ft) 
L=h=6ft y= 62.4lb/ fÈ t= 2.5in. 


(1 


O max 


O max = 


T 


— psi 
— (62.4)? 
Qs 








d 


6 


d(ft) 





= 0.1849d7(54 — 9d + dV2d) 


Ü isst D si) 
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Problem 5.5-24 Consider the nonprismatic cantilever beam qo 
of circular cross section shown. The beam has an internal cylindrical yt l P-aLD 
hole in segment 1; the bar is solid (radius r) in segment 2. The beam Linear (1) | x 
is loaded by a downward triangular load with maximum intensity qo 
as shown. M; x 
Find expressions for maximum tensile and compressive flexural x 
fcn 1 2 3 
stresses at joint 1. | 2L LU 
Ri 3 3 
Segment 1 Segment 2 
0.5 EI EI 
Solution 5.5-24 
STATICS MAX. STRESSES AT JOINT | 
1 2L qoL MAX. COMPRESSION AT TOP (RADIUS 7) 
2 R09. Ree pee 
2 3 2 23 LO 
e Mir 54 do V 
z= ——— CO, = O. = ——,_—— 
mp S ^ QOSEDL “° EI 
> M | 0 : 2 
n- eG LEM" 2 Bs 
l 5 10 3 33 5 27 HEI 27 
—23 23 Max. tensile stress at bottom — same magnitude as 
Mı = "s do I? 54 = 0.426 compressive stress at top 


Problem 5.5-25 A steel post (E = 30 X 10° psi) having thickness t = 1/8 in. 
and height L — 72 in. supports a stop sign (see figure: s — 12.5 in.). The height 
of the post L is measured from the base to the centroid of the sign. The stop sign 
is subjected to wind pressure p — 20 Ib/ft^ normal to its surface. Assume that 
the post is fixed at its base. 


(a) What is the resultant load on the sign? [See Appendix D, Case 25, for 
properties of an octagon, n = 8]. 
(b) What is the maximum bending stress Omax in the post? 





CX 
ar, 
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SECTION 5.5 Normal Stresses in Beams 


A 





Section A-A Circular cutout, d = 0.375 in. 
Post, t = 0.125 in. 


Stop sign" 
0.51n. 1.0in. 1.0 in. 0.5 in. 


Wind load 








Numerical properties of post 
A = 0.578 in., c = 0.769 in., c; = 0.731 in., 
I, = 0.44867 in.^, I, = 0.16101 in. 








Elevation 
view of post 





411 
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Solution 5.5-25 
(a) RESULTANT LOAD F ON SIGN (b) MAx. BENDING STRESS IN POST 
p=20psf s=125in, n=8 Legum J= 016101 in" 
360 = j = j 
- ( T ) B = 0.785 rad cı = 0.769in. — c5 = 0.731 in. 
n \ 180 M 
"m B Maa = FL "3 — 628.701 ft-Ib 
A= (5) A = 154.442 in. 
4 2 u Mmax C] = f 
Co a, = 36.0 ksi <= 
or A = 5.239 ft? L 
F — pA F — 1048 Ib PS (max. bending stress at base of post) 
Mat 
o, = 2 a, = 342 ksi 
[ 


Design of Beams 


Problem 5.6-1 The cross section of a narrow-gage railway 
bridge is shown in part (a) of the figure. The bridge is 
constructed with longitudinal steel girders that support the 
wood cross ties. The girders are restrained against lateral 
buckling by diagonal bracing, as indicated by the dashed lines. 
The spacing of the girders is sı = 50 in. and the spacing 
of the rails is s2 = 30 in. The load transmitted by each rail to a 
-Qa- single tie is P — 1500 Ib. The cross section of a tie, shown in 
part (b) of the figure, has width b — 5.0 in. and depth d. 
Determine the minimum value of d based upon an 
allowable bending stress of 1125 psi in the wood tie. 
(Disregard the weight of the tie itself.) (a) 








Solution 5.6-1 Railway cross tie 


$ Steel rail 
l ae 


P(s; — s 
5 Maas = M = 15,000 Ib-in. 





los a d 
S = — = c 9 in.(d^) = 6 d — inches 





5d? 
Mox =O aingS 15,000 = (1125) 


6 
sı = 50in.  b-50in — s= 30in. Solving, d° = 16.0in.  dmin —40in < 
d = depth oftie P — 15001b  Sxow = 1125 psi NOTE: Symbolic solution: d? = UM Z 52) 

O allow 





dA 
ar, 
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Problem 5.6-2 A fiberglass bracket ABCD of solid circular cross section has — þe- —À$ 
the shape and dimensions shown in the figure. A vertical load p = 40 N acts at 
the free end D. A B 
Determine the minimum permissible diameter dmin of the bracket if the | 
allowable bending stress in the material is 30 MPa and 5 — 37 mm. 
(Note: Disregard the weight of the bracket itself.) 2b 
D C 
pf» 
Solution 5.6-2 
dimin E 1 
(SPD) e 96Pb ^43 | 196 (40) (37) 3 
2 3 96Pb Amin md NOCHE dmin = 30 
o, = ——— dw = 2 70, 7 (30) 
Tain OG 
a dmin = 11.47 mm «— 
P = 2750 Ib 


Problem 5.6-3 A cantilever beam of length L — 7.5 ft supports a uniform 
load of intensity q = 225 Ib/ft and a concentrated load P = 2750 Ib (see figure). 
Calculate the required section modulus S if Oyo, = 17,000 psi. Then select a q = 225 lb/ft 
suitable wide-flange beam (W shape) from Table E-1(a), Appendix E, and recalcu- 
late S taking into account the weight of beam. Select a new beam size if necessary. 





Solution 5.6-3 


Tq = 17000 psi P = 2750 Ib Moo 0774 < 10" bt 
— 555 P _ Mmax2 (12 
oe MSN ae Te gus = 13699 psi 
act 
I? 
Massi = PL +% Mmaxt = 2.695 X 10° Ib-ft below allowable -OK 


Repeat for W14 X 26 which is lighter than W8 X 28 
Find Sreqa without beam weight 


Ib à 
M 12 w = 26 — Sact = 35.3 in. 
Steqd = u Steqa = 19.026 in.” ft 
i TA S E 
try W 8 X 28 (S = 243 in.°) maxi — 





= 2.768 x 10^ Ib- 
Check - add weight per ft for beam Max = 2.768 X 10° lb-ft 








M (12) 
Ib = max3 _ 
W = 28 a Sin = 243 in? O max S Omax ~ 9411 psi 
M — pr 4 (q + w) l well below allowable - OK 
E 2 use W 14 X 26 — 





d 
IE, 
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Problem 5.6-4 A simple beam of length L = 5 m carries a uniform load P=22.5KN| 15m 





kN 
of intensity q = 5.8 — and a concentrated load 22.5 kN (see figure). 
m 





Assuming Clow = 110 MPa, calculate the required section modulus S. 


Then select an 200 mm wide-flange beam (W shape) from Table E-1(b) - : 
Appendix E, and recalculate S taking into account the weight of beam. Select a / à IL 


new 200 mm beam if necessary. 





Solution 5.6-4 


NUMERICAL DATA RECOMPUTE MAX. MOMENT WITH BEAM MASS INCLUDED & 
kN THEN CHECK ALLOWABLE STRESS 
L=5 = 5.8 — 
m 4 m kg M 
w -[417— J[9.815 
P — 22.5 kN b — 1.5m S 


a—-L-—b a=3.5m 


N 
w —409.077 — . Sag, 398 X 10° mn? 
Oallow — 110 MPa m 











|. qL Pb _ ( - )z 
statics R; = 5 + 5 R4 = 21.25 kN 4 ' 1900 Pd 
Ra = 
qL Pa 2 L 
Rp^——ct— Rp = 30.25 kN 
d L R4 
Ra = 22.273 kN Xm = 
qL + P—51.5kN Rg + Rg = 51.5 KN q +W 
Xm = 3.587 m greater than a so max. moment at load pt 
LOCATE POINT OF ZERO SHEAR (q + We 
Ra M max = Raa — 9 
Xn = — Xm = 3.664 m 
q Max = 39.924 kN © m 
greater than dist. a to load P so zero shear is at load 
. Mmax 
point G7 Es 
q a S act 
Mmax = Raa — 9 Mmax = 38.85 KN + m Omax = 100.311 MPa OK, less than 110 MPa 


FIND REQUIRED SECTION MODULUS 
M max 
O allow 


select W 200 X 41.7 <— (S44 = 398 X 10° mm?) 





Steqd = Steqa = 353.182 X 10° mm? 


Problem 5.6-5 A simple beam AB is loaded as shown in the figure. 
Calculate the required section modulus S if Gayo, = 17,000 psi, L = 28 ft, 

P = 2200 Ib, and q = 425 Ib/ft. Then select a suitable I-beam (S shape) from 
Table E-2(a), Appendix E, and recalculate S taking into account the weight of 
the beam. Select a new beam size if necessary. 








EN 
ar 
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Solution 5.6-5 
NUMERICAL DATA RECOMPUTE REACTIONS AND MAX. MOMENT THEN CHECK 
l lb 
Ta = 17000 psi L = 28 ft MAX. STRESS w — 254 a 
lb 
P = 2200 Ib q = 425 — P L L 3 
ft RA—-—-ctq—-ctw—- R4 = 4.431 X 10° Ib 
FIND REACTIONS (EQUAL DUE TO SYMMETRY) THEN MAX. 2 4 2 
MOMENT AT CENTER OF BEAM Lo SEIL iZ LL 
Mas tas i Ttan] 2e do um ue 
P L 3 2 4\4 24 2x22 
RA—-tq-— R4 = 4.075 X 10 Ib 
2 4 Mj, = 2.83 X 10* ft-lb 
L qL (4 T) Mmax (12) 
M - D em a uu, m = max 
ee Se Aa Du max Ss 
Mmax = 2.581 X 10° ft-lb Omax = 13,806 psi less than allowable so OK 
Compute Sega & then select S shape 
M 12 
Steqd = Mma (12) Siga = 18.221 in? 
Og 


select $ 10 X 25.4 EE 
(Sact = 24.6 in w = 25.4 Ib/ft) 


Problem 5.6-6 A pontoon bridge (see figure) is constructed of two 
longitudinal wood beams, known an balks, that span between adjacent 
pontoons and support the transverse floor beams, which are called 
chesses. 

For purposes of design, assume that a uniform floor load of 
8.0 kPa acts over the chesses. (This load includes an allowance for 
the weights of the chesses and balks.) Also, assume that the chesses 
are 2.0 m long and that the balks are simply supported with a span 
of 3.0 m. The allowable bending stress in the wood is 16 MPa. 

If the balks have a square cross section, what is their 
minimum required width 5? 





Solution 5.6-6 Pontoon bridge 


Chess L.— 20m 





FLOOR LOAD: W = 8.0 kPa 


Pontoon 


ALLOWABLE STRESS: Clow = 16 MPa 
Le = length of chesses Ly = length of balks 
= 2.0m = 3.0m 





as 
ar. 
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LOADING DIAGRAM FOR ONE BALK 3 


Section modulus S$ = P 


q = 8.0 kN/m 


qLj (8.0 KN/m)(3.0 m) 
Mme = ge 


Mmax 9,000 N m 


| "B S= = = 562.5 X 10 9 m? 
h— rL230m ——4 Ca, —— 16 MPa 5 


— 9,000 N*m 














= b? 
= WLpyL,. 
W wL Solving, bmin = 0.150 m = 150mm < 
"ELLAS E 
aor, 2 
(8.0 kPa)(2.0 m) 
i 2 
— 8.0 kN/m 


Problem 5.6-7 A floor system in a small building consists of 
wood planks supported by 2 in. (nominal width) joists spaced at 
distance s, measured from center to center (see figure). The span 
length L of each joist is 10.5 ft, the spacing s of the joists is 16 in., 
and the allowable bending stress in the wood is 1350 psi. The uni- 
-e- form floor load is 120 Ib/ft^, which includes an 

allowance for the weight of the floor system itself. 

Calculate the required section modulus S for the joists, and 
then select a suitable joist size (surfaced lumber) from Appendix F, 
assuming that each joist may be represented as a simple beam 
carrying a uniform load. 





Planks 





l S 
Joists "d 


» 
1 
Max = ~g~ = g (13.333 Ib/in.)(126 in.)* = 26,460 Ib-in. 


Mmax 26,460 Ib/in. 
Oallow 1350 psi 
P-—— —~—«oL= 1058 =] From Appendix F: Select 2 X 10 in. joists — «— 


=196in?  — 








Required $ = 


Callow = 1350 psi 

L = 10.5 ft = 126 in. 

w = floor load = 120 lb/ft” = 0.8333 lb/in.? 
$ = spacing of joists = 16 in. 


q = ws = 13.333 Ib/in. 





as 
ar, 
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Problem 5.6-8 The wood joists supporting a plank floor (see figure) are 
40 mm X 180 mm in cross section (actual dimensions) and have a span 
length L = 4.0 m. The floor load is 3.6 kPa, which includes the weight 
of the joists and the floor. 

Calculate the maximum permissible spacing s of the joists if the 
allowable bending stress is 15 MPa. (Assume that each joist may be 
represented as a simple beam carrying a uniform load.) 





L = 4.0m 
w = floor load = 3.6 kPa Callow = 15 MPa 


$ — spacing of joists 














dio S — 4 bh*o aow 
" bh? PACING OF JOISTS Smax — i 

6 Substitute numerical values: 

qL? wsL? 2 
Mms 77g 7 S a a BY 
i j ] Md 3(3.6 kPa)(4.0 m)? 

o _ wsb^ _ bh =0.450m = 450mm < 

Oallow 90 allow 6 
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Problem 5.6-9 A beam ABC with an overhang from B to C is qdo 
constructed of a C 10 X 30 channel section (see figure). The beam 
supports its own weight (30 1b/ft) plus a triangular load of maximum j C 
intensity qo acting on the overhang. The allowable stresses in tension AB 
and compression are 20 ksi and 11 ksi, respectively. 
Determine the allowable triangular load intensity go anow if the ' L sa L " 





distance L equals 3.5 ft. 


— ARES voro 
x2 649 in. 
ki. 0i in 


Solution 5.6-9 


NUMERICAL DATA check tension on top 
Ib Mpc I 
w=30— oy=20ksi Gye = 11 ksi o = = M=0o, Z 
ft Iho C 
L = 3.5 ft 2 Ino lo, 
. : Q0allow — 39 Oat\ | Z 3 wb 
c, — 2.384 in. C5 = 0.649 in. L C] 
from Table E-3(a) 15; = 3.93 in.^ Joallow = 928 lb/ft — «— governs 
MAX. MOMENT IS AT B (TENSION TOP, COMPRESSION BOTTOM) check compression on bottom 
L 1 2 _ 3 | (=) 1 1 
= = = = EU — JE 
Mpg = wL ) zz a qoL E L) Q0allow E Oac c; 7 
up 2 = 1314 2 
Mpg = 5 WL T 3 qoL allow ft 

















Problem 5.6-10 A so-called “trapeze bar" in a hospital 
room provides a means for patients to exercise while in bed 
(see figure). The bar is 2.1 m long and has a cross section in 
the shape of a regular octagon. The design load is 1.2 kN applied 
at the midpoint of the bar, and the allowable bending stress is 
200 MPa. 

Determine the minimum height A of the bar. (Assume 
that the ends of the bar are simply supported and that the 
weight of the bar is negligible.) 



































EX 
ar, 























05Ch05.qxd 9/24/08 4:59 AM Page 419 As 
yi 
SECTION 5.6 Design of Beams 419 
Solution 5.6-10 Trapeze bar (regular octagon) 
L |, 
— + -— 
ur pp ee ee sie 
A A < yg 
ee we 
P=12kN L=2.1m Callow = 200 MPa b —041421h  ..1, = 1.85948(0.41421h)* = 0.054738/* 
Determine minimum height h. SECTION MODULUS 
Ie 0.054738h* 
= — = ——_—__ = 04094765? 
MAXIMUM BENDING MOMENT hI2 hI2 
s PL (.2kKN)2.1m) | UN 
M ME 4 i ~ MINIMUM HEIGHT h 
PROPERTIES OF THE CROSS SECTION MN M ç= M 
Use n D, Case 25, with n = 8 5 i 
630 N-m 
= 0.109476? = ——— = 3.15 x 10 °m 
b = length of one side 200 MPa m 
_ 360° _ 360° _ 
EC m we h^ = 28.7735 X 10 9m? h = 0.030643 m 
B b ^. hmin = 30.6 mm c 
tan pm — (from triangle) 


ALTERNATIVE SOLUTION (n = 8) 


F] h 
Lis. L h 
co = — PL 
Br E 2 b i p = 45° wn = = V2-1 cot = V2+1 








C b=(V2—Dh h=(V2+ Db 
_ fle SS 142 HS Vn 
For B = 45°: 5 — tan — 0.41421 
4v2 -5 3PL 
h o S= (53e j-————É——— M 
= coi = 2.41421 6 2(4 V2 — 5)2allow 
Substitute numerical values: 
MOMENT OF INERTIA h? = 28.7735 X10 9n? h,44,-30.6643mm < 
nb* p 2 P ) 
== — +1 
d se 7 JE cot 5 
i= a. 41421)[3(2.41421)* + 1] = 1.859485+ 








as 
ar, 
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crane in a testing laboratory moves slowly across a simple beam AB 

(see figure). The load transmitted to the beam from the front axle 1s 2200 Ib 
and from the rear axle is 3800 Ib. The weight of the beam itself may be 
disregarded. 


Problem 5.6-11 A two-axle carriage that is part of an overhead traveling 3800 "| \"" lb 
<—5 ft— 


(a) Determine the minimum required section modulus S for the beam 
if the allowable bending stress is 17.0 ksi, the length of the beam is 
18 ft, and the wheelbase of the carriage is 5 ft. 

(b) Select the most economical I-beam (S shape) from Table E-2(a), Appendix E. 





Solution 5.6-11 























NUMERICAL DATA (P, + P3) L — Pid 
m Xm = 8.083 ft 
L=18ft — P,-— 22001b 2ZXPy + P2) 
= = LX L 0 cs d 
P,—3800b d=5ft Ra = Pa( ")en| (t, | 
g, = 17 ksi L L 
R4 = 2694 Ib 
(a) FIND REACTION R4 THEN AN EXPRESSION FOR MOMENT 
UNDER LARGER LOAD P5; LET X = DIST. FROM A M eer | P» ( x) +P, | (Xm + d) | 
TO LOAD P5 L L 
i Dn {2t ad Mmax = 21780 ft-lb 
Ra = Pa( =) +P, ( i max 
L max 3 
T Steqd = as Sregd = 15.37 in. e 
2 — KA 
M, eX | P, (4 mi. ) + P, = ~ xt 2 (b) SELECT MOST ECONOMICAL S SHAPE FROM 
L L TABLE E-2(A) 
xP L— P) x^ + xPL — Px? — xP4d select $88 X 23. <— Sui = 162 in? 
p) — 





L 
Take derivative of M4 & set to zero to find max. 
bending moment at x = xX m 


d [xPL— Pyx? * xP4L — Px — xPjd 
dx ( L ) 
PL — 2Pəx + P\L — 2P\x — Pid 
a 
P-L — 2Pxx + P4L — 2P\x — Pid = 0 


Problem 5.6-12 A cantilever beam AB of circular cross section and length 
L — 450 mm supports a load P — 400 N acting at the free end (see figure). 
The beam is made of steel with an allowable bending stress of 60 MPa. 

Determine the required diameter d,,;, of the beam, considering the 
effect of the beam's own weight. 








dh 
ar. 
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Solution 5.6-12 Cantilever beam 
DATA L = 450 mm P — 400N MINIMUM DIAMETER 
Callow — 60 MPa Mmax = Fallow 5 
y = weight density of steel m yd? I2 mi 
-— = —— 
= 77.0 kN/m3 hh 8 rato 32 
Rearrange the equation: 
WEIGHT OF BEAM PER UNIT LENGTH 
2PL 
ad? O allow d^ n AyL* d* v : =) 
q= yY 4 
(Cubic equation with diameter d as unknown.) 
MAXIMUM BENDING MOMENT Substitute numerical values (d = meters): 
L aya? L* UND 3 22 
Max = PL + — = PL + T (60 X 10° N/m?)d3 — 4(77,000 N/m3)(0.45 m)?d 
22 
Pe zi (400 N)(0.45 m) = 0 
SECTION MODULUS S = —— 
e 60,0004? — 62.374? — 1.833465 = 0 


Solve the equation numerically: 


d —0.031614m — d, = 31.61 mm — 


Problem 5.6-13 A compound beam ABCD (see figure) is 
supported at points A, B, and D and has a splice at point C. 
The distance a = 6.25 ft, and the beam is a S 18 X 70 
wide-flange shape with an allowable bending stress of 12,800 psi. (a) (b) 
Moment Shear 


(a) If the splice is a moment release, find the allowable 
release release 


uniform load qanow that may be placed on top of the 
beam, taking into account the weight of the beam itself. 
[See figure part (a). ] 

(b) Repeat assuming now that the splice is a shear release, as in figure part (b). 





Solution 5.6-13 


NUMERICAL DATA 
MZ 2.000E+00 


mU 3 @ 2,000E+00 
w= 70 S = 103 in. MZ 9.453E-01 l y 


. @ 1.375E+00 
a = 6.25 ft o, = 12800 psi 











(a) MOMENT RELEASE AT C-GIVES MAX. MOMENT AT B 
(SEE MOMENT DIAGRAM) = — 2.5 q a^ 





M max 2 
CX Muse f 9. ti 
S max = l(daios + w) a (2.5)] MZ -2.500E+00 


and Ma = 04S @ 4.000E+00 
lb 

w=70— S=103in? 
ft 

a=625ft o, = 12800 psi 


Oq — 





as 
ar. 
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Og S MZ 8.00E+00 
. 12 in/ft 
dallow — 05 a2 E 
daloy ^ 1055 - <— for moment release 
(b) SHEAR RELEASE AT C-GIVES MAX. MOMENT AT C | | 
(SEE MOMENT DIAGRAM) = 8q a^ 
— 282 E <— for shear release 
Oa 5 Jallow ft 
12 in./ft 
allow = oa W 


Problem 5.6-14 A small balcony constructed of wood is 
supported by three identical cantilever beams (see figure). 
Each beam has length L4, = 2.1 m, width b, and height h = 45/3. 
The dimensions of the balcon floor are L4 X Ly, 

with Ly = 2.5 m. The design load is 5.5 kPa acting over the 
entire floor area. (This load accounts for all loads except 

the weights of the cantilever beams, which have a weight 
density y = 5.5 kN/m.) The allowable bending stress in the 
cantilevers is 15 MPa. 

-6> Assuming that the middle cantilever supports 50% of the 
load and each outer cantilever supports 25% of the load, 
determine the required dimensions b and A. 








MAXIMUM BENDING MOMENT 








+q)li 1 
_ 4b Maso i E = 5 (6875 N/m +733367)(2.1 m)? 
3 
= 15,159 + 16,170b° (N-m) 
bi^ 8p 
Lj—2.1m L,=2.5m_ Floor dimensions: L4 X L? 6 27 
Design load — w — 5.5 kPa Ma gis 
y = 5.5 kN/m? (weight density of wood beam) T 
Tallow = 15 MPa 15,159 + 16,170? = (15 x 10° nmd (S) 
MIDDLE BEAM SUPPORTS 50% OF THE LOAD. Rearrange the equation: 
L; 2:3 dc _ Der " 
ee «(2 - (55 eex( m) —" (120 x 1055? — 436,590b? — 409,300 = 0 
SOLVE NUMERICALLY FOR DIMENSION b 
WEIGHT OF BEAM Ab 
4yb? b = 0.1517 m h = E — 0.2023 m 


4 
qo = ybh = —- = 165 kN/m?) b? 
REQUIRED DIMENSIONS 


b — 152mm h = 202 mm «— 


7333b° (N/m) (b = meters) 





CEN 
E, 
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Problem 5.6-15 A beam having a cross section in the form of an 
unsymmetric wide-flange shape (see figure) is subjected to a negative 
bending moment acting about the z axis. 

Determine the width b of the top flange in order that the stresses at 
the top and bottom of the beam will be in the ratio 4:3, respectively. 





[ree Meses] 
— 16 in. —+| 





AREAS OF THE CROSS SECTION (in.?) 
A-1155. Ap = O20 5) = 1518 
As = (16)0.5) = 24 in.” 

A =A, + A, + As = 39 + L5b (in?) 


FIRST MOMENT OF THE CROSS-SECTIONAL 
AREA ABOUT THE LOWER EDGE B-B 


Opp = Dy; A; = (14.25)(1.5b) + (7.5)(15) + (0.75)(24) 
Stresses at top and bottom are in the ratio 4:3. = 130.5 + 21.375b (in?) 
Xu Find b (inches) 


h = height of beam = 15 in. 








DISTANCE C7 FROM LINE B-B TO THE CENTROID C 


— Opp _ 130.5 + 21.375b 45. 


LOCATE CENTROID C5 = I. 
A 39 + 1.5b 7 
To ea 4 
Obotom C2 3 SOLVE FOR b 
cj = zh = T — 8.57143 in. (39 + 1.55)(45) = (130.5 + 21.375b)(7) 
3 45 82.1255 = 841.5 b —1025in. < 


C) = zh = — = 6.42857 in. 
J 7 


Problem 5.6-16 A beam having a cross section in the form of a channel y 

(see figure) is subjected to a bending moment acting about the z axis. 
Calculate the thickness t of the channel in order that the bending stresses 

at the top and bottom of the beam will be in the ratio 7:3, respectively. Ei ~ > = 








dh 
ar 
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Problem 5.6-17 Determine the ratios of the weights of three beams that 
have the same length, are made of the same material, are subjected to the 
same maximum bending moment, and have the same maximum bending 

stress if their cross sections are (1) a rectangle with height equal to twice 


9/24/08 


4:59 AM Page 424 
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Solution 5.6-16 


NUMERICAL DATA 


h = 152mm b = 55mm 


take Ist moments to find distances c, & c2 


1st moments about base 


*a-299 «a(!) 
5 t) (1) iw 


2  9bt* E(h — 28 


Cy =b- cc 


f 55 
5 (152 — 20 (0) + 2.551 (3 








LE 2.99t t $£(152 = 21) 
t 55 
—(I52 = 21) (0 F 2331 — 
us 5 | ) (t) ( > ) 
"S 2.55t + t152 — 21) 
—1 11385 — 186: + t° 
C] = 


2 —CIST eg 


the width, (2) a square, and (3) a circle (see figures). 


CIS 
LA 


ratio of top to bottom stresses = cj/c5 = 7/3 


—1 11385 — 1864+ f 
2 alri 





152 — 2D (D t 2.54 (3 
2 l 2 
2.2914 + $0152 — 20) 


— (11385 — 186: + f) 
— 76t + f — 3025 


3| —(11385- 1867+?) 
(ee?) — 


? —109f + 1298 = 0 
109 — V 109? — 4 (1298) 
2 


t= = 13.61 mm 


Solution 5.6-17 Ratio of weights of three beams 


Beam 1: Rectangle (h = 2b) 

Beam 2: Square (a = side dimension) 

Beam 3: Circle (d = diameter) 

L, y, Max, and Omax are the same in all three beams. 


M 
S = section modulus § = — 
Co 
Since M and ø are the same, the section moduli must 
be the same. 
dy R Sob O25 0, (y 
ECTANGLE: $ = — = = | — 
6 3 2 


2 — 35 i 2/3 
|= 2b = 2( >] = 2.62075 


(2) SQUARE: S = a= (65)!2 


= (65)? = 3.3019 5^? 


vd? PA 
(3) CircLe: S = —— d= | — 
32 T 


325 2/3 
= (2) = 3.6905 $28 


Weights are proportional to the cross-sectional areas 
(since L and y are the same in all 3 cases). 


Wi: W3: W3 = A1: A: A3 
Ai: Ao: A3 = 2.6207 : 3.3019 : 3.6905 
Wi: Wo: W3 = 1: 1.260: 1.408 


Aaa 


and? 


Aa = 
*" A 


— 





as 
ar 
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Problem 5.6-18 A horizontal shelf AD of length L = 915 mm, width 
b = 305 mm, and thickness t = 22 mm is supported by brackets at B and C 
[see part (a) of the figure]. The brackets are adjustable and may be placed 
in any desired positions between the ends of the shelf. A uniform load of 
intensity q, which includes the weight of the shelf itself, acts on the shelf 
[see part (b) of the figure]. 

Determine the maximum permissible value of the load q if the allowable (a) 
bending stress in the shelf is Canow = 7.5 MPa and the position of the supports is 
adjusted for maximum load-carrying capacity. 








Solution 5.6-18 


NUMERICAL DATA Substitute x into the equation for either M, or |M.|: 


L = 915 mm b = 305 mm t = 22mm I2 

Max = ——(3 — 22) Eq. (1) 
Callow = 7.5 MPa mex 8 | 
MOMENT DIAGRAM bt 

Minis ~ Calon S = Owl Kk Eq. (2) 


Mi 





Equate M max from Eqs. (1) and (2) and solve for q: 





A 
c | a u Abt” S aow 
a Y M; M3 at fm 4D — 2V3) 
X X 
> I^ Substitute numerical values: 


For maximum load-carrying capacity, place the max = 10,28 kNm < 


supports so that M, = |M;]. 
Let x — length of overhang 


2 
qL qx 

M, 9 —(L-4 Mj| = — 
15. x)  |M,| ) 

L x^ 

o pedes. 
8 2 


L 
Solve for x: x — 5 (V2 = 1) 





CES 
aF, 
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Problem 5.6-19 A steel plate (called a cover plate) having cross-sectional 
dimensions 6.0 in. X 0.5 in. is welded along the full length of the bottom flange 
of a W 12 X 50 wide-flange beam (see figure, which shows the beam cross W 12 x 50 
section). 
What is the percent increase in the smaller section modulus (as compared to 
the wide-flange beam alone)? 


6.0 X 0.5 in. cover plate 


Solution 5.6-19 


NUMERICAL PROPERTIES FOR W 12 X 50 FiND / ABOUT HORIZ. CENTROIDAL AXIS 
(FROM TABEL E-1(a)) 


(1-5) neos 
I,=I+A CT] — — t5 (6) O.5) 


A=146in* d= 12.2 in. 2 
d 0.5 V 
C| = €5 C, = 5 + (6) (0.5) (o = z) 
1=391in* S= 64.2 in? I, = 491.41 1in.* 
FIND CENTROID OF BEAM WITH COVER PLATE (TAKE FIND SMALLER SECTION MODULUS 
IST MOMENTS ABOUT TOP TO FIND C, > c5) Stop = Th, Stop = 68.419 ae 
A - + (6) (0.5) (a T 25) % T smaller section modulus 
"7 A-0605 a" HM De» à 00-6575 — — 


S 


C5 (d T 0.5) — €] C5 = 5.518 in. 


Problem 5.6-20 A steel beam ABC is simply supported 
at A and B and has an overhang BC of length L = 150 mm 
(see figure). The beam supports a uniform load of intensity 
q — 4.0 kN/m over its entire span AB and 1.5q over BC. 


The cross section of the beam is rectangular with width 5 j B p 
and height 2b. The allowable bending stress in the steel 1s 
Fallow = 60 MPa, and its weight density is y = 77.0 kN/m’. 


(a) Disregarding the weight of the beam, calculate the required width b of the rectangular cross section. 
(b) Taking into account the weight of the beam, calculate the required width b. 











EX 
ar, 
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Solution 5.6-20 
NUMERICAL DATA (b) Now MODIFY-INCLUDE BEAM WEIGHT 
kN — — 2 
L=150mm 424— w= yA w= y(2b°) 
m " 
kN Mmax = (1.5g + wW) — 
o,=60MPa  y- 77— max = (9g + Ww), 
a 2 
and Mma = Oa (2 i) 
(a) IGNORE BEAM SELF WEIGHT-FIND Dyin 
: [2 Equate M maxı to M maxz & solve for bj, 
M maxı =l qi at B 
Í 5 ra) 8 — (2) - 2a =0 
2 3 * 4 


and Mmax2? = Tas S = ~ 
Insert numerical values, then solve for b 
Equate Mmaxı to Mmax2 & solve for bui, bain = 11.92 mm 


2\1 

9 ql’ \3 
Du B ge 
Og 


bnin = 11.91 mm < 


«—— 


Problem 5.6-21 A retaining wall 5 ft high is constructed of — I— 3 in. 
horizontal wood planks 3 in. thick (actual dimension) that are p, = 100 lb/ft? 
supported by vertical wood piles of 12 in. diameter (actual 12 in. 
dimension), as shown in the figure. The lateral earth pressure diam. 12 in. 
is p, = 100 lb/ft? at the top of the wall and p; = 400 lb/ft at TNNT diam. 
the bottom. 

Assuming that the allowable stress in the wood is 1200 psi, 
calculate the maximum permissible spacing s of the piles. 





(Hint: Observe that the spacing of the piles may be 5 ft ° 3 in 
governed by the load-carrying capacity of either the planks 
or the piles. Consider the piles to act as cantilever beams 
subjected to a trapezoidal distribution of load, and consider 
the planks to act as simple beams between the piles. To be on 
Top view 


the safe side, assume that the pressure on the bottom plank is 
uniform and equal to the maximum pressure.) 





p» = 400 lb/ft? 
Side view 





as 
ar, 
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Solution 5.6-21  Retaining wall 





(1) PLANK AT THE BOTTOM OF THE DAM 
t — thickness of plank — 3 in. 
b — width of plank (perpendicular to the plane 
of the figure) dp s 


pə = maximum soil pressure qo — p» 
= 400 lb/ft? = 2.778 Ib/in.? 


Ss = spacing of piles 





d — diameter of pile — 12 in. 


Divide the trapezoidal load into two triangles 


q = pb Callow = 1200 psi (see dashed line). 


$ — section modulus 





2 
: bs? 2 M E )(A) - EI n) : -*o tp) 
qs po0s bt max qı q2 P1 Pa 
Mmax = E — g S = “6 2 3 2 3 6 
a d? 
pabs? bt? Bo Z M max — Tallow 9 Or 
M max — O allow S or g — Oallow 6 32 





sh? ad? 
Siva. fone "s An t p2) = Callow 432 


2 
me pun du Solve for s: 
3p 


3 
s = eee = 81.4 in. 
(2) VERTICAL PILE 16h* (2p; + p2) 
h = 5 ft = 60 in. 
pı = Soil pressure at the top 


= 100 lb/ft? = 0.6944 Ib/in.? 


PLANK GOVERNS Smax = 72.0 in. 4 


Problem 5.6-22 A beam of square cross section (a = length of each side) is bent in 
the plane of a diagonal (see figure). By removing a small amount of material at the top 
and bottom corners, as shown by the shaded triangles in the figure, we can increase the 
section modulus and obtain a stronger beam, even though the area of the cross section 

is reduced. 


(a) Determine the ratio 6 defining the areas that should be removed in order to obtain 
the strongest cross section in bending. 
(b) By what percent is the section modulus increased when the areas are removed? 








dh 
ar. 
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Solution 5.6-22 Beam of square cross section with corners 
removed 
RATIO OF SECTION MODULI 
S 2 
"n (Lo 3BXI — P) Eq. (1) 
0 
GRAPH OF EQ. (1) 
1.10 
(2. 
ye Ty Be (D 
F. | x 
a = length of each side 
pa = amount removed 
Beam is bent about the z axis. 
ENTIRE CROSS SECTION (AREA 0) 
PUN. MEN NEC V SIS 
07 35 Co 5 0 m 12 (a) VALUE OF p FOR A MAXIMUM VALUE OF S/So 
“(= _ 
SQUARE mnpq (AREA 1) dB \ So 
T (1 — Bla! Take the derivative and solve this equation for B. 
E 12 1 
= — €— 
P 9 
PARALLELOGRAM mm, n, n (AREA 2) 
js i (base) (height)? (b) MAXIMUM VALUE OF S/So 
Substitute B = 1/9 into Eq. (1). (S/So)max = 1.0535 
o 1 v5 (1 — Bg 3 i Bat 3 The section modulus is increased by 5.35% when 
n= 38 av \/2 MEE dam the triangular areas are removed. =< 
REDUCED CROSS SECTION (AREA qmm, n, p, pq) 
4 
I-ht2b---( 381 - gy 
a-pa ., r V2a ; 
= S=-= 1+ 3B)0 — 
C v5 : 12 ( P)O — B) 
b 
Problem 5.6-23 The cross section of a rectangular beam having 9 — ^ 
width b and height h is shown in part (a) of the figure. For reasons d 
unknown to the beam designer, it is planned to add structural projections 
of width 5/9 and height d to the top and bottom of the beam [see part 
(b) of the figure]. h h 
For what values of d is the bending-moment capacity of the beam 
increased? For what values is it decreased? ES 
d 
—b— b 
gr 
(a) (b) 
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Solution 5.6-23 Beam with projections 
S5 d 
Graph of — versus — 
Sy h 
d S 
h h $1 
0 1.000 
0.25 0.8426 
0.50 0.8889 
0.75 1.0500 
(1) ORIGINAL BEAM 1.00 1.2963 
po oh gon bi? 
PS 573 a & 
(2) BEAM WITH PROJECTIONS | 
| 
h= s) + ss) + 2dy | | 
^ 12\9 12\9 
; | 0.2937 | 
= — [8/? + (h + 2d) : 
108 | l d) ] 0.5 
h 1 
C) = 2 dg Pi t 2d) Moment capacity is increased when 
d 
P b  b[85? + (h + 2dy] A 0.860 < 
9 —— — m ———————————————————— 
£2 »4(h + 2d) Moment capacity is decreased when 
d 
RATIO OF SECTION MODULI h < 0.6861 < 
s+ (14 vy Names 
S> b[8h3 + (h + 2dy] h dd 
No a ay S 2d 
S h + 2d)(bh* 2d uo a) 
1 o( d)(bh*) (1 + a) S, | when (1 + 3 (1 + 
d 
or — = 0.6861 and 0 
EQUAL SECTION MODULI h 
S d S YA — 
Set — = 1 and solve numerically for —. -2 is minimum when a = v4 ~ 1 
1 h Sy h 2 
d d S 
— = 0.6861 and —=0 (=) = 0.8399 
h h $1 min 
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Nonprismatic Beams 


Problem 5.7-1 A tapered cantilever beam AB of length 
L has square cross sections and supports a concentrated load 
P at the free end [see figure part (a)]. The width and height of 
the beam vary linearly from h4 at the free end to Ap at the 
fixed end. 

Determine the distance x from the free end A to the cross 
section of maximum bending stress if hg = 3/4. 


(a) What is the magnitude Omax of the maximum bending 
stress? What 1s the ratio of the maximum stress to the 
largest stress B at the support? 

Repeat (a) if load P is now applied as a uniform load 

of intensity q — P/L over the entire beam, A is restrained 
by a roller support and B is a sliding support [see figure, 


(b 


—_ 








part (b)]. 
Solution 5.7-1 
(a) FIND MAX. BENDING STRESS FOR TAPERED 
CANTILEVER 
2 h(x)° 
h(x) = (1 + =) Sx) — 
M 6(P 
cc (x) "m (P)(x) 
S(x) | ( a 
hA 1 —— 
L 
6PxL? 
g(x) — 


hj (L + 2xy 
d 
—o(x) = 0 then solve for Xmax 
dx 
rl " 
dxL he (L + 2xy 
3 3 
6P 3 E m 
hy (L+ 2x) hà (L-F2x) 
— Lt 4x 


————— —0 so x— 
hj (L + 2x 4 
po 
L 4 
O max ue O max : E 3 
WIL 
4 
4PL 
O max 9h43 ~ 








dh 
ar. 
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B 
N 
P E m Sliding 
P; L support 
(a) (b) 
(D) 2PL 
Op =O Op = — 
B B on? 
APL 
Omas _ Iha? Om y 
OB 2P L OB 
9h? 


(b) REPEAT (A) BUT NOW FOR DISTRIBUTED UNIFORM 
LOAD OF P/L OVER ENTIRE BEAM 


MFE-0 RA-P 


mo [In 4] 


| jP 
M(x) = Px - -x = 
2 L 
db d 
(x) E (x) - 2 L 
Oo = — Oo = 
"0 [zi 
B L 
6 
n 


= —3xP(—2L ——————— 
i Hn Tx) hà (L + 2xy 
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d = 0.20871 L 
—o(x) = 0 then solve for Xmax 
dx Tmax = o (0.20871 L) 
Al 3xP (=2LF jb. | 0 0.394 - e 
| oar = x = qux, oc MSIE a 
dx hy (L+ 2x) m hy 
p - 
|-3P (CaL) 3 oye) RR 
imr (o 30385 2) 
2 a 
= Bun dro = PL O max E hy 
hy (L Es 2xy B 9h OR PL 
2 3 
+ I8P (2L e yr | <0 Iha 
X 
^ Tmax 354 e 
Simplifying OB 


I? — 5xL + x? =0 so 
Xmax 93 — V5: —4 


L 2 


Problem 5.7-2 A tall signboard is supported by two vertical beams consisting of thin-walled, tapered circular tubes 
[see figure]. For purposes of this analysis, each beam may be represented as a cantilever AB of length L — 8.0 m subjected to 
a lateral load P = 2.4 kN at the free end. The tubes have constant thickness t = 10.0 mm and average diameters d4 = 90 mm 
and dg — 270 mm at ends A and B, respectively. 

Because the thickness is small compared to the diameters, the moment of inertia at any cross section may be obtained 


from the formula J = zd^t/8 (see Case 22, Appendix D), and therefore, the section modulus may be obtained from the formula 
S = mdt. 


(a) At what distance x from the free end does the maximum bending stress occur? What is the magnitude Omax of the 
maximum bending stress? What is the ratio of the maximum stress to the largest stress og at the support? 

(b) Repeat (a) if concentrated load P is applied upward at A and downward uniform load g(x) = 2P/L is applied over the 
entire beam as shown. What is the ratio of the maximum stress to the stress at the location of maximum moment? 














d4, = 90 mm dp = 270 mm 


(a) 





EN 
ar 
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Solution 5.7-2 
(a) FIND MAX. BENDING STRESS FOR TAPERED CANTILEVER 
2x ad(xy t 
d(x) =d; 1l + — Sx) = —— 
(x) ( L ) (x) 1 
P = 2.4 kN 
L=8m t-— 10mm 
d4 — 90mm 
dg — 270 mm 
M(x 4P 
o T ow =~ - 


E MN 
aS d2(L + 2x) 


d 
—o(x) = 0 then solve for Xmax 
dx 


ze xL* | = 
dx| mt |d (L + 2x)* 


p aE 


Tt de (L + 2 
z —À. _ 
mt di? (L + 2x) 


appe Bt? | 
Or 4PL 5 2 0 
mida (L + 2x) 








L 
SO Xmax = 5 —4m = 
(=) 
Omax — o( 5) 
= =p 
Omax — 7 
(iat) 
O` =a 
ue E 


Stress at support ap = o(L) 


4P L 
Og ——— 
d 9 Tt dg 





di 
ar, 





(b 


Ne 
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PL 
Tmax _ mid — 
| EAS PL +) 
9 Tt d 
Tmax 9 / ( 
OB 8 


Evaluate using numerical data 
(2400) (8) 

23 (0.010) (0.090) 

Omax = 37.7 MPa < 


O max m 


REPEAT (A) BUT NOW ADD DISTRIBUTED LOAD 
P x 
M(x) = (Px - xx) 
L 2 
— ux 
M(x) = — p (— 
L 
( — L+ =) 
== Px — HE 
M(x) L 
g(x) = —— g(x) — 


2 
o "wen 
4 L 


L 
O'xX) = — APx —[+x m 
Qj) ( ur (L-- 2x? 


tension on top, compression on bottom of beam 


d 
—o(x) 2-0 then solve for xy 
dx 


d L 
zi ~4Px(-L+) | 
dx aida (L-4- 2x) 


[-4P(- L+) 


mida. (L + 2x)* 
L 


Px? 
mtd; (L + 2x) 





L 
TIOPx(-L-cx | = 
vide (b 2x) 


— L + 4x |= 


OR simplifyin E —— Ó M 
Me Tid (LF 2x) 


433 
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( E) stress at support 
Omax = o| — 
4PL(— L + L) : 
L L L ui NN E 
Tmax = | -4P (^1 =] mide (L + 213) 
Tidi ( p3 = Op = 0 sono ratio of a4,/0g is possible 
4 
||. PL MAX. MOMENT AT L/2 SO COMPARE 
Omax — 2 
3qtdj Stress at location of max. moment 
evaluate using numerical data ( L ) ap L (i . E L 
P — 2.4 kN L=8s&m ut 9 2 : LM 
t= 10mm da = 90mm ridk E 
dg — 270 mm 
E 1 L 
(2400) (8) of) = — P B 
Omax — 2 2 4 mtd 
377 (0.010) (0.090) 
C. 7252MPa <— zi 
3d 4 
Omax/0(L/2) = (trp) 3 = 
4 Trid 
-Qa- Problem 5.7-3 A tapered cantilever beam AB having rectangular cross sections is subjected to a concentrated 
load P = 50 Ib and a couple M, = 800 Ib-in. acting at the free end [see figure part (a)]. The width b of the beam is 
constant and equal to 1.0 in., but the height varies linearly from A4 — 2.0 in. at the loaded end to Ag — 3.0 in. 





at the support. 


(a) At what distance x from the free end does the maximum bending stress Omax occur? What is the magnitude 
Omax Of the maximum bending stress? What is the ratio of the maximum stress to the largest stress og at 
the support? 

(b) Repeat (a) if, in addition to P and Mp, a triangular distributed load with peak intensity gy = 3P/L acts upward 
over the entire beam as shown. What is the ratio of the maximum stress to the stress at the location of maximum 
moment? 
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Solution 5.7-3 
(a) FIND MAX. BENDING STRESS FOR TAPERED CANTILEVER 

FIG. (A) 


ic = (1 + 2) 


numerical data 
P = 50lb L= 20 in. 
ha =2in. hp =3in. b= lin. 


4 
Mo = z PL Mo = 800 in.-lb 











— bh(xy | IQ) 
I(x) = 12 S(x) — ho) 
2 
bh(xy 
S(x) = : 
uix) 
PM a 3r 
(x) — 6 
M(x) = Px + Mo 
B M(x) 
Xp 910 d) 
2000 
1500 
M(x) 
(in.-Ib) 
1000 
2990 10 20 
x (1n.) 
1260 
1240 
O (x) 
(psi) 
1220 
1200 10 20 





di 
ar, 





(b) 
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Px + Mo 
g(x) = 2 
b | h (1 + zx) 
A 2E 
6 
n 
OUO = 74A PET Mal————— 
0) bhy? QL + 
d 
—o(x) = 0. then solve for Xmax 
dx 
24 (P + Mo) E 
2 x a y 
dx " bhg (QL + xy 


n 





24P —; E 
bhy (2L EE x) 


— 2 (24Px + 24Mp) 


OR simplifying |- 2417 


SO X = 


Xmax 558 In. 


n 


2 (PL — Mo) 


P 


«— 


agrees with plot at left 


Evaluate max. stress & stress at B using 


numerical data 


O max = o(8) 


Op = (20) 
EE. 1194) 
OB 


FIND MAX. BENDING STRESS FOR TAPERED 


Tmax = 1250 psi 
oz = 1200 psi 


«—— 


CANTILEVER, FIG. (B) 


i = (1+ 2) 





4 
My = z PL 
5 
P 
do— 3r 
: — bh(xy 
=, 


Mọ = 800 in.-Ib 
_ I) 
S(x) no 
2 


xy 


|=0 


——~ = 0 

bh,’ (2L +x) 
=2PL + Pr t a 
bh,’ (2L + xy 


«—— 
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M(x) Px + Mo + (2 ) : 
X) = FX —_ | o — X LT 
0 2 [, 40 





0 10 20 
x (in.) 


1400 





a(x) = —4( — 6PxL — 6 MoL + x qo) 


L 
X = 
bh4 (2L + xy 


d 
— g(x) = 0 


di then solve for Xmax 


m e) = (APL - 122 ) 
gU x" qo 


L 


—À— — —35 — 2 (24PxL + 24MoL 
bhy QL T x) 


MEN 
bh QL + x) 


Simplifying 

— 12PL? + 6PxL + 6x^qgL 
+ X- qo + I2MgL = 0 

Solve for Xmax 

Xmax = 4.642 in. <= 


Max. stress & stress at B 


O max a OU ax) 
Omax = 1235 psi < 
Op = o (20) Op = 867 psi 


FIND MAX. MOMENT AND STRESS AT LOCATION OF MAX. 
MOMENT 


d d 
M M(x) = 0 (ee M, - $-) = o 
dx dx 6L 
PL) l 
Xm = 4/7 Xm = 16.33 in. 
do 
On = O(Xq) Om = 1017 psi 
DS xe 
Om 





CX 
ar, 
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Problem 5.7-4 The spokes in a large flywheel are modeled as beams fixed at one end and loaded by a force P and a 

couple Mo at the other (see figure). The cross sections of the spokes are elliptical with major and minor axes (height and width, 

respectively) having the lengths shown in the figure part (a). The cross-sectional dimensions vary linearly from end A to end B. 
Considering only the effects of bending due to the loads P and Mo, determine the following quantities. 


(a) The largest bending stress o4 at end A 

(b) The largest bending stress og at end B 

(c) The distance x to the cross section of maximum bending stress 

(d) The magnitude Omax of the maximum bending stress 

(e) Repeat (d) if uniform load g(x) = 10P/3L is added to loadings P and Mọ, as shown in the figure part (b). 


P=12kN g(x) .10P 
Mọ = 10 kNem B 3L 
T 











Y 
f 
; 
B 
B 
i£ 
€ 


bg = 80 mm 
(a) 
Solution 5.7-4 
(a-d) FIND MAX. BENDING STRESS FOR TAPERED 30 


CANTILEVER 


numerical data 


L= 1.25m b4-60mm hy = 90mm M(x) 








(kN«m) 22 
bg = 80mm hg = 120mm 
P=12kn M)=10kN-m 
X X 
ho)- hj|1-2-] | b@) = bA( 1 I 2 
(x) A ( x) (x) A ( x) 0 Us " 1 
qr b(x) h(x) I(x) 
E = 240 
I(x) 6A S(x hO 
2 230 
a b(x) h(x)? 
so) = (x) h(x) s) 30 
32 (MPa) 
mhahe (1 +2) 210 
S) e 
32 
zu 0.5 1 
x (m) 
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Px + Mo L 
ox) = 864 | ——— ||- 
Tbahg (3L sb x) 
d (x) = 0 
— OX) = 
dx 
d s Px + Mo LÌ | u 
mbah GL + x) 


then solve for Xmax 


P L 
mbah BL + xy 
PetM LD a 
mbah GL + xy 


864 








— 2592 


OR simplfying 


, —3PL + 2Px + 3Mo 
— 86413 —— “| = 9 
Tr bahx (3L + x) 
3(PL — Mo) 

2P 
Xmax ^ 0.625 m = 


SO Xmax — 


agrees with plot above 


Evaluate using numerical data 


Omax — O(Xmax) Omax ~ 231 MPa = 
704 = a(0) ao, = 210 MPa «— 
Op = o(L) Op = 221 MPa 
o 
— = 05 

OB 

FIND MAX. BENDING STRESS INCLUDING 

UNIFORM LOAD 

L = 1.25 m ba = 60 mm ha = 90mm 

bg = 80 mm hg = 120 mm 

P = 12 kN Mo = IOkN:m 


h(x) = (1 $ =) 


b(x) = NE a =) 





CIS 
LA 








EX 





ar, 





TDBWE J 
I(x) = 6A S(x) = i) 
2 
Tbh 
S= J 
3 
7 zh + ~) 
S(x) = m 
M(x) = Px + My — 10 Px 
ee ae unn 
|. Mx) 
g(x) — Se 
15 
10 
M(x) 
(kNem) 
5 
0 
0 0.5 1 
x (m) 
300 
200 
O (x) 
(MPa) 
100 
Oo 0.5 1 
x (m) 
hrs. i. 
mv BEES 
o(x) a 
bah (1 à i 
TT DA NA 3L 


a(x) = —288(—3PxL — 3MoL 
[2 


+ 5P) —— —À; 
Tbahy (54. T x) 


d 
—o(x) = 0 then solve for Xmax 
dx 
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d > OR 
—| —288 (—3PxL — 3MoL + 5Px’) 
dx 9PI? — 36PxL + 5Px? — 9MgL = 0 


2 

x — __| = Solving for Xmax: Xmax = 0.105m 
mbahe BL + xy) 

solution agrees with plot above, evaluate using 


d L 

— g(x) = |(864 PL — 2880P x) i ee numerical data 

dx 7 b, hd (3L+x) E Caup c 
-3 (864PxL+864MoL— 1440Px?) Tmax = Oma) — Cmax = a 

: oa = a(0) o4 =210MPa < 
x — = og = O(L) og =0MPa < 
mbah GL + xf 
OR simplifying 


opr — 36PxL + 5Px^ — oM. 
(288 L^) ———————————————— = 0 
Lx. (3L + J 


Problem 5.7-5 Refer to the tapered cantilever beam of solid circular cross section shown in Fig. 5-24 of Example 5-9. 


(a) Considering only the bending stresses due to the load P, determine the range of values of the ratio dp/d4 for which 
the maximum normal stress occurs at the support. 
ph (b) What is the maximum stress for this range of values? 





Solution 5.7-5 Tapered cantilever beam 


i. db PUE 
e... e: 
-a — 


FRoM EQ. (5-32), EXAMPLE 5-9 WE 
32Px = 2e er] Bas + (dg — 44) Has — 4) 
gi = — Eq. (1) 
"| d, + (dg — 4 ) After simplification: 
3 
N= 32mP| dy diu 4X4) d, EU es 49 
FIND THE VALUE OF X THAT MAKES 8| A MAXIMUM 
6 
X 
(4) - (25 pe aL + dy - 4 
Let u do dx dx N 
= Se 
v dx v D 32P| d, 20 49 
x VP doy Noob 
N= ndy + (dg — 44) [32P] d D. x \ |* 
mda + ds = d)(*)| 





as 
ar. 
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do, X Maximum bending stress occurs at the support when 
Ca 0 da — 2(dp — (=) = 0 
dx L dp 
] € —-s2 15 e 
. X dA 1 da 
uL -a Wu x Eq. (2) 
2 (2 — J (b) MAXIMUM STRESS (AT SUPPORT B) 
da Substitute x/L = 1 into Eq. (1): 
(a) GRAPH OF x/L VERSUS dp/d4 (EQ. 2) = 32PL 
O max 3 
Tidp 
Fully Stressed Beams 
Problems 5.7-6 to 5.7-8 pertain to fully stressed beams of rectangular q 


cross section. Consider only the bending stresses obtained from the PTT yyy dd ddd 


flexure formula and disregard the weights of the beams. 


Problem 5.7-6 A cantilever beam AB having rectangular cross sections A i 
x with constant width b and varying height A, 1s subjected to a uniform load ha 
of intensity q (see figure). 
How should the height h, vary as a function of x (measured from the x | 
free end of the beam) in order to have a fully stressed beam? (Express h, 
L 


in terms of the height Ag at the fixed end of the beam.) 








Solution 5.7-6 Fully stressed beam with constant width and varying height 


h, = height at distance x AT THE FIXED END (x = L): 
hg = height at end B 


b — width (constant) boc | 3q 
DO alloy, 











P, 2 
x bh 
AT DISTANCE x: M = riu s=— Thero hy a en hgx E 
2 6 "Um ho o7 
M | 3qx? 
O allow — ç — bh? 
3 
p= d 
DO allow 





dA 
ar, 
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Problem 5.7-7 A simple beam ABC having rectangular cross sections P 
with constant height / and varying width b, supports a concentrated load h 


P acting at the midpoint (see figure). 
How should the width b, vary as a function of x in order to have a 
fully stressed beam? (Express b, in terms of the width 5g at the midpoint 


of the beam.) x 
u^ "-— 
2 2 








Solution 5.7-7 Fully stressed beam with constant height and varying width 











h — height of beam (constant) AT MIDPOINT B (x = L/2) 
L 
b, — width at distance x from end alo =x = z) me 3PL 
B au. g2 
bg = width at midpoint B8 (x = L/2) 20 allow!t 
b, 2x 2bp X 
Px 1 Therefore, b. = L and b, — IL 
AT DISTANCE x M = P3 $- cb h? b " 
NOTE: The equation is valid for 0 = x S = and the 

o M _ 3Px L SP 2 

Callow ~ o — Lio y how! beam is symmetrical about the midpoint. 
X allow 


Problem 5.7-8 A cantilever beam AB having rectangular cross sections 
with varying width b, and varying height h, is subjected to a uniform 
load of intensity g (see figure). If the width varies linearly with x 
according to the equation b, = bg x/L, how should the height A, vary as 
a function of x in order to have a fully stressed beam? (Express h, in 
terms of the height hpg at the fixed end of the beam.) 














dh 
ar. 
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Solution 5.7-8 Fully stressed beam with varying width and varying height 


h, — height at distance x NT 
hp — height at end B h, = ea 
b, = width at distance x BO allow 
bg — width at end 5 


AT THE FIXED END (x = L) 


id MET 
b. = bp L S 3qL 
i bia iow 


AT DISTANCE X 








2 2 h 
| qx |. by hg  bpgx 2 Theref. LENT INE "- 
Mo 577. Ug ew UU hg NL * NL 
M  3qLx 
i dE da 
X 


Shear Stresses in Rectangular Beams 


Problem 5.8-1 The shear stresses 7 in a rectangular beam are given by 


Eq. (5-39): 
-i(L - ) 
7 2^4 ^ 


in which V is the shear force, / is the moment of inertia of the cross-sectional 
area, h is the height of the beam, and y, is the distance from the neutral axis to 
the point where the shear stress is being determined (Fig. 5-30). 

By integrating over the cross-sectional area, show that the resultant 
of the shear stresses is equal to the shear force V. 


Solution 5.8-1 


V — shear force acting on the cross section 


— resultant of shear stresses 7 


h/2 h/2 2 
V(h 

R= J Tody = 2 f me E 22 
—h/2 0 21\ 4 


hi; 12 
12V h 
S ) ' (4 x) Yi 


- Er (2) = 
h? \ 24 


bl? .R-V QED. <— 








a 
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Problem 5.8-2 Calculate the maximum shear stress Tmax 22.5 kN/m m 
and the maximum bending stress Cmax in a wood beam 
(see figure) carrying a uniform load of 22.5 kN/m (which 300 mm 
includes the weight of the beam) if the length is 1.95 m and the 
Cross section is rectangular with width 150 mm and height Lk 
300 mm, and the beam is (a) simply supported as in the figure is 150 mm 
part (a) and (b) has a sliding support at right as in the figure dedi 
art (b). 
part (b) (a) 
22.5 kN/m 
—— — 1.95 m | 
(b) 
Solution 5.8-2 
kN M 
q = 22— b = 150 mm Omax = > Omax ^ 4.65 MPa < 
m S 
h = 300 mm L = 1.95 m 
(b) MAXIMUM SHEAR STRESS 
(a) MAXIMUM SHEAR STRESS V=qL 
qL 3 V 
V = P A — bh Tmax ^ 5A Tmax ^ 1430 kPa < 
" 2v Seis | S MAXIMUM BENDING STRESS 
max P A max 2 
M = i 
MAXIMUM BENDING STRESS 2 
Te 2 M 
M == s= Omax = Omax = 18.59MPa — 


Problem 5.8-3 Two wood beams, each of rectangular cross section 
(3.0 in. X 4.0 in., actual dimensions) are glued together to form a 
solid beam of dimensions 6.0 in. X 4.0 in. (see figure). The beam 
is simply supported with a span of 8 ft. 
What is the maximum moment M max that may be 
applied at the left support if the allowable shear stress in the 
glued joint is 200 psi? (Include the effects of the beam's 
own weight, assuming that the wood weighs 35 Ib/ft.) 








dh 
ar. 
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Solution 5.8-3 
L= 8ft b = 4in. M qL 
V = — + — 
h-—6in Tow =200psi A=b'h L 2 
Ib 3V 3 (= 2) 
= —— T. = —— Lm —— p = o 
yes ue 9A. FAL. 2 
2 
q — yA weight of beam per unit distance M = 2 AL z qU 
max 
= 5.833 2 ) 2 
EE u -24L | 4D 
max a allow 2 
Maximum load M max 
Myax = 25.4 k-ft < 
Problem 5.8-4 A cantilever beam of length L = 2 m supports a P = 8.0 kN m 
load P — 8.0 kN (see figure). The beam is made of wood with | ^00 
cross-sectional dimensions 120 mm X 200 mm. -= n 
Calculate the shear stresses due to the load P at points located 


25 mm, 75 mm, and 100 mm from the top surface of the < L=22im mE I 


beam. from these results, plot a graph showing the distribution of 120 mm 
shear stresses from top to bottom of the beam. 








PESON? Distance from the yı T T 
| top surface (mm) (mm) (MPa) (kPa) 

== = E me 0 100 0 0 

lr nidi | 25 75 0219 219 

b- 120mm 50 50 0.375 375 

vg 75 25 0.469 469 

ET LE “2 i) 100 (N.A.) 0 0.500 500 
V = P = 8.0kN = 8000N 


bl? GRAPH OF SHEAR STRESS 7 
[= 12 = 80 x 10° mm^ 


h = 200mm (y, = mm) 
8000 [(200)  , ; 
= — y1| (t = N/mm* = MPa) 
2(80 x 10®)L 4 
r = 50x10 (10,000 — y?) (y, = mm; T = MPa) 











EX 
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Problem 5.8-5 A steel beam of length L = 16 in. and cross- q = 240 Ib/in. 
sectional dimensions b = 0.6 in. and h = 2 in. (see figure) supports a 
uniform load of intensity q = 240 Ib/in., which includes the weight Je i EUN 
of the beam. mue 
Calculate the shear stresses in the beam (at the cross = m 
section of maximum shear force) at points located 1/4 in., 1/2 in., yas 
3/4 in., and 1 in. from the top surface of the beam. From these LL L= 16 in. — 


calculations, plot a graph showing the distribution of shear stresses 
from top to bottom of the beam. 


Solution 5.8-5 Shear stresses in a simple beam 





= 240 Ibfn. Distance from the yı T 

Tt] | | | | | | | | | | top surface (in.) (in.) (psi) 

[—— ———— ——— || [1205s 0 — 10 9 

dies 0.25 0.75 1050 
pe Tam 0.50 0.50 1800 
v/g 0.75 0.25 2250 

Eq(-39) 7 = (z y 1.00 (N.A.) 0 2400 
y= f = J90 J= " — 0.4 in GRAPH OF SHEAR STRESS T 


UNITS: POUNDS AND INCHES 


1920 [ (D? 
2 - yt = Q400)1 — | 





' 2(04) 


(T = psi; y, = in.) 





Problem 5.8-6 A beam of rectangular cross section (width b and height A) 
supports a uniformly distributed load along its entire length L. The 
allowable stresses in bending and shear are Callow and Tallow, respectively. 


(a) If the beam is simply supported, what is the span length Lp below 
which the shear stress governs the allowable load and above which the 
bending stress governs? 

(b) If the beam is supported as a cantilever, what is the length Lo 
below which the shear stress governs the allowable load and above which 
the bending stress governs? 





dh 
ar 




















Equate (1) and (2) and solve for Lo: 


n-a) - 





O allow 


Tallow 


Problem 5.8-7 A laminated wood beam on simple supports is built up 
by gluing together four 2 in. X 4 in. boards (actual dimensions) to form 


a solid beam 4 in. X 8 in. in cross section, as shown in the figure. 


The allowable shear stress in the glued joints is 65 psi, and the allowable 


bending stress in the wood is 1800 psi. 

If the beam is 9 ft long, what is the allowable load P acting at the 
one-third point along the beam as shown? (Include the effects of the 
beam's own weight, assuming that the wood weighs 35 Ib/ft^.) 


Solution 5.8-7 
L=09ft b = Ain. 
h = 8 in. A =)bh 


T allow — 65 psi O allow — 1800 psi 


WEIGHT OF BEAM PER UNIT DISTANCE 


q = yA 
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Solution 5.8-6 Beam of rectangular cross section 
b= width h = height L = length (b) CANTILEVER BEAM 
Uniform load q = intensity of load BENDING 
ALLOWABLE STRESSES — Qajjow aNd Tallow M ql? g= bh* 
max E 
(a) SIMPLE BEAM 2 6 
2 
BENDING C= M max = La 
2 2 S bh? 
qL bh " 
Ming o EL CF allowDh 
8 6 =a (3) 
dallow 3 r? 
u M max u 3qL" 
Omax — 5 m Abh2 SHEAR 
= AC Allow bh? (1) Vinax a qL A — bh 
Qalow — 372 3V 3qL 
Tmax -- 1 — Apr 
S T 2A  2bh 
2T bh 
L _ Tallow 97 
Vx = * A = bh dallow ar (4) 
Equate (3) and (4) and solve for Lo: 
..3V. 3qL 
Tmax — 20A — Abh ER (mates) i 
o = a —— 
ATajowbh i Tallow 
dallow — (2) 
- T 


NOTE: If the actual length is less than Lo, the shear 
stress governs the design. If the length is greater than 
Lo, the bending stress governs. 


pe ft i 





ES 9 ft ——— 
4 1n. 
= 7.773 P 
l ft 


ALLOWABLE LOAD BASED UPON SHEAR STRESS IN THE 
GLUED JOINTS; MAX. SHEAR STRESS AT NEUTRAL AXIS 
|. VQ 3V 


! Tb 2A 


Tmax — 





as 
ar. 
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y-p2l.2b 
3 2 
3V 3 (z: n 1) 
T — = = E 
c JA DA 3 2 
3 gL 
P= (Ars a 
3 qL 
P nax = AT allow n 4 


P max = 2.03 k (governs) 


Problem 5.8-8 A laminated plastic beam of square cross 
section is built up by gluing together three strips, each 
10 mm X 30 mm in cross section (see figure). The beam has 
a total weight of 3.6 N and is simply supported with span 
length L = 360 mm. 

Considering the weight of the beam (q) calculate the 
maximum permissible CCW moment M that may be placed 
Au at the right support. 


(a) If the allowable shear stress in the glued joints is 
0.3 MPa. 
(b) If the allowable bending stress in the plastic is 8 MPa. 





Solution 5.8-8 


(a) FIND M BASED ON ALLOWABLE SHEAR STRESS IN GLUED 
JOINT 


b — 30mm h — 30mm Ta = 0.3 MPa 
W = 3.6N L = 360 mm 


15T 


N 
g=10 — beam distributed weight 
m 


MAX. SHEAR ST LEFT SUPPORT 


L M Ib 
Vac T and Vn = ra (2) 





2 Q 
Vin bh? b*h? 
Ty = Q I= — Jb -——— 
Ib 12 1? 


SECTION 5.8 Shear Stresses in Rectangular Beams 447 


ALLOWABLE LOAD BASED UPON BENDING STRESS 


2 L 
M=P att 38-16 8 
3 2 2 


bh? 
mc 
6 
2 L 
P~3n+ 38-16 8) 
M 3 2 2 
O: = ——— M ————————————— 
max S S 
OAlswe > (8 q ) 
Dol =a eee Sit 
Uu — X402 2x2 z 6f) 
Pi = 3165k 


T'as = 2.03 k — 


110 mm 
110 mm 30 mm 
t10 mm | 


bh 
bhh b) Q 9 
733 C9 9 m wp 
12, 
Q 4 
Ib 3bh 


Ma —722N:M © 





dh 
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(b) FIND M BASED ON ALLOWABLE BENDING STRESS AT gl M\(L M 
h/2 FROM NA AT LOCATION (X,,) OF MAX. BENDING Mm = E3 T LJA3 + p 
MOMENT, M m 
: r ( : uy 
M X d diu ae 
Mc) - (S 21). - 5 | MG) = 0 2  qL 
2 L 2 dx 0» 
use to find location of zero shear where EM 
max. moment occurs simplifying 
d (5 m e. | (gl? + 2M)? 
—| | —— + — |x -= M= 
.1 M _ bh? 
E A i. also Mp 0,48 Mm = a\ c 
= L 4 M Equating both M,, expressions & solving for M where 
"^ 2 qL c, = 8 MPa 
MAX. MOMENT M 2 
ji 2 o (=) (sai?) = gL? 
ql M GXm “\ 6 
Mm x ar Xm 7 = 
2 L 2 9 
Mmax =~ 90INem «€ 
{> Problem 5.8-9 A wood beam AB on simple supports with span length Bori 72001 
equal to 10 ft is subjected to a uniform load of intensity 125 Ib/ft acting > Š | 3 ad 





along the entire length of the beam, a concentrated load of magnitude 125 lb/ft 
7500 Ib acting at a point 3 ft from the right-hand support, and a moment at 7 
A of 18,500 ft-Ib (see figure). The allowable stresses in bending and shear, A B 
respectively, are 2250 psi and 160 psi. 


(a) From the table in Appendix F, select the lightest beam that will a 10 ft ———— 
support the loads (disregard the weight of the beam). 


(b) Taking into account the weight of the beam (weight density 5 35 Ib/ft3), 
verify that the selected beam is satisfactory, or if it is not, select a new beam. 


Solution 5.8-9 
Rg = 7.725 X 10° 1b 


Ib 
(a) q= 125— P — 75001b M = 18500 ft-b 
i Vmax = Rg Vmax = 7.725 X 10° Ib 








L=10ft d=3ft E 
- NE d 
CAlow = 2250 psi Tallow = 160 psi Mmax = Rgd — 77 
L d M = 4 1p. 
Ry =o + PO Mmax = 2.261 X 10* 1b-ft 
= 3V A — 3 Vmax 
R4 = 1.025 x 10° 1b Tmax ~ 54 “req — Doth 
L L-d M A... = 72422 in? 
Rpg = E + P aes req 
2 L L 





di 
ar, 
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M M max 3 3Vmax 
=— $a S, = 120.6 in. Vmax = Rg Areo = 
O max S req Callow req In max B req 2 Tallow 
From Appendix F: Select 8 X 12 in. beam (nominal Awg = 73.405 in? < A 


dimensions) = 8 X 12 beam is still satisfactory for shear. 


A = 86.25in? S = 165.3 in.” ib 
Gtota =F © beam total = 145.964 ft 
(b) REPEAT (A) CONSIDERING THE WEIGHT OF THE BEAM 


d? 
Ib M max = Rgd B cl 
y= fÜ Quem ^ VA 2 
Max = 2-293 X 10* 1b-ft 


1b 
d beam — 20.964 





E M. 
ft So= Seg = 1223 in? € 
Ü allow 
= 3 Qbeam L : ; : 
Rp = 132508 IO" Tb + = 8 X 12 beam is still satisfactory for moment. 


Rp = 7.83 X 10° 1b Use 8 X 12 in. beam «— 


Problem 5.8-10 A simply supported wood beam of rectangular P 
cross section and span length 1.2 m carries a concentrated load | 


P at midspan in addition to its own weight (see figure). The cross E ni mm 
section has width 140 mm and height 240 mm. The weight density / à JER 
of the wood is 5.4 kN/m’. i 

Calculate the maximum permissible value of the load P if L— 0.6 m—> 


(a) the allowable bending stress is 8.5 MPa, and (b) the allowable 
shear stress is 0.8 MPa. 


Solution 5.8-10 Simply supported wood beam 


[ (a) ALLOWABLE P BASED UPON BENDING STRESS 


M. 
Ne mm Oallow — 8.5 MPa o = Sn 


2 
140 mm PL qL P(1.2 m) 


b = 140mm h= 240mm " (181.44 N/m)(1.2 m)* 
A = bh = 33,600 mm” 8 
ME esi nid = 0.3 P + 32.66N* m 
6 (P = newtons; M = N-m) 
y = 5.4kN/m° Max = SOajlow = (1344 X 10? mm?)(8.5 MPa) 
L=12m gq = ybh = 18144 N/m = 11,424N-m 


Equate values of M max and solve for P: 
0.3P + 32.66 = 11,424 P = 37,970 N 
or P-—380kN < 





EX 
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(b) ALLOWABLE LOAD P BASED UPON SHEAR STRESS Equate values of V and solve for P: 
3V P 
Tallow = 0.8 MPa T= 2A 3 + 108.86 = 17,920 P = 35,622 N 
v2 HE UP V (181.44 N/m(2 m) or P-356kN  — 
2 2 2 2 NOTE: The shear stress governs and 


Tos = 35.6 kN 


P 
EE + 108.86 (N) 


2AT 2 2 
= T. | (83,600 mm?)(0.8 MPa) = 17,920 N 


Problem 5.8-11 A square wood platform, 8 ft X 8 ft in area, 
rests on masonry walls (see figure). The deck of the platform is 
constructed of 2 in. nominal thickness tongue-and-groove planks 
(actual thickness 1.5 in.; see Appendix F) supported on two 

8-ft long beams. The beams have 4 in. X 6 in. nominal 
dimensions (actual dimensions 3.5 in. X 5.5 in.). 

The planks are designed to support a uniformly distributed 
load w (Ib/ft^) acting over the entire top surface of the platform. 
The allowable bending stress for the planks is 2400 psi and 
the allowable shear stress is 100 psi. When analyzing the 
planks, disregard their weights and assume that their reactions 
-Qa- are uniformly distributed over the top surfaces of the supporting 
beams. 





(a) Determine the allowable platform load w, (Ib/ft?) based 
upon the bending stress in the planks. 

(b) Determine the allowable platform load w> (Ib/ft?) based 
upon the shear stress in the planks. 

(c) Which of the preceding values becomes the allowable 
load wallow on the platform? 

(Hints: Use care in constructing the loading diagram for the 
planks, noting especially that the reactions are distributed loads 
instead of concentrated loads. Also, note that the maximum shear 
forces occur at the inside faces of the supporting beams.) 








CX 
ar, 
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Solution 5.8-11 Wood platform with a plank deck 


Load on one plank: 





wab |] . wb 
m | in.) = 144 (Ib/in.) 
Reaction R = (°° :J B (25 am _ wb 
2 144 3 


(R = Ib; w = Ib/ft?; b = in.) 
Max Occurs at midspan. 


3.5in. 89 in. q(48 in.)* 
M max = ( P om) IEEE MG 








2 2 3 
— — (46.25) — T (1152) = wb 
Platform: 8 ft x 8 ft (M = lb-in.; w = lb/ft; b = in.) 
t — thickness of planks Allowable bending moment: 
= ].5in. Mallow = 9 allow 9 = (2400 psi)(0.375 b) 
w — uniform load on the deck (Ib/ft?) = 900 b (Ib-in.) 
Callow = 2400 psi Equate M max and Mallow and solve for w: 


= 100 psi 89 
Tallow psi — wb = 900b w, = 121 Ib/fü <— 





Find wow (Ib/ft?) 12 
(a) ALLOWABLE LOAD BASED UPON BENDING STRESS IN THE (b) ALLOWABLE LOAD BASED UPON SHEAR STRESS IN THE 
PLANES PLANKS 
Let b — width of one plank (in.) See the free-body diagram in part (a). 
| A = 1.5b (in) Vmax occurs at the inside face of the support. 
TEE, Si. 05 0. y. = o aus, 
k—— p ————À* f 9 = ain) 2 
M LA D T4) ~ 288 


a diagram of one plank supported on the w= i d T 


Allowable shear force: 
De a NN 


yt H5 3 m 
| L | | | ae ae T= < Vinos = ~ 


.— 2(1.5 b)(100 psi) 





4| | : = 100 b (Ib) 

F—— 8ft(96in) ——* Equate Vmax and Vajjow and solve for w: 
pu 100b = 324 lb/ft  <— 
288 "2 


(c) ALLOWABLE LOAD 


Bending stress governs. Wallow = 121 lb/ft? | — 
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Problem 5.8-12 A wood beam ABC with simple supports 3P BE 
at A and B and an overhang BC has height = 300 mm o L M= ES 
(see figure). The length of the main span of the beam is —Àj— 
L = 3.6 m and the length of the overhang is L/3 = 1.2 m. A C ji 
The beam supports a concentrated load 3P — 18 kN at the B 300 mm 
midpoint of the main span and a moment PL/2 = 10.8 kKN-m 
at the free end of the overhang. The wood has weight _, b - 
density y = 5.5 kN/m". L Er 
(a) Determine the required width b of the beam 
based upon an allowable bending stress of 8.2 MPa. 
(b) Determine the required width based upon an allowable 
shear stress of 0.7 MPa. 
Solution 5.8-12 
Numerical data: I M nax _ 6 Minax 
L = 3.6m h = 300 mm S bh? 
PL _. 3PL 7 
A=bh P=6kN M = = b= ; b=8/8 mm < 
2 Callow} 
kN 
ge 55— bes = VA (b) REQUIRED WIDTH b BASED UPON SHEAR STRESS 
IH Tallow — 0.7 MPa 
l . 8 
Ea Reactions, max. shear and moment equations Voa = 2P tak 
3P M 4 © 4 ? 
LE NE E oa dmg. doas 
3P M 38 g 2A 2 bh 
Rp = tp g demL = 2P + 3 doen 3 3 3 P 4 
ET FL E 
8 
Vmax = Rg = 2P + 9 deam L 3P 
b= A b — 89.074 mm 
L D^ PL I Hs: 
Mp = R4 2 v docam 5 = 2 v 18 eee oa a Tanon 3 yL) 
PL Shear stress governs 
Mz = E3 b — 89.1 mm <— (governs) 


(a) REQUIRED WIDTH b BASED UPON BENDING STRESS 
Oallow — 8.2 MPa 


PL 
M max — Mpg = E 








EX 
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Shear Stresses in Circular Beams 
Problem 5.9-1 A wood pole of solid circular cross section (d — diameter) qo = 20 Ib/in. 


is subjected to a horizontal force P — 450 Ib (see figure). The length of the pole is 
L = 6 ft, and the allowable stresses in the wood are 1900 psi in bending and 
120 psi in shear. 


Determine the minimum required diameter of the pole based upon p 
(a) the allowable bending stress, and (b) the allowable shear stress. 


m 





Solution 5.9-1 


1b 3 
q =20— L-6ft qom | Mia 
1n min 
T O allow 








C allow = 1900psi dain = 5.701 in. 
T allow = 120psi 
qL (b) BASED UPON SHEAR STRESS 
Vmax = zi Vmax ^ 720 Ib "a 
T = — = 
LL 3A  3md* 
Maa P Maa = 2.88 X 10? 1b-ft 7 
16 V max . 
dnin 2n ace n = 3.192 in. 
(a) BASED UPON BENDING STRESS IN Tallow 
M 32M Bending stress governs dq, = 5.70in. < 
08 næ 


Problem 5.9-2 A simple log bridge in a remote area consists of two 
parallel logs with planks across them (see figure). The logs 
are Douglas fir with average diameter 300 mm. A truck moves 
slowly across the bridge, which spans 2.5 m. Assume that the weight 
of the truck is equally distributed between the two logs. 
Because the wheelbase of the truck is greater than 2.5 m, only 
one set of wheels is on the bridge at a time. Thus, the wheel load on 
one log is equivalent to a concentrated load W acting at any position 
along the span. In addition, the weight of one log and the planks it 
supports is equivalent to a uniform load of 850 N/m acting on the log. 
Determine the maximum permissible wheel load W based upon 
(a) an allowable bending stress of 7.0 MPa, and (b) an allowable 
shear stress of 0.75 MPa. 








EX 
E, 
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Solution 5.9-2 Log bridge 


Im i = 850 N/m 
To 
ÁA 


hom ‘ke | 


Diameter d = 300 mm (b) BASED UPON SHEAR STRESS 
Oallow — 7.0 MPa 
Tallow — 0.75 MPa 
Find allowable load W 





Maximum shear force occurs when wheel is adja- 
cent to support (x = 0). 





B B qL ] 
(a) BASED UPON BENDING STRESS Vinax = W + == Wt 7 (850 N/m)(2.5 m) 
Maximum moment occurs when wheel is at midspan 
(x = L/2). = W + 1062.5N (W = newtons) 
2 d? 
REL A = 7— = 0.070686 m? 
max 4 g 4 
W 1 _ 4Vmax 
= 4 25m) + g (850 Nim)(2.5 m)? Tmax ~ 43A 
JATallow 3 2 
= 0.625W + 664.1 (N:m) (W = newtons) Vmax = m — 49.070686 m~)(0.75 MPa) 
Fo 
S= A = 2.651 X 10m? = 39,760 N 
E . W + 1062.5 N = 39,760 N 
Max = SOallow = (2-651 X 10 > m^)(7.0 MPa) 
= 38,700 N = 38.7 kN 
= 18,560 N: m Mm t 


'. 0.625W + 664.1 = 18,560 
W = 28,600 N = 28.6kN < 


Problem 5.9-3 A sign for an automobile service station is supported by 
two aluminum poles of hollow circular cross section, as shown in the 
figure. The poles are being designed to resist a wind pressure of 75 lb/ft? 
against the full area of the sign. The dimensions of the poles and sign 

are A, = 20 ft, ho = 5 ft, and b = 10 ft. To prevent buckling of the walls of 
the poles, the thickness t is specified as one-tenth the outside diameter d. 


(a) Determine the minimum required diameter of the poles based 
upon an allowable bending stress of 7500 psi in the aluminum. 

(b) Determine the minimum required diameter based upon an 
allowable shear stress of 2000 psi. 








Probs. 5.9.3 and 5.9.4 








AA 
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Solution 5.9-3 Wind load on a sign 
hy = Sft —W 
— CES 
hy = 20 ft 
b = width of sign (b) REQUIRED DIAMETER BASED UPON SHEAR STRESS 
b = 10ft 
Vmax = W = 1875 Ib 
p = 75 lb/ft? MP A 
Fallow = 7500 psi " (etm) ae 
Tallow — 2000 psi 3A rj^ +r a i 2 
d = diameter W = wind force on one pole _d = d d — 2d 
J b 7" 2 ' 2 10 5 
t = — W = ph3| = | = 1875 |b ) 
10 2 mtr tr 
(a) REQUIRED DIAMETER BASED UPON BENDING STRESS rj *rn 
h dV  (aN\(2d 2a 
_ 2) . : zx iE qo eq] p ah pe 
M mnax = w(^ T =) = 506,250 Ib-in. ?) 9 5 5 61 
z i (0 (XQ Q 4 
r= 0-4 dod di-d-2:- zd 2) TS 
2 2 
j= afas- (8) roe) azza- d= Fe - (3) |- s 
64 5 64 \ 625 
_ 369md* (in.) T= (SE 4 = 7.0160 
40,000 ^. ae d 
J | e 7.0160 Viar 
C= (d = inches) Tallow 
7.0160)(1875 1b 
Mc M(d/2) 17.253 M = A = 6.5775 in. 
gc ee ee 2000 psi 
I 3697d '/40,000 d 
> 17.253 Mq, — (17.253)(506,250 Ib-in.) Alb 
a= Tallow B 7500 psi (Bending stress governs.) 


1164.6in? d= 10.52in. <— 


Problem 5.9-4 Solve the preceding problem for a sign and poles 
having the following dimensions: A, = 6.0 m, /; = 1.5m, b = 3.0 m, 
and t — d/10. The design wind pressure is 3.6 kPa, and the allowable 
stresses in the aluminum are 50 MPa in bending and 14 MPa in shear. 





dh 
ar. 
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456 CHAPTER 5 Stresses in Beams (Basic Topics) 


Solution 5.9-4 Wind load on a sign 


A, 260m 








b = width of sign (b) REQUIRED DIAMETER BASED UPON SHEAR STRESS 
b — 3.0m Vmax ^ W = 8.1 kN 
p = 3.6 kPa r= (2 nnn) „4 
Tallow = 50 MPa 3A rj n 2 
Tallow = 16 MPa A T E 
2 2 10 5 


d = diameter W = wind force on one pole ; A 
r2 "EF Fols T l| 




















d b 
e E E 
(a) REQUIRED DIAMETER BASED UPON BENDING STRESS ) 5 s 5 61 
h -———————————n—e 
Mmax = w(^ 4 2) = 54.675 kN -m Qi (24) 41 
2 us 
2 5 
_ Mc 50,4 4 T 
O = T I — 6a? di) A — 4 0 ES di 
4 2 2 
dod" d dex -He - (4) -2% 
5 4 5 100 
4 
- € - (“) | os; a —: 
Tq = —| — = : —— 
i i 3 \41/)\ ord d? 
4 4 
_ md (=) _ 369m" 4) ip. 10160 Vmax _ (7.0160)8.1 kN) 
64 \625/ 40,000 "nus a MPa 
d 9 2 
d = 0.06371 m = 63.7mm < 
Mc M(dI2) 17.253 M | 
p " — f Bending stress governs 
I — 3697d 4/40,000 d 
43.2 17253Mmax _ (17.253)(54.675 KN : m) 
O allow 50 MPa 
— 0.018866 m? 


d = 0.266 m = 266m < 





a 
ar 
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Shear Stresses in Beams with Flanges 
Problem 5.10-1 through 5.10-6 A wide-flange beam (see figure) having y 


the cross section described below is subjected to a shear force V. Using the 
dimensions of the cross section, calculate the moment of inertia and then 
determine the following quantites: 


(a) The maximum shear stress Tmax in the web. 
(b) The minimum shear stress Tmin in the web. E 
(c) The average shear stress Taye, (obtained by dividing the shear 
force by the area of the web) and the ratio Tmax/Taver- 
(d) The shear force Vwep carried in the web and the ratio Vwep /V. 





NOTE: Disregard the fillets at the junctions of the web and flanges and k—» — 
determine all quantities, including the moment of inertia, by considering Probs 5.10.1through 5.-10.6 
the cross section to consist of three rectangles. 


Problem 5.10-1 Dimensions of cross section: b = 6 in., t = 0.5 in., 
h = 12in., A4 = 10.5 in., and V = 30 k. 


Solution 5.10-1 Wide-flange beam 


(b) MINIMUM SHEAR STRESS IN THE WEB (Eq. 5-48b) 


—Cp- = b = 6.0 in. 
I Vb 2 2 , 
t = 0.5 in. Tmin ~ m (h^ — hf) — 4555 psi «— 
h 








(4 Ex 
bc (C) AVERAGE SHEAR STREAR IN THE WEB (Eq. 5-50) 
hı = 10.5 in. 
- m 5714 psi e 
[5-4 V=30k Taver — thy v ps1 
MOMENT OF INERTIA (Eq.5-47) Tmax . 1.014 = 
1 Taver 
pr 12 (bh? — bh} dr thi) = 333.4 in." (d) SHEAR FORCE IN THE WEB (Eq. 5-49) 
th 
(a) MAXIMUM SHEAR STRESS IN THE WEB (Eq. 5-48a) _ 3 Tias + Ta) = 28.25 k «— 
—4 (bh? — bh? + tht) = 5795 psi < V 
EE 2d v^ 2092 — 





CX 
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458 CHAPTER 5 Stresses in Beams (Basic Topics) 


Problem 5.10-2 Dimensions of cross section: b = 180 mm, t = 12 mm, 
h = 420 mm, A, = 380 mm, and V = 125 KN. 


Solution 5.10-2 . Wide-flange beam 


b = 180 mm (b) MINIMUM SHEAR STRESS IN THE WEB (Eq. 5-48b) 
= 12 Vb 
an Tmin = (h? — 13) = 21.86 MPa <- 
h h = 420 mm Sit 
(c) AVERAGE SHEAR STRESS IN THE WEB (Eq. 5-50) 
hı = 380 mm " 
V — 125 kN Taver = ,- = 27.41 MPa < 





thi 


mew 


MOMENT OF INERTIA (Eq. 5-47) 


ME Gey. ues 


Taver 


1 
[= 12 (bI? = bh} + th?) = 343.1 X 10° mm^ (d) SHEAR FORCE IN THE WEB (Eq. 5-49) 


thi 
(a) MAXIMUM SHEAR STRESS IN THE WEB (Eq. 5-48a) Vweb = 73 (Tmax TOT) — LIT KN. = 





V 
Tmax = gm (bh? — bh? + th?) = 28.43 MPa < ast 2095 e 


Problem 5.10-3 Wide-flange shape, W 8 X 28 (see Table E-1(a), 
Appendix E); V = 10k. 





Solution 5.10-3 Wide-flange beam 








TI W8 x28 (b) MINIMUM SHEAR STRESS IN THE WEB (Eq. 5-48b) 
f 
b = 6.535 in. Vb 
| 2 Tmin = > (h? — hi) = 4202 psi — 
h ^ — ¢= 0.285 in. pH 
il h = 8.06 in. (c) AVERAGE SHEAR STRESS IN THE WEB (Eq. 5-50) 
ELS E V 
RE h, = 7.13 in. Ter = —— = 4921 psi "" 
= thy 
V= 10k 
MOMENT OF INERTIA (Eq. 5-47) = = 0.988 = 
1 Taver 
I = — (bh — bh} i thi) = 96.36 in." (d) SHEAR FORCE IN THE WEB (EQ. 5-49) 
17 
(a) MAXIMUM SHEAR STRESS IN THE WEB (Eq. 5-48a) Vweb = 3 OT + Thin) = 9.432k < 
V 
= — (bh? — bhi + thi) = 4861 psi — «— V 
Tmax SIr ( 1 1) ps1 v — 0.943 = 





a 
ar 
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Problem 5.10-4 Dimensions of cross section: b = 220 mm, t = 12 mm, 


h = 600 mm, A, = 570 mm, and V = 200 kN. 


SECTION 5.10 Shear Stresses in Beams with Flanges 


459 


b — 220mm 
| t — 12mm 


h h h = 600 mm 
it hj, = 570 mm 
V = 200 kN 
|p| 


MOMENT OF INERTIA (Eq. 5-47) 


1 
pens (bh? — bh; + thi) = 750.0 x 10° mm^ 


(a) MAXIMUM SHEAR STRESS IN THE WEB (Eq. 5-48a) 
V 
Tmax = gm (bh? — bh? + thi) = 32.28 MPa < 
(b) MINIMUM SHEAR STRESS IN THE WEB (EQ. 5-48b) 


s Tmin = gU — Hj) = 2145 MPa — — 





Problem 5.10-5 Wide-flange shape, W 18 X 71 
(see Table E-1(a), Appendix E); V = 21k. 


V 
Tave ^ —— = 29.24 MPa < 
thi 


Tmax 


— = 1.104 


Taver 


(d) SHEAR FORCE IN THE WEB (Eq. 5-49) 


th 
Vos = 3 Tas + Tmin) = 196.1kKN < 


Vweb 
V 





= 0.981] < 


(C) AVERAGE SHEAR STRESS IN THE WEB (EQ. 5-50) 


Solution 5.10-5 Wide-flange beam 





W18x71 
—] | b = 7.635 in. 
h Rh f — 0.495 in. 
il h = 18.47 in. 
Ete h, = 16.85 in. 
V =21k 


MOMENT OF INERTIA (Eq. 5-47) 


1 
lc i5 h — bh} + thi) = 1162 in? 


(a) MAXIMUM SHEAR STRESS IN THE WEB (Eq. 5-48a) 


V 
Tmax = sr (bh) — bhi + tht) = 2634psi < 








EN 
ar 





Vb 
Tmin — Sit 


V 
Taver = um — 2518 psi ees 


Ims. 1046 < 


Taver 


(d) SHEAR FORCE IN THE WEB (EQ. 5-49) 


th, 
Vueb = (Tmax + Tmin) = 20.19 k 


V web 
yV 


= 0.96] < 


(h^ — hj) = 1993 psi < 


(b) MINIMUM SHEAR STRESS IN THE WEB (EQ. 5-48b) 


(C) AVERAGE SHEAR STRESS IN THE WEB (EQ. 5-50) 


«— 
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Problem 5.10-6 Dimensions of cross section: b = 120 mm, t = 7 mm, 
h = 350 mm, A, = 330 mm, and V = 60 kN 


(b) MINIMUM SHEAR STRESS IN THE WEB (Eq. 5-48) 
b — 120mm 














n = ar — hj) = 19.35 MPa  — 
t = 7 mm Tmin SIt I i a 
h = 350mm (c) AVERAGE SHEAR STRESS IN THE WEB (Eq. 5-50) 
= h, = 330 mm V 
T max 
—— = ], 
MOMENT OF INERTIA (Eq. 5-47) Tveit i < 
1 - 
res = (bh? — bh? " th?) — 90.34 x 10° mm" (d) SHEAR FORCE IN THE WEB (Eq. 5-49) 
thi 
(a) MAXIMUM SHEAR STRESS IN THE WEB (Eq. 5-48a) Vweb = 73 (2Tmax + Tmin) = 58.63 KN < 
a ae "O Vweb _ 
Tour (bh bh; + thy) = 28.40 MPa = 0.977 < 
Sit V 
«— 
E Problem 5.10-7 A cantilever beam AB of length L — 6.5 ft supports a q a 
trapezoidal distributed load of peak intensity g, and minimum intensity uy 
q/2, that includes the weight of the beam (see figure). The beam is a 
steel W 12 X 14 wide-flange shape (see Table E-1(a), Appendix E). B W I2 x 14 
Calculate the maximum permissible load q based upon A 
(a) an allowable bending stress Canow = 18 ksi and (b) an allowable — = 6.5 ft 
shear stress Tags, = 7.5 ksi. (Note: Obtain the moment of inertia 
and section modulus of the beam from Table E-1(a)) 
b —397in I= 88.6-in.* (i n ) 
t= 0.2 27^ 
DOS i Vmax = 2 Vmax 4 qL 
[5 0.225 In. M ius 14,2L 
S = 14.9 in? = 29 22 3 
h = 11.9 in. S sb 
Mmax — 12 qL 
h =h- ty 


hy = 11.45 in. 
L — 6.5 ft O allow — 18 ksi T allow ^ 7.5 ksi 





dh 
ar 
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(a) MAXIMUM LOAD BASED UPON BENDING STRESS 3 gL ) ) ) 
= —— (bh — bhi + thi) 
5 5 32It 
M 12 125 O low Tailor al 
g = — = — L————————— a 
S S : 5? 13 L( bh? — bh? + thi) 
q = 1270 lb/ft lb 
q = 3210 — 
(b) MAXIMUM LOAD UPON SHEAR STRESS ft 
V Shear stress governs = 1270 lb/ft e 
Duc On DA dp) i í 
Sit 
Problem 5.10-8 A bridge girder AB on a simple span of q 450 
length L — 14 m supports a distributed load of maximum q q a 
intensity g at midspan and minimum intensity g/2 at supports > 2 | | 
A and B that includes the weight of the girder (see figure). " r —- 32mm 
The girder is constructed of three plates welded to form the 
cross section shown. 
Determine the maximum permissible load q based upon ke L= 14 m ———34 16 mm—k— 
(a) an allowable bending stress Gayo, = 110 MPa and 1800 
(b) an allowable shear stress Tajjoy = 50 MPa. MS 
T 32 mm 
450 mm 
Solution 5.10-8 
L= 14m (a) MAXIMUM LOAD BASED UPON BENDING STRESS 
h = 1864 mm hi = 1800 mm Oallow — 110 MPa 
b = 450 mm f—32mm t= 16 mm 3 3 a qLL qLL 
1 ns 217»? 9354 246 
I= — (bh? — bhi + thi) 
12 5 I? 
— e4 
I = 3.194 x 101? mm^ 48 
5 
24 B r2 
= = 7 3 L 
s= 7 S = 3.427 X 10° mm Mm _ 48" 
S S 
a ds qL qL 3 
A B o) 42 g q q - Tallow 9 
max 5 "E 
48 
kN 


(max = 1847 — <- 
m 





EX 
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462 CHAPTER 5 Stresses in Beams (Basic Topics) 
(b) MAXIMUM LOAD BASED UPON SHEAR STRESS 3 gL ) j ) 
= — —(bh* — bhi + thi) 
Tallow ^ 50 MPa 641t 
3 q E 64 Tallow I m 
"max = RA = g dL ^ 8L (bh? — bh) + t, hj?) 
V = 247 kN/ — 
Tmax = “gre (bh? — bl + thi) nd m 
: .. Bending stress governs: Gmax = 184.7 kN/m < 
Problem 5.10-9 A simple beam with an overhang supports a uniform P = 3000 Ib 
load of intensity g = 1200 Ib/ft and a concentrated load P = 3000 Ib S ft P = 3000 Ib 
(see figure). The uniform load includes an allowance for the wight | q = 1200 lb/ft 


of the beam. The allowable stresses in bending and shear are 18 ksi 
and 11 ksi, respectively. 












Select from Table E-2 (a), Appendix E, the lightest I-beam (S shape) A A B C 
that will support the given loads. II 

(Hint: Select a beam based upon the bending stress and then . TET " Aft 
calculate the maximum shear stress. If the beam is overstressed in 


shear, select a heavier beam and repeat.) 








Solution 5.10-9 Beam with an overhand 
a Callow = 18 ksi T allow = 11 ksi L — 12ft Find moment at D (at Load P between A and B) 
Ib (8 ft)? 
q = 1200- P = 3000 Ib Mp =R,8 ft — q 5 


Mp = 1.28 x 10* lb-ft 


Sum moments about A & Solve for Rg , 
Mmax = (Mal. May, = 2.16 X 10* Ib-ft 


2 
(5 L) > + P(8 ft + 16 ft) Required section modulus: 
gees A o o a M 
2 12 ft js E $-—]44in? 
4 O allow 
Rg = 1.88 X 10° Ib l l 
Lightest beam is S 8 X 23 (from Table E-2(a)) 
Sum forces in vertical direction 12 6457152 Saam 
Ra =q 16 ft) + 2P — Rpg b=417in. t= 0.441 in. 


R4 = 6.4 X 10? Ib 
Va = Rg — (P + 94 ft) 
Vax = 1.1 X 10flb atB 
(4 fù? 
9 


t; = 0.425 in. h = 8in. 

h == 2y hy LI5qm. 

Check max. shear stress 
Tmax = ( bh? — bhî + thi) 

Mg = —2.16 X 10° Ib-ft 8 it 

3674 < 11,000 psi so ok for shear 


Tmax 


Select S 8 X 23 beam << 





dh 
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Problem 5.10-10 A hollow steel box beam has the rectangular 20 
cross section shown in the figure. Determine the maximum allowable mm 
shear force V that may act on the beam if the allowable shear 
stress in 36 Mpa. 
10 mm E 10 mm ul 
20 | 
jmm 
" mm 


Solution 5.10-10 Rectangular box beam 
Tallow ^ 36 MPa 


— 450 \/ 450 410 \/ 410 
200 —— N —— = 180) —— | — 
iol ev (C) - a( SC) 


tO 
| 














VQ = 1.280 x 10° mm? 
qoe 
It Tall It 
Vallow = 
u Tallow/t Q 
Vallow = — na 6 4 
Q .. (86 MPa)(484.9 x 10° mm*)(20 mm) 
1 1 7 6 cd 
cum I = = (200)(450)° — —(180)(410) A 
= XIZ kN <— 
= 484.9X10fmmź 
t = 2(10 mm) = 20 mm 
Problem 5.10-11 A hollow aluminum box beam has the square cross section 1.0 in. 
shown in the figure. Calculate the maximum and minimum shear stresses Tmax 
and Tmin in the webs of the beam due to a shear force V = 28 k. | 


1.0 in. 











as 
ar, 
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Solution 5.10-11 Square box beam 
2- (2 - GS) 
35 ea 2 d 
= lg? — bj) = 91.0 in? 
V = 28 k = 28,000 Ib g l Ma 
tj = 1.0 in. VO (28,000 1b)(91.0 in.?) 
tig ee ee doc A pst 
b = 12 in. It (894.67 in.^)(2.0 in.) 
b, = 10 in. =142ksi < 
MINIMUM SHEAR STRESS IN THE WEB (AT LEVEL A.A) 
VQ 
pes $= 24 =2.0 im = b 2) (3 
I —Ay-(bt)) <-~— ]=\|— }-t 
t DUX Zi 2 2 5 (b — t1) 
MOMENT OF INERTIA Duns b ; 
ie pe Den 
I = —(b* — bf) = 894.67 in^ 
12 
NC TT 2 10i 2 — 66.0 i 3 
MAXIMUM SHEAR STRESS IN THE WEB (AT NEUTRAL AXIS) g= g (12 in.) UD | =a 
EN b\ b V 28,000 1b)(66.0 in.? 
Q 4491 —45)5. 4 — (4) =. Ton = m p — 1033 psi 
It (894.67 in^)(2.0 in.) 
(ub =1.03ksi < 
Az = bi = 
p mE 
g -3(2)=2 : -3(2)-2 
nca ue c gc 
Problem 5.10-12 The T-beam shown in the figure has cross-sectional dimensions y 
as follows: b = 220 mm, t = 15 mm, A = 300 mm, and h; = 275 mm. The beam — 
is subjected to a shear force V = 60 kN. "EER 
Determine the maximum shear stress Tmax 1n the web of the beam. h |p 
4 C 
C 
LN 





—b— 
Probs 5.10.12 and 5.-10.13 


Solution 5.10-12 





h = 300 mm h, = 280 mm LOCATION OF NEUTRAL AXIS 
b = 210 mm t= 16mm bn = m) IE an - 2) 
ts=h-h — V -— 68kN o= 2 2 


b( h — hi) + th, 
c = 87.419 mm 
Cj =c cı = 87.419 mm 
GC =h-c c = 212.581 mm 


[;— 20 mm 





dh 
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SECTION 5.10 Shear Stresses in Beams with Flanges 465 
MOMENT OF INERTIA ABOUT THE Z-AXIS Inange = 2.531 X 10’ mm‘ 
1 1 = = 7 4 
ES NH dee des t)? I — yep + lange I = 7.818 X 10' mm 
3 FIRST MOMENT OF AREA ABOVE THE Z AXIS 
= 5. x 107 mm* É 
Lye, = 5.287 X 10° mm jus m 
1 ] ( y 2 
I = — bt? + btg ci — = V 
e ao v Jl 2 Tmax = = Tmax = 19.7 MPa < 
Problem 5.10-13 Calculate the maximum shear stress Tmax in the web 
of the T-beam shown in the figure if b = 10 in., t = 0.5 in., h = 7 in., 
h, = 6.2 in., and the shear force V = 5300 Ib. 
Solution 5.10-13 T-beam 
h = 7 in. h, = 6.2 in. MOMENT OF INERTIA ABOUT THE Z-AXIS 
b = 10in. f = 0.5 in. 1 l 
Iye = IE T 3 i C] 7 tj) 
jd [y = 0.8 in. 
V — 5300 Ib Iweb = 29.656 in? 
LOCATION OF NEUTRAL AXIS I 1 T WT ( 2 
= n CG = = 
{D h — hi hi flange 12 f f 1 9 
b ( h — hi) + th, h = = 
o= 2 2 Inange = 8.07 in.4 
b(h— h) + th, 
ee I = Iwe + Inange I= 37.726 in.* 


FIRST MOMENT OF AREA ABOVE THE Z AXIS 
C2 
CG =h—-c — c7 5.623 in. mi 


Vi 
Tmax ^ = Tmax ^ 2221 psi = 
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466 CHAPTER 5 Stresses in Beams (Basic Topics) 


Built-Up Beams 


Problem 5.11-1 A prefabricated wood I-beam serving as a floor joist 
has the cross section shown in the figure. The allowable load in shear 
for the glued joints between the web and the flanges is 65 Ib/in. in the 
longitudinal direction. 

Determine the maximum allowable shear force V,,,, for the beam. 





Z 
0.625 in. .. 





Solution 5.11-1 Wood l-beam 


All dimensions in inches. 
Find Vmax based upon shear in the glued joints. 


Allowable load in shear for the glued joints is 65 Ib/in. 


/. fallow = 65 Ib/in. 
VQ fallow I 
f = d Vinax = "S v 
" bh? (b — hy 
E ^ 12 


= (5) (9.5)? — ES (4.375)(8)° = 170.57 in.? 
12 ' 12^" n 


Q= Qflange E Ag d; 





= (5)(0.75)(4.375) = 16.406 in. 


u J: allowl 


V max Q 





.. (65 Ib/in.)(170.57 in.^) 


16.406 in.? ME 





CX 
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SECTION 5.11  Built-Up Beams 467 


Problem 5.11-2 A welded steel girder having the cross section shown in the figure y 

is fabricated of two 300 mm X 25 mm flange plates and a 800 mm X 16 mm 

web plate. The plates are joined by four fillet welds that run continuously for the EN ELO 

length of the girder. Each weld has an allowable load in shear of 920 kN/m. ——À,— 
Calculate the maximum allowable shear force Vmax for the girder. 


800 mm 











Solution 5.11-2 
h = 850 mm hy = 800 mm Orange = 3.094 x 10° mm 


= 300 mm t = 16mm kN 
f allow — 920 m y = 2 Fallow 














tp = 25 mm 
-bi b= thy” (2 welds, one either side of web) 
12 12 VQ fI 
= = V. = 
I = 3236 X 10? mm* [77] "SV dass 
RE: Vmax = 1.924 MN < 
T max 
Oflange = A df Qflange = 2i 2) ) 
Problem 5.11-3 A welded steel girder having the cross section shown in the figure 
is fabricated of two 20 in. X 1 in. flange plates and a 60 in. X 5/16 in. web plate. 1 in. 
The plates are joined by four longitudinal fillet welds that run continuously throughout : 
the length of the girder. 
If the girder is subjected to a shear force of 280 kips, what force F (per inch of 
length of weld) must be resisted by each weld? 
* 60 in. 
Es in. —>||x— 
16 -. 
eee ae 











as 
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Solution 5.11-3 
h = 62 in. h, = 60 in. h — tf 
5 Ü lange — "i 9 1 
b — 201n. t = — in. 
s Ontange = 610 in? 
te = lin. 
f VQ 
V = 280k = 2F = — 
p h (b= Dhi j I 
12 12 VOrange 3 . 
is d F= F = 1994 X 10° Ib.in. 
I = 4.284 X 10° in. 21 
Qflange = Ards F = 1994 Ib/in. E 


Problem 5.11-4 A box beam of wood is constructed of two 
260 mm X 50 mm boards and two 260 mm X 25 mm boards (see figure). 
The boards are nailed at a longitudinal spacing s — 100 mm. 

If each nail has a allowable shear force F = 1200 N, what is the 
maximum allowable shear force Vmax? 











Solution 5.11-4 Wood box beam 








All dimensions in millimeters. j= VQ z Jitowl 
b = 260 b; = 260 — 2(50) = 160 pomum D 
— — ] 
Ho ee I = —(bl? — bih?) = 411.125 X 10° mm* 
s = nail spacing = 100mm 12 
F = allowable shear force for one nail = 1200 N E — m 
f = shear flow between one Q = Change = ^e um eme 
flange and both webs = 926.25 X 10" mm 
2F  2(1200 N) _ fuos! _ (24 KN/ m)(411.25 x 10° mm?) 
Fallow = ur 100mm — aN d Q 926.25 x 10? mm? 
= [0.7 kN LE 








EX 
ar, 
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SECTION 5.11  Built-Up Beams 469 


Problem 5.11-5 A box beam is constructed of four wood 
boards as shown in the figure part (a). The webs are 8 in. X 1 in. 
and the flanges are 6 in. X 1 in. boards (actual dimensions), 
joined by screws for which the allowable load in shear is 

F — 250 Ib per screw. 


(a) Calculate the maximum permissible longitudinal 
spacing Smax of the screws if the shear 
force V is 1200 Ib. 

(b) Repeat (a) if the flanges are attached to the webs 
using a horizontal arrangement of screws as shown 
in the figure part (b). 








Solution 5.11-5 Wood box beam 


V = 1200 Ib F = 250 lb (b) Horizontal screws 
(a) Vertical screws h = 8 in. h; = Oin. 
h=10in. h = 8in. b —8in — f-—lin. 


b=6in. ¢= lin, _ bh (b 20h 


I = 233.333 in^ 





(b) (b- Wap 4 = = 
I=- 1 1-999331 Q, = (b — 2 )t3.5in) QO, = 21 in? 
2. Q, = b(45in)  Q,-27in? dee 
|» VQ 2F a 
OII S zu 
S m——— 
Smax — VO, Suma = 4.63 1n. «— 
Smax ^ 5.08 in. < 


Problem 5.11-6 Two wood box beams (beams A and B) 
have the same outside dimensions (200 mm X 360 mm) 

and the same thickness (t = 20 mm) throughout, as shown 
lin the figure on the next page. Both beams are formed by 
nailing, with each nail having an allowable shear load of 

250 N. The beams are designed for a shear force V = 3.2 KN. 





(a) What is the maximum longitudinal spacing S4 for the 
nails in beam A? 
(b) What is the maximum longitudinal spacing sg for the 


nails in beam B? Bie 
(c) Which beam is more efficient in resisting the shear force? 200 mm 200 mm 











dh 
ar. 
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Solution 5.11-6 Two wood box beams 
Cross-sectional dimensions are the same. (a) BEAM A 
All di j in millimeters. h-t 1 
imensions in millimeters Q = Ard; = (bt) = (200)(20){ t )a4o 
Ju 9 2 
b = 200 b, = 200 — 2(20) = 160 
= 3 3 
h = 360 h, = 360 — 2(20) = 320 = 680 X 10° mm 
t= 20 2FI _ (2)(250 N)(340.7 X 10° mm^) 
2 H 3 3 
F = allowable load per nail = 250 N VQ (3.2 KN)(680 x 10° mm) 
V — shear force — 3.2 kN = 78.3mm < 
1 
I = —(bh® — by hi) = 340.69 x 10° mm ee 
| 
s = longitudinal spacing of the nails Quo yo 2 ) 
f = shear flow between one flange and both webs 1 
= (160)(20)—(340) 
2F VQ. 2FI 2 
= — = —— Q. Smax = V— 
S I t VQ = 544 X 10? mn? 
, = DFE _ (250 NJ840.7 x 10° mm^) 
3 = = a a a 


VQ (3.2 kN)(544 X 10? mm?) 


— 97.9 mm «— 


(c) BEAM B IS MORE EFFICIENT because the shear flow on 
the contact surfaces is smaller and therefore fewer 
nails are needed. = 


Problem 5.11-7 A hollow wood beam with plywood webs has the 
cross-sectional dimensions shown in the figure. The plywood is attached 
to the flanges by means of small nails. Each nail has an allowable load 
in shear of 30 1b. 

Find the maximum allowable spacing s of the nails at cross sections 
where the shear force V is equal to (a) 200 Ib and (b) 300 Ib. 








EX 
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Solution 5.11-7 Wood beam with plywood webs 
All dimensions in inches. (a) V = 200 Ib 
b = 3.375 b = 3.0  2FI  2(301b)(75.344 in.^) 
h=8.0 hy 6.5 maX VQ (200 1b)(8.1563 in.) 
F = allowable shear force for one nail = 30 Ib — 2.TT in. m 
s = longitudinal spacing of the nails (b) V = 300 Ib 
f = shear flow between one flange and both webs By proportion, 
VO 2F 2FI 200 , 
f= TF = p e Smax = VO Smax = (2.77 in) 2 ) = 1.85 1n. —— 
1 
MET (bh? — bh?) = 75.3438 in. 
Q = Qrange = Ady = (3.0)(0.75)(3.625) = 8.1563 in.? 
Problem 5.11-8 A beam of T cross section is formed by nailing together two boards | y 
having the dimensions shown in the figure. 240 mm 
If the total shear force V acting on the cross section is 1500 N and each nail may | 


carry 760 N in shear, what is the maximum allowable nail spacing 5? 





Solution 5.11-8 
V — 1500N E ano = 760 N 
hı = 200 mm b = 240 mm 





1 1 
[= — ic5 T zu hi— c3) 
f— 60mm h = 260mm 3 
= = A ni? 1 p 
A — bt - ht A = 2.64 X 10° mm UM EET ae 
LOCATION OF NEUTRAL AXIS (Z AXIS) 12 2 
t h = | 
h(n +5) 4 thy I = 1.549 X 10° mm 
C= FIRST MOMENT OF AREA OF FLANGE 
A 
t 
c5 = 170.909 mm Q — bt ( el -i 
eq — h — e Q = 8.509 X 10? mm? 
c; = 89.091 mm MAXIMUM ALLOWABLE SPACING OF NAILS 
VO F 
dup 2e 
S 
Pn 
eias = ri Smax ^ 92.3 mm < 





AA 
ar 
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Problem 5.11-9 The T-beam shown in the figure is fabricated by welding 
together two steel plates. If the allowable load for each weld is 1.8 k/in. in the 
longitudinal direction, what is the maximum allowable shear force V? 











Solution 5.11-9  T-beam (welded) 


k MOMENT OF INERTIA ABOUT THE NEUTRAL AXIS 
F allow = Lo 
in. 1 2. : 
P= [they *zh(e — tr) 
h = 5.5 in. b = 4.5 in. 3 3 


= . ] : = š | š l [ í 
tj = 0.6 in ty = 0.5 in taob F Ze - 2) 
h = 61n. re i 
A = bt; + ht A = 555 in? I = 20.406 in." 


LOCATION OF NEUTRAL AXIS (Z AXIS) Pies MOMENT On AEPA Or RGANGE 





ep ny b sni cis 2 
I? 9 fi 1 9 19 O — bt» (o s 2) Q — 4.014 in.? 
uu MEME 
MAXIMUM ALLOWABLE SHEAR FORCE 
C2 = 2.034 in. C1 — h — C? VO 
we 
c, = 3.966 in. I 
2 Faol 
Vmax = ERA 


Vas = 18.30k < 


Problem 5.11-10 A steel beam is built up from a W 410 X 85 wide-flange beam Y asmax mm 
and two 180 mm X 9 mm cover plates (see figure). The allowable f cover plates 
load in shear on each bolt is 9.8 kN. 

What is the required bolt spacing s in the longitudinal direction if the shear 
force V = 110KN (Note: Obtain the dimensions and moment of inertia of the um 
W shape from Table E-1(b).) 


W 410 x 85 
O 





as 
ar. 
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Solution 5.11-10 
V=110kN Fow = 9.8 KN 
W 410 x 85 
A, = 10800 mm? A, = 417 mm 
L, = 310 X 10° mm^ 
A = (180) (9) 2) mm? for two plates 
h = h, + (9 mm) (2) 
A — A, + Ag A = 1.404 X 10* mm’ 


LOCATION OF NEUTRAL AXIS (Z AXIS) 


== = 217.5 
=> C mm 


Moment of inertia about the neutral axis 


180 mm (9 mm)? 
I= I, + — 7 (2) 


SECTION 5.11 Built-Up Beams 473 


9 mm V? 
F Aep Jr m 


I = 4.57 x 10 mm^ 


First moment of area of one flange 


9 mm 
Q — 180 mm (9 mm( (es m) 


Q = 3451 X 10? mn? 


Maximum allowable spacing of nails 





VO 2F 
f= 1 
$ 
2 Fjow 1 
Smax ^ E Smax ^ 236 mm = 


Problem 5.11-11 The three beams shown have approximately the same cross-sectional area. Beam 1 is a W 14 X 82 with 
flange plates; Beam 2 consists of a web plate with four angles; and Beam 3 is constructed of 2 C shapes with flange plates. 


(a) Which design has the largest moment capacity? 
(b) Which has the largest shear capacity? 

(c) Which is the most economical in bending? 

(d) Which is the most economical in shear? 


Assume allowable stress values are: 0, = 18 ksi and 7, = 11 ksi. The most economical beam is that having the largest capacity- 
to-weight ratio. Neglect fabrication costs in answering (c) and (d) above. (Note: Obtain the dimensions and properties of all rolled 


shapes from tables in Appendix E.) 








8 x 0.52 
Four angles 
sx6xL 
W 14 x 82 
x 0.52 
Beam 1 S 


Solution 5.11-11 Built-up steel beam 


Beam 1: properties and dimensions for W14 X 82 with 


flange plates 
Ag=Am-” A-1431. — 4,9 88lin" 
b, = § in. t = 0.52 in. 








dh 
ar. 


«4X 0.375 


C 15 x 50 


14 X 0.675 





4 X 0.375 


hi = I + 21i bfi = 10.1 in. 
tfi = 0.855in. tw; = 0.51 in. 
Ap Aw t 2bt; — Aj = 32.32 in. 
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bi +t h, t\? (^ x) (As E 
=], + ~ + =b tul >- >] + bff Z -H 
h = I 5 2 TERE 2 Qi = bin 2 9 fi tfi 7 5 
I = 1.338 x 10° inf (^ 5) 
"mo t 
Beam 2: properties and dimensions for L6 X 6 X 1/2 + tw] Ne UT Q, = 98.983 in? 
angles with web plate 2 
A, =5.77in? c,=1.67in. hh, = 6in. (2) 
I,=19.9in4 b= 14 in. h : 
a m a U) o= 2A (2-a) +0 5 
tə = 0.675 in. hy = bo 
E NIS 
Aj;—4A, + boty — Ap = 32.53 in? EXC oe 
b 2 (bi i i he ths 
In = dla + Aa( = eg) 4+ — Q3 nali 2) "Hy 7, 
2 
I, = 889.627 in^ (5 E i) 
2 
Beam 3: properties and dimensions for C15 X 50 with + 2tw3 ) Q4 = 79.826 in. 
flange plates 
A.=14.7in2  h,-15in  I,-404in/^ 2t MUT ae 
b,— Ain.  f4— 0375in. tg = h, + 25 Qı 
bf =3.72in. th = 0.65in. tws = 0.716 in. D _ 4 96a x 103 mm? 
A3 = 2A, + 2b3t3 A. = 32.4 in? Q2 
I, 2tw 
b3t3 (* a) 2773 = 1.14 X 104 mm? largest value 
Ih = 1.2 + 2+ b35(—+=]} 2 | : 
3 c 12 3515 5 3 
I, = 985.328 in. | | It,, 
3 i Case (3) with maximum o has the largest shear 
(a) Beam with largest moment capacity; largest section capacity «7 
modulus controls (c) MosT ECONOMICAL BEAM IN BENDING HAS LARGEST 
Mx = Callow S BENDING CAPACITY-TO-WEIGHT RATIO 
2l i $3 ; $5 : 
1 = — S, = 174.449 in. largest value — = 3.862in. < —=3.907in. < 
hy A3 A» 
2b "E $1 : 
$5 = — $5 = 127.09 in. — = 5.398 in. 
h A1 
213 4 Case (1) is the most economical in bending. <= 
$5 RT $4 — 125.121 in. 
hz (d) MOST ECONOMICAL BEAM IN SHEAR HAS LARGEST 
case (1) with maximum S has the largest moment SHEAR CAPACITY-TO-WEIGHT RATIO 
capacity <— I, twi bi 
= 0.213 < = 0.237 
(b) BEAM WITH LARGEST SHEAR CAPACITY: LARGEST /t,,/O Q1A, 7 Ad 
RATIO CONTROLS AT 
2 = 0.273 
_ Tallow I Ly Q3 A3 
V max — 9 — 
Case (3) 1s the most economical in shear. «— 
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Problem 5.11-12 Two W 310 X 74 steel wide-flange beams are bolted together to form 
a built-up beam as shown in the figure. What is the maximum permissible bolt spacing s 
if the shear force V — 80 kN and the allowable load in shear on each bolt is F — 13.5 kN 





(Note: Obtain the dimensions and properties of the W shapes from Table E-1(b).) W 310 x 74 
CTT} SER 
JL UD) 
W 310 X 74 
Solution 5.11-12 
V = 80 kN W 310 X 74 FIRST MOMENT OF AREA OF FLANGE 
h, = 310 mm I, = 163 x 10° mmf 2 


Location of neutral axis (7 axis) MAXIMUM ALLOWABLE SPACING OF NAILS 


c = hy c = 310 mm VO 2F 





MOMENT OF INERTIA ABOUT THE NEUTRAL AXIS 
2F I 
lio S d. ie S — 180mm «— 
{= i + Ay (à) E max VO max 


I = 7.786 X 105 mm^ 


Beams with Axial Loads 


When solving the problems for Section 5.12, assume that the bending 
moments are not affected by the presence of lateral deflections. 


Problem 5.12-1 While drilling a hole with a brace and bit, you exert 
a downward force P — 25 Ib on the handle of the brace (see figure). 
The diameter of the crank arm is d — 7/16 in. and its lateral offset 
is b — 4-7/8 in. 

Determine the maximum tensile and compressive stresses o, and 
C, respectively, in the crank. 











EN 
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Solution 5.12-1 Brace and bit 
P = 25 Ib (compression) MAXIMUM STRESSES 
P M = Pb = (251b)(4 7/8 in.) Q2 P,M. 25h  , 12191bin. 
| — 1219 Ibin. ‘ A S 0.1503 in.) — 0.008221 in? 
isses = — 166 psi + 14,828 psi = 14,660 psi < 
= P M 
bl ge = —— — — = —166 psi — 14,828 psi 
nd A S 
_ _ ND 
A= 4 — 0.1503 in. — = 14,990 psi <— 
3 


Td 23 
S = — = 0.008221 in. 
22 


Problem 5.12-2 An aluminum pole for a street light weights 4600 N 
and supports an arm that weights 660 N (see figure). The center of gravity 
of the arm is 1.2 m from the axis of the pole. A wind force of 300 N also acts 
in the ( —y) direction at 9 m above the base. The outside diameter of the 
pole (at its base) is 225 mm, and its thickness is 18 mm. 

Determine the maximum tensile and compressive stresses o, and o;., 
respectively, in the pole (at its base) due to the weights and the wind force. 





Solution 5.12-2 


W, = 4600 N p 1.2m M, = Wb + Pyh 
W> = 660 N h=9m M, = 3.492 X 1 N*m (Moment) 
P,—300N  dj—-225mm t= 18mm MAXIMUM STRESS 
P M,d 
d =d, — 2t w= (e a) 
A I 2 
A — 4 (di — dj) P= (ai = dj) o, = 5.77 X 10 kPa 
a j 7 = 5770 kPa £— 
A = 1.171 X 10° mm I = 6.317 X 10’ mm 
P M, di 
AT BASE OF POLE i ^A I2 
P, = Wi tW, o, = — 6.668 x 10° 
P, = 526 X10 N (Axial force ) — 6668 kPa  — 


Vs V3,— S00JV (Shear force) 
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Problem 5.12-3 A curved bar ABC having a circular axis (radius 
r = 12 in.) is loaded by forces P = 400 Ib (see figure). The cross 
section of the bar is rectangular with height A and thickness f. 

If the allowable tensile stress in the bar is 12,000 psi and the 
height h = 1.25 in., what is the minimum required thickness tmin? 





P M P | 3Pr2— V2) 








= — + — = — 
vt A S ht th? 
B , P r 
r = radius of curved bar = zi d 32 = v». 
t 
e = r — r cos 45° 
1 MINIMUM THICKNESS 
lid | 
v2 fmin = [ + 3(2 — v5 
AC atiow h 
Pr 
M = Pe = ~(2 — V2) 
2 SUBSTITUE NUMERICAL VALUES: 


P = 4001b o aus, = 12,000 psi 
r= |]2in. h= 125in. 
fa, = 0477in. < 


CROSS SECTION 


1 
h = height t= thickness A=ht S =~ th? 


Problem 5.12-4 A rigid frame ABC is formed by welding two 
steel pipes at B (see figure). Each pipe has cross-sectional area 
A = 11.31 x 10? mm’, moment of inertia Z = 46.37 x 10° mm‘, 
and outside diameter d = 200 mm. 
Find the maximum tensile and compressive stresses o, and o,, 
respectively, in the frame due to the load P = 8.0 kN if L = H = 1.4 m. 
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05Ch05.qxd 9/25/08 2:29 PM Page 478 E 
ER. 
478 CHAPTER 5 Stresses in Beams (Basic Topics) 
Solution 5.12-4 Rigid frame 
P 
AXIAL FORCE: N = R4 sin a = 2 sin c 
PL 
BENDING MOMENT: M = R4L = TE 
TENSILE STRESS 
1 N | Mc Psina | PLd 
Ra CS p PR sem + —— 


A I 2A Al 


Load P at midpoint B 
SUBSTITUTE NUMERICAL VALUES 


REACTIONS: R4 = Rc = = P=80kN L=H-= 1.4m Q= 45° 
sina = 1/V2 d = 200 mm 
















BAR AB: 
a A = 1131 X 10° mm? J = 46.37 X 10° mm* 
MARE (8.0 kKN)(1/V2) 
(T, LT ame 
i 2(11.31 X 103 mm?) 
sina = 
2 2 8.0 kN)(1.4 m)(200 mm 
Via ,, (80 KN)(L4 m) ) 
d= dimeer 4(46.37 X 10° mm^) 
c= dn = — 0.250 MPa + 12.08 MPa 
= 11.83 MPa (tension) = 
N Mc 
g, = —— — — = — 0.250 MPa — 12.08 MPa 
A I 
= — 12.33 MPa (compression) = 
Problem 5.12-5 A palm tree weighing 1000 Ib is inclined Os 
at an angle of 60° (see figure). The weight of the tree may be $2. p orm 
resolved into two resultant forces, a force P, = 900 Ib acting at p ss RN T 
a point 12 ft from the base and a force Pa = 100 lb acting at AU x wh C "i 
the top of the tree, which is 30 ft long. The diameter at the base A à 
of the tree is 14 in. " 30ft P, = 100 Ib 


Calculate the maximum tensile and compressive stresses 
0; and c,, respectively, at the base of the tree due to its weight. 


= 900 Ib 
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Solution 5.12-5 Palm tree 

M = PL; cos 60° + P5L5 cos 60° 
= [(900 Ib)(144 in.) + (100 1b)(360 in.)] cos 60? 
= 82,800 lb-in. 

N = (P4 + P5)sin 60° = (1000 Ib) sin 60° = 866 Ib 


FREE-BODY DIAGRAM MAXIMUM TENSILE STRESS 


P, = 900 Ib pee ee NA LL 
A S 153.94in.2 269.39 in? 
P, = 100 Ib . . | 
= — 5.6 psi + 307.4 psi = 302 psi < 
L, = 12 ft = 144 in. 


MAXIMUM COMPRESSIVE STRESS 


Hc it cest a= -jbp 30 Ari = Bop <= 


QQ 
| 


14 in. 


ad^ 9 
A= " = 153.94 1n. 





s = TË = 269.39 in? 
32 ^ .39 in. 
Problem 5.12-6 4A vertical pole of aluminum is fixed at the base and pulled 1.5 d; 
at the top by a cable having a tensile force T (see figure). The cable is attached le —>| 


at the outer edge of a stiffened cover plate on top of the pole and makes an mE 
angle a = 20° at the point of attachment. The pole has length L = 2.5 m and a 


hollow circular cross section with outer diameter d) = 280 mm and inner 
diameter d; = 220 mm. The circular cover plate has diameter 1.545. a NT 
Determine the allowable tensile force T,,,, in the cable if the allowable 
compressive stress in the aluminum pole is 90 MPa. L , 
I 











d5—» 

Solution 5.12-6 
Callow = 90 MPa dj = 220 mm Py = T cos (a) (Axial force) 
dy = 280 mm V = Tsin (a) (Shear force) 

də — dı 1.5 d» 
t= 5 a = 20° L=2.5m M = VL + Py (Moment). 

TT TT 
A => (d? — dj? I= — (df — dif 

4 (dy 1^) "7 2 1) 
A = 2.356 10*mm*  I- 1.867 X 105 mm* 








as 
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Allowable Tensile Force u O allow 
T dio 1 5 d 
a «PN Md»  Tcos(a) sine) L + cos o ( J 
C A I2 A cos (a) " 2 dy 
Tsin (a) L+T (52) ^ ‘ ^ 
RM NE S Tay = 108.6kKN < 


I 2 


Problem 5.12-7 Because of foundation settlement, 
a circular tower is leaning at an angle a to the vertical 
(see figure). The structural core of the tower is a circular 
cylinder of height h, outer diameter d», and inner diameter dj. 
For simplicity in the analysis, assume that the weight 
of the tower is uniformly distributed along the height. 
Obtain a formula for the maximum permissible angle 
a if there is to be no tensile stress in the tower. 





CROSS SECTION 


TT 
A= 7d - dj) 


I = “(ds - di) 
W = weight of tower 64 


a = angle of tilt dT 
= gË- did + di) 


1 dtd 
A 16 
dy 
LA^ 
2 


AT THE BASE OF THE TOWER 





h 
v! N=Wcosa M = w( 2 sin 
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cosa hd singa 


A AT 
MAXIMUM ANGLE @ 
dy + dj 
a = arctan —— — — 
Ahd> 


Problem 5.12-8 A steel bar of solid circular cross section and length 


L = 2.5 mis subjected to an axial tensile force T = 24 kN and a 


bending moment M — 3.5 kN m (see figure). 


(a) Based upon an allowable stress in tension of 110 MPa, determine 
the required diameter d of the bar; disregard the weight of 


the bar itself. 
(b) Repeat (a) including the weight of the bar. 






tan @ 


|. Al dy +d? 
hdbA  4hd» 





M 


o 


~ 


Solution 5.12-8 
M = 3.5 kN'°m T = 24 kN 


kN 
{p Y steel = 77 ud L-—2.5m 


Oallow — 110 MPa 





TT d TT 
A-—d =- J= dt 
4 ^ 2 64 
(a) DISREGARD WEIGHT OF BAR 


MAX. TENSILE STRESS AT TOP OF BEAM AT SUPPORT 


T Md T M d 








THE UR 12 75 T 442 
4 64 
4T 32 M 
O allow yz m. 





CX 





ar, 


SOLVE NUMERICALLY FOR d (SUBSTITUTE Oo ales) 


d — 70mm e 
(b) INCLUDE WEIGHT OF BAR 
A np 
Max Ec M + Ysteel 


AT TOP OF BEAM AT SUPPORT 


E u Mmax d 
Ot — Sallow — p 


A 


T 
4- 


2 


I 2 


SUBSTITUTE M,,4,,. FROM ABOVE, SOLVE FOR d NUMERICALLY 


d = 76.5 mm 


«— 
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Problem 5.12-9 A cylindrical brick chimney of height H weighs 
w = 825 lb/ft of height (see figure). The inner and outer diameters are 














d, = 3 ft and d, = 4 ft, respectively. The wind pressure against the p 
side of the chimney is p = 10 lb/ft? of projected area. 
Determine the maximum height H if there is to be no tension in 
the brickwork 
dı 
ONE 
Solution 5.12-9 Brick Chimney 
T T 
dy |e 1= z (Ë - di) = c4 (5 - dD (d$ - di) 
I 1 d 
4^ 15 (4 * dD po 
H w d 
| AT BASE OF CHIMNEY 
H 1 2) 
N= W= wH ME Eea 
-Qa- =a TENSILE STRESS (EQUAL TO ZERO) 
M N Md, M 21 
o= — —-c ——-—0 or — = — 
ph did 
p = wind pressure 2wH 8d» 
— intensi - w(d5 + di 
q — intensity of load — pd; Sone roni H= (d5 - 1) "T 
d, = outer diameter Apd5 
d, — inner diameter SUBSTITUTE NUMERICAL VALUES 
W = total weight of chimney = wH w = 825 lb/ft d, = 4 ft dj = 3 ft 
CROSS SECTION q = 101b/ft*  Hmax = 32.2 ft sc 


TT 
A= 7 É- d) 





as 
ar, 
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Problem 5.12-10 A flying buttress transmits a load P — 25 kN, acting 
at an angle of 60? to the horizontal, to the top of a vertical buttress AB 
(see figure). The vertical buttress has height h = 5.0 m and rectangular 
cross section of thickness t = 1.5 m and width b = 1.0 m (perpendicular 
to the plane of the figure). The stone used in the construction weighs 
y = 26 kN/m’. 

What is the required weight W of the pedestal and statue above the 
vertical buttress (that is, above section A) to avoid any tensile stresses 
in the vertical buttress? 





Flying 
buttress 


Solution 5.12-10 Flying buttress 


FREE-BODY DIAGRAM OF VERTICAL BUTTRESS CROSS SECTION 


A = bt = (1.0 m)\(1.5 m) = 1.5 m? 


Lan] 2 3 
S = 67 — a m)(1.5 m) = 0.375 m 


AT THE BASE 
N = W + We + P sin 60° 
= W + 195 kN + (25 kN) sin 60° 
W + 216.651 kN 
(Pcos 60?) h = (25 kN) (cos 60?) (5.0 m) 
= 62.5 kN*m 


X 
l 





TENSILE STRESS (EQUAL TO ZERO) 
P = 25 kN 


N M 
h = 50m oe ee 
Pe om |. W * 216651 kN | 625kN:m 
b — width of buttress perpendicular to the figure 1.5 m? 0.375 m? 
b — 1.0m or —W — 216.651 kN + 250 kN = 0 
y = 26 kN/n? W-2333kN < 
Wg = weight of vertical buttress 
= bthy 
= 195 kN 





CI 
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Problem 5.12-11 A plain concrete wall (i.e., a wall with no steel 
reinforcement) rests on a secure foundation and serves as a small 
dam on a creek (see figure). The height of the wall is h = 6.0 ft 
and the thickness of the wall is t = 1.0 ft. 


(a) Determine the maximum tensile and compressive stresses o, and 
C ., respectively, at the base of the wall when the water level reaches the 
top (d = A). Assume plain concrete has weight density ye = 145 Ib/ft^. 
(b) Determine the maximum permissible depth dmax of the water if 




















there is to be no tension in the concrete. * 
Solution 5.12-11 Concrete wall 
h — height of wall STRESSES AT THE BASE OF THE WALL 
t — thickness of wall C=) 
m | | W M d, 
b — width of wall (perpendicular to the figure) O; = = -- S Aa ee Eq. (1) 
t 
= width density of concrete 
Yc | y W M ay, 
y, = weight density of water Oc = ^A S = c 2 Eq.(2) 
d = depth of water 
W = weight of wall (a) STRESSES AT THE BASE WHEN d = h 
W = bhty, h = 6.0 ft = 72in. d — 72 in. 
F — resultant force for the water pressure t = ].Oft = 12 in. 


E 145 
MAXIMUM WATER PRESSURE = Yẹ d y, = 145 Ib/f? = v ibn? 


] 1 
F = —(d)(y,, d)(b) = =bd’y,, "» 
° : y, = 62.4 Ib/ft? = —— lb/in.^ 
1 1728 


d 
M = F| — | = bd’ 
(2) = inv, 





as 
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145 


Substitute numerical values into Eqs. (1) and (2): 
d? = (72 in.)(12 in)? — | = 24,092 in? 


o, = —6.042 psi + 93.600 psi = 87.6 psi < 
T. = — 6.042 psi — 93.600 psi = — 99.6 psi < dmax = 28.9in. < 


62.4 


(b) MAXIMUM DEPTH FOR NO TENSION 


Set g, = 0 in Eq. (1): 





Problem 5.12-12 A circular post, a rectangular post, and a post of cruciform 

cross section are each compressed by loads that produce a resultant force P acting 

at the edge of the cross section (see figure). The diameter of the circular post and the 
depths of the rectangular and cruciform posts are the same. 


(a) For what width b of the rectangular post will the maximum tensile 
stresses be the same in the circular and rectangular posts? 

(b) Repeat (a) for the post with cruciform cross section. 

(c) Under the conditions described in parts (a) and (b), which post has the 
largest compressive stress? 





Solution 5.12-12 





485 








(a) EQUAL MAXIMUM TENSILE STRESSES P M 
COMPRESSION 0, = —— — — 
CIRCULAR POST A S 
T > T 3 Pd —  4P ]oP XO 20P 
Hr d 55 M = P ad? ad? ad? 
Tension RECTANGULAR POST 
P M 4P 16P 12P bd Pd 
O,=-—~+7=- + = ——— A = bd em = — 
A S "d^  md^ md 6 2 
P M P 3P 2P 
TENSION g,— -—-~+7=- — 
A S bd bd bd 
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P M P 3P 4P Equate compressive stresses & solve for b 
COMPRESSION O= —— — 7 = ————uIl—— 
A S bd bd bd br. P X _ md _ 
Equate tensile stress expressions, solve for b md 3bd md b 3 
1l2P 2P 6 1 p= md — (c) THE LARGEST COMPRESSIVE STRESS 
2 
md bd md b 6 substitute expressions for b above & compare 
(b) CRUCIFORM CROSS SECTION compressive stresses 
"UR b d CIRCULAR POST 
E 22 20 P 
3 3 i ae 
DUC bidr r2 3 md 
aa a r e |S ee 
242. 2x2) 1221 32 RECTANGULAR POST 
Pd 16P 4P 24 P 
—ox(Rae) Ln md ~ md 
2| — bd — 
32 ( 6 ): 
P M CRUCIFORM POST 
TENSION o, = —— t — 
A S 20P 20 P 
O. = — — — — 
4P | 16P  12P C Td md’ 
3bd | 3bd | 3bd 3 
P M Rectangular post has the largest compressive 
COMPRESSION Up= =. stress — «— 


p un 


4P  16P | 20P 


3bd | 3bd  3bd 





Problem 5.12-13 Two cables, each carrying a tensile force 
P — 1200 Ib, are bolted to a block of steel (see figure). The 


b 
: P Vl P 
block has thickness t = 1 in. and width b = 3 in. — c= —— n 
[ 
(a) If the diameter d of the cable is 0.25 in., what are the maximum tensile y 


and compressive stresses o; and o}, respectively, in the block? 
(b) If the diameter of the cable is increased (without changing 
the force P), what happens to the maximum tensile and compressive stresses? 





P = 1200lb d= 0.25 in. b — width of block 


3.0 1n. 


t= 1.0in. e—— + — = 0.625 in. 


Wis 
NW |Q 
ll 
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CROSS SECTION OF BLOCK MAXIMUM COMPRESSIVE STRESS (AT BOTTOM OF BLOCK) 
1 
A=bt=30in2 [= —bP = 025in^ ye us gun 
12 2 Em 
P Pey 
(a) MAMIMUM TENSILE STRESS (AT TOP OF BLOCK) o. = — + — 
A I 
t l 
pou c _ 12001b | (1200 1b)(0.625 in.) — 0.5 in.) 
_P Pø 3 in.^ 0.25 in. 
"TA I = 400 psi — 1500 psi = — 1100 psi — — 
1200 lb (1200 1b)(0.625 in.)(0.5 in.) 
E m M e e (b) IF d Is INCREASED, increase the eccentricity e 
3 in. 0.25 in. 


increases and both stresses in magnitude. 
= 400 psi + 1500 psi = 1900 psi < 


Problem 5.12-14 A bar AB supports a load P acting at the centroid 
of the end cross section (see figure). In the middle region of the bar 
the cross-sectional area 1s reduced by removing one-half of the bar. 


(a) If the end cross sections of the bar are square with sides of 
length b, what are the maximum tensile and compressive stresses o; 
and oc; respectively, at cross section mn within the reduced region? 
(b) If the end cross sections are circular with diameter b, what 
are the maximum stresses o; and o}? 





Solution 5.12-14 Bar with reduced cross section 


(a) SQUARE BAR (b) CIRCULAR BAR 


Cross section mn is a rectangle. Cross section mn is a semicircle 


b p? 1 b p (=) qb? 
A-(D.j-— I-.00.] = — A = ~| —— ] = — = 0.3927 b° 
(2) 2 Ti (2) 96 2\ 4 8 A 
M = (2) ae b From Appendix D, Case 10: 
4 4 pM 
I= 0.1098( 2) = 0.006860 b* 
STRESSES 2 
P Mc 2P 6P 8P 2b 
o, =- + = SS Se lS M = P| — } = 0.2122 Pb 
! A I ÉD p p 3d 
P Mc 2P 6P AP 
i d s Ecc cere — 
A I b2 b? b? 





dh 
ar. 
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FOR TENSION P 
cO TO. C FO to es 
4 2b 
c, = = 2 = 0.2122 b 
Og Ja P Mc, 
o=- 
FOR COMPRESSION: A I 
b 2b B p (0.2122 Pb)(0.2878 b) 
dcc pic ee 0.3927 p? 0.006860 p^ 
P P F 
STRESSES = 2.546 — — 8.903 = = —6336— < 
p? p? p? 
P Me, P p (0.2122 Pb)(0.2122 b) 
O, = — ——— m — BEES dC MN MN 
' A I1 039775 0.006860 b^ 
Problem 5.12-15 A short column constructed P=25k y 
of a W 12 X 35 wide-flange shape is subjected to a resultant 
S oan oe . C 10 X 15.3 
compressive load P — 12 k having its line of action at the 
ndm 4 (Part c only) 
midpoint of one flange (see figure). Z 
(a) Determine the maximum tensile and compressive , m 
stresses c; and g}, respectively, in the column. C | 
(b) Locate the neutral axis under this loading condition. 2 
(c) Recompute maximum tensile and compressive stresses i 
if a C 10 X 15.3 is attached to one flange, as shown. | 
W12 x 35 | 
| 1 1 
2 
Solution 5.12-15 Column of wide-flange shape 
PROPERTIES OF EACH SHAPE: P Pe, l 
O. = ———— C, œ= —57llps < 
W 12 x 35 C 10 x 15.3 Ay dy 
A, = 10.3 in? A, =448 in 
(b) NEUTRAL AXIS (W SHAPE ALONE) 
h,, = 12.5 in. tye = 0.24 in. ; 
ty = 0.52 in. x, = 0.634 in. Y= 4 yo = -462im. <- 
W-W 
I 2851 I, = 2.27 in.^ (2-2 axis) 
(a) THE MAXIMUM TENSILE AND COMPRESSIVE STRESSES (c) CoMBINED COLUMN, W 12 X 35 with C 10 X 15.3 
LOCATION OF CENTROID FOR W 12 X 35 ALONE h=h.+t 
Ww Wc 
h - 
Cy = ey = 6.25 in, et 
A=A,+ A. A= 1478 in? 
hy d 
P=25k w= 375 éy = 5.99 in 
P. du 
(fy, e => at IE o, = 857 psi «— 
Ay ly 





dh 
ar. 
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LOCATION OF CENTROID OF COMBINED SHAPE fy 
h P=25k hye m e = 4.215 in. 
Ay (à) + A.(h — x) 
Es = 8.025 j E TE : 
— A C — 6. In. g, — “Kt 7° o,=453 psi < 
hy \* P Pe 
Ll=ly + A (e A) To= -777 tho) o, = —2951 pi < 
Tw Ac(h — x, — cY I , ; 
I = 394324 in^ yo = he yo = — 6.33 in. (from centroid) — 
Problem 5.12-16 A short column of wide-flange shape is Cover plate 
i . P=55KN Y 
subjected to a compressive load that produces a resultant force (120 mm X 10 mm) 
P — 55 kN acting at the midpoint of one flange (see figure). (Part c only) 
z 
(a) Determine the maximum tensile and compressive 
stresses g, and g}, respectively, in the column. P 
(b) Locate the neutral axis under this loading condition. EE 
(c) Recompute maximum tensile and compressive stresses 8 mm 
a. ifa 120mm X 10 mm cover plate is added to one flange z C zat 
as shown. 
12 mm = 
> | 
E 160 
mm 
Solution 5.12-16 
P = 55 kN d ff 
e—-—— e — 94mm 
(a) MAXIMUM TENSILE AND COMPRESSIVE STRESSES FOR W 2 2 
SHAPE ALONE P zd 
Or — SN ee o, = 3.27 MPa -— 
PROPERTIES AND DIMENSIONS FOR W SHAPE Ay we 
b = 160 mm d = 200 mm Pres o P fed n= wove: = 
tp = 12mm ty = 8mm Ay h2 
Ay = bd — (b — t) (d — 26) (b) NEUTRAL AXIS (W SHAPE ALONE) 
Ay = 5.248 X 10° mm? I 
Ww 
, BP 6-a- 219" = --762mm < 
"^ 12 12 


L, = 3.761 X 107 mm^ (c) COMBINED COLUMN-W SHAPE & COVER PLATE 


b, = 120 mm [y 10 mm 





dh 
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h— det, I = 4.839 x 10’ mm^ 

h — 210 mm [y 

3 5 C= HSC e = 74.459 mm 

A=A,+ byt, A= 6448 X 10° mm 2 

CENTROID OF COMPOSITE SECTION g,- — - dis E é g, = 1.587 MPa " 
d lp 

Aw t pla 2) P pe 

C= g,— ————— —(h—c) ao, = —203MPa < 
A Ay ly 


c = 119.541 mm NEUTRAL AXIS 


2 I 
I= ip +t A, (c = 3 yo = E yo ^ — 100.8 mm (from centrioid) 
e 
b, t t 2 
p'p p 
de uos ppl a+- e) 


Problem 5.12-17 A tension member constructed of an 
L4x4x 5 inch angle section (see Table E-4(a) in 
Appendix E) is subjected to a tensile load P = 12.5 kips 
that acts through the point where the midlines of the legs 
intersect [see figure part (a)]. 


s (a) Determine the maximum tensile stress o; in the 
angle section. 


(b) Recompute the maximum tensile stress if two angels 
are used and P is applied as shown in the figure part (b). (a) (b) 








Solution 5.12-17 Angle section in tension 


(a) ONE ANGLE: L 4 X 4 X 1/2 (b) Two ances: LA X 4 X 1/2 


As=S3 i? He. = 0.776 in. A = 2A, 

t = 0.5 in. t = 0.5 in 

c = 1.18 in. c = 1.18 in 

o (« 7 3 We ee eee | =552 ^ (2-2 axis) 

pe st e=(e-4) e = 0.93 in. 

c =cV2 ~~ ¢c, = 1.699 in. P= 12.5k 

LÀ uae 12220580" I-2l, I-1104in^ 

M=Pe M= 1644k-in. M=Pe  M = 11.625 k-n. 
MAXIMUM TENSILE STRESS OCCURS AT CORNER MAXIMUM TENSILE STRESS OCCURS AT THE LOWER EDGE 
g, = " + E o, = 15.48 ki < CO; = - a a o, = 2.91 ksi = 





as 
ar. 
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Problem 5.12-18 A short length of a 200 X 17.1 channel Two L 76 X 76 X 6.4 angles 
is subjected to an axial compressive force P that has its line y 
of action through the midpoint of the web of the channel C 200 17.1 
[(see figure(a)]. P l 

(a) Determine the equation of the neutral axis under this 7 








loading condition. 

(b) If the allowable stresses in tension and compression 
are 76 MPa and 52 MPa respectively, find the (a) (b) 
maximum permissible load P nax 

(c) Repeat (a) and (b) if two L 76 X 76 X 6.4 angles are 


added to the channel as shown in the figure part (b). 
See Table E-3(b) in Appendix E for channel properties and Table E-4(b) for angle properties. 


C 200 x 17.1 











V P = Oc 
tw=5.59mm LE — an 
Ac L 
"e [utes Pmax = 67.3 KN «— 
C 200 X 17.1 (c) COMBINED COLUMN WITH 2-ANGLES 
-&- A, = 2170 mm? d, = 203mm cı = 14.5 mm L76 X 76 X 64 
I. = 0.545 X 108 mm^ (z-axis) A, = 929 mm? 1]; 240519 x 10° mm“ 
cy = 21.2 mm 





Co = be — Cy Cp 429 mm 


ALLOWABLE STRESSES COMPOSITE SECTION 


o,= 76MPa o, = —52MPa A=A.+2A, A= 4.028 X 10° mm? 


ECCENTRICITY OF THE LOAD h= be + 76mm h = 133.4 mm 


CENTROID OF COMPOSITE SECTION 


t 
e=ġq- = e = 11.705 mm 
2 Ac (by — C1) T 2 Ar, (by + Cr) 





A 
(a) LOCATION OF THE NEUTRAL AXIS (CHANNEL ALONE) 
c = 59.367 mm 
= 
Vi aa yo = — 21.5 mm e I=, + Ac (bp — cy — cy 
C 
t 21, + 2AL(bf + cj — cy 
(b) FIND Prax I = 2.845 x 10° mm^ 
P i Pe P Or m 
O, = —— = E nueu — E— e a — — 
t A 18 1 " g =D; > e 4.762 mm 
i dica) ^ 
Ac k by = 57.4 mm 
P — 165.025 kN 
LOCATION OF THE NEUTRAL AXIS 
P Pe 
Qr, mE > > = SG I 
A I Y= -— Yo = 148.3 mm < 


Ae 





di 
ar, 
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— — Oo 
yo = 148.3 mm > h = 1334mm < p= c Poa 149.6kN <- 
Thus, this composite section has no tensile stress oł} actas 
P Pe 
O = ——t—c 
A I 


Stress Concentrations 


The problems for Section 5.13 are to be solved considering the 
stress-concentration factors. 


Problem 5.13-1 The beams shown in the figure are subjected 

to bending moments M = 2100 lb-in. Each beam has a rectangular 
cross section with height h = 1.5 in. and width b = 0.375 in. 
(perpendicular to the plane of the figure). 


(a) For the beam with a hole at midheight, determine the 
maximum stresses for hole diameters d = 0.25, 0.50, 0.75, 
and 1.00 in. 

(b) For the beam with two identical notches (inside height 
h, = 1.25 in.), determine the maximum stresses for notch radii 
R = 0.05, 0.10, 0.15, and 0.20 in. 





Probs. 5.13.1 through 5.13-4 (b) 


Solution 5.13-1 


M = 2100 lb-in. h = 1.5in. b = 0.375 in. (b) BEAM WITH NOTCHES 











h 1.5 in. 
(a) BEAM WITH A HOLE h, = 1.25 in. LL = = 
4-4 6Mh hj, X 1.25 in. 
h = 5 Eq.(5-57): o} = bie — d Eq. (5-58) 
6M 
_ 50,400 (1) Onom ^ bil = 21,500 psi 
3.375 — d? i 
d 12Md 
C>- Eq(5-560: og —7 ——- Ee K Tmax = KO nom 
h bh — d) R (in) hy (Fig. 5-50) Onax (si) 
ae END 005 0.04 3.0 65,000 
Boer 0.10 0.08 28 49,000 
0.15 0.12 24 45,000 
0.20 0.16 1.9 41,000 
d a, Eq. (1) OB Ü m ax 
d (in.) h (psi) Eq. (2) (psi) (psi) NOTE: The larger the notch radius, the smaller the stress. 
0.25 0.1667 15,000 — 15,000 
0.50 03333 15,500 — 15,500 
0.75 0.5000 17,100 17,100 17,100 
1.00 0.6667 — 28,300 28,300 


NOTE: The larger the hole, the larger the stress. 





dh 
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Problem 5.13-2 The beams shown in the figure are subjected to bending 
moments M = 250 N * m. Each beam has a rectangular cross section with height 
h = 44 mm and width b = 10 mm (perpendicular to the plane of the figure). 


(a) For the beam with a hole at midheight, determine the maximum stresses 
for hole diameters d — 10, 16, 22 and 28 mm. 

(b) For the beam with two identical notches (inside height ^, — 40 mm), 
determine the maximum stresses for notch radii R = 2, 4, 6, and 8 mm. 


Solution 5.13-2 














M-—250N:m h=44mm b= 10mm (b) BEAM WITH NOTCHES 
(a) BEAM WITH A HOLE MU A _ 44 mm = 
d 4 i hy 40mm 
h Eq. (5-58): cnom = —> = 93.8 MPa 
6Mh 66x10 ip m "uu 
= a 
" b? —d 85180— d 
d 1 R R K Omax = KO nom 
A > 3 Eq. (5-56): (mm) hı (Fig. 5-50) Omax (MPa) 
2 0.05 2.6 240 
12Md 300 x 10°d 
Ug = —; "im ; MPa (2) 4 0.10 2.1 200 
b(h' — d) 85,180 — d 6 0.15 1.8 170 
8 0.20 1.7 160 
oe NOTE: The larger the notch radius, the smaller the stress. 
d Oc Eq. (2) Omax 
d (mm) h Eq. (1) (MPa) (MPa) (MPa) 
10 0.227 78 — 78 
16 0.364 81 — 81 
22 0.500 89 89 89 
28 0.636 — 133 133 


NOTE: The larger the hole, the larger the stress. 


Problem 5.13-3 A rectangular beam with semicircular notches, as shown 
in part (b) of the figure, has dimensions h = 0.88 in. and A, = 0.80 in. The 
maximum allowable bending stress in the metal beam is Cmax = 60 ksi, and 
the bending moment is M = 600 lb-in. 

Determine the minimum permissible width b,,;, of the beam. 





EX 
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Solution 5.13-3 Beam with semicircular notches 


h=0.88in. — h, = 0.80 in. 6M 
O max c KO iom = K 





Tmax = 60 ksi M = 600 Ib-in. bh? 
1 6(600 Ib-in.) 
h=h, + 2R R — «(Rh — hı) = 0.04 in. 60 ksi = 2.57 eT 
2 b(0.80 in.) 
R 0.04 in. : 
_ - — 0.05 Solve for b: 
hi 0.80 in. bnin © 0.24 in. «— 


From Fig. 5-50: K ~ 2.57 


Problem 5.13-4 A rectangular beam with semicircular notches, 

as shown in part (b) of the figure, has dimension h = 120 mm and 

hj; = 100 mm. The maximum allowable bending stress in the plastic 

beam is Omax = 6 MPa, and the bending moment is M = 150 N* m. 
Determine the minimum permissible width bj, of the beam. 


Solution 5.13-4 Beam with semicircular notches 
h = 120mm hı = 100 mm i K( 2) 





Tmax = 6MPa M = 150N-m bh? 
1 : 
h=h,+2R R--(h-— h) = 10 mm 6 MPa = 229 E] 
2 b(100 mm? 
R 10mm _ 0.10 Solve for b: 
hj 100mm 


b, ~ 33 mm < 
From Fig.5-50: K ~ 2.20 


Problem 5.13-5 A rectangular beam with notches and a 

hole (see figure) has dimensions A = 5.5 in., A, = 5 in., and width 
b = 1.6 in. The beam is subjected to a bending moment 

M = 130 k-in., and the maximum allowable bending stress 

in the material (steel) is Omax = 42,000 psi. 


(a) What is the smallest radius Rmin that should be 
used in the notches? 

(b) What is the diameter dmax of the largest hole that should 
be drilled at the midheight of the beam? 








EX 
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Solution 5.13-5 Beam with notches and a hole 
h = 5.5in. hy =5in. b = l.61n. 
M = 130 k-in. Gmax = 42,000 psi 


(a) MINIMUM NOTCH RADIUS 


h 55in. 


h,  5in. 





= 1.1 


Oo =- = 9,500 psi 
nom bh? 


42,000 psi 
pe MUS su CUENTE: 
Onom 19,500 psi 








h 
From Fig. 5-50, with K = 2.15 and ^. = 1.1, we get 


1 


Le 0.090 
hy ) 


"Ras © 0.090h, = 0.45in. <- 


CIS 
LA 





CX 
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SECTION 5.13 Stress Concentrations 


(b) LARGEST HOLE DIAMETER 


d_ l 
Assume 5 a 5 and use Eq. (5-56). 


12Md 

oe = —12Md_ 
° ph — d» 

42,000 psi = 


12(130 k-in.)d 





(1.6 in.)[(5.5 in)? — d] E 


d? + 2321d — 1664 = 0 


Solve numerically: 


dmax = 4.13 in. 


«— 
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Stresses in Beams 
(Advanced Topics) 


Composite Beams 


When solving the problems for Section 6.2, assume that the 
component parts of the beams are securely bonded by 

adhesives or connected by fasteners. Also, be sure to use the y 
general theory for composite beams described in Sect. 6.2. 


























Problem 6.2-1 A composite beam consisting of fiberglass 0.10 in. 
faces and a core of particle board has the cross section — | l 
shown in the figure. The width of the beam is 2.0 in., the 5 - 0.50 in. 
thickness of the faces is 0.10 in., and the thickness of the = : - 0.10 in. 
core is 0.50 in. The beam is subjected to a bending moment [d 

of 250 Ib-in. acting about the z axis. . 2.0 1n. > 


Find the maximum bending stresses Oface and Ocore 
in the faces and the core, respectively, if their respective 
moduli of elasticity are 4 X 10° psi and 1.5 X 10° psi. 


Solution 6.2-1 Composite beam 

b = 2 in. h = 0.7 in. 

h, = 0.5 in. M = 250 lb-in. 
E,S4x10ps BH 15 x 10 psi 











b 
I = —(h — hè) = 0.03633 in.^ 

12 

bh; a" 
p — 0.02083 in. 

12 —m = MHAIDE, 
El, + Eh = 176,600 Ib-in? i ic 

M(h/2)E = +53lpsi <— 
From Eq. (6-64): Oface = MEI = 
El, + Ej 
= +1980psi < 
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Problem 6.2-2 A wood beam with cross-sectional dimensions y 
200 mm X 300 mm is reinforced on its sides by steel plates 12 mm Z 
thick (see figure). The moduli of elasticity for the steel and wood 15 mu 
are E, = 190 GPa and E,, = 11 GPa, respectively. Also, the corre- pi 
sponding allowable stresses are o; = 110 MPa and o,, = 7.5 MPa. c 
(a) Calculate the maximum permissible bending moment Z C B E 
M max When the beam is bent about the z axis. a = d 
N 
Ji 


(b) Repeat part a if the beam is now bent about its y axis. 

















Solution 6.2-2 
MAXIMUM MOMENT BASED UPON THE WOOD 
Eyle Tt Ed 
Mmax w = Oallow_w - n — 
(5) 
Max w = 69.1 kN*m 
: S MAXIMUM MOMENT BASED UPON THE STEEL 
Eada RJ 
M max _s = Odgllow s T » — 
Jr 
200 mm 2 
12mm. "12mm Mmax s = 58.7 KN -m 


M max = mn UM ne sn M max. s) 
(a) BENT ABOUT THE Z AXIS 
STEEL GOVERNS. Maga, = 58.7 KN: m = 
b = 200mm t = 12mm h = 300 mm 
(b) BENT ABOUT THE Y AXIS 





Ey = 11 GPa E, = 190 GPa 
b°h 
Calow w = 7.5 MPa Oallow_s = 110 MPa ly = 42 I, = 2.00 X 10° mm^ 
bh? 
I, =— L= 4.50 x 10° mm^ Ph b+t\? 
12 I, = 2|—— + th 
à 12 2 
2th T 4 7 4 
L=- I, = 5.40 x 10° mm I, = 8.10 X 10" mm 


— TN. m2 
El S Es. = 1.52 X 10’ N:m? Ey, T Eyd; 1.76 X 10 Nem 








di 
ar, 
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MAXIMUM MOMENT BASED UPON THE WOOD MAXIMUM MOMENT BASED UPON THE STEEL 
Eyly + El, M =o Ewly + Ej; 
M. max w — Oalow w|  7,\ | mem adds b 
b — + t]E, 
; JE 2 
M — 00.9 kN* <— 
Mmax w = 119.9kN+m mE " 
M max — min (M ia sio M nix.) 
STEEL GOVERNS. Maga, = 90.9 kN: m m= 
Problem 6.2-3 A hollow box beam is constructed with webs y 


of Douglas-fir plywood and flanges of pine, as shown in the 
figure in a cross-sectional view. The plywood is 1 in. thick 
and 12 in. wide; the flanges are 2 in. X 4 in. (nominal size). 
The modulus of elasticity for the plywood is 1,800,000 psi 
and for the pine is 1,400,000 psi. 


(a) If the allowable stresses are 2000 psi for the plywood 
and 1750 psi for the pine, find the allowable bending 
moment M max when the beam is bent about the z axis. 

(b) Repeat part a if the b.eam is now bent about its y axis. 


12 in. 








Solution 6.2-3 


(a) BENT ABOUT THE Z AXIS b j= hj) 
HL Le! - 
D= a b= 288 in" 
12 
| El, + El = 926 X 10° Ib: in? 
h 


I= 291i in" 


MAXIMUM MOMENT BASED UPON THE WOOD 


2 
-— Maas | = 093k:in. < 


M max 1] — COsllow 1 jj 
G)” 


| © BR 
a 


MAXIMUM MOMENT BASED UPON THE PLYWOOD 


B El + Exh 
b=3.5in. t-lin  h-12in Ay =9in. Mmax 2 = Fallow2]~ 7 N 
E, = 1.4 X 10° psi E> = 1.8 X 10° psi (5) 
Oalow 1 — 1750 psi Calw 2 — 2000 psi M max 2 = 172 k-* in. &— 





dh 
ar. 
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Mmax = min (Mgax 1; Mmax 2) MAXIMUM MOMENT BASED UPON THE PLYWOOD 
PLYWOOD GOVERNS. Maga, = 172 kein. < M = Eili + Exh 
max 2 — Oallow 2 7 
= dio 
(b) BENT ABOUT THE Y AXIS c : 
pBh Qa Mmax_2 = 90km. 
= —_—— = |] in. 
i 12 ; M max — mun (M sus Max 1) 
3 2 : 
Pes 17 " a(! : c) | b = 123 in PLYWOOD GOVERNS. Mmax = 96k: in. <= 


El, + Eb = 2.37 X 10° Ib. in? 


MAXIMUM MOMENT BASED UPON THE WOOD 


Eyl, + bhh 


Oallow_1 b 
5 
2 


Mmax 1 = 170 k : 1n. 


M max ] — 


Problem 6.2-4 A round steel tube of outside diameter d and an brass core of diameter 
2d/3 are bonded to form a composite beam, as shown in the figure. 

-Qa- Derive a formula for the allowable bending moment M that can be carried by the 
beam based upon an allowable stress ø, in the steel. (Assume that the moduli of 
elasticity for the steel and brass are E, and Ep, respectively.) 











Solution 6.2-4 


m (24V md’ 
Core (2): b-u ama ~ 324 














3 
EA T Ebh = El + Ebh 
ad^ 
= 65E, + 16E 
5184 Es p) 
El + Eyl 
Mallow = el aoe  — 
d 
(5 
2d \* 65 3 
Tube (1): 4 = la = (2 | so ad" T (s " 162) 
64 3 5184 allow 2592 E, 





dh 
ar. 
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Problem 6.2-5 A beam with a guided support and 10 ft span 
supports a distributed load of intensity g = 660 Ib/ft over its first 
half (see figure part a) and a moment Mọ = 300 ft-lb at joint B. 
The beam consists of a wood member (nominal dimensions 6 in. 
X 12 in., actual dimensions 5.5 in. X 11.5 in. in cross 

section, as shown in the figure part b) that is reinforced by 
0.25-in.-thick steel plates on top and bottom. The moduli 

of elasticity for the steel and wood are E, = 30 X 10° psi 

and E, = 1.5 X 10° psi, respectively. 





(a) Calculate the maximum bending stresses c; in the steel 

plates and o,,, in the wood member due to the applied loads. (a) 
(b) If the allowable bending stress in the steel plates is 

Oa, = 14,000 psi and that in the wood is Caw = 900 psi, 

find qmax. (Assume that the moment at B, Mo, remains 

at 300 ft-Ib.) 
(c) If q = 660 lb/ft and allowable stress values in (b) apply, what is Mo max at B? 





Solution 6.2-5 
q = 660 Ib/it Mo = 300 Ib: ft L = 10ft (b) MAXIMUM UNIFORM DISTRIBUTED LOAD 


MAXIMUM MOMENT BASED UP D 
(a) MAXIMUM BENDING STRESSES U OMEN SED UPON WOO 


L 3L Diwas — 900 psi 
Mmax = (=(=) + Mo hy 
Matlow. w D Ey 
Mmax = 25050 Ib - ft P _ 
l H B , allow_w E,, ij n E, b 
Wood (1): b = 5.5 in. h; = 11.5 in. 
E, = 15x 106 psi M iow w = 33857 lb-ft 
— bhi MAXIMUM MOMENT BASED UPON STEEL PLATE 


petu me 697.07 in.^ 
Oalow s — 14000 psi 
Plate (2): b — 5.5 in. t — 0.25 in. h 
h=12in. E, = 30 X 10? psi Ma (5. E, 
b 
De pU — hj) 1,-9493in^ 


Eyl + El = 3.894 X 10? Ib: in? 


From Oallow_s — E h iE E 
w S 


Matlow s = 25236 lb-ft 


hi MAXIMUM ALLOWABLE MOMENT 
M max ? Ew 
Cy EGUDS UM Oy, = 666 psi << Manow = min (Manow_s» Matiow_w) 
w*1 2 
h STEEL PLATES GOVERN 
M max A E, = 
2 Mallow = 25236 lb-ft ER 


— o aes = 13897 psi <— 
"ORG P 





EX 
ar, 
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MAXIMUM UNIFORM DISTRIBUTED LOAD (c) MAXIMUM APPLIED MOMENT 
L\/3L L\/f3L 

From  Manow = Ymax\ = |} — } + Mo From Mow = dV x ] — ] + M, max 
2/\4 2 X A = 

dmax = 665lb/ft — —— Mo max = 486 lb-ft — — 


Problem 6.2-6 A plastic-lined steel pipe has the cross-sectional shape shown in 
the figure. The steel pipe has outer diameter d = 100 mm and inner diameter d; = 
94 mm. The plastic liner has inner diameter d; = 82 mm. The modulus of elasticity 
of the steel is 75 times the modulus of the plastic. 

Determine the allowable bending moment Mow if the allowable stress in the 
steel is 35 MPa and in the plastic is 600 kPa. 





MAXIMUM MOMENT BASED UPON THE STEEL (1) 
From Eq. (6-6a): 
Eu + zd 
(d3/2)E, 
(EV E») + h 
= (Calw 
(d3/2)(EV E?) 


Mmax = (01 ato 








= 768N:m 





MAXIMUM MOMENT BASED UPON THE PLASTIC (2) 


1) Pipe: d, = 100 dy = 94 
GEDE di i ane From Eq. (6-6b): 
E, = E, = modulus of elasticity E A E A 
(D'i)anow = 35 MPa Mmax = (2)allow (d5/2)E» 
B (E/E)l] + b| _ 
(2) Liner: d; — 94 mm d, — 32mm = (O»Jatlow (d/2) = 
E, = E = modulus of elasticity GREL GOVERNŠ: Manow = 768 N*m PIN 


(G5)anow = 600 kPa 
Ei = 75E EVE» = 75 


L = PI — d$) = 1.076 x 1076m’ 


h = PIE — d+) = 1.613 x 10 5m* 





dA 
ar, 
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< 


Problem 6.2-7 The cross section of a sandwich beam consisting of aluminum 
alloy faces and a foam core is shown in the figure. The width b of the beam f 
is 8.0 in., the thickness t of the faces is 0.25 in., and the height A, of the core | 
is 5.5 in. (total height h = 6.0 in.). The moduli of elasticity are 10.5 X 10° psi for EN 
the aluminum faces and 12,000 psi for the foam core. A bending moment | 
M = 40 k-in. acts about the z axis. 

Determine the maximum stresses in the faces and the core using (a) the s h 
general theory for composite beams, and (b) the approximate theory for sand wich | 
beams. 





Probs. 6.2-7 and 6.2-8 E l 


3 


bh 
h = — = 110.92 in. 
12 


M = 40kin. El, + Eyl = 348.7 x 10° Ib-in.” 





(a) GENERAL THEORY (EQS. 6-6a AND b) 


M(h/2)E, 





= = = 3610 psi = 
O face 0] E, i " AA ps1 
M(h,/2)E> dud 
= = ———— = — 
O core 0» E, Ij ES E; b psi 
(1) ALUMINUM FACES: 
b=80in. t = 025 in. h = 6.0in. (b) APPROXIMATE THEORY (EQS. 6-8 AND 6-9) 
E, = 10.5 x 10° psi = E — l3) = 33.08 in^ 
b 
I, = —(D — h3) = 33.08 in^ Mh 
12 Oface = = = 3630 psi = 
2l 
(2) Foam core: Ocore ^ O < 


b = 8.0 in. h. = 5.5 in. E, = 12,000 psi 


Problem 6.2-8 The cross section of a sandwich beam consisting of fiberglass faces and a lightweight plastic core is shown in 
the figure. The width b of the beam is 50 mm, the thickness f of the faces is 4 mm, and the height A. of the core is 92 mm (total 
height h = 100 mm). The moduli of elasticity are 75 GPa for the fiberglass and 1.2 GPa for the plastic. A bending moment M = 


275 N * m acts about the z axis. 
Determine the maximum stresses in the faces and the core using (a) the general theory for composite beams, and (b) the 


approximate theory for sandwich beams. 





EX 
ar, 
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Solution 6.2-8 Sandwich beam 
(a) GENERAL THEORY (EQs. 6-6a AND b) 
M(h/2)E, 
Oface = 01 = ———— = 14.1 MPa <= 
El, + Esl 
M(h,/2)E 
Ocore = 02 = (Ref 2)En = 0.21 MPa «— 
El + Exh 
(b) APPROXIMATE THEORY (EQS. 6-8 AND 6-9) 
D 3 6 4 
== — he) = 0.9221 x I0 m 
(1) Fiber glass faces: 12 
b = 50mm t = 4 mm h = 100 mm Tien — 14.9 MPa a 
Ei — 75 GPa l 
b O core e 0 me 
ju ru — hÈ) = 0.9221 X 10 9 m* 
(2) Plastic core: 
b — 50mm h. = 92 mm E = 1.2 GPa 
bh; 
h = — = 3.245 x 10 $m 
12 
XU M-—-275N:m Ej, Ej = 73,050 N+ m 
Problem 6.2-9 A bimetallic beam used in a temperature-control switch y 1 
consists of strips of aluminum and copper bonded together as shown in the 16 in. 
figure, which is a cross-sectional view. The width of the beam is 1.0 in., and A d 
each strip has a thickness of 1/16 in. H— 
Under the action of a bending moment M — 12 Ib-in. acting about the z a a 


axis, what are the maximum stresses o, and o, in the aluminum and copper, 
respectively? (Assume E, = 10.5 X 10? psi and E, = 16.8 X 10° psi.) 





Solution 6.2-9 Bimetallic beam 


CROSS SECTION NEUTRAL AXIS (EQ. 6-3) 


[vas = yA, = (hı — t(/2)(bt) 
1 


= (hy — 1/32)(1)(1/16) in. 





a » J ydA = y3Ag = (hı — t — UD(bÀ 
(1) Aluminum £; = E, = 10.5 x 10? psi 
(2 Copper E> = E, = 16.8 X 10° psi 
M = 12 Ib-in. 


= (hy — 3/32)(1)(1/16) in. 
Eq. (6-3): E, f, ydA + E; f, ydA = 0 





dh 
ar. 
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(10.5 x 105), — 1/32)(1/16) MAXIMUM STRESSES (Eos. 6-6a AND b) 
6 _ m Mh E 
+ (16.8 X 10°)(h, — 3/32Y(1/16) = 0 0,790, L^ 2 4120 psi P" 
E, + E 
Solve for hı: h, = 0.06971 in. 
Mh>E> 
hy = 2(1/16 in.) — hy = 0.05529 in. CO. =O = 5230 psi — 


2 El + Eh 


MOMENTS OF INERTIA (FROM PARALLEL-AXIS THEOREM) 


3 


bt 2 "E" 
I = PI + bt(h, — t/2)* = 0.0001128 in. 

bt? 2 . 4 
h = 12 + bt(hy — t/2)* = 0.00005647 in. 


Eyl, + Eh = 2133 lb-in.? 


Problem 6.2-10 A simply supported composite beam 
3 m long carries a uniformly distributed load of intensity 
q = 3.0 kN/m (see figure). The beam is constructed of a wood 
member, 100 mm wide by 150 mm deep, reinforced on its q = 3.0 kN/m 
lower side by a steel plate 8 mm thick and 100 mm wide. 

Find the maximum bending stresses o, and g, in the wood 
and steel, respectively, due to the uniform load if the moduli of 
elasticity are E,, = 10 GPa for the wood and E, = 210 GPa for 


the steel. 
EP E 











Solution 6.2-10 Simply supported composite beam 
Beam: L = 3m q = 3.0 kN/m b = 100 mm h = 150mm t= 8mm 
I? . = = 
Moron = c — 3375 Nem (1) Wood: E, = E, = 10 GPa 
(2) Steel: E; = E, = 210 GPa 


CROSS SECTION 
NEUTRAL AXIS 


J ydA = yA, = (hy — h/2)(bh) 
1 
= (hy — 75)(100)(150) mm? 


f yas = yA = —(h + t/2 — hiy(bt) 
2 





= —(154 — A,(100)(18) mm? 
b Eq. (6-3): E, f ydA + E» [;ydA = 0 





EX 
ar, 
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(10 GPa)(h, EA 75)(100)(150)(10 ”) MAXIMUM STRESSES (Eas. 6-6a AND b) 
+ (210 GPa)(h, — 154)(100)(8)(10-°) = 0 pe a 
w 1 
El + Eh 
Solve for A,: h, = 116.74 mm 
= 5.1MPa (Compression) ee 
h, =h+t—h, = 41.26 mm 
Mh E> 
O; = 0 = ——— 
MOMENTS OF INERTIA (FROM PARALLEL-AXIS THEOREM) Eih + bh 
bh? = 37.6MPa (Tension) <— 
= bh(h, — hID}? = 54.26 x 10° mm* 
bt” 2 64 
h = 12 + bt(hy — t/2)" = 1.115 X 10° mm 
EM, + Ej; = 776,750 N- m? 
Problem 6.2-11 A simply supported wooden I-beam with a 12 ft span supports y 2 in. X 2 in. pine flange 
a distributed load of intensity g = 90 Ib/ft over its length (see figure part a). The P d 1 
beam is constructed with a web of Douglas-fir plywood and flanges of pine glued T wu | + 5 in. 
to the web as shown in the figure part b. The plywood is 3/8 in. thick; the flanges are C 
2 in. X 2 in. (actual size). The modulus of 
elasticity for the plywood is 1,600,000 psi q 8 in. : Bk in. plywood 
and for the pine is 1,200,000 psi. ^ 8 (Douglas fir) 
p (a) Calculate the maximum bending 2 in. | 
stresses in the pine flanges and in 2 in. 
the plywood web. 
(b) What is gmax 1f allowable stresses (b) 
are 1600 psi in the flanges and (a) 
1200 psi in the web? 
Solution 6.2-11 
q = 90 b/f L = 12ít ba? hta\2 (b — Alh — ay 
i =3 9 P pa( 25) , € — 05 — ay 
12 2 12 
(a) MAXIMUM BENDING STRESSES 
2 
p Anc i S8 
Max =—-—-  Mmax = 16201b- ft + (b — n» a(4 5 ) | 


8 


3 E » 
Plywood (1: t= : in. A, =7in. Ij = 65.95 in. = 


u Eptywooalt + Epinel2 = 96.287 X 10° Ibin 
E plywood = 1.6 xX 10 ps1 hy 
he m L = 10.72 inf Mes f 
Oplywood — 
a Bene Eplywood! 1+ Epine!2 


Pine (2): b = 2 in. hy = 2 in. a = —in. T plywood = 1131 psi < 


Eine = 1.2 X 10°psi 





di 
ar, 
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hy hy 
M max D +a Eine Mallow pine D +a E pine 
Opine = — From  G4now pine = ^L ————————— — 
pine Eplywood Z it E pine? Tre Eplywood Z p Eine T2 
Opine = 969 psi <= Matiow_pine = 2673 lb- ft 
MAXIMUM ALLOWABLE MOMENT 
(b) MAXIMUM UNIFORM DISTRIBUTED LOAD 
Maiow — min UM itioscdlvsaods M tee pine) 
MAXIMUM MOMENT BASED UPON PLYWOOD 
PLYWOOD GOVERNS. Manow = 1719 lb-ft — 
O'allow. plywood — 1200 ps! 
hy MAXIMUM UNIFORM DISTRIBUTED LOAD 
M allow_plywood (S Js q n 
max 
From c ll 1 qe From M iow — Ul 
Mii Eplywood I ins E pine h 8 
Matos. plywood = 1719 Ib ft qmax = 955]b/ft — — 
MAXIMUM MOMENT BASED UPON PINE 
O allow. pine zx: 1600 psi 
Problem 6.2-12 A simply supported composite beam with a 6 mm X 80 mm 
3.6 m span supports a triangularly distributed load of peak steel plate 
-Qa- intensity qo at midspan (see figure part a). The beam is constructed Sam ocORÜ ea 
of two wood joists, each 50 mm X 280 mm, fastened to two steel wood joist 280 mm 
plates, one of dimensions 6 mm X 80 mm and the lower plate of 


dimensions 6 mm X 120 mm (see figure part b). The modulus of 
elasticity for the wood is 11 GPa and for the steel is 210 GPa. 6 mm X 120 mm 
If the allowable stresses are 7 MPa for the wood and 120 MPa steel plate 
for the steel, find the allowable peak load intensity qo max when the 
beam is bent about the z axis. Neglect the weight of the beam. 





Solution 6.2-12 
L=3.6m Steel (2): t = 6 mm b, = 80mm 


b, = 120 mm E, = 210 GPa 
DETERMINE NEUTRAL AXIS 


b 
Woob (1): t, = 50mm h = 280 mm |» dA = y3A5 = (n —hi— app 
Ey = 11 GPa 


b 
_ h = (m = 2 Jab 
fri dA = y,A, = e - m) nh 





di 
ar, 
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MAXIMUM MOMENT BASED UPON WOOD 
From Ff » dn T E, | xs da = 0 
O allow. w = 7 MPa 
h b, Eom Matlow_w(h — hpE, 
=. l —— lae 0g 5S SS 
E ) hi Jr) + EA — h ) allow. w EI; + E, 
b M = 18.68kN:m 
(t5b1) — (n = 2 Jab | za dice 
b= 1064 MAXIMUM MOMENT BASED UPON STEEL 
Oalow s ~ 120 MPa 
MOMENT OF INERTIA r 7 Manow s(h — ADE, 
f h3 h 2 YOM Oabws 7  .. n, 
Wood (1): h4 = E T eu -— m ) | Eyl, + Eh 
12 2 Maiow s = 16.78kN* m 
I; = 183.30 X 10° mm* 
3 2 MAXIMUM ALLOWABLE MOMENT 
Steel O: p = 2A + pb (n h 2) 
E l i 12 zie i 2 Manow — Tom aov M aos) 
bb? b,\? STEEL GOVERNS. Mow = 16.78kN* m — 
Da hi = 
MAXIMUM UNIFORM DISTRIBUTED LOAD 
I, = 10.47 X 10° mmf 
donal 
E,I, + EJ = 422 X 10! N- mm? From Mallow = = 
Qomax = 15.53 kN/m < 
Transformed-Section Method 
When solving the problems for Section 6.3, assume that 
the component parts of the beams are securely bonded by 
adhesives or connected by fasteners. Also, be sure to use 
the transformed-section method in the solutions. lin x 11.0 in. 


Problem 6.3-1 A wood beam 8 in. wide and 12 in. deep steel plate 


(nominal dimensions) is reinforced on top and bottom by 


25 1 
0.25-in.-thick steel plates (see figure part a). 0.25 in 


(a) Find the allowable bending moment M,,,,, about the 
z axis if the allowable stress in the wood is 1,100 psi < 
and in the steel is 15,000 psi. (Assume that the ratio 
of the moduli of elasticity of steel and wood is 20.) 


Compare the moment capacity of the beam in part a with — 0.25 in 
7.5 in» 


(b 


x 


—— 11.5 in. —k— 


that shown in the figure part b which has two 4 in. X 12 in. 
joists (nominal dimensions) attached to a 1/4 in. X 11.0 in. 
steel plate. (a) (b) 








EX 
ar, 
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Solution 6.3-1 
(a) FIND Mmax M max — min(M l> M2) 
(1) Wood beam b = 7.5 in. hı = 11.5 in. STELL GOVERNS M aux = 422 k-in. «— 
O allow. w = 1100 psi 
(2) Steel plates b = 7.5 in. hy = 12 in. ©) SOMES OMEN Iee OES 
RESTI (1) Wood beam b — 3.51n. h, — 11.25 in. 
Callow s = 15000 psi (2) Steel plates hy = 11 in. t = 0.25 in. 
TRANSFORMED SECTION (WOOD) WIDTH OF STEEL PLATES 
n= 20 br=nt br=5in 
3 3 
WIDTH OF STEEL PLATES Lm 171 d 2m 1,519385 in.* 
by = nb by = 150in. 
3 3 = 2 
Ir = bhi j^ br s "NN ) | MAXIMUM MOMENT BASED UPON THE WOOD (1) 
12 12 2 oon A 
allow W 
M, = ——— M, = 271 k-in. 
Ir = 3540 in.^ l h l m 
2 
MAXIMUM MOMENT BASED UPON THE WOOD (1) 
Callow wlT MAXIMUM MOMENT BASED UPON THE STEEL (2) 
Mi—CU. M; = 6TTk-1n. I 
1 O'allow s^T 
E M, = ——— M^» = 189 k-in. 
EP 2 2 hon 2 In 
MAXIMUM MOMENT BASED UPON THE STEEL (2) 2 
" Callow s! T TE M max = min(Mi, M») 
2? An 27 "n STELL GOVERNS. Max = 189 k-in. — 
2 THE MOMENT CAPACITY OF THE BEAM IN (a) Is 2.3 


TIMES MORE THAN THE BEAM IN (b) 


Problem 6.3-2 A simple beam of span length 3.2 m carries a uniform load of intensity 
48 kN/m. The cross section of the beam is a hollow box with wood flanges and steel side 
plates, as shown in the figure. The wood flanges are 75 mm by 100 mm in cross section, 
and the steel plates are 300 mm deep. 

What is the required thickness f of the steel plates if the allowable stresses are 
120 MPa for the steel and 6.5 MPa for the wood? (Assume that the moduli of elasticity 
for the steel and wood are 210 GPa and 10 GPa, respectively, and disregard the weight 
of the beam.) 
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510 CHAPTER 6 Stresses in Beams (Advanced Topics) 


Solution 6.3-2 Box beam 
aL? Width of steel plates 


Mau cos = Oey ae — QE 


SIMPLE BEAM: L = 3.2 m q = 48 kN/m 
(1) Wood flanges: b = 100 mm h = 300 mm 


All dimensions in millimeters. 


1 1 
Ir = 1, (100 + 421.300)? — T (100)(150)? 





h, = 150 mm l 
(O1)atlow = 6.5 MPa = 196.9 x 109 mm^ + 94.5; x 109 mm^ 
E,, = 10 GPa 
l um B REQUIRED THICKNESS BASED UPON THE WOOD (1) 
(2) Steel plates: t = thickness A = 300 mm (EQ. 6-15) 
(05)unow = 120 MPa = M(h/2) i, = Mmax(h/2) 
E, = 210 GPa Ir "s (0 j)allow 


1.418 x 10? mm^ 


TRANSFORMED SECTION (WOOD) 


Equate /7 and (Ir); and solve for t : t; = 12.92 mm 


REQUIRED THICKNESS BASED UPON THE STEEL (2) (EQ. 6-17) 


M2 M su (i2 
i MNT e 





05 





| T Ir (02)allow 
300 | 
us = 1.612 x 10? mm^ 
Equate I; and (Ir) and solve for t : t = 14.97 mm 
STEEL GOVERNS. tmin = 15.0 mm — 
Problem 6.3-3 A simple beam that is 18 ft long supports a y C8 x 11.5 z 


uniform load of intensity q. The beam is constructed of two 
C 8 X 11.5 sections (channel sections or C shapes) on either side 
of a 4 X 8 (actual dimensions) wood beam (see the cross section e y 








shown in the figure part a). The modulus of elasticity of the steel s 
(E, = 30,000 ksi) is 20 times that of the wood (£,,). 
(a) If the allowable stresses in the steel and wood are 12,000 C 
psi and 900 psi, respectively, what is the allowable load C 8X 11.5! Wood beam Wood béam 


allow? (Note: Disregard the weight of the beam, and see 
Table E-3a of Appendix E for the dimensions and proper- (a) (b) 
ties of the C-shape beam.) 

(b) If the beam is rotated 90° to bend about its y axis (see figure part b), and uniform load q = 250 lb/ft is applied, find 
the maximum stresses o, and o,, in the steel and wood, respectively. Include the weight of the beam. (Assume weight 
densities of 35 Ib/ft^ and 490 Ib/ft? for the wood and steel, respectively.) 
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Solution 6.3-3 
Jom (b) BENT ABOUT THE Y AXIS (INCLUDING THE WEIGHT OF 
THE BEAM) q — 250 Ib/ft. 
(a) BENT ABOUT THE Z AXIS (1) Wood beam Py = 35 Ib/ft qy = bhp,, 
(1) Wood beam b = 4in. h= 8 in. dy = 7.778 Ib/ft. 
Oalow w — 900 psi (2) Steel Channels q, = 11.5 Ib/ft. 
(2) Steel Channel h = 8.0 in. L325 in A, = 3.37 in? b, = 2.26 in. 
],—-131in^ ¢ = 0.572 in. diotal = 9 + qw + 2ds diotal = 281 lb/ft. 
Cow s = 12000 psi L 
dum d Mas =E Mpa = 1A Kft 
TRANSFORMED SECTION (WOOD) 
TRANSFORMED SECTION (WOOD) 
n — 20 
bh? pe 1, +A +2) 
I=- y tn p= Min et CO RUM 
Ij = 987 in^ 
MAXIMUM MOMENT BASED UPON THE WOOD (1) 
MAXIMUM STRESS IN THE WOOD (1) 
Callow wZ/T 
M, = —— Mı = 331 kein. b 
h/2 M max 2 
-Qa- Ow max — EF CD Ow max — ZI psi bm 
MAXIMUM MOMENT BASED UPON THE STEEL (2) T 
Ü dog str . M 2) 
= 3 M; -—221lk-in. AXIMUM MOMENT BASED UPON THE STEEL (2) 
b 
Mqgax = min(M;y, M2) TE T s. 
STEEL GOVERNS. Mgax = 221 k* in Os max ~ I; 
ALLOWABLE LOAD ON a 18-FT-LONG SIMPLE BEAM Os max = 11782 psi 
HE 
From M, = rS datlow = 454Ib/ft. E 
Problem 6.3-4 The composite beam shown in the figure is simply y 


supported and carries a total uniform load of 50 kN/m on a span length 


of 4.0 m. The beam is built of a wood member having cross-sectional d 
dimensions 150 mm X 250 mm and two steel plates of cross-sectional 1 oo 
dimensions 50 mm X 150 mm. : 250 mm 
Determine the maximum stresses o, and g,, in the steel and wood, C | 
respectively, if the moduli of elasticity are E, = 209 GPa and 

E,, = 11 GPa. (Disregard the weight of the beam.) TN 
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Solution 6.3-4 Composite beam 
SIMPLE BEAM: L — 4.0m q = 50 kN/m MOR See 
gv? = nb = (19) (150 mm) = 2850 mm 

Mmax = $ =i All dimensions in millimeters. 
(1) Wood beam: b = 150 mm h, = 250 mm 1 ; 1 : 

Eb GPs Ir = 7 (2890)(350) = 79 (2890 — 150)(250) 
(2) Steel plates: b = 150mm t= 50 mm — 6.667 x 10? mm* 

hy = 350mm £E, = 209 GPa 

MAXIMUM STRESS IN THE WOOD (1) (Eo. 6-15) 
TRANSFORMED SECTION (WOOD M ax (13/2 
) mason at 10 MPa e 


Ir 


MAXIMUM STRESS IN THE STEEL (2) (Eo. 6-17) 








o, = oy = OH” — 199 MPa e 
T 
Wood beam is not changed. 
n= = 19 
Au E, 1 
Problem 6.3-5 The cross section of a beam made of thin strips of aluminum 
separated by a lightweight plastic is shown in the figure. The beam has width y 
b = 3.0 in., the aluminum strips have thickness t = 0.1 in., and the plastic segments 
have heights d = 1.2 in. and 3d = 3.6 in. The total height of the beam is h = 6.4 in. 
The moduli of elasticity for the aluminum and plastic are E, = 11 X 10° psi and : i jd 
E, = 440 X 10° psi, respectively. T (f 
Determine the maximum stresses o4 and g, in the aluminum and plastic, 
Z 3d |h=4t+ 5d 


respectively, due to a bending moment of 6.0 k-in. 


Probs. 6.3-5 and 6.3-6 k—»s 2 
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Solution 6.3-5 Plastic beam with aluminum strips 


(1) Plastic segments: b = 3.0 in. d = 1.2 in. seen a 
— : 1 
3d = 3.6 in. Plastic: /, = 2) 56.0112) + (3.0)(1.2)(2.50) 
E, = 440 X 10° psi 
(2) Aluminum strips: b = 3.0 in. t = 0.1 in. + Z60866 = 57.528in.* 
E, = 11 X 10° psi 
h = At + 5d = 64 in. ODIUM 
M = 6.0 k-in. 


js ?| 15054017 + (75)(0.1)(3.15)* 


TRANSFORMED SECTION (PLASTIC) 1 
+ 730750.1 + (75Y(0.1)(1.85)* 


= 200.2 in.^ 
I= +t b= 25773 in“ 


MAXIMUM STRESS IN THE PLASTIC (1) (EQ. 6-15) 


M(h/2 — t) , 
d, = gj = — — = 2p e 
Ir 


MAXIMUM STRESS IN THE ALUMINUM (2) (EQ. 6-17) 
. M(h/2)n 


Oqa = 025 E cu = 1860psi = 
T 








Width of aluminum strips 


= nb = (25)(3.0 in.) = 75 in. 


Problem 6.3-6 Consider the preceding problem if the beam has width b = 75 mm, the aluminum strips have thickness t = 3 mm, the 
plastic segments have heights d = 40 mm and 3d = 120 mm, and the total height of the beam is h = 212 mm. Also, the moduli of 
elasticity are Ej, = 75 GPa and E, = 3 GPa, respectively. 

Determine the maximum stresses o, and o; in the aluminum and plastic, respectively, due to a bending moment of 1.0 kN * m. 
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Solution 6.3-6 Plastic beam with aluminum strips 
(1) Plastic segments: b = 75 mm d esi All dimensions in millimeters. 
_ = l 
MEC ME Plastic: /, = 2| —(7540) + (154083) 
(2) Aluminum strips: b — 75 mm t = 3 mm 
1 
E, = 75 GPa + 75075020 
i eee = 52.934 x 10° mm* 
M= I.OkN:m 
ALUMINUM: 
TRANSFORMED SECTION (PLASTIC) 1 
I, =2 15(875)8)" + (1875)(3)(104.5)* 
1 
+ 15(1875)8)" + (1875)(3)(61.5)* 
= 165.420 x 10° mm^ 
z Ip = I + h = 218.35 X 10° mm^ 
5 
MAXIMUM STRESS IN THE PLASTIC (1) (Eo. 6-15) 
Lf M(h/2 — t) 
—1875—4 [3 0p — 0, = EN = 0.47 MPa — 
-Qa- Plastic segments are not changed. 
» MAXIMUM STRESS IN THE ALUMINUM (2) (EQ. 6-17) 
n=—=25 M(h/2)n 
E, Oa = 02. = = 12.14MPa «— 





Ir 
Width of aluminum strips 


= nb = (25)(75 mm) = 1875 mm 


Problem 6.3-7 A simple beam that is 18 ft long supports a uniform load of intensity q. The beam is constructed of two angle 
sections, each L 6 X 4 X 1/2, on either side of a 2 in. X 8 in. (actual dimensions) wood beam (see the cross section shown in 
the figure part a). The modulus of elasticity of the steel is 20 times that of the wood. 


(a) If the allowable stresses in the l Wood flange 
steel and wood are 12,000 psi i 
and 900 psi, respectively, what 
is the allowable load qanow? 
(Note: Disregard the weight of 
the beam, and see Table E-5a 
of Appendix E for the dimen- 
sions and properties of the 
angles.) 

(b) Repeat part a if a 1 in. X 10 in. 
wood flange (actual dimensions) 
is added (see figure part b). 
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Solution 6.3-7 
L — 18 ft (b) ADDITIONAL WOOD FLANGE b, — lin. 
(a) WOOD BEAM AND STEEL ANGLES hy = 10 in. 
(1) Wood beam 5b —2 in. h = 8 in. TRANSFORMED SECTION (WOOD) 
Tatlow_w = 900 psi NEUTRAL AXIS 
(2) Steel Channel I, = 17.3in^ d=1.98 in. 
ur From frat [mas =o 
A, = 4.75 in. h, = 6 in. 
Fallow s = 12000 psi (bh + 2nAs) (hy + be — hy y) 
— brhi hi b — — |] = 0 
TRANSFORMED SECTION (WOOD) f i l 2 ) 
n = 20 hy b = 3.015 in. 
NEUTRAL AXIS mp cies «Uc rS) 
(hy + by — hi bY] 
F dA + dA = 0 3 
rom fri IE bih, by 2 
h 12 El 2 
TE i m ) tea ae Na Ip b = 905 in^ 
hj, = 2.137 in. 
X. nie g 3 MAXIMUM MOMENT BASED UPON THE WOOD (1) 
Ilp—-|—c-bh|—--—h I 
d E: G ) | Lo eee eee: 
5 | h + be— hy 
+ 2n|[L + A (ħi — d] fp = 838 in. E 
MAXIMUM MOMENT BASED UPON THE STEEL (2) 
MAXIMUM MOMENT BASED UPON THE WOOD (1) 
I M Callow. s/T b M 1362 k* i 
Co = ———————— = 2 kin. 
M, = E M, = 128.6 k- in. ^5 (hs + bp- hy pn ^ 
— hi | 
M max — min (Mi, M3) 
MAXIMUM MOMENT BASED UPON THE STEEL (2) WOOD GOVERNS Monax = 136.0 k + in «— 
Falow s!T . 
2) = ———~ M^» = 130.1 k* in. ALLOWABLE LOAD ON A 18-FT-LONG SIMPLE BEAM 
(hs hi)n 
: q iwl 
Mns = min (Mı, M>) From M na = =- 
WOOD GOVERNS M max = 128.6 k * in. = 


allow = 280 lb/ft «— 
ALLOWABLE LOAD ON A 18-FT-LONG SIMPLE BEAM 


2 
From M nax = n 


dallow ^ 264 lb/ft. e— 
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Problem 6.3-8 The cross section of a composite beam made of aluminum y 
and steel is shown in the figure. The moduli of elasticity are E; = 75 GPa and 
E, — 200 GPa. Aluminum NN 
Under the action of a bending moment that produces a maximum stress 40 mm 
of 50 MPa in the aluminum, what is the maximum stress ø, in the steel? Steel EN 1 
: O | 80 mm 
30 mm 
Solution 6.3-8 Composite beam of aluminum and steel 
(1) Aluminum: b= 30mm h, = 40 mm All dimensions in millimeters. 
RaO oS MPR Use the base of the cross section as a reference line. 
(2) Steel: b —30mm hş = 80mm poii. COO) ORUM COD) 
27S (80)(80) + (30)(40) 


E, = 200 GPa o=? 
= 49.474 mm 


TRANSFORMED SECTION (ALUMINUM) hi = 120 — hs = 70.526 mm 
17 DUST OPNS 


MAXIMUM STRESS IN THE ALUMINUM (1) (Eo. 6-15) 


Mh, 
a= 





MAXIMUM STRESS IN THE STEEL (2) (EQ. 6-17) 





Mhn 
O; = 0 = E 
Aluminum part is not changed. c, hn (49.474)(2.667) _ "- 
"m — _ = — 2667 o, h 70.526 
P o, = 1.8707 (50MPa) = 93.5 MPa «— 
Width of steel part 


= nb = (2.667)(30 mm) = 80 mm 



































Problem 6.3-9 A beam is constructed of two angle sections, each PEOR dia y : 

L5 X 3 X 1/2, which reinforce a 2 X 8 (actual dimensions) wood plank 

(see the cross section shown in the figure). The modulus of elasticity for ~ 7 

the wood is E„ = 1.2 X 10° psi and for the steel is E, = 30 X 10° psi. z | 
Find the allowable bending moment Mow for the beam if the 5 in. 

allowable stress in the wood is o, = 1100 psi and in the steel is zum 

o, = 12,000 psi. (Note: Disregard the weight of the beam, and see Table d JU 

E-5a of Appendix E for the dimensions and properties of the angles.) Steel angles "d 
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Solution 6.3-9 
(1) Wood beam b —2in.  h-8in. b^h p 
' 6 : Ir = | — + bh hy = 2. 
Oalow w = 1100 psi — E, = 1.2:10? psi 12 2 
(2) Steel Angle L = 9.43inf . d-1.74in. + 2n[L + Ab + d — hy] 
= TE^ T 
A, — 3.75 in. h, = 5 in. In = 588 in.* 
Fallow s = 12000 psi E, = 30-10? psi 
MAXIMUM MOMENT BASED UPON THE WOOD (1) 
TRANSFORMED SECTION (WOOD) G I 
ye =- M, = 1834 k- in. 
n=— n=25 l 
W 
MAXIMUM MOMENT BASED UPON THE STEEL (2) 
NEUTRAL AXIS 
M Oallow_s!T M 21-113 
= = 8l.1k-in. 
From fy, dA + [ny dA - 0 (h, + b — han 
b Mmax = min (Mj, M. 
bal m = > — 2nAb + d — h) =0 max = min (My, Mp) 
STEEL GOVERNS Mgax = 81.1 k-in. = 
h, = 3.525 in. 
Problem 6.3-10 The cross section of a bimetallic strip is shown in the y 
figure. Assuming that the moduli of elasticity for metals A and B are 
E, = 168 GPa and Eg = 90 GPa, respectively, determine the smaller of 
the two section moduli for the beam. (Recall that section modulus is equal a 
to bending moment divided by maximum bending stress.) In which mate- A 3 mm 
rial does the maximum stress occur? É o Dc 
B i mm 








Solution 6.3-10 Bimetallic strip 


Metal A: b = 10 mm h, = 3mm TRANSFORMED SECTION (METAL B) 


Metal B does not change. 


E, = 168 GPa 
Metal B: b = 10 mm n MD NE 1.8667 
Ey 90 
hg— 3mm Eg = 90 GPa Width of metal A 
TRANSFORMED SECTION = nb = (1.8667)(10 mm) = 18.667 mm 


All dimensions in millimeters. 

Use the base of the cross section as a reference line. 
ZAy;jA;  (1.5)10)(13) + (4.5)(18.667)(3) 

— XA; (06) + (18.667)0) 

3.4535 mm 

hj = 6 — hy = 2.5465 mm 


hy 
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1 3 2 MAXIMUM STRESS IN MATERIAL A (EQ. 6-17) 
Ir —(10)) + (10)3)0» — 1.5) 
12 Mhin M Ir 
1 3 2 Ir OA hin 
+ — (18.667)(3)° + (18.667)(3)(h, — 1.5) 3 
12 = 50.6 mm 
= 240.31mm^ 
SMALLER SECTION MODULUS 
MAXIMUM STRESS IN MATERIAL B (EQ. 6-15) $4 = 50. Gon A 
S07 = me Sae M a = 69.6 mm? .. Maximum stress occurs in metal A. — —— 
Ir Op Mm 





Problem 6.3-11 A W 12 X 50 steel wide-flange beam and a segment of a 
4-inch thick concrete slab (see figure) jointly resist a positive bending 
moment of 95 k-ft. The beam and slab are joined by shear connectors that 
are welded to the steel beam. (These connectors resist the horizontal shear 
at the contact surface.) The moduli of elasticity of the steel and the concrete 
are in the ratio 12 to 1. 

Determine the maximum stresses o, and o, in the steel and concrete, 
respectively. (Note: See Table E-1a of Appendix E for the dimensions and 
properties of the steel beam.) 


— 30 in. 





Solution 6.3-11 Steel beam and concrete slab 


(1) Concrete: b = 30 in t=4in All dimensions in inches. 


(2) Wide-flange beam: W 12 X 50 
d=12.19in. 1-394 in^ 


Use the base of the cross section as a reference line. 


nl = 4728 in.^ nA = 176.4 in.” 


>A; 176.4 + (30)(4) 
TRANSFORMED SECTION (CONCRETE) = 9372in. 


hy, = 16.19 — hy = 6.818 in. 
Ir = = (30)(4)° + (30)(4)(A, — 2)°* + 4728 

+ (176.4)(hy — 12.19/2)* = 9568in.* 
MAXIMUM STRESS IN THE CONCRETE (1) (EQ. 6-15) 
Oc = 0] = p = 812 psi (Compression) em 


MAXIMUM STRESS IN THE STEEL (2) (Eo. 6-17) 


Mhn : ] 
CO, = 0 = BN = 13,400 psi (Tension) e 





Width of steel beam is increased by the factor n to 
transform to concrete. 
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Problem 6.3-12 A wood beam reinforced by an aluminum channel section is 
shown in the figure. The beam has a cross section of dimensions 150 mm by 
250 mm, and the channel has a uniform thickness of 6 mm. 

If the allowable stresses in the wood and aluminum are 8.0 MPa and 38 MPa, 
respectively, and if their moduli of elasticity are in the ratio 1 to 6, what is the 
maximum allowable bending moment for the beam? 


Solution 6.3-12 Wood beam and aluminum channel 


(1) Wood beam: b,, = 150 mm h,, = 250 mm 
(G.)anow = 8.0 MPa 
(2) Aluminum channel: t = 6 mm b, = 162 mm 
h, = 40 mm 


(CO) aliow = 38 MPa 


TRANSFORMED SECTION (WOOD) 






NS 
ad t 





ey 


| 
| 
ON 


n 


Width of aluminum channel is increased. 
nb = (6)(162 mm) = 972 mm 
nt = (6)(6 mm) = 36 mm 


All dimensions in millimeters. 
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SECTION 6.3 Transformed-Section Method 


k—150 mm— 





Use the base of the cross section as a reference line. 
_ ZyiAi 

DA; 
Area Àj: y = 3 


hy 


A, = (972)(6) = 5832 
yA, = 17,496 mm? 
Area Aj: y2 =23 Ay = (36)(34) = 1224 
yoAy = 28,152 mm? 
A3 = (150)(250) = 37,500 
y3A3 = 4,912,500mm° 
_ X141 + 2y2A2 + ysÁs _ 4,986,300 mm? 


Area Aa: ys = 131 


h = 
° A, + 2A) + A3 45,780 mm2 
= 108.92 mm 
h, = 256 — hy = 147.08 mm 


MOMENT OF INERTIA 

Area Ay: [i = 5 (972)(6 + (972)(6)(h — 3)? 
— 65,445,000 mm^ 

Area Àj: h = E (36)(34)° 


+ BOCA — 6 — 17? 
= 9,153,500 mm* 


919 
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MAXIMUM MOMENT BASED UPON ALUMINUM (2) (EQ. 6-17) 


Mhn T I 
_ 2 M> = ( a)allow I ITGXNCm 
Ir hn 


l 
Area A3: b = -5 (150)(250)° 


+ (150)(250)(h, — 125)? 
= 213,597,000 mmf WOOD GOVERNS. Mallow = 16.2 kN*m = 
Ir= 1 + 2b + b = 29735 x 108 mm* 
MAXIMUM MOMENT BASED UPON THE WOOD (1) (Eo. 6-15) 


Mh o I 
— 1 M, = ( allow T E 


16.2 kN* 
Ir i hy m 





Beams with Inclined Loads 


When solving the problems for Section 6.4, be sure to draw a sketch of y 
he cross section showing the orientation of the neutral axis and the 
locations of the points where the stresses are being found. 








Problem 6.4-1 A beam of rectangular cross section supports an 

inclined load P having its line of action along a diagonal of the cross z 
section (see figure). Show that the neutral axis lies along the other 

diagonal. 

















Solution 6.4-1 Location of neutral axis 


_ h? 
y 12 
L nw 
b b? 


See Figure 6-15b. 


p — angle between the z axis and the neutral axis nn 
0 — angle between the y axis and the load P 

0 = a + 180? 

tan 0 = tan (a + 180°) = tana 





Load P acts along a diagonal. (Eq. 6-23): nee Lh ena he ov 
b2 b I; p^ 
a E - (Sy) -* 
bh? p/Nh/ b 
Z 12 .'. The neutral axis lies along 


the other diagonal. QED = 
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Problem 6.4-2 A wood beam of rectangular cross section 

(see figure) is simply supported on a span of length L. 

The longitudinal axis of the beam is horizontal, and the cross 

section is tilted at an angle a. The load on the beam is a vertical 

uniform load of intensity q acting through the centroid C. 
Determine the orientation of the neutral axis and 

calculate the maximum tensile stress Omax 1f b = 80 mm, 

h = 140 mm, L = 1.75 m, a = 22.5?, and q = 7.5 kN/m. 


Probs. 6.4-2 and 6.4-3 








Solution 6.4-2 


L= 1.75 m q = 7.5 kN/m b — 80mm bh? : 
I, — — | L-18293 x 10° mm 
h — 140 mm a — 22.5 deg 12 
BENDING MOMENTS NEUTRAL AXIS nn 
qsin(a)L? L 
M = 3 M, = 1099 N:m pP = atan ; tanta) p = 51.8? < 
y 
qcos(a)L? 
M; = $8 M. = 2653N:m MAXIMUM TENSILE STRESS (AT POINT À) 








MOMENT OF INERTIA H Z 2 
h p? Omax — L I 
]-—-—  1-59173X 10° mm’ 
12 Cmax = 17.5 MPa g 


Problem 6.4-3 Solve the preceding problem for the following data: b = 6 in., h = 10 in., L = 12.0 ft, tan œ = 1/3, and 
q = 325 lb/ft. 


Solution 6.4-3 


L= 12ft q= 325 1b/ft b = 6in. qcos(o)L? 
i M, = ES M M. = 66598 Ib-in. 

h = 10 in. a= atan( +) 
MOMENT OF INERTIA 

BENDING MOMENTS hb in 4 
= I, 180mm. 

qsin(a)L? 
=? M, = 22199 lb-in. bh? 
8 = — = in.” 

p 12 I = 500 in. 
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NEUTRAL AXIS nn MAXIMUM TENSILE STRESS (AT POINT A) 
I, b —h 

B = atan{ tana) ) B-428 — — m(>) MÁ- 
y a... = = 

max L L 


Omax — 1036 psi = 


Problem 6.4-4 A simply supported wide-flange beam of span length L carries 

a vertical concentrated load P acting through the centroid C at the midpoint of the 
span (see figure). The beam is attached to supports inclined at an angle o to the 
horizontal. 

Determine the orientation of the neutral axis and calculate the maximum 
stresses at the outside corners of the cross section (points A, B, D, and E) due to 
the load P. Data for the beam are as follows: W 250 X 44.8 section, L = 3.5 m, 
P = 18 kN, and oa = 26.577. (Note: See Table E-1b of Appendix E for the 
dimensions and properties of the beam.) 





Probs. 6.4-4 and 6.4-5 


Solution 6.4-4 
L=3.5m P= 18 kN a = 26.57 deg 


Wide-flange beam: W 250 X 44.8 m My u My 
x‘ 
K=p X 10° mm^ I, = 70.8 X 10° mm* b E 
b =d 
d = 267 mm b = 148 mm PoINT A: 4 7. uS OA = OX(zA, YA) 
BENDING MOMENTS G4 = 102 MPa = 
Psin(a)L b = 
npe M, = 7045 N*m Point B: zg = —- yB = —— 
4 2 2 
Boost Op = OX(Zp. YR) Gg = —48 MPa — 
D 4 M. = 14087 N -m Point D: op = -og Op = 48MPa «— 
PoINT E: Of —oc4 og = — 102 MPa = 


NEUTRAL AXIS NN 


I 
B= atan( anta) ) B789 <— 


y 





as 
ar, 
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SECTION 6.4 Beams with Inclined Loads 523 


Problem 6.4-5 Solve the preceding problem using the following data: W 8 X 21 section, L = 84 in., P = 4.5 k, 
and œ = 22.5*. 


Solution 6.4-5 


L-84i.  P-45k  a-2225 RE ess 





Myz M-y 
WIDE-FLANGE BEAM: Ox, y) = L I 
y Zz 
W8X21] L=9.77in* 1 -—753in^ ; p 
d = 8.28 in. b = 5.270 in. PoINT A: z4 = 5 YA = EN 
BENDING MOMENTS OA = OZA, YA) 
Psin(o)L O4 = 14554 psi «— 
E M, = 36164 lb-in. 
4 b =y 
POINT B: zę} = —— yg ^ —- 
Pcos(a)L . 2 2 
M, an — M, — 87307 Ib-in. 
A Op = Ox(Zp, YB) 
Op = — 4953 psi = 
NEUTRAL AXIS nn 
; PoiNTD: op = —og gp — 4953 psi «— 
B = atan( tanta) ) p = 72.6? — POINTE: Of, = —O4 Op = — 14554 psi — 


y 





Problem 6.4-6 A wood cantilever beam of rectangular cross section and length 
L supports an inclined load P at its free end (see figure). 

Determine the orientation of the neutral axis and calculate the maximum 
tensile stress Omax due to the load P, Data for the beam are as follows: 
b = 80 mm, h = 140 mm, L = 2.0 m, P = 575 N, and a = 30°. 














Probs. 6.4-6 and 6.4-7 


Solution 6.4-6 
L-20m  P-5755N  b-80mm ENT Oe 
3 
a E ui a — I, = 5.973 X 106 mm^ 
BENDING MOMENTS bl? 
, = —  1L-18293 x10? mmf 
M, = Pcos(a)L M, = 996N:m 12 


M. = —Psin(a)L M, = —575N:m 





as 
ar. 
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524 CHAPTER 6 Stresses in Beams (Advanced Topics) 
NEUTRAL AXIS nn MAXIMUM TENSILE STRESS (AT POINT A) 
l; b h 
p = atan 7 ano + 90°) My 2 M; 2 
á Omax — I n I 
B = —79,3° = y a 


Omax — 8.87 MPa = 


Problem 6.4-7 Solve the preceding problem for a cantilever beam with data as follows: b = 4 in., h = 9 in., L = 10.0 ft, 
P = 325 lb, and a = 45°. 


Solution 6.4-7 


L-100ft P=325lb b=4in. DE e a an 


_Q; _ ARO I 
His deed B = atan( anta - 20°) 
y 
BENDING MOMENTS B = —78.8deg = 


M, = Pcos(a)L M= 21371 b= in: 


M, = —Psin(o)L M, = —21571 lb in. MAXIMUM TENSILE STRESS (AT POINT A) 








MOMENT OF INERTIA H ^2 ^2 
-Qa- po Omax — E m L 
]——— L= 48.000 in^ | 
12 Cmax = 1660 psi e 
bl? - 
[. = 12 L = 243.000 1n. 


Problem 6.4-8 A steel beam of I-section (see figure) is simply supported at 
the ends. Two equal and oppositely directed bending moments Mo act at the 
ends of the beam, so that the beam is in pure bending. The moments act in 
plane mm, which is oriented at an angle o to the xy plane. 

Determine the orientation of the neutral axis and calculate the max- 
imum tensile stress Omax due to the moments Mj. Data for the beam are as 
follows: S 200 X 27.4 section, Mo = 4 kN ° m., and a = 24°. (Note: See 
Table E-2b of Appendix E for the dimensions and properties of the beam.) 











dA 
ar, 
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SECTION 6.4 Beams with Inclined Loads 525 
Solution 6.4-8 
VP cd Nem a= D NEUTRAL AXIS nn 
— 6 4 ! 
S200x274  1,— 1.54 X 10° mm g= atan( ani) B--88 e 


I, = 23.9 Xx100mm^ d=203mm b= 102 mm y 


MAXIMUM TENSILE STRESS (AT POINT A) 
BENDING MOMENTS 


M, = —Mosin(a) M, = —1627 N:m u(- 2) n|- 2) 
M. = Mocos(a) M, = 3654N:m Cmax = ————— — 


Omax = 09.4 MPa e 


Problem 6.4-9 A cantilever beam of wide-flange cross section and length 
L supports an inclined load P at its free end (see figure). 

Determine the orientation of the neutral axis and calculate the maximum 
tensile stress Omax due to the load P. 

Data for the beam are as follows: W 10 X 45 section, L = 8.0 ft, P = 1.5 k, 
and a = 55°. (Note: See Table E-1a of Appendix E for the dimensions and proper- 
ties of the beam.) 





Probs. 6.4-9 and 6.4-10 


Solution 6.4-9 Cantilever beam with inclined load 
BENDING MOMENTS 


M, = (P cos a)L = 82,595 Ib-in. 
M. = (P sin a)L = 117,960 Ib-in. 


NEUTRAL AXIS nn (Eo. 6-23) 
0 = 90° — a= 35° (see Fig. 6-15) 
tan B = LM 0 — e un 35? — 3.2519 
I, 53.4 
p = 72.91? ec 





P = 1.5 k = 1500 Ib 
L = 8.0 ft = 96 in. 


MAXIMUM TENSILE STRESS (POINT A) (EQ. 6-18) 


z4 = b/2 = 4.01 in. 





a = 55° 
W 10 X 45 34 = Hd = 5.0510. 
B in." = in. Myz, — M,y 
I, = 53.4 in. I, = 248 in. Cmax = 74 = f _ E — 8600 psi " 
d — 10.10 in. b — 8.02 in. x z 








dA 
ar, 
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526 CHAPTER 6 Stresses in Beams (Advanced Topics) 


Problem 6.4-10 Solve the preceding problem using the following data: W 310 X 129 section, L — 1.8 m, P — 9.5 kN, and 
a = 60°. (Note: See Table E-1b of Appendix E for the dimensions and properties of the beam.) 


Solution 6.4-10 


P=95kN fede Gee MAXIMUM TENSILE STRESS (AT POINT A) 


W 310X129  1,— 100 x 10? mm* M 


1.—308x10?mm^ d=318mm b=307mm 





BENDING MOMENTS Omax ^ 20.8 MPa — 
M, = Pcos(a)L M, = 8550N:m 
M. = Psin(a)L M. = 14809 N: m 


NEUTRAL AXIS An 


I 
B = atan( Canto - a ) B = 60.6° 


y 
B-606 < 


Problem 6.4-11 A cantilever beam of W 12 X 14 section and y 
length L — 9 ft supports a slightly inclined load P — 500 Ib at the 
free end (see figure). A 


(a) Plot a graph of the stress g; at point A as a function of the 
angle of inclination a. 
(b) Plot a graph of the angle B, which locates the neutral axis 
nn, as a function of the angle a. (When plotting the 
graphs, let œ vary from 0 to 10°.) (Note: See Table E-1a of z 
Appendix £ for the dimensions and properties of the 
beam.) 








CX 
ar, 











06Ch06.qxd 9/24/08 5:54 AM Page 527 


Solution 6.4-11 





P = 500 lb 
I, = 2.36 in^ 
d = 11.91 in. 


L = 9 ft = 108 in. 
I, = 88.6 in.^ 
b = 3.970 in. 


BENDING MOMENTS 
M, = —(P sin a)L = —54,000 sin a 
M. = —(P cos a)L = —54,000 cos a 


(a) STRESS AT POINT A (EQ. 6-18) 
zą = —b/2 = —1.985in. 
ya = d/2 = 5.955 in. 


Myza — Mya 
o, = —— — = = 45,420sina 
y "4 


+ 3629 cosa (psi) ec 





W 12 X 14 


CIS 
LA 





Cantilever beam with inclined load 


SECTION 6.4 Beams with Inclined Loads 


(b) NEUTRAL Axis nn (Eo. 6-23) 


0 = 180° +a (see Fig. 6-15) 
L L 

tan = — tan = — tan(180° + a) 
L, L, 


88.6 
= —— tan(180° + a) = 37.54 tana 
2.36 


B = arctan(37.54 tana) — 


Ti (psi) 
15,000 


5,000 








Problem 6.4-12 A cantilever beam built up from two channel shapes, each » 
C 200 X 17.1, and of length L supports an inclined load P at its free end 


(see figure). 


Determine the orientation of the neutral axis and calculate the maximum 
tensile stress Omax due to the load P. Data for the beam are as follows: 


L — 4.5 m, P = 500 N, and a = 30°. 


C 200 X 17.1 


927 


dh 


ar. 




















O6Ch06.qxd 9/24/08 5:54 AM Page 528 E 
IE. 
528 CHAPTER 6 Stresses in Beams (Advanced Topics) 
Solution 6.4-12 
due P=500N «= 30° NEUTRAL AXIS nn 
— Es o 
BUILT UP BEAM: Double C 200 x 17.1 B= atan( m (20 a ) 
Iy = 0.545 X 10° mm* I = 13.5 X 10? mm^ B = 79.0° a 
c = 14.5 mm b, = 57.4 mm A, = 2170 mm? 
L- jr Pb ee cy] L = 908 x 10° mmi MAXIMUM TEMSILE STRESS 
y cy eWe y 
=, L=270«K 10 nm _ "e My 
Us, y) I I 
d = 203 mm b = 2b. b = 114.8 mm y i 
PoInt A: = — ? = E 
BENDING MOMENTS 2 2 74 5 
M, — —Pcos(a)L M, = —1949N:m OA = oza, YA) | 04 = 16.6 MPa «— 


M. = —Psin(a)L M, = —1125N:m 


Problem 6.4-13 A built-up steel beam of I-section with channels attached to the flanges (see figure part a) is simply 
supported at the ends. Two equal and oppositely directed bending moments Mo act at the ends of the beam, so that the beam 
is in pure bending. The moments act in plane mm, which is oriented at an angle o to the xy plane. 


(a) Determine the orientation of the neutral 
axis and calculate the maximum tensile 
stress Cmax due to the moments Mo. 
Repeat part a if the channels are now 
with their flanges pointing away from the 
beam flange, as shown in figure part b. 
Data for the beam are as follows: 

S 6 X 12.5 section with C 4 X 

5.4 sections attached to the flanges, 

Mo = 45 k-in., and a = 40°. (Note: 

See Tables E-2a and E-3a of Appendix E 
for the dimensions and properties of the 
S and C shapes.) (a) (b) 


m 


(b 


—_ 


Z 





Solution 6.4-13 


M,-45k:in. a = 40° (a) BUILT UP SECTION; J,—4,-F2L. 1,= 9.50 in 
S 6 X 12.5: I, = 1.80 inf I = 22.0 in. | 7 y 
L=1,+2/1,+A,—+t,.-¢ 
d, = 6.0 in. b, = 3.33 in. A, = 3.66 in.” _ nei ©) ad 
C4X 54: ly =0.312in*  1,-3.85in^ I, = 46.1 in^ 
— 7 — . — NAR, . 
d, = 4.0 in. b. = 1.58 in. A, = 1.58 in. d = d; + 2t,. d= 6.368 in. 


tye = 0.184 in. c = 0.457 in. heut Sed 





EX 
ar, 
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SECTION 6.5 Bending of Unsymmetric Beams 529 
BENDING MOMENTS NEUTRAL AXIS nn 
M, = —M;sin(@) M, = —28.9 k* in. n 
pP = atan| —tan( — a) 
M. = M,cos(a) M, = 34.5 k+ in. L, 
B = —79.4° «— 
NEUTRAL AXIS nn 
ie MAXIMUM TENSILE STRESS 
p = atan| —tan( — a) 
ly on Myz M-y 
o,(Z, y) = —— — 
B-2-762 < LP ME 
b d 
MAXIMUM TENSILE STRESS PoINTA: Zz4-— — 2 JA $c 2 
C MEI CA — okz ya) — cA = 8704psi < 
T(z, y) 
I, L 
p X b d 
OINT A: = —— = —— 
ZA 7 YA 2 
TA = Oxa YA) 04 = 8460 psi ums 


(b) Burr up secTION: /,— I, + 2L. [79.50 in.^ 


d, 2 
L = Ig + 2| Iy + Ac ate 


I, = 60.4in.4 
d=d,+2b. d= 9.160 in. 
b=d, b= 4.000 in. 


Bending of Unsymmetric Beams 


When solving the problems for Section 6.5, be sure to draw a 
sketch of the cross section showing the orientation of the neutral 
axis and the locations of the points where the stresses are being 
found. 


Problem 6.5-1 A beam of channel section is subjected to a 
bending moment M having its vector at an angle 0 to the z axis 
(see figure). 

Determine the orientation of the neutral axis and calculate 
the maximum tensile stress c; and maximum compressive stress 
d. in the beam. 

Use the following data: C 8 X 11.5 section, M = 20 k-in., 
tan 0 — 1/3. (Note: See Table E-3a of Appendix E for the 
dimensions and properties of the channel section.) 





Probs. 6.5-1 and 6.5-2 





dh 
ar. 
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530 CHAPTER 6 Stresses in Beams (Advanced Topics) 
Solution 6.5-1 Channel section 
NEUTRAL AXIS nn (Eo. 6-40) 
I 32.6 
tan B = —tan@ = ——— (1/3) = 8.2323 
L 1:32 
p = 83.07? = 
MAXIMUM TENSILE STRESS (POINT A) (Eq. 6-38) 
: z^c-057in yy = —d/2 = — 4.00 in. 
(MsinO)z, | (M cos @)y, 
Co, = 04 = oc 
b T. 
= 5060 psi e 
Mi = D0 ids. nd = Te 0 = 18.435° MAXIMUM COMPRESSIVE STRESS (POINT B) (Eq. 6-38) 
C8X1L5 Zp = —(b— c) —(2.260 — 0.571) = — 1.689 in. 
c-057lin  1-2132in^ = 32.6in4 ae — a 
d=8.00in. b= 2.260 in. __ _ sin 6)zg (M cos 0)yg 
i DL o 4 
y z 


— 10,420 psi < 


Problem 6.5-2 A beam of channel section is subjected to a bending moment M having its vector at an angle 0 to the z axis 
(see figure). 

Determine the orientation of the neutral axis and calculate the maximum tensile stress o, and maximum compressive 
stress o, in the beam. Use a C 200 X 20.5 channel section with M = 0.75 kN * m and 0 = 20°. 





Solution 6.5-2 
M e35TN«*n 0 = 20? MAXIMUM TENSILE STRESS (AT POINT A) 
C 200 X 20.5  1,-0.633-10* mm* u{—2 
Mc) LE 
1, = 15.0 x 10°mm* d=203mm b= 59.4mm Cmax =- — — 7] 
y Z 


c= 14.1 mm 
Omax = 10.5 MPa = 


BENDING MOMENTS 


M, = Msin(0) M, —257N:m 


MAXIMUM TENSILE STRESS (AT POINT B) 





d 
M. — Mcos(0) M, = 705 N:m M,(—b + c) «(s 
O max — I m I 
NEUTRAL AXIS nn y k 


I Omax = — 23.1 MPa E 
B= atan Zano) ) B=83.4°  — 


y 





dA 
aF 
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SECTION 6.5 Bending of Unsymmetric Beams 531 
Problem 6.5-3 An angle section with equal legs is subjected to a 2 


bending moment M having its vector directed along the 1-1 axis, as 
shown in the figure. 

Determine the orientation of the neutral axis and calculate the 
maximum tensile stress c; and maximum compressive stress o. if the 
angle is an L 6 X 6 X 3/4 section and M — 20 k-in. (Note: See Table 
E-4a of Appendix E for the dimensions and properties of the 
angle section.) 





Probs. 6.5-3 and 6.5-4 


NEUTRAL AXIS nn (Eo. 6-40) 


11.55 
B =75.56 < 





I 
tan = z tan 0 = tan 45° = 3.8831 
y 


MAXIMUM TENSILE STRESS (POINT A) (EQ. 6-38) 
SA T cV2 = 2.517 in. YA 7 0 
. (MsinO)z, (M cos 0)yA 


C; = OA 





I, [. 
= 3080 psi < 


M = 20 k-in.  L6X 6X 3/4in. 

h= b= 6in. c = 1.78 in. 

pop esi 

045"  AcGSdAi^ —$u—117in. 


MAXIMUM COMPRESSIVE STRESS (POINT B) (EQ. 6-38) 
Zp = c€V2 — hi V2 = —1.725in. 
h/N/2 = 4.243 in. 
. (MsinO)zg (M cos 0)yg 
I, 2 
— 3450 psi <— 


YB 


L= Aye = San Oc = OR 


I,=1,+ b —I,- 44.85 in^ 


Problem 6.5-4 An angle section with equal legs is subjected to a bending moment M having its vector directed along the 
1-1 axis, as shown in the figure. 

Determine the orientation of the neutral axis and calculate the maximum tensile stress c; and maximum compressive 
stress c. if the section is an L 152 X 152 X 12.7 section and M = 2.5 kN * m. (Note: See Table E-4b of Appendix E for the 
dimensions and properties of the angle section.) 





EX 
ar, 
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532 CHAPTER 6 Stresses in Beams (Advanced Topics) 
Solution 6.5-4 
Wao 5 EN 0 = 45? MAXIMUM TENSILE STRESS (AT POINT A) 
L152x152x127 1,=828X10°mm? =], o My(cV2) M40) 
max 
rmin = 300mm A = 3720 mm? ty 
Ltn 1,539485 10mm a ee 
— = 6 4 
L-htb-l [ = 13212 X 10 mm MAXIMUM TENSILE STRESS (AT POINT B) 
h=152mm  b-h c-424mm* h h 
M, cV2 — +) M (5) 
d ( v2 ANI 
BENDING MOMENTS Onax = ——————————— — ————— 
I, L 


M, = Msin(0) M, = 1768 N*m 
M. — Mcos(0) M, = 1768 Nem 


= — 39.5 MPa €— 


O max 


NEUTRAL AXIS nn 


I 
B = atan tan) ) B = 75.8° de 


Jj 


Problem 6.5-5 A beam made up of two unequal leg angles is subjected to a bending moment M having its vector at an 
angle 0 to the z axis (see figure part a). 


(a) For the position shown in the figure, determine the orientation of the neutral axis and calculate the maximum tensile 
stress c; and maximum compressive stress co. in the beam. Assume that 0 = 30? and M = 30 k-in. 

(b) The two angles are now inverted and attached back-to-back to form a lintel beam which supports two courses of brick 
facade (see figure part b). Find the new orientation of the neutral axis and calculate the maximum tensile stress o; and 
maximum compressive stress o in the beam using 0 = 30° and M = 30 k-in. 








y 
1 1 
L5 x3 5 X 5 
Lintel beam supporting 
brick facade 
Z 
0 C 
M 
z — | 
q in. 
(a) (b) 








as 
ar. 
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Solution 6.5-5 
M = 30k-:1n. 0 — 30? 
L5 x3-1/2x1/2  Ij-100in^ 
Io = 4.02in* d=1.65in. Jc -O0.90lin. 
hy, = 5 in. hyo = 3.5 in. 
3 l 
A-=4in- gap "s t= pu 
(a) BUILT UP SECTION: J, = 217; I. = 20.000 in.* 


2 
gap 
I, = D. T aee + c) | 


I, = 21.065 in. 

h= h h= 5.000 in. b = gap + 2hr 
b = 7.750 in. 

h,=d h = 1.650 in. 


BENDING MOMENTS 
M, = —Msin (6) M, = —1.250 k -ft 
M. = Mcos (0) M, = 2.165 k- ft 


NEUTRAL AXIS nn 


I 
B= atan( Frant = ») 


y 
B = —28.7° €— 


MAXIMUM TENSILE STRESS 


Myz M.y 
0,(Z, y) = UL UL 
y va 


Problem 6.5-6 The Z-section of Example 12-7 is subjected to 
M-—SKkN:m, as shown. 

Determine the orientation of the neutral axis and calculate 
the maximum tensile stress c; and maximum compressive stress 
c. in the beam. Use the following numerical data: height 
h = 200 mm, width b = 90 mm, constant thickness t = 15 mm, 
and 0, = 19.2°. Use I, = 32.6 X 10° mm^ and 
I, = 2.4 X 10° mm^ from Example 12-7. 





as 
E 





SECTION 6.5 Bending of Unsymmetric Beams 533 


a 
PoINT A: Z4 = ups y = —h + hı 
0; = OZA YA) ©, = 4203 psi < 


MAXIMUM COMPRESSIVE STRESS 


b 
PoINT B: zg = 2 yg = hj 


Oc = Ox(ZB, YB) g, = —4903 psi E 


(b) Burr uP SECTION: =, = 217, I. = 20.000 in.^ 
I, = Xl + Apc?) l1, = 14.534 in.f 
h = hii h = 5.000 in. b = 2hr 

= 7.000 in. h,=h-d h, = 3.350 in. 


NEUTRAL AXIS nn 


I 
B = atan( tanc = ») 


y 
B = —38.5deg Lamm 


MAXIMUM TENSILE STRESS 


(05) My My 
oz, y) = — — — 
t Í; L 
b 
PoINT A: Z4 = E y = —h + hı 
0; = OZA YA) | 0G: = 5756psi < 


MAXIMUM COMPRESSIVE STRESS 
PoNTB: zp=t yg = hi 


Oc = OX(Zp.yp) Tc = — 4868 psi — 
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534 CHAPTER 6 Stresses in Beams (Advanced Topics) 
Solution 6.5-6 
M-5SkN:m 6-192? M c PPM 
My,(zPa) M-p(ypa) 
Z-SECTION 0, = T a J 
yp Zp 
L,—lH Ly 32.045 10° mm* o, = 40.7 MPa <= 
L,—-Lh ly = 2.4 X 10° mm* 
MAXIMUM COMPRESSIVE STRESS (AT POINT B) 
h — 200 mm b = 90 mm t= 15mm 
t h 
zpp^| —= ]cos(0) —| = Jsin(0 
BENDING MOMENTS xd ( U M G e 
M,, = Msin(0) M,, = 1644N-m zpp = —39.97mm 
M., = Mcos(0 M, = 4122 N° t h 
S eon) M m ypp = ( - so + (5 Joost» 
NEUTRAL AXIS nn ypg = 91.97 mm 
I 
p= atan( tanco) ) B = 78.1° <— s= M yy(zpp) B M P) 
C 
is Ly Lp 
MAXIMUM TENSILE STRESS (AT POINT À) g, = —40.7 MPa -< 
t = 
ZPA = (5 eos) = (5 Jo zp4 = 39.97 mm 
(5) sn + e 
= | — }sin —— Jeos 
YPA 2 2 
Problem 6.5-7 The cross section of a steel beam is Plate y 
constructed of a W 18 X 71 wide-flange section with a AMETE 
6 in X 1/2 in. cover plate welded to the top flange and a 2 xX€G 
C 10 X 30 channel section welded to the bottom flange. This A 
beam is subjected to a bending moment M having its vector at W 18 X "P; | 
an angle 0 to the z axis (see figure). M 
Determine the orientation of the neutral axis and calcu- 
late the maximum tensile stress c; and maximum compressive 0 
stress c. in the beam. Assume that 0 = 30° and M = 75 k-in. z 
(Note: The cross sectional properties of this beam were com- 
puted in Examples 12-2 and 12-5.) C 10 x 30 


























EX 
ar, 
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Solution 6.5-7 
M = 75 k*in. 0 = 30° 
PLATE: b, = 5 in. hy = 1n. 
bh; 
pp 
Ipae = 715. Íplate = 9.00 in. 
W SECTION: A, = 18.47 in. b, = 7.635 in. 
Iwy = 60.3 in.* 
C sECTION: he = 10.0 in. b. = 3.033 in. 
b= 1030. 


BUILT-UP SECTION: 
Char — 1.80 in. 
I, = 2200 in.* 
I, = 172.3 in. 


Lyr doo Tae 


BENDING MOMENTS 
M, = Msin(0  M,-—3.I25k:ft 
M, = Mcos(0) M.-—5413k:ft 





CIS 
LA 





Problem 6.5-8 The cross section of a steel beam is shown in the 
figure. This beam is subjected to a bending moment M having its 


vector at an angle 0 to the z axis. 


Determine the orientation of the neutral axis and calculate the 
maximum tensile stress c; and maximum compressive stress 
oO, in the beam. Assume that 0 = 22.5? and M = 4.5 kN ° m. 


Use cross sectional properties Z = 93.14 X 10° mm*, 
I, = 152.7 X 10° mm, and 6, = 27.3°. 


SECTION 6.5 Bending of Unsymmetric Beams 535 


NEUTRAL AXIS nn 


I 
B = atan Zan) ) B-2823 © 


y 


MAXIMUM TENSILE STRESS 


Mz M.y 
oz, y) = "ERES 
y Z 
he hy, 
PoINTA: z4 = p yA = BE UN De T Cba 


O, = OxKZA YA) o= 1397psi < 


MAXIMUM COMPRESSIVE STRESS 
by hy 
PoINT B: zg = -3 yg = E: pup cem 


Oc = O(Zp. yp) Oc = —1157psi B 


J1 








y 
180mm 
180 mm 
X] 
TM 105 mm 30 mm 
30 mm pu 
l dem ea 
9 — [y- 525 mm | 90mm 
M O 


30 mm 90 mm 


30 mm 
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536 CHAPTER 6 Stresses in Beams (Advanced Topics) 
Solution 6.5-8 
M=45kKN-m 0 = 22 5° MAXIMUM TENSILE STRESS (AT POINT A) 
E "EN 
BUILT-UP SECTION: uo S98 7 Xx vush 
b = 120mm t — 30mm zpA = (za) cos (0p) — (ya) sin (Op) zp4 = 52.03 mm 
h — 180mm b; = 360mm ypa = (za) sin (0p) — (ya) cos (Op) 
( + *) yp, = — 133.51 mm 
tb; ) 
Ybar — u My (ZA) 7 M-p(yPa) 
tb; + [2tb + (h — 20t] CET I 
yp Zp 
Yoar = 52.5 mm o,=656MPa = 
0p = 27.3 deg 
Lel ee MAXIMUM COMPRESSIVE STRESS (AT POINT B) 
= 93.14 x 10° mm^ = 152.7 X 10°mm* b; h 
Ly = 93.14 X 10° mm Ly = 152,7 2€ 10^ mm zp = P. yp — 5 Ey c3. 
BENDING MOMENTS zpg = (zp) cos (8p) — (yp) sin(Óp) — zpg = 128.99 mm 
My, = Msin(@p -0) My, = 377 N:m Ypg = (zp) sin(Op)+(yg)cos(p) ypg = 142.5 mm 
Mp = Mcos(0p — 0) M = 4484N-m M,,(zpp)  MpOpp) 
LIMEN CEMSEE Um 
NEUTRAL AXIS nn YP <P 


I o, = —6.54 MPa ees 
zp 
B= atan tan, = n) 


yp 
B=293 . — 


Problem 6.5-9 A beam of semicircular cross section of radius r is subjected 
to a bending moment M having its vector at an angle 0 to the z axis (see figure). 

Derive formulas for the maximum tensile c, and the maximum compres- 
sive stress c. in the beam for 0 = 0, 45°, and 90°. (Note: Express the results in 
the from a M/r^, where a is a numerical value.) 








CX 
ar, 


























0O6Ch06.qxd 9/24/08 5:54 AM Page 537 ED 
lol 
SECTION 6.5 Bending of Unsymmetric Beams 537 
Soultion 6.5.-9 Semicircle 
Mir — c) 
M 
= =g dübhoe 
r 
L 
For 0 = 45°: Eq. (6-40): tan B = ; m 0 
Z y 
On 
tan B = — ~—— (1) = 3.577897 
P 9q^ — 64 
p = 74.3847? 
90? — B = 15.6153? 
r — radius 
2 MAXIMUM TENSILE STRESS for 0 — 45? occurs at point A. 
r 
c= or = 0.42441r Za = C= 0424417 YA = —r 
(Or? - 64) , From (Eq. 6-38): 
L, = Tr EET (M sin @)z, | (M cos 0)y4 
RUE RUOTE. 
= 0.109757; E a 
4 M 
So —-4535— <- 
L= m 
d 
c, = maximum tensile stress MAXIMUM COMPRESSIVE STRESS for 0 = 45? occurs at 
c, = maximum compressive stress point E. where the tangent to the circle is parallel to the 
E E Mr 8M neutral axis nn. 
E E er ze = c — r cos (90° — B) = —0.53868r 
M yg = r sin (90? — p) = 0.2691 8r 
= 2.546 m = From (Eq. 6-38): 
SM (M sinO)zzg (M cos 0)yg 
0,7047 — 047 - LC CE a QN 
d qr? y x 
M 
M —— 2. 
= -25467. ©- il ML 
r 
Mc 
For 0 = 90°: o; = o = — 
ly 
M 
= 3.867 — ses 
r 





as 
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538 CHAPTER 6 Stresses in Beams (Advanced Topics) 


Problem 6.5-10 A built-up beam supporting a condominium balcony is made up of a structural T (one half of a 
W 200 X 31.3) for the top flange and web and two angles (2L 102 X 76 X 6.4, long legs back-to-back) for the bottom 
flange and web, as shown. The beam is subjected to a bending moment M having its vector at an angle 0 to the 
z axis (see figure). 

Determine the orientation of the neutral axis and calculate the maximum tensile stress c; and maximum compressive 
stress o, in the beam. Assume that 0 = 30? and M = 15 kN: m. 


Use the following numerical properties: c; = 4.111 mm, cz = 4.169 mm, b, = 134 mm, L, = 76 mm, 
A = 4144 mm’, J, = 3.88 X 10° mm”, and I, = 34.18 X 10° mm". 


























Solution 6.5-10 


M=153 N-n 8-2 30° MAXIMUM TENSILE STRESS (AT POINT A) 
br 
BUILT-UP SECTION: £A 7 Pl YA — Cj 
c, — 4.111 mm Cy = 4.169 mm b, — 134 mm M,a) MO) 
L, = 76 mm A = 4144 mm? 0, = I 4 
y Z 
= 6 4 Se 6 4 
I, = 3.88 X 10° mm L = 34.18 X 10° mm go, = 131.1 MPa Pon 


BENDING MOMENTS MAXIMUM COMPRESSIVE STRESS (AT POINT B) 





M, = Msin(180° — 0) M, = 7500 N:m zp = —L, yg = —Cp 
M,=M 180° — 0 M, = —12990N* 
z cos( ) Zz m My (zp) M.) 
O; = Er — 
NEUTRAL AXIS nn ly E 
I Oo, = — 148.5 MPa x 
p= atan anigo" = n) 


y 
B--789 <- 





dA 
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Problem 6.5-11 A steel post (E = 30 X 10° psi) having 
thickness t = 1/8 in. and height L = 72 in. supports a stop 
sign (see figure). The stop sign post is subjected to a bending 
moment M having its vector at an angle 0 to the z axis. 

Determine the orientation of the neutral axis and 
calculate the maximum tensile stress c; and maximum 
compressive stress c. in the beam. Assume that 0 = 30° and 
M = 5.0 k-in. 

Use the following numerical properties for the post: A — 
0.578 in^, c, = 0.769 in., c; = 0.731 in., Z, = 0.44867 inf, and 
I, = 0.16101 in*. 








SECTION 6.5 


Section A-A Siggy) 


Bending of Unsymmetric Beams 


939 


Circular cutout, 
d = 0.375 in. 


Post, t = 0.125 in. 














E 












C2 




















A A 
Elevation 
view of post 
Solution 6.5-11 
M=5k-ein 0 = —30° 
Post: A = 0.578 in2 c 0.769 in. 
Cy = 0.731 in. 


I, = 0.44867 in^ — 1, = 0.16101 inf 


BENDING MOMENTS 
M, = Msin(0) 
M. — Mcos(0) 


M, = —0.208 k - ft 
M, = 0.361 k - ft 


NEUTRAL AXIS nn 


LET. 


«— 


I 
B= atan tan() ) B = 


y 





f 
Stop M « >< 
sign 0.5in. 1.0in. 1.0in. 0.5 in. 
L 
X. 
MAXIMUM TENSILE STRESS 
Myz M-y 
a Az: y) -——— 55 
I, L 
PomnT A: zq = —1.5in. Ya = =C 
0, = 0,(Z4; YA) o, = 28.0 ksi < 
MAXIMUM COMPRESSIVE STRESS 
PoiNT B: zp = Hm yg =C] 
Oc = OXZp. Yp) O. = — 24.2 ksi = 
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540 CHAPTER 6 Stresses in Beams (Advanced Topics) 
Problem 6.5-12 A C 200 X 17.1 channel section has an angle 5l 


with equal legs attached as shown; the angle serves as a lintel 
beam. The combined steel section is subjected to a bending 
moment M having its vector directed along the z axis, as shown 
in the figure. The centroid C of the combined section is located 
at distances x, and y, from the centroid (C4) of the channel alone. 
Principal axes x, and y, are also shown in the figure and proper- 
ties 7,4, J; and 6, are given below. 

Find the orientation of the neutral axis and calculate the 
maximum tensile stress c; and maximum compressive stress oe if 
the angle is an L 76 X 76 X 6.4 section and M = 3.5 kN : m. Use 
the following properties for principal axes for the combined 
section: /,, = 18.49 X 10? mm" Z; = 1.602 X 10° mm", 





0, = 7.448? (CW), x. = 10.70 mm, y, = 24.07 mm. L 76 X 76 X 6.4 C 200 X 17.1 
lintel 
Solution 6.5-12 
M=3.5kN:m 6, =7.448° pa = (za) cos (—0,) — (ya) sin (~ Gp) 
ANGLE: C, = 21.2 mm L, = 76mm gp, = —63.18mm 
CHANNEL: c, = 14.5 mm d. = 203 mm YA = (Za) sin ( — 0p) + (ya) cos ( — Gp) 
b, = 57.4 mm ypa = —69.83mm 
M),(zPa) M-p(ypa) 
BUILT-UP SECTION: Gy EE MEME uM 
yp zp 
Ybar ^ 24.07 mm Xbar = 10.70 mm c, = 31.0 MPa pan 
Ip =a yp byi 
L.—1849 x 106 mm^ I. = 1.602 x 10° mm* MAXIMUM COMPRESSIVE STRESS (AT POINT B) 
zp : yp 
m =. 
BENDING MOMENTS 2B = Xp Co YB 2 T Ybar 
M,, = Msin(—6,) M,, = —454N-m zpp = (Zp) cos ( —6,) — (yg) Sin ( — 6) 
M., = Mcos(—6,) Mp = 3470 N° m zpg = 20.05 mm 
— ype = (zp) sin (— 6) + (yp) cos (— 65) 
I ypp = 124.0mm 
Zp é 
B= atan( tan 4j) B = —56.5 = My(zpp)  M-p(pp) 
yp g, m ———— ————— 
Ly Lp 
MAXIMUM TENSILE STRESS (AT POINT A) c, = —29.0MPa ei: 
ZA Z n a Ce 0, JA = E T Ybar 


2 
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SECTION 6.8 Shear Stresses in Wide-Flange Beams 541 


Shear Stresses in Wide-Flange Beams 


When solving the problems for Section 6.8, assume the cross sections 
are thin-walled. Use centerline dimensions for all calculations and 
derivations, unless otherwise specified 


Problem 6.8-1 A simple beam of W 10 X 30 wide-flange cross 
section supports a uniform load of intensity q — 3.0 k/ft on a span 
of length L — 12 ft (see figure). The dimensions of the cross 
section are h = 10.5 in., b = 5.81 in., f; = 0.510 in., and 























ty, = 0.300 in. 
q A NES 
(a) Calculate the maximum shear stress Tmax on cross section 
A—A located at distance d = 2.5 ft from the end of the beam. Z 
(b) Calculate the shear stress 7 at point B on the cross A te 
section. Point B is located at a distance a = 1.5 in. 
from the edge of the lower flange. | 4 | 
Probs. 6.8-1 and 6.8-2 L 
Solution 6.8-1 
SIMPLE BEAM: (a) MAXIMUM SHEAR STRESS 
q — 3.0 k/ft L — 12 ft btt h\Wh 
Tmax — v 2I 
R=% R=180k d=25ft N Í 
2 l l Tmax = 3584 psi <— 


V = |R — qd V= 10.5k 
(b) SHEAR STRESS AT POINT B 


CROSS SECTION: 


b 
a = VS in: — = 2.9 in. 
h=105in. b=58lin. t-=0.510in. 2 


— . bhV 
ty = 0.30 in. T = — 7, = 832.8 psi 
belt bth 4 
| res ae I, = 192.28 in. a 
12 2 Tp = 5 CU Tp — 430 psi e 
7] 


Problem 6.8-2 Solve the preceding problem for a W 250 X 44.8 wide-flange shape with the following data: L — 3.5 m, 
q = 45 kN/m, h = 267 mm, b = 148 mm, f; = 13 mm, ty = 7.62 mm, d = 0.5 m, and a = 50 mm. 





EX 
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542 CHAPTER 6 Stresses in Beams (Advanced Topics) 
Solution 6.8-2 
SIMPLE BEAM: (a) MAXIMUM SHEAR STRESS 
g=45kN/m L=3.5m (= a 
Tmax —~ \ 2 YE 
qL ty 4/21, 
R = — R = 78.8 kN d=0.5m 


; Tmax = 29.7 MPa <- 


V = |R — qd V = 56.3 kN 
(b) SHEAR STRESS AT POINT B 


CROSS SECTION: a — 50mm b/2 = 74.0 mm 
h = 267 b = 148 bhV 
E nd Ti = —— Tı = 999.1 psi 
t; = 13 mm ty = 7.62 mm AI: 
3 2 
twh? bth Tg— ——(n)  tp=465MPa < 


5 2 


I, = 80.667 X 10° mm^ 


Problem 6.8-3 A beam of wide-flange shape, W 8 X 28, has the cross section 
shown in the figure. The dimensions are b = 6.54 in., h = 8.06 in., ty = 0.285 
in., and f; = 0.465 in. The loads on the beam produce a shear force V = 7.5 k 
at the cross section under consideration. 


(a) Using centerline dimensions, calculate the maximum shear stress Tmax 
in the web of the beam. 

(b) Using the more exact analysis of Section 5.10 in Chapter 5, calculate 
the maximum shear stress in the web of the beam and compare it with 
the stress obtained in part a. 





Probs. 6.8-3 and 6.8-4 


Solution 6.8-3 
EE EIN jc ean jd 98538 Maximum shear stress in the web: 
(—0465in —V-75k Lo (= p Du 
max 
tw 4/2; 
(a) CALCULATIONS BASED ON CENTERLINE DIMENSIONS Tmax = 3448 psi 2 


Moment of inertia: 


f hà bt h2 (b) CALCULATIONS BASED ON MORE EXACT ANALYSIS 
W f 

ig cu Ne xrC ho=h+te hy =8.5in. h,-h-t 
I, — 111216 in^ hy = 7.6 in. 





as 
ar, 
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SECTION 6.9 Shear Centers of Thin-Walled Open Sections 543 


Moment of inertia: Maximum shear stress in the web: 
l 3 3 3 V j 2 2 

I = — (bh; — bhi + tyhj) Tmax = z-— (bhó — bhi + th) 
12 SIty, 

I = 109.295 in.* Tmax = 3446 psi — 


Problem 6.8-4 Solve the preceding problem for a W 200 X 41.7 shape with the following data: b = 166 mm, 
h = 205 mm, ty = 7.24 mm, t; = 11.8 mm, and V = 38 kN. 


Solution 6.8-4 


2966 mm i= 905 ain jx ere (b) CALCULATIONS BASED ON MORE EXACT ANALYSIS 
h, = 193.2 mm 


(a) CALCULATIONS BASED ON CENTERLINE DIMENSIONS 
Moment of inertia: 


3 2 I 
NE p I= i5 (bh — bh} + thi) 


= 12 2 
E T ond I = 45.556 X 10° mm^ 
l 


Moment of inertia: 


, . Maximum shear stress in the web: 
Maximum shear stress in the web: 





V 
T = (= 3s Tmax = gn (bI — bhi + thi) 
max ty 4/2; “ 
Tmax = 27.04MPa < Ti = ADAM e 


Shear Centers of Thin-Walled Open Sections 


When locating the shear centers in the problems for Section 6.9, 
assume that the cross sections are thin-walled and use centerline 
dimensions for all calculations and derivations. y 


Problem 6.9-1 Calculate the distance e from the centerline of 

the web of a C 15 X 40 channel section to the shear center S 

(see figure). (Note: For purposes of analysis, consider the 

flanges to be rectangles with thickness tę equal to the average 

flange thickness given in Table E-3a in Appendix E.) z 








Probs. 6.9-1 and 6.9-2 





di 
ar, 
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Solution 6.9-1 

C 15 x 40 d = 15.0 in. ty = 0.520 in. h=d— t; h= 14.350 in. 
t 2 

bp = 3.520in. tp = 0.650in. b= bp- Š "E MEE M 
2 ht, + 6bt 


b — 3.260 in. 


Problem 6.9-2 Calculate the distance e from the centerline of the web of a C 310 X 45 channel section to the shear 
center S (see figure). (Note: For purposes of analysis, consider the flanges to be rectangles with thickness tp equal to the 
average flange thickness given in Table E-3b in Appendix E.) 


Solution 6.9-2 


C 310 X 45 d — 305 mm ty = 13.0 mm b = 74.0 mm h=d— tt h = 292.3 mm 
t 2 

bp = 805mm  t=127mm b=b - % en e 
2 ht, + 6bt; 


Problem 6.9-3 The cross section of an unbalanced wide-flange 
beam is shown in the figure. Derive the following formula for 
-Qa- the distance h, from the centerline of one flange to the shear 
center S: 





t5b3h 
iier MM 
tibi + t5b» 
Also, check the formula for the special cases of a T-beam 


(b> = t, = 0) and a balanced wide-flange beam (t = tı and 
b> = b,). 











FLANGE 1: 
VQ 
T| — , 
Lt 
tibi 
Q = (bi/2)(tj)(b/4) = un 
Vbi 
T] — 
SI. 
r, = Jc joya) = T8 
1 = 3(VGVG) = DI 





dh 
ar. 
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SECTION 6.9 Shear Centers of Thin-Walled Open Sections 545 


t5b3h 
Abt + bbz 


Solve Eqs. (1) and (2): ^, = 








FLANGE 2: 
B Vt;b3 T-BEAM 
^— Ul. b, = t2 = 0; 
Shear force V acts through the shear center S. |. hy = 0 e 
i 2 Ms = Fih — Fam = 0 WIDE-FLANGE BEAM 
or (bi) hy = (t3b3) ho Om TT E 
hth =h (2) 


J hy h/2 = 


Problem 6.9-4 The cross section of an unbalanced wide-flange beam is 
shown in the figure. Derive the following formula for the distance e from 
the centerline of the web to the shear center S: 


34 (b3 — bi) 
ht, + Otg(b4 + bo) 


Also, check the formula for the special cases of a channel section (5b, = 0 
and b» = b) and a doubly symmetric beam (b, = bs = b/2). 

















VQ  bjhV 
CO lę 2, 
—byníg  bīhteV 
m g AT. Shear force V acts through the shear center S. 
p, Pv F,-V “. >) Ms = —F3e — Fih + Fah = 0 


z Fh — Fh ht 
e= L E ago pp 
F3 AI. 





as 
ar 
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546 CHAPTER 6 Stresses in Beams (Advanced Topics) 


tA h\? = - 
L- wi 2(b, + bs) (4) CHANNEL SECTION (b, = 0, b, = b) 
12 2 3b?t; 
p e = ————— —— (Eq. 6-65) 
= Iht, + 6te(b, + b3)] Iii, ODE, 


12 
DOUBLY SYMMETRIC BEAM (b, = b»; = b/2) 


3t;(b$ — b?) n» 
—— S = e = 0 (Shear center coincides with the centroid) 
hty + Otg(b4 + bo) 


e = 


Problem 6.9-5 The cross section of a channel beam with double 
flanges and constant thickness throughout the section 


is shown in the figure. 
Derive the following formula for the distance e from the 


centerline of the web of the shear center S: 
3b^(h* + hà) 

dimi 2 2 

hs + 6b(ht + hs) 








Shear force V acts through the shear center S. 
ps > Ms = — Pe + Fih T F5h, — 0 
Fyh, + Fh, bt 
e = < = i? Im 
F4 AT. 


tha , ; 
I, = +> + 2 [bio + bid)? 


Zz 


t 
= 5I + 6b(hi + nj 





3b^(h + hA) 
mE 2 2 
h3 + 6b(h + AS) 

















t = thickness 
hy 
V(bt)| = 
VQA 2 bh, V 
TA Mamme. (1  — ——— — a —— MÀ 
Lt Lt 2r 
"P b^hytV 
LUS4 7 Ar 
o bhV ht 
a wp CT Xm 
F4 = V 





abs 
IE, 
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Problem 6.9-6 The cross section of a slit circular tube of 
constant thickness is shown in the figure. 


(a) Show that the distance e from the center of the circle 
to the shear center S is equal to 2r in the figure part a. 

(b) Find an expression for e if flanges with the same 
thickness as that of the tube are added, as shown in 
the figure part b. 











Solution 6.9-6 


for C=O em 
Or = — 
2 


( 
(a) Q4 — J y dA = I (rtsin()) dp 


0 
Q, = rad — cos(0)) Qi f» dA = | (rtsin($)) d$ 
Rm Vr = cos(6)) Q4 = P1 — cos(6)) 
: ° _VOx _ VŽU ~ cost) 
L= mrt TA — pn = if 
. VU — cos(0)) - dq 
-Qa- TA TC arrt for PI ee 





At point A: dA = rtd0 mE r 5r 
QO, = [ydA = (rtsin($)) db + —t— 
Tc — moment of shear stresses about center C. 0 2 4 


27 13 
Tc = [ow dA -f - Q4 = p(B = cost ) 


(1 — cos(0)) d0 = 2Vr ves i costo ) 


TA — 





I 


Shear force V acts through the shear center S. : 


Moment of the shear force V about any point must 
be equal to the moment of the shear stresses about At point A: dA = rtd0 


that same point. 
Tc = moment of shear stresses about center C. 





LG 
Mc = Ve = Tç e = =2r iex - 
P 2 Vr^t 
3 Tc = TAF dA = [ xv 
(4) 0 I, 
4 2 r(5r\* ang 
(b) L=artt+ 2 Tie 2 Vr't 
12 2\ 4 (1 — cos(0)) d0 + um 
3 z 
3, 19 3. 4 19 
Lari rr =r \ a7 ta 13 
12 12 (2 — cost ) d0 





EX 
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548 CHAPTER 6 Stresses in Beams (Advanced Topics) 


Shear force V acts through the shear center S. 

















m2 
E Er 27 Ve i Moment of the shear force V about any point must 
Iz 
omg be equal to the moment of the shear stresses about 
2 Vr't( 13 i 
" [ T (2 E costo Jae that same point. 
3 71 XM Ve= Te 
47-2 1 ,13m+16 T. __ 21r'tr 21r^tgr 
Tc — Vrt Foai e =— = S —, = 
E i E , Ble sns + >) | 
12 
E 21Vr4 tar es 
i —————— = 1.745 <= 
8i: l 24m + 38 
Problem 6.9-7 The cross section of a slit square tube of constant thickness is y 


shown in the figure. Derive the following formula for the distance e from the 
corner of the cross section to the shear center S: 
b b 
e = ——— 
2V2 











FROM A TO B: 


b — length of each side 





t = thickness Q = ts? 
VO 2N/2 
' Lf AtA:Q—0 T74—0 





dh 
ar. 
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SECTION 6.9 Shear Centers of Thin-Walled Open Sections 


tb? 
2V2 
| BV 
Lu 7 
Tpbt btv 
3  6vDI, 


FRoM B To D: 


ea n 
L = ANS) CANA a 


At B: Q = 








F = 














VQ “| b? 


it L2NVÀ 2vV2 7 »| 


Problem 6.9-8 The cross section of a slit rectangular tube of 
constant thickness is shown in the figures. 


(a) Derive the following formula for the distance e from the 
centerline of the wall of the tube in figure part (a) to the 
shear center S: e = penc 
2(h + 3b) 
(b) Find an expression for e if flanges with the same 
thickness as that of the tube are added as shown in 
figure part (b). 


b?V 


At B: Tp — VI 
Z 





2 
Fy = Tp bt + 3 UD — Tp) bt = 


Shear force V acts through the shear center S. 


EM, =0 


At D: TD — 





V2I, 


549 


UF /V2)(bV2 + e) + 2(FN2) (e) = 0 


Substitute for F, and F, and solve for e: 


b 
2V2 


e = 








Flange 
(h/4 X t) 
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241, 


Shear force V acts through the shear center S. 








ZM,—-0  —Fs + Foh + 2F; 
(b+ e)=0 
bh*t(2h + 3b) 
solve for e = —___ 
121, 
x: | -+ (4) | = LM + 3b) 
É 12 2 6 
b( 2h + 3b 
Therefore e = —| ————— 
bh 2\ h + 3b 
(b) From A T0 B: Q = E O VQ sV 
7 T LC OL 
0 hv 
T = T = =~ 
É P^ 8L 
(x) th? V 
Fi = —| — = — 
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da 2 " (+) - P (h + 2b) 
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b  bht(h+ b)V 
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In flange: 
S h ts 

Oc flange = 15 5 " 4 = 7” + h) 
i V hv; 
4| S t t 
F = —Qs+h) |— ds = — 
flange I B S Jr S 961, 

From C To D: 
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F; = (1 Eu 2) 
: 161, 


Shear force V acts through the shear center S. 
=M, = 0 =f F (Fac + Fcph + 2F; 
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Problem 6.9-9 A U-shaped cross section of constant thickness 
is shown in the figure. Derive the following formula for the 
distance e from the center of the semicircle to the shear 

center S: 

. 2Qr^ + b^ + abr) 

i 4b + or 





e 


Also, plot a graph showing how the distance e (expressed 
as the nondimensional ratio e/r) varies as a function of the 
ratio b/r. (Let b/r range from O to 2.) 
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At angle 0: dA = rtd0 


r = radius F, = force in AB T 
t = thickness F» = force in EF ty oe [v = I Tr^tdO 


Ty = moment in BDE 
E [= (b + r sin 0)d0 
0 








V V(btr Vb 
FROM A TO B: 74 = O pelo Nd rf 
Li Li A 
Vrt 
2 = ——(rb + 2r) 
E btrg Vb‘rt I 
i=". = 
x Shear force V acts through the shear center S. Moment 
, of the shear force V about any point must be equal to 
From B to E: Q; = / ydA = l (r cos $) rtdb the moment of the shear stresses about that same point. 
? ^2 M Mo = Ve = Ty + Fir) 
= r^t sin 0 


_ Ty) + 2Fir rt 
Og = btr e= — = (mbr + 2? + BF) 





V 
Oo = Op + Q; = bir + r’tsin 0 Z 
: 2(2r? + D? + mb 
VOz Vr (b + rsin 0) I — aes dE btr’) = 22r" + bY + mbr) 
TR— pa p o — 2 AN oem 
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GRAPH Note: When b/r = 0, 
e  2(2 + b’/r’ + mbir) 4 
ro 4blr + qr elr — ps (Eq. 6-73) 
$-73 





Problem 6.9-10 Derive the following formula for the distance e from the centerline 
of the wall to the shear center S for the C-section of constant thickness shown 1n the 
figure: 


3bh^(b + 2a) — 8ba? 
e = — 
h^(h + 6b + 6a) + 4a^(2a — 3h) 


Also, check the formula for the special cases of a channel section (a — 0) and a slit 
rectangular tube (a — A/2). 








t = thickness 





FROM A To B: 


(4 3 VQ (5 ay at(3h — 4a)V 
Ss — 2S T= Z =y at] a E 
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FRoM B To C: 


OP LAMP, (5 2) + wf) 
TR = -(h— a)— zgi -= = 
2-2 o 2 2 2 


a bh |V 
T= at — a tr 


TR + me TET 
p 2 1B TC 4 a a ia 

FRoM C To E: 

DFyert = V F3 — 2F, =V 

a^t(3h — 4a) 


F; = V| 1 + 
a 6l, 


Shear force V acts through the shear center S. 


0. M,=0  - F3(e) + Foh + 2Fy(b + e) = 0 


—Cp- Problem 6.9-11 Derive the following formula for the distance e from the centerline of the 
wall to the shear center S for the hat section of constant thickness shown in the figure: 





3bh^(b + 2a) — 8ba? 
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Substitute for F;, F2, and F4 and solve for e: 
— bt[3h (b 2a) — 8a") 
au 12 I. 


l h\ 6 
L= (s) (4) — — (h — 2ay 
ib 2 12 


t 
= Talh (h + 6b + 6a)  4a?^(2a — 3h)] 


abh^(b + 2a) — 8ba? 
TTE 0E SANE CR 
h"^(h + 6b + 6a) + 4a*(2a — 3h) 


<— 


CHANNEL SECTION (a = Q) 
3b” 
e — 
h + 6b 





SLIT RECTANGULAR TUBE (a = h/2) 
. b(2h + 3b) 
— Xh + 3b) 





e — 
h^(h + 6b + 6a) + 4 Qa + 3h) 


Also, check the formula for the special case of a channel section (a = 0). 


(agrees with Eq. 6-65 when tt = tw) 


903 


(agrees with the result of Prob. 6.9-8) 
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Solution 6.9-11 





t = thickness 


h S 
F A TO B =stl—-t+a- = 
ROM A TO Qs e a =) 
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121 
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From B To C QC F a» 
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1 bt V 
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2 4 l, 
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Hat section of constant thickness 
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FRoM C To E: 


> F VERT = V F3 + 2F| = V 
a^t(3h + 4a) 
F = V|1 — ————— 
6I. 


Shear force V acts through the shear center S. 
<. X Ms=0 —Fe + Foh — 2F\(b + e) =0 
Substitute for F,, F5, and F4 and solve for e: 
o bt[3h*(b + 2a) — 84°] 

Dr 
I, = Lu + TO + 5 (h + 2a} — DP 


t 
E [hh + 6b + 6a) + Aa?(2a + 3h)] 


3bh^(b + 2a) — 8ba? 
e = — OOOO OO 
h^(h + 6b + 6a) + 4a*(2a + 3h) 


CHANNEL SECTION (a = 0) 
3b” 


e = DEW (agrees with Eq. 6-65 when ft; = tw) 
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ar, 
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Problem 6.9-12 The cross section of a sign post of constant thickness is shown in the 
figure. Derive the formula below for the distance e from the centerline of the wall of the post 
to the shear center S. Also, compare this formula with that given in Prob. 6.9-11 for the 
special case of B = 0 here and a = A/2 in both formulas. 


b sin(B) 


b sin(B) 





Solution 6.9-12 


FROM A To B 
Qag = (2a + bsin(B) — ‘| 
VOAB 


Lt 


oorr) 
Fag~ | un = [ Sts 


H Via” (5a + 3bsin (B)) 
AB ~ 61. 








TAB — 





From B To C 


Osc = a( 2a + bsin(B) — 3 T «(a + bsin(B)— = sini) 


3 1 
d E yr + atbsin(B) + sta + stbsin() — 58 fsin(B) 


VOnc 
Lt 





TBC 
1 
pV =a 2t + atbsin(B) + sta + stbsin(B) — 5 ^tsin (B) 
bee ba e 
w= fram | z | 


vib( oo + 6absin(B) + 3ba + 2b’sin e) 
Fpc = 6I 
Z 








dh 
ar 
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SHEAR FORCE V ACTS THROUGH THE SHEAR CENTER $$. 
MMg-0 — Ve-2Fagbcos(B) — Fgccos(B)(2a) = 0 
Fpca — FAgb 
e = 2cos (B) BC ABO) 
V 
tbacos (B) ) 2. 
e= —3 4a^ + 3absin(B) + 3ab + 2b*sin(B) — 
Z 


Now, compare this formula with that given in Prob. 6.9-11 for the special case of  — 0 here and a = h/2 in both formulas. 


FIRST MODIFY ABOVE FORMULA FOR B = 0 & a= h/2: 


h 
1 008 (0) h 


2 
h h 
e= Eo + 3c bsin (0) 4- 3 2 b + 2b?sin | 
31, 5 2 


; , 3bh 
DR Sp 


6I 


Z 


e = 


where Z, for the hat section of #6.9-11 is as follows: 


Oddo 


I + an( 2) +2 ] $2 
= —— i t 
€p- = 1 2 12 2 


-T h^t(3b + 4h) 














i 6 
substituting expression for J, & simplifying gives: 
(ie + r) 
7 2 
i IPrGb + 4h) 
6 
|. b3b+ 2h) 





h 
6b + 8h for B -—0 and =, «— 


NOW MODIFY FORMULA FOR e FROM #6.9-11 AND COMPARE TO ABOVE 
3bh^(b + 2a) — 8ba? 
e = 
h?(h + 6b + 6a) + 4a? (2a + 3h) 


h h\? 
3bh^| b+2— | — 8bl — 
( =) (3) 
h hM Rh 
i?(n+60-+62 ) «(5 (zen) 
2 2 2 


— b(3b+2h) 
= 6b 8h 





e = 





same expressions as that above from sign post solution e 





a 
ar 
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Problem 6.9-13 A cross section in the shape of a circular arc of constant thickness is shown 
in the figure. Derive the following formula for the distance e from the center of the arc to the 
shear center S: 


. 2r(sin B — B cos D) 
i B — sin B cos B 


in which f is in radians. Also, plot a graph showing how the distance e varies as D varies 
from 0 to 7r. 











Shear force V acts through the shear center S. Moment 
of the shear force V about any point must be equal to the 
moment of the shear stresses about that same point. 


. X Mo = Ve = To e= TyV 


. 2r(sin B — B cos D) 
i B — sin B cos B 








GRAPH 
t — thickness r = radius 


[e 


At angle 0: 


B 
Q = [ow = I (r sin $) rtdh 
0 


rt(cos 0 — cos B) 
H Vo i Vr^(cos 0 — cos B) 





e 2 (sin p — p cos D) 


p r B — sin B cos B 
L = fpa = / (r sin b)’rtddb 
-£ 


SEMICIRCULAR ARC (8 = 77/2): 


= rB — sin D cos B) 


e 4 
"M — = — (Ea. 6- 
|.  W(cos 0 — cos B) : EM q. 6-73) 
rt(B — sin B cos p) 
Tg = moment of shear stresses SLIT CIRCULAR ARC (8 = T): 


At angle 0, dA = rtd0 


J [ V(cos 0 — cos _Vicos 0 — cos B). 
To = [TrdA = rtd 
gt (P — sin B cos B 


. 2 Vr(sin B — P cos B) 
i p — sin B cos D 


f = 2 (Prob. 6.9-6) 
r 





Cx 
ar, 
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Elastoplastic Bending 





The problems for Section 6.10 are to be solved using the assumption that 
the material is elastoplastic with yield stress a y. 





Problem 6.10-1 Determine the shape factor f for a cross section in the shape of 2 
a double trapezoid having the dimensions shown in the figure. z 

Also, check your result for the special cases of a rhombus (b; = 0) and a h 

2 


rectangle (b, = bp). 




















Solution 6.10-1 Double trapezoid 
SHAPE FACTOR f (Eo. 6-79) 
Z 2Qb, + b2) 


ie a ee 


SPECIAL CASE — RHOMBUS 





Neutral axis passes through the centroid C. 
Use case 8, Appendix D. 


SECTION MODULUS S 





h 3 
[. = (5 (3b, F b5)12 
2 b-0 f=2 


h? 
M (3b, + bo) SPECIAL CASE — RECTANGLE 


h/2 S : i (3b, + bo) 
C = = i 
c 24 i ^ 


PLASTIC MODULUS Z (Eo. 6-78) 


h h 
A= (5 Jos + by = bi by) 


M = iR 
"e e A Ld S 
_A h^ 3 


Z= 71 + Yn = 75 Qbi + b) bi = by = 








as 
ar, 
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Problem 6.10-2 (a) Determine the shape factor f for a y 
hollow circular cross section having inner radius rı and outer 
radius r» (see figure). 

(b) If the section is very thin, what is the shape factor? 





(a) SHAPE FACTOR f (EQ. 6-79) 
Z 6n - ri) 


S 3m- rp 


(b) THIN SECTION (7r, > r5) 


Rewrite the expression for the shape factor f. 
(r2 — Ti) = (ra — n) + rir2 + 17) 
(5 — ri) = (r2 — rra + n) + n) 
16r; r5 T Fn] ri 
" z T rr F E 
7 < 1 + rira + (rry | 








Neutral axis passes through the centroid C. 


377 
Use cases 9 and 10, Appendix D. 








SECTION MODULUS S$ B rom d sordo E 17) 
TT 
L = —(r5 — r$) C — r5 (2) 4 
Let r/r > )pf2 —(—-.]^— € 127 = 
: ade f ANA Ti 
I 
S = 2 = 43-4) 
C 4r SPECIAL CASE OF A SOLID CIRCULAR CROSS SECTION 
16/1 16 
PLASTIC MODULUS Z (EQ. 6-78) Ln =O f= >) a (Eg. 620) 
37 \ 1 377 
4 
A= Tr = r1) Forasemicircle, y — = 
T 
cc)? 
= Dy;A; 34r 2 377 2 





a DA, TIZ — ri) 


7 (2n) 
3T rm ry 


IT fi rs uus T5 3 
yi 9935 crece COO 











dA 
ar, 
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Problem 6.10-3 A propped cantilever beam of length L — 54 in. y 

with a sliding support supports a uniform load of intensity q (see 

figure). The beam is made of steel (oy = 36 ksi) and has a rectan- | 

gular cross section of width b = 4.5 in. and height h = 6.0 in. ` . 

What load intensity q will produce a fully plastic condition di í ° ^c 6-0 in. 

Sliding support | 

in the beam? L HC M 

re stin b= 4.5 in. 


Solution 6.10-3 








L=54in  G,-36ksi  b-45in  h-60in. | obh? 
Let M nax Mp gives q= 7 
gL” 2L 
MAXIMUM BENDING MOMENT: Mmax = ——— 
2 Therefore q = 1000 lb/in. em 
obh? 
PLASTIC MOMENT: Mp = 1 


y 
Problem 6.10-4 A steel beam of rectangular cross section is 40 mm wide and 80 mm high 
(see figure). The yield stress of the steel is 210 MPa. 
(a) What percent of the cross-sectional area is occupied by the elastic core if the beam is 
subjected to a bending moment of 12.0 kN:m acting about the z axis? 
(b) What is the magnitude of the bending moment that will cause 50% of the cross section P HO num 
to yield? | 
- 40 mm 


Solution 6.10-4 








o, = 210 MPa b = 40 mm h = 80 mm Percent of cross-sectional area 1s 
2e 
(a) ELASTIC CORE P3 = 56.7% «— 
obh? 
M = 12.0 kN- m My = 6 (b) ELASTIC CORE 
= š h 
My, = 9.0 kN -m NET —— 
obh? : 
Mp = 4 Mp = J3.A4kN:m 3 2e? 
MS MN m 
2 h? 


M isbetween M, and Mp 


1/3 M 
e=h X53) e — 22.678 mm 


M = 12.3 kN: m = 





dh 
ar. 
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Problem 6.10-5 Calculate the shape factor f for the wide- y 
flange beam shown in the figure if 
h = 12.2 in., b = 8.08 in., t; = 0.64 in., and ty = 0.37 in. 














Z 
Probs. 6.10-5 and 6.10-6 
Solution 6.10-5 
h—122in. — b-— 8.08 in. MUL 
, 1 
te = 0.64 in. ty, = 0.37 in. Z= 4 — (b — ty)(h — 2t] 
SECTION MODULUS Z = 70.8 in? 
] 3 l 3 
E 1," — pp? =f) = 215) SHAPE FACTOR 
—CPp- I = 386.0 in.^ f= E f= 1.12 ec 
S 





I 203 
p C = 6.1 in. SH S = 63.3 in. 
c 


Problem 6.10-6 Solve the preceding problem for a wide-flange beam with h = 404 mm, b = 140 mm, f; = 11.2 mm, 
and ty = 6.99 mm. 


Solution 6.10-6 
p= um fusum PLASTIC MODULUS 
1 
te = 11.2 mm ty = 6.99 mm s na — (b — t„)\(h — 2t! 


B d c 3 
SECTION MODULUS Z = 870.4 X 10° mm 


1= e = +o — tyh — 2t,)° SHAPE FACTOR 
12 12 
I-1534X 106 mm^ J= Z f=1.15 .— 
S 
h I 
c=— c= 202.0 mm 5 = 
2 Ü 


S = 7592 x 10? mm? 





dA 
ar, 
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Problem 6.10-7 Determine the plastic modulus Z and shape factor f for a W 12 X 14 wide-flange beam. (Note: Obtain the 
cross-sectional dimensions and section modulus of the beam from Table E-1a in Appendix E.) 


Solution 6.10-7 
W 12 X 14 SHAPE FACTOR 
h — 11.9 in. b — 3.97 in. 1: 0.227530. Z 


f=% f=1l4 =< 
ty =0.200in.  S=149 in? S 


PLASTIC MODULUS 
ly 2 
Z = 7” — (b — Lt 2t) ] 


Z = 16.98 in? «— 


Problem 6.10-8 Solve the preceding problem for a W 250 X 89 wide-flange beam. (Note: Obtain the cross-sectional 
dimensions and section modulus of the beam from Table E-1b in Appendix E.) 





Solution 6.10-8 
E W 250 x 89 SHAPE FACTOR 
h 259mm 6=257mm  1-173mm f-5 fein < 
S 


t, = 10.7mm S= 1090 x 10° mm? 


PLASTIC MODULUS 
I 2 2 
Z= 4 leh — (b — th — 2tp*] 


Z = 1.209 x 10° mm? — 


Problem 6.10-9 Determine the yield moment My, plastic moment Mp, and shape factor f for a W 16 X 100 wide-flange 
beam if oy = 36 ksi. (Note: Obtain the cross-sectional dimensions and section modulus of the beam from Table E-1a in 


Appendix E.) 
Solution 6.10-9 
W 16 X 100 YIELD MOMENT 
h — 17.0 1n. b — 10.4 1n. te = 0.985 in. M, = ays M, = 525 k-ft «— 


f,-—0.585in.  $-—175in? o,f 36ksi 


dh 
ar. 
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PLASTIC MODULUS SHAPE FACTOR 
er, 2 E Z 
Z = 7 [bP (b= th 21] Z = 197.1 in. pu qeu oe 


PLASTIC MOMENT 


Mp = TL Mp = 59] k-ft — 


Problem 6.10-10 Solve the preceding problem for a W 410 X 85 wide-flange beam. Assume that oy = 250 MPa. 
(Note: Obtain the cross-sectional dimensions and section modulus of the beam from Table E-1b in Appendix E.) 





Solution 6.10-10 
W 410 X 85 PLASTIC MOMENT 
h — 417 mm b — 181 mm te = 18.2 mm Mp = oyZ Mp = 427kN°m i= 
t =10.9mm $-21510-10? mm? 
SHAPE FACTOR 
oy = 250 MPa 7 
f^-— f= 1.13 «— 
YIELD MOMENT S 
EN My, = 0,5 My, = 378kN-m < 
PLASTIC MODULUS 
l 2 9 
Z= å bh —=(b—ty)(h— 2G) 
Z = 1.708 X 10° mm? 
Problem 6.10-11 A hollow box beam with height h = 16 in., width b = 8 in., and constant y 
wall thickness t = 0.75 in. is shown in the figure. The beam is constructed of steel with ‘| 
yield stress oy = 32 ksi. 


Determine the yield moment My, plastic moment Mp, and shape factor f. 


Probs. 6.10-11 and 6.10-12  — 5b E 





EX 
ar, 
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Solution 6.10-11 Hollow box beam 
h= 16in. b = 8 in. PLASTIC MODULUS 
t = 0.75 in. Oy = 32 ksi Use (Eq. 6-86) with twy = 2t and t; = t: 
1 
SECTION MODULUS (S = T/c) Z = 4 [bh^ — (b —2tY(h — 207] 
1 1 : 
I= — bh? — — (b — 2A(h — 2ty = 170.3 in 
12 12 
= 1079 in? PLASTIC MOMENT (EQ. 6-77) 


h I M, = a yZ = 5450 k-in. = 
c= >= 80in S=—= 1349 in.’ 

C 
SHAPE FACTOR (EQ. 6-79) 


Mp Z 
f=—=7=126 < 
My S 


YIELD MOMENT (Eo. 6-74) 
My = Oys — 4320 k-in. ~ 


Problem 6.10-12 Solve the preceding problem for a box beam with dimensions h = 0.5 m, b = 0.18 m, and t = 22 mm. 
The yield stress of the steel is 210 MPa. 


Solution 6.10-12 


h=05m b=0.18m  t-22mm ALARTE MODELU, 

oy = 210 MPa e “lbh — (b — 2tYh — 2ty] 
SECTION MODULUS Z = 4.180 x 10° mm? 

J= E _ EI, 2000 2p? PLASTIC MOMENT 


I = 8004 x 109 mm? Mp — OyL Mp = 878 kN*m e— 


h SHAPE FACTOR 
p ee c — 250 mm 
2 Z 
f== f= 1.31 «— 
I 6 3 S 
Dex S = 3.202 X 10? mm 


YIELD MOMENT 


M,-e,$ M,-62kN:m © 





CX 
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Problem 6.10-13 A hollow box beam with height A = 9.5 in., inside height h; = 8.0 in., y 


width b = 5.25 in., and inside width b, = 4.5 in. is shown in the figure. 
Assuming that the beam is constructed of steel with yield stress ay = 42 ksi, 
calculate the yield moment My, plastic moment Mp, and shape factor f. 


Probs. 6.10-13 through 6.10-16 
Solution 6.10-13 
h = 9.5 in. b = 5.25 in. hı = 8.0 in. 
, ; 1 
b; —-45in oy = 42 ksi T= nu — bh?) | Z-465in? 


PLASTIC MODULUS 


SECTION MODULUS 
PLASTIC MOMENT 





l . 
i= Oh — bh) 1 = 183.10 in.^ Mp- eZ = Mp = 1951 kin — — 
h . I «3 S 
-Qa- c= 5 cc4T5i S=7  S-—3855in HATEIBAGDOR 
Z 
peto ge o * 


YIELD MOMENT 


M,=oyS  M,-1619kin X — 


Problem 6.10-14 Solve the preceding problem for a box beam with dimensions h = 200 mm, h, = 160 mm, b = 150 mm, 
and b, = 130 mm. Assume that the beam is constructed of steel with yield stress oy = 220 MPa. 


Solution 6.10-14 Hollow box beam 


h — 200 mm b — 150mm PLASTIC MODULUS 

h, = 160 mm b, — 130mm Oy = 220 MPa Use (Eq. 6-86) with b — tw = b; and h — 2tg— hi 
l n2 2 dd 

SECTION MODULUS (S = J/c) L= 1 (bh* — byh{) = 668.0 X 10° mm 


l 3 3 6 4 
E —— — = . X 
! 12 MEL T ae PLASTIC MOMENT (EQ. 6-77) 


h I Mp = oyZ = 147kN-m — 


c-5—100mm S=% = 556.3 x 10° mm? 
SHAPE FACTOR (EQ. 6-79) 
YIELD MOMENT (EQ. 6-74) Mp Z 
= — = — = 1.20 = 
My = oyS = 122 kN: m e= My S 








AA 
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566 CHAPTER 6 Stresses in Beams (Advanced Topics) 


Problem 6.10-15 The hollow box beam shown in the figure is subjected to a bending moment M of such magnitude that 
the flanges yield but the webs remain linearly elastic. 


(a) Calculate the magnitude of the moment M if the dimensions of the cross section are A = 15 in., hy = 12.75 in., 
b = 9 in., and b, = 7.5 in. Also, the yield stress is oy = 33 ksi. 


Solution 6.10-15 
h = 15 in. b = 91n. h, = 12.75 in. j^ + 2) 
b, = 7.5 in. T= 33 ksi 





M> = 4636 k-in. 


ELASTIC CORE (a) BENDING MOMENT 


1 , e M=M,+M,  M=597k-in < 
$1 — ae — bi)hi Sj — 40.64 in. 


M, = 0,5; M, = 1341 k-in. (b) PERCENT DUE TO ELASTIC CORE 


M 
— 222495  . — 
PLASTIC FLANGES M 


F — force in one flange 


l 
F = oso 3 Jc -= h) F=334.1k 


Problem 6.10-16 Solve the preceding problem for a box beam with dimensions h = 400 mm, h, = 360 mm, b = 200 mm, 
and b; = 160 mm, and with yield stress oy = 220 MPa. 





Solution 6.10-16 Hollow box beam 
h = 400 mm b = 200 mm (a) BENDING MOMENT 
h, = 360 mm b, = 160 mm Oy = 220 MPa M = M, + M, = 524 kN:m NE 


(see Figure 6-47, Example 6-9) 
(b) PERCENT DUE TO ELASTIC CORE 


ELASTIC CORE Mi 

Percent — M (100) = 36% < 
1 

= n — bj = 864 x 10? mm? 


M, = Oys] = 190.1 kN*m 


PLASTIC FLANGES 


F = force in one flange 
1 
F = Ze — hı) = 880.0 kN 


h +h 





M» = r( ) = 334.4 kN © m 
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Solution 6.10-17 


W 10 x 60 
h=10.2in. b= 10.1 in. 
ty = 0.420 in. oy = 36 ksi 


ELASTIC CORE 





Ig = 0.680 in. 


l 2 S 
Ss, = "i — Die) l S, = 5.47 in. 


Mj = Tys] M, = 196.9 k-in. 


PLASTIC FLANGES 
F = force in one flange 
F = obte F = 2471.2 k 
M» = F(h — tẹ) 


M» = 2354 k-in. 
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SECTION 6.10  Elastoplastic Bending 


(a) Calculate the magnitude of the moment M if the yield stress is oy = 36 ksi. 
(b) What percent of the moment M is produced by the elastic core? 


(a) BENDING MOMENT 


M=M, + M; 


(b) PERCENT DUE TO ELASTIC CORE 


Mı 


— = 71.1% x 


M 


Problem 6.10-18 A singly symmetric beam of T-section (see figure) has cross-sectional 
dimensions b = 140 mm, a = 190.8 mm, ty = 6.99 mm, and f; = 11.2 mm. 
Calculate the plastic modulus Z and the shape factor f. 


M = 2551 k-in. = 


967 


Problem 6.10-17 A W 10 x 60 wide-flange beam is subjected to a bending moment M of such magnitude that the flanges 
yield but the web remains linearly elastic. 


Solution 6.10-18 
b — 140 mm a — 190.8 mm 


te = 11.2 mm 
ELASTIC BENDING 


tf a 
> bte + 5 18 Ay 


C FD C 
? bte + at, P 


ty = 6.99 mm 


— 52.02 mm 





EX 


ar, 





Cc|—a t fg— Co 


cy = 149.98 mm 


l l l 
I, = 3fwer + zbe? — 3b — Xa — te)” 


= 11.41 X 10° mm^ 


S = 76.1 X 10° mm? 
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568 CHAPTER 6 Stresses in Beams (Advanced Topics) 
PLASTIC BENDING 1 2 l 4 
2 aO v ty (te > hy) i zly 
A = bt; + aty A = 2902 mm _2 2 
Yl bar — A/2 
A 
hz = 2b h> = 10.4 mm Yi bar = 88.50 mm 
A 
hy = a + tf — h^ hy = 191.6 mm Z = 2 91. bar + Y2 bar) 
Y2 bar ^ h2/2 Y2 bar = 5.18 mm 


Z = 136 x 10? mm? «— 


Z 
fry f = 1.79 — 


Problem 6.10-19 A wide-flange beam of unbalanced cross section has the dimensions 
shown in the figure. 
Determine the plastic moment Mp if oy = 36 ksi. 








NEUTRAL AXIS UNDER FULLY PLASTIC CONDITIONS 
A 
2 E hits "ur (bi a Ls) 


from which we get A, = 1.50 in. 


h> = d — hi = 8.50 in. 


PLASTIC MODULUS 


te WES. fr C > yii 





"AQ 
i: A s AADA) + (hi = te 2)bi — tw)(t) 
ty, = 0.5 in. d = 8 in. d, = 7 in. A/2 
tt=0.5in A = bite + bot; + dyty = 11.0in.* = 1.49940. 





as 
ar, 








O0O6Ch06.qxd 9/24/08 6:05 AM Page 


os > yA; 
22 AI 


_ Qo 2yts ha) + (h — t/2)(b» — tyr) 
A/2 


= 4.477 in. 


A — — . 3 
Z= 301 + y2) = 31.12 in. 


Problem 6.10-20 Determine the plastic moment Mp for a beam having 
the cross section shown in the figure if oy = 210 MPa. 
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SECTION 6.10  Elastoplastic Bending 569 


PLASTIC MOMENT 


Mp-e,Z-1020kin < 





Oy = 210 MPa d, = 150 mm d, — 120 mm 


NEUTRAL AXIS FOR FULLY PLASTIC CONDITIONS 


Cross section is divided into two equal areas. 
A= 1 150 mm)? — (120 mm)?] 
+ (250 mm) (30 mm) = 13,862 mm? 


A 2 
2 = 6931 mm 
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CHAPTER 6 Stresses in Beams (Advanced Topics) 


A 2 
(h53)(30 mm) = 7 = 6931 mm 


hy = 231.0 mm 
hj, = 150 mm + 250 mm — M = 169.0 mm 


PLASTIC MODULUS 








Y vA 
y = B for upper half of cross section 
A/2 
Så 
Yy = " - for lower half of cross section 
A _ _ 
Li (Yı T y2) = (> Yi A upper T (> Yid iswer 


2 


(Dimensions are in millimeters) 


Z = (h — (2a — dy) 


P2156 
2 (+ Jao, - 150) 
hy 
E (aon 


= 598,000 + 5,400 + 800,400 
= 1404 x 10? mm? 


PLASTIC MOMENT 
Mp = opZ = (210 MPa)(1404 X 10? mm?) 
= 205kN:m < 








dh 
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Analysis of Stress 
and Strain 


Plane Stress 

1200 psi 
Problem 7.2-1 An element in plane stress is subjected to stresses o, = 4750 psi, | 
ay = 1200 psi, and 7,, = 950 psi, as shown in the figure. 


Determine the stresses acting on an element oriented at an angle 0 = 60° from the 
x axis, where the angle 0 is positive when counterclockwise. Show these stresses on a | [- psi 
<—— 


sketch of an element oriented at the angle 0. — 
4750 psi 


Solution 7.2-1 











Oy, = 4750 psi o, = 1200 psi Txy = 950 psi On O: 
: E i j id B quce i d sin(20) + 7,, cos(20) 
0 — 60? 
OT Oy Ox — Oy . Txlyl = — 2012 psi = 
g,i— 3 + > cos(20) + T, sin(20) Oy) = oy + Oy — Oy 
Oy, = 2910 psi < ay, = 3040 psi < 
Problem 7.2-2 Solve the preceding problem for an element in plane stress 80 MPa 
subjected to stresses o, = 100 MPa, o = 80 MPa, and 7,, = 28 MPa, as shown in 
the figure. —> 
Determine the stresses acting on an element oriented at an angle 6 = 30° from 28 MPa 
the x axis, where the angle 0 is positive when counterclockwise. Show these stresses 
<— ——»- 
on a sketch of an element oriented at the angle 0. 100 MPa 
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ar, 
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Solution 7.2-2 
oy = 100 MPa ge 80 MPa Ey 28 MPa Oy Oy 
Tap ~ sin(20) + 7,4, cos(20) 
0 — 30? 
OU, tO, Or; Tray! = 5.30 MPa < 
Ox = B + 5 cos (20) + T, sin (20) Oy, = 0, +0, — oy 
Oy, = 119.2 MPa < Oy, = 60.8 MPa < 
Problem 7.2-3 Solve Problem 7.2-1 for an element in plane stress subjected to 2300 psi 
stresses oy = —5700 psi, a, = —2300 psi, and 7,, = 2500 psi, as shown in the figure. 

Determine the stresses acting on an element oriented at an angle 0 = 50° from the x —— 
axis, where the angle 0 is positive when counterclockwise. Show these stresses on a sketch 2500 psi 
of an element oriented at the angle 0. | | 

— — 
5700 psi 
i 


Solution 7.2-3 











oy, = —5700 psi Gg, = —2300 psi T, = 2500 psi Gum 
: p y E 9 j Tayı = —— —— sin (20) + Ty cos (26) 
0 = 50° 
T, + T, 0 5, Tyly] = 1240 psi LEER 
Ox = 2 + 5 cos (20) + Ty, sin (20) Oy, 7 0, + 0, — oy 
oa —1243 psi < gy, = —6757psi < 
Problem 7.2-4 The stresses acting on element A in the web of 160 MPa 
a train rail are found to be 40 MPa tension in the horizontal 
direction and 160 MPa compression in the vertical direction 
(see figure). Also, shear stresses of magnitude 54 MPa act in the 
directions shown. 40 MPa 
= A — 
Determine the stresses acting on an element oriented at a 
counterclockwise angle of 52° from the horizontal. Show these 54 MPa 
stresses on a sketch of an element oriented at this angle. oe 
Side Cross 
View Section 





as 
ar, 
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Solution 7.2-4 
a, =40MPa oy, = —160 MPa Ty = —54 MPa Ox — Oy 
Txlyl = ~— — sin(20) + 7,,cos(20) 
0 = 52° 2 
0, J- Ty gy — Ty Tx1yl — — 84.0 MPa EL 
Oy = s + 5 cos(20) + Ty sin(26) 0, = 0, + oy — Oy 
Oy = —1366MPa < dy —166MPa < 
Problem 7.2-5 Solve the preceding problem if the normal 18,500 psi 
and shear stresses acting on element A are 6500 psi, 18,500 psi, 





and 3800 psi (in the directions shown in the figure). 
Determine the stresses acting on an element oriented at a 





counterclockwise angle of 30° from the horizontal. Show these " 6500 psi 
stresses on a sketch of an element oriented at this angle. | | 
3800 psi 
Side Cross 
View Section 


d Solution 7.2-5 
— 6500 psi = —18500 psi — —3800 psi Ty — 0 
E E Á d my E Ue -——,— sin (20) + Ty cos (20) 
0 = 30° 





Tx1yl — — 12725 psi — 
=> + —L cos (26) + t. sin (20) 
Ox! cos ( ay Oy] = Oy + Oy — Oy] 


Oy, = — 8959 psi — 


Oxy = — 304] pi < y 


Problem 7.2-6 An element in plane stress from the fuselage of an airplane is subjected 5.5 MPa 
to compressive stresses of magnitude 27 MPa in the horizontal direction and tensile 
stresses of magnitude 5.5 MPa in the vertical direction (see figure). Also, shear stresses P 


of magnitude 10.5 MPa act in the directions shown. 


Determine the stresses acting on an element oriented at a clockwise angle of 35° 27 MPa 
from the horizontal. Show these stresses on a sketch of an element oriented at this ~> — 
angle. 10.5 MPa 
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Solution 7.2-6 
©, = —27 MPa Oy = 5.5 MPa Txy = —10.5 MPa Ox ~ Oy | 
Tay] = — — — sin (20) + 7, cos (20) 
0 = —35? 2 
D. Oy T,- a, Tyly] — 7 18.9 MPa RES 
Oy = > + 5 cos (20) + T,, sin (20) Oy, = G3 0, — oy 
Ox, = —64MPa < gy = -191MPa < 
Problem 7.2-7 The stresses acting on element B in the 2600 psi 
web of a wide-flange beam are found to be 14,000 psi com- 


pression in the horizontal direction and 2600 psi compres- 


E 
sion in the vertical direction (see figure). Also, shear stresses ———— - 
of magnitude 3800 psi act in the directions shown. = 14,000 psi 
Determine the stresses acting on an element oriented at a x NEG 





counterclockwise angle of 40° from the horizontal. Show 3800 psi 


these stresses on a sketch of an element oriented at this angle. l 
Side Cross 


View Section 











Solution 7.2-7 
Xu oa, = —14000 psi ay = —2600 psi Oy ~ Dy | 
i = —3800 psi Tx1yl = 5 sin (20) T Txy COS (20) 
0 = 40° Tx1y1 = 4954 psi = 
Ox) = ——— + —— cos (20) + ,,sin (26) UU LP 
2 2 Oy) = —3568psi < 
Ox, = —13032 pi < 
Problem 7.2-8 Solve the preceding problem if the normal and shear stresses acting on 13 MPa 
element B are 46 MPa, 13 MPa, and 21 MPa (in the directions shown in the figure) and 
the angle is 42.5° (clockwise). — 
21 MPa 
——À 
| | 46 MPa 
Cas 
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Solution 7.2-8 
o, = —46 MPa ay = —13 MPa 7; = 21 MPa Ox — Oy | 
Txlyl = ———Z sin (20) + 7,,cos (20) 
0 = —42.5? 2 
o, + T, 0, — Oy Tyly] = — 14.6 MPa — 
= + + Ty Si 
041 5 5 cos (20) + T, sin (26) 0, = 04 + oy — Oy 
oq = —519MPa < gy = =7.1 MPa < 
y 
Problem 7.2-9 The polyethylene liner of a settling 
pond is subjected to stresses o; = 350 psi, o, = 112 psi, 112 psi 
and 7, = —120 psi, as shown by the plane-stress | 
element in the first part of the figure. : 
Determine the normal and shear stresses acting on a 

seam oriented at an angle of 30° to the element, as 350 psi 
shown in the second part of the figure. Show these —| O l^ 
stresses on a sketch of an element having its sides 120 psi 


parallel and perpendicular to the seam. 





Solution 7.2-9 Plane stress (angle 0) 


y 


275 psi 


$ 
i 








g, = 350 psi oy = 112 psi Txy = —120 psi The normal stress on the seam equals 187 psi 
0 = 30° tension. = 
The shear stress on the seam equals 163 psi, acting 
Ox + Oy Ox — Oy lacie ee x: 

Oy, = : 4 ] cos 20 + Ty sin 20 clockwise against the seam. 

= J87psi < 

Ox — Oy 

Tue sin 20 + 7,, cos 20 

= —]63psi < 
Oy, —0, t0, — Oy, = 275 psi <— 





a 
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Problem 7.2-10 Solve the preceding problem if the normal y 
and shear stresses acting on the element are o = 2100 kPa, 
g, = 300 kPa, and Tee = —560 kPa, and the seam is oriented 300 kPa 
at an angle of 22.5° to the element (see figure). | 
— 
2100 kPa 
—| O |— T: 
560 kPa 
| 
O,t Oy Ox — Oy 
gy, = 5 + 5 cos 20 + Tyy sin 20 
= 1440 kPa < 
Ox — Oy 
= sin 20 + 7,, cos 20 
= — 1030 kPa < 
ETa Oy, = Oy + Oy — Ox, = 960 kPa — 
The normal stress on the seam equals 1440 kPa 
o, = 2100 kPa ay = 300 kPa T, = —560 kPa tension. <— 
0 = 22.5? The shear stress on the seam equals 1030 kPa, acting 

clockwise against the seam. — «— 

Problem 7.2-11 A rectangular plate of dimensions 3.0 in. X 5.0 in. is formed 350 psi 


by welding two triangular plates (see figure). The plate is subjected to a tensile 
stress of 500 psi in the long direction and a compressive stress of 350 psi in the 
short direction. 

Determine the normal stress c, acting perpendicular to the line of the weld 
and the shear 7,, acting parallel to the weld. (Assume that the normal stress o;, 
is positive when it acts in tension against the weld and the shear stress T, is 
positive when it acts counterclockwise against the weld.) 











EX 
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SECTION 7.2 Plane Stress 577 


Solution 7.2-11 Biaxial stress (welded joint) 


O; — Oy 
Tuy, — =- in 20 + Ty cos 20 = —375 psi 
Oy, = Ox + Oy — Oy, = —125 psi 


STRESSES ACTING ON THE WELD 


Cin 125 psi 


"i ^ 








375 pal Ne =30.96° 
g,—500psi  e6,—-—350ps Ty =0 cl 


3 1n. 
0 = arctan —— = arctan 0.6 = 30.96? 
5 in. 


Ox + Oy Ox — Oy l 
gu. s E F — 3 eos 20 + T,,sin 20 


275 psi 


12.0 MPa 
Problem 7.2-12 Solve the preceding problem for a plate of dimensions 
100 mm X 250 mm subjected to a compressive stress of 2.5 MPa in the 
-Qa- long direction and a tensile stress of 12.0 MPa in the short direction 
(see figure). 











0, — Oy 
ta = 7 sin 20 + Ty cos 20 = 5.0 MPa 
Oy, = Ox + Gy — Oy, = 10.0 MPa 


STRESSES ACTING ON THE WELD 





C ji, 10.0 MPa 











v 5.0 MPa 
o, = —2.5 MPa ay = 12.0 MPa Ty = 0 
6 = arctan = arctan 0.4 = 21.80° 
= arctan 250mm arctan 0.4 = 21. o, =10.0MPa <- 
Oy Oy Ox— Oy T, = —5.0 MPa < 
Ox, = 5 uz 5 cos 20 + T,, sin 20 





EN 
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5/8 CHAPTER 7 Analysis of Stress and Strain 


Problem 7.2-13 At a point on the surface of a machine the material y 

is in biaxial stress with a; = 3600 psi, and oy, = —1600 psi, as | 

shown in the first part of the figure. The second part of the figure 1600 psi 
shows an inclined plane aa cut through the same point in the material | 

but oriented at an angle 0. 


Determine the value of the angle 0 between zero and 90? such "s 
that no normal stress acts on plane aa. Sketch a stress element 3600 psi S——-_ 





having plane aa as one of its sides and show all stresses acting on x 
the element. 


STRESS ELEMENT 


c, =0  6-56319 














Oy, = Ox + Oy — Oy, = 2000 psi < 
o, = 3600 psi "— 
x y , 
ay = — 1600 psi Tay = ———, Sin 20 + 7,, cos 20 
Ty = 0 — — 2400 psi 
Find angle 0 for o = 0. 
y 
o = normal stress on plane a-a 2000 psi | 
OX. tc Oy — O0 N | 
= m E E 65 20 + T, sin 20 on NN K 
NM. M = 56.31° 
= 1000 + 2600 cos 26(psi) e O — 
F ET EE sun NN KAO pn 
Or Ox, , We obtain cos 2600 \ A R 
20 =112.62° and 0 = 56.31° 
Problem 7.2-14 Solve the preceding problem for o, = 32 MPa y 
and a = —50 MPa (see figure). 
|” MPa a 
zt 
32 MPa — 
—— — O — r 





dh 
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Biaxial stress 


I 
Oo 
N 
< 
J 
ja) 


Find angles 0 for 0 = 0. 


o = normal stress on plane a-a 


0, + Oy 





OX, = T 


: 2 


For c, 


Ox — Oy 
cos 20 + T,, sin 20 


20 = 77.32? 








and 0 = 38.66? 


—9 + 41 cos 20 (MPa) 


9 
— 0, we obtain cos 20 — — 


4] 


a sketch of an element oriented at 0 = 0°. 
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Problem 7.2-15 An element in plane stress from the frame of a racing car is 
oriented at a known angle 0 (see figure). On this inclined element, the normal and 
shear stresses have the magnitudes and directions shown in the figure. 

Determine the normal and shear stresses acting on an element whose sides 
are parallel to the xy axes, that is, determine o, o, and 7,,. Show the results on 


SECTION 7.2 Plane Stress 


STRESS ELEMENT 


Oy, = 0 0 = 38.66? 
Oy = 0, + Oy — Ox, = -18 MPa < 


Ox — Oy 
— 2 — sin 20 + 7,, cos 20 


= — 40 MPa 


«— 









2475 psi 


3950 Nz 





979 


0 = 40° 
14,900 psi 


Solution 7.2-15 








Transform from 0 = 40° to 0 = 0° 
o, = —14900 psi ay = —3950 psi 
Tx, = 2475 psi 
0 = — 40° 
Ox + Oy 0x — Oy 
Oy] = 5 + cos (20) + 7,,sin (20) 
Oy = — 12813 psi < 





dA 
ar, 





O, — Oo 


Txlyl = — sin (20) + 7,, cos (20) 
Tiy] = —4962psi < 

Oy] = Ox + Oy — OX] 

Oy, = —6037 psi < 
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Problem 7.2-16 Solve the preceding problem for the element shown in the y 
fi 24.3 MPa 
gure. 
Solution 7.2-16 
Transform from 0 = 55? to 6@ = 0° Ox ~ Oy | 
Tuy] = 7 Z— sin (20) + 7,,cos (20) 
c, = 243 MPa o, = 62.5 MPa 2 
T, = —24 MPa Tayı = —32.6MPa < 
§ = —55? Oy, = Oy + Oy Oy 
gy Oy Ox ~ Dy : Oy, = —18.3 MPa — 
Oy] = 5 + cos (20) + 7,,sin (20) 
by Oy, = 56.5 MPa < 
Problem 7.2-17 A plate in plane stress is subjected to normal stresses y 
o, and o and shear stress T,,, as shown in the figure. At counterclockwise angles 
0 = 35° and 0 = 75° from the x axis, the normal stress is 4800 psi tension. 
If the stress o, equals 2200 psi tension, what are the stresses o, and 7,,? i 
—— 


(m 
| | g, = 2200 psi 
—— O —— — 


X 











Solution 7.2-17 
o, = 2200 psi gy unknown 7, unknown For 0 = 35° 
At 0 —35? and 0 = 75°, o4, = 4800 psi o1 = 4800 psi 
Find o; and 7,, 2200 psi +o, 2200 psi — a, 
4800 psi = + 
Oy Oy Oy Oy l 2 2 
Ox) = 7 + 5 cos (20) + 7,, sin (20) X cos (70°) + Ty sin(70°) 
or 0.32899 a, + 0.93969 7,, = 3323.8 psi (1) 








as 
ar. 
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For 0 =75°: Or 0.933010, + 0.50000 7,, = 4652.6 psi (2) 
o1 = 4800 psi Solve Eqs. (1) and (2): 
2200 psi +ø,  2200psi—o;, oy = 3805 psi Txy = 2205 psi < 
4800 psi = 5 + 5 
X cos (150°) + T, sin(150°) 


Problem 7.2-18 The surface of an airplane wing is subjected to plane stress y 
with normal stresses oy and o, and shear stress 7,,, as shown in the figure. At a 
counterclockwise angle 0 = 32° from the x axis, the normal stress is 37 MPa 














tension, and at an angle 0 = 48°, it is 12 MPa compression. [^ 
If the stress o, equals 110 MPa tension, what are the stresses o, and 7,,? 
Tiy 
| | g, = 110 MPa 
O i X 
| 
Solution 7.2-18 
a o, = 110 MPa g, unknown Oxy unknown Or 0.280812; + 0.89879 7,, = —42.11041 MPa (1) 
At 0 = 322, 0,4 =37 MPa (tension) For 0 — 48*: 
At 0 = 48?,0,4, = —12 MPa (compression) Oy, —12 MPa 
110MPa*o, 110 MPa - o, 
Find o; and 7,, —12 MPa = E 4 e 
Ot Oy O,—O X cos (96°) + T, sin (96° 
Oy = AK MAE. cos(20) + T,,sin(20) COS un) 
2 2 or 0.552260, + 0.994527, = —61.25093 MPa (2) 
For g oe" Solve Eqs. (1) and (2): 
Ox, — 37 MPa oy = —60.7MPa Ty= —279MPa < 
110 MPa +o, 110MPa—oy, 
37 MPa = — XN F ~ 


X cos (64°) + T,, sin (64°) 





EX 
ar, 
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Problem 7.2-19 Ata point in a structure subjected to plane stress, the stresses are 
a, = —4100 psi, o, = 2200 psi, and 7,4 = 2900 psi (the sign convention for these 
stresses 1s shown in Fig. 7-1). A stress element located at the same point in the structure 
(but oriented at a counterclockwise angle 0, with respect to the x axis) is subjected to 
the stresses shown in the figure (o, Tp, and 1800 psi). 

Assuming that the angle 0; is between zero and 90°, calculate the normal stress o, the 
shear stress 7,, and the angle 0, 





Solution 7.2-19 


a, = —4100 psi oy = 2200 psi 1800 psi = —950 psi — 3150 psi cos(20, ) 
Txy = 2900 psi + 2900 psi sin (204) 
For 0-90; 


SOLVE NUMERICALLY: 


20, = 8732 604-437 <- 


Ox] = 1800 psi Oy! — Op Txlyl — Th 


Find Op, Tp, and 04 





Stress gy Shear Stress Tp 
Op = Gy t ay — 1800 psi gy = —3700 psi es Gone 
x Gy , 
Angle 0, Tp = — —, sin (201) + Tay cos (261) 
Oy +o Oy — O = 3282 psi — 
oa = —— + —— cos (20) + v, sin (20) k = 








2 


Principal Stresses and Maximum Shear Stresses 


When solving the problems for Section 7.3, consider only the in-plane stresses (the stresses in the xy plane). 


Problem 7.3-1 An element in plane stress is subjected to stresses o, = 4750 psi, 0, = 1200 psi, and 7,, = 950 psi (see the 
figure for Problem 7.2-1). 
Determine the principal stresses and show them on a sketch of a properly oriented element. 


Solution 7.3-1 














o, = 4750 psi a, = 1200 psi T,, = 950 psi 055» = 0,1 + 90° 0, = 104.08° 
Ox + Oy Ox — Oy 
PRINCIPAL STRESSES a, = 3 + B COS (20,1) qeu sin (28,1) 
2T 
atan( ) Oy + Oy Ox — Oy l 

Oy — Oy n= $ z COS (20,2) + Taysin (20,2) 

051 — 2 
Oo, = 4988 psi < 

05; = 14.08° 


o = 962 psi < 





dh 
ar. 
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Problem 7.3-2 An element in plane stress is subjected to stresses c, = 100 MPa, o, = 80 MPa, and 7,, = 28 MPa (see the 
figure for Problem 7.2-2). 
Determine the principal stresses and show them on a sketch of a properly oriented element. 


Solution 7.3-2 


o, = 100 MPa ay, = 80 MPa Txy = 28 MPa OU, t+ Oy 0,—0, 
cos(26,1) + Ty sin(20,) 








PRINCIPAL STRESSES 











27 - + ~ cos(28,5) + Ty sin(28 
atan( - j “2 2 2 cos(20,5) + Ty sin(2055) 
CG, 
o =———— o; =120MPa < 
O — 60 MPa Ser 
0, = 35.2° 
6 = 8, +90° yp = 125.17° 


Problem 7.3-3 An element in plane stress is subjected to stresses c, = —5700 psi, a, = —2300 psi, and 7,, = 2500 psi 
(see the figure for Problem 7.2-3). 
Determine the principal stresses and show them on a sketch of a properly oriented element. 


Solution 7.3-3 


o, = —5700 psi oy = —2300 psi Txy = 2500 psi O, tO, Oy Oy 
g, = + cos(26,1) Eig sin( 26,1) 








PRINCIPAL STRESSES 











2T xy T = + 4 cos(20,2) + Ty sin(20,2) 
atan 2 2 
Oy — Oy l 
052 = 2 oi = —OTlps < 
à o = — 7023 pi < 
052 = —27.89 
05; = 9,2 + 90° 0y = 021 


Problem 7.3-4 The stresses acting on element A in the web of a train rail are found to be 40 MPa tension in the horizontal 
direction and 160 MPa compression in the vertical direction (see figure). Also, shear stresses of magnitude 54 MPa act in the 
directions shown (see the figure for Problem 7.2-4). 

Determine the principal stresses and show them on a sketch of a properly oriented element. 








CEN 
ES 
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Solution 7.3-4 
o, = 40 MPa ay = —160MPa 7,4 = —54MPa Oy T0, Ox — Oy 
ptem t cos (26,,) + r,,sin (26, ) 
PRINCIPAL STRESSES 
Ox t Oy Ox — Oy 
( 2T xy Um x + z 008 (20,2) + Ty sin (2055) 
atan 
0, — 0, 
05 — zm ao, = 53.6MPa < 
o> = —173.6MPa < 
0j = = 142° 
0,2 = p1 + 90° 05, = 75.8? 


Problem 7.3-5 The normal and shear stresses acting on element A are 6500 psi, 18,500 psi, and 3800 psi (in the directions 
shown in the figure) (see the figure for Problem 7.2-5). 

Determine the maximum shear stresses and associated normal stresses and show them on a sketch of a properly oriented 
element. 


Solution 7.3-5 




















a, = 6500 psi oy = 18500 psi — 7,, = —3800 psi ao, = 7065 psi 
o = —19065 psi 
Zane PRINCIPAL ANGLES 
( 2T xy MAXIMUM SHEAR STRESSES 
atan 
Ox — Oy Oy — Oy\2 2 
051 = — — D Ta 5 UE Tmax = 13065psi < 
0p 5d» Oa — 94-45" 6,4 —53.4^ < 
0,2 = 05; + 90° 05 = 81.55° 0, + Oy . 
ÜOaver ^ A Oaver = —6000 psi zm; 
dto; Opm T; 2 
c= a F cos (26,,) + Ty sin (20,,) 
Ox + Oy Ox — Oy 
Ce sper + cos (26,9) + Tyy sin (20,2) 


Problem 7.3-6 An element in plane stress from the fuselage of an airplane is subjected to compressive stresses of 
magnitude 27 MPa in the horizontal direction and tensile stresses of magnitude 5.5 MPa in the vertical direction. Also, 
shear stresses of magnitude 10.5 MPa act in the directions shown (see the figure for Problem 7.2-6). 

Determine the maximum shear stresses and associated normal stresses and show them on a sketch of a properly oriented 
element. 





EN 
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Solution 7.3-6 


g, — —27 MPa oy = 5.5 MPa T 


Xy 


PRINCIPAL ANGLES 


(Ox Oy 

















—10.5 MPa 


as 
Nal 
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05» E 2 
0,2 = 16.43? 
0,, = Oy + 90° 6,1 = 106.43° 
Ox + Oy Ox — Oy l 
ge t z 0s (20, ) ast 20,7) 
Ox + Oy Oy — Oy 
0 = + cos (2055) + Txy sin (20,5) 


8.6 MPa 
—30.1 MPa 


0] 


02 
MAXIMUM SHEAR STRESSES 


Oy — Oy\2 
2 
( ) ) + 


Tmax = 19.3 MPa < 
0.1 a 051 — 45? 054 = 61.4? 





Tmax — 


Ox + Oy 
=-10.8MPa < 


Oaver — 2 Oaver 


985 


Problem 7.3-7 The stresses acting on element B in the web of a wide-flange beam are found to be 14,000 psi compression 
in the horizontal direction and 2600 psi compression in the vertical direction. Also, shear stresses of magnitude 3800 psi act 
in the directions shown (see the figure for Problem 7.2-7). 

Determine the maximum shear stresses and associated normal stresses and show them on a sketch of a properly oriented 


element. 


Solution 7.3-7 








oa, = —14000 psi oy = —2600 psi 
T,, = —3800 psi 
PRINCIPAL ANGLES 
( 2T 
atan 
Ox — Oy 

052 = EE c 
052 — 16.85? 
051 = 05» + 90? 051 = 106.85? 

Oo, +t O, — 0O 
g, = co ge - cos(20,,.) + rsin( 


2 2 


Problem 7.3-8 The normal and shear stresses acting on element B are o; = —46 MPa, o, = —13 MPa, and 7,, = 21 MPa 


(see figure for Problem 7.2-8). 


205 


) 








(T ect um 


gj = —1449 psi 
05 = —15151 psi 


MAXIMUM SHEAR STRESSES 








Tmax — 9 
0; = 051 — 45? 0, = 61.8? S 
Ox + 0, 
Oaver — 9 Oaver — ^ — 8300 psi Ae 


cos( 28,7) Ts sin(20,) 


CUT Oy 1 2 : 
aT Tmax = 685I psi < 


Determine the maximum shear stresses and associated normal stresses and show them on a sketch of a properly oriented 


element. 








fis 
ES 
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Solution 7.3-8 
o, = —46 MPa g, — —13 MPa 7, = 21 MPa gj = —2.8 MPa 
g5 — —56.2 MPa 
PRINCIPAL ANGLES 
2T MAXIMUM SHEAR STRESSES 
atan( ) 
Ox — Oy Oy — 0, V2 r 
0,» = RE CN Tmax = 7 Tip Tmax ^ 26.7 MPa — 
052 = c2592" 0, = 051 — 45? 04 = 19.08? — 
O51 = 0,2 + 90° 0,, = 64.08° Ox — 0, 
Ojver = Over = —29.5 MPa < 
Oy t Oy, O,—Oy . 2 
Ee + cos (26,,) + Ty sin (20p,) 
Ox t Oy Ox — Oy l 
9) —- — t cos (2055) + Tyy sin (20,2) 


Problem 7.3-9 A shear wall in a reinforced concrete building is 
subjected to a vertical uniform load of intensity q and a horizontal 
force H, as shown in the first part of the figure. (The force H 
represents the effects of wind and earthquake loads.) As a 
consequence of these loads, the stresses at point A on the surface 
of the wall have the values shown in the second part of the 

figure (compressive stress equal to 1100 psi and shear stress equal 
to 480 psi). 


(a) Determine the principal stresses and show them on a sketch 
of a properly oriented element. 

(b) Determine the maximum shear stresses and associated 
normal stresses and show them on a sketch of a properly oriented element. 


|. psi 


480 psi «— 





Solution 7.3-9 Shear wall 
o, = 0 ay = —1100 psi Txy = —480 psi Therefore, o = 180 psi and 6,, = —20.56° 
< 


05 = —1280 psi and 0,, = 69.44 
(a) PRINCIPAL STRESSES = 













2Tyy 
tan 20, = = — 0.87273 
AG 180 psi 
O O psi 
20, = —41.11° and 6, = —20.56 X 1280 psi 
20, = 138.89" and 6, = 69.44° "Na — &9 449 
P; k 
Oy tO,  0,—0, | 
Ta = —, + 7 cos 20 + T,, sin 20 * 
For 20, = —41.11*: ox, = 180 psi x 
For 20, = 138.89°: Ox, = —1280 psi 





dh 
ar. 
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(b) MAXIMUM SHEAR STRESSES y 
quc ! 550 psi | 
Bux ( 7 ) + = 730 psi P | 
hy 






` 550 psi 
"^ 





0, = 0,- 45° = —65.56" and 7 = 730 psi 
0, = 0p t 45° = 24.44^ | and — —730 psi d 


4 
0, + Oy N 


Paver = — 5 —550psi  — 


Pai 


FAA 
^. 


Problem 7.3-10 A propeller shaft subjected to combined torsion and axial thrust 
is designed to resist a shear stress of 56 MPa and a compressive stress of 85 MPa 
(see figure). 


(a) Determine the principal stresses and show them on a sketch of a properly 
oriented element. 

(b) Determine the maximum shear stresses and associated normal stresses 
and show them on a sketch of a properly oriented element. 





Solution 7.3-10 
oO, = —85 MPa ay = 0 MPa Ty = —56 MPa o, = 27.8 MPa < 


o = 1112.5 MPa < 
(a) PRINCIPAL STRESSES 

















2Tyy (b) MAXIMUM SHEAR STRESSES 
sa ) i 
Ox — OF 8; — 3, 

AES oor 
052 = 26.4° Tmax = 70.3 MPa <— 
0, = 9,.+ 90° 0p =1164° < O51 = 05, — 45 0, — 71.4 «— 

Ox t Oy Ox Oy . T: B o: — 42.5 MPa "S 
gj = ) + cos (26,,) + Txy sin (20,,) aver 7 aver 

Ox + Oy Oy — Oy 
02 = E cos (20,5) + Tyy sin (20,2) 


2 





Cx 
ar, 
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588 CHAPTER 7 Analysis of Stress and Strain 


Problems 7.3-11 c, = 2500 psi, c, = 1020 psi, 7,, = —900 psi 


(a) Determine the principal stresses and show them on a sketch of a properly 
oriented element. 

(b) Determine the maximum shear stresses and associated normal stresses and 
show them on a sketch of a properly oriented element. 


| 
t 

GE 
I 


Probs. 7.3-11 through 7.3-16 





X 


Solution 7.3-11 


o, = 2500 psi i= 1020 psi fy — 900 psi Therefore, 


FOr Oyj = 225.3": 
For 05; = 64.7°: 


(a) PRINCIPAL STRESSES 




















oO, = 2925 psi < 
o =S595 psi < 





( 2Txy 
t 
2T xy ses Ox — Oy (b) MAXIMUM SHEAR STRESSES 
tan(20,) = bi = — 
Ox — Oy 2 7 = — ^y, ] 
d à, = 2529 fas = "s 
05) = 90? + 0, 0,2 = 64.71? Tmax = 1165 psi 
Ox + Oy Ox — Oy 0.1 = 051 — 45? 0 = —70.3° and 
A $ z 905 (285. ) + Tay sin (20) 7, = 1165psi < 
0, = 0, — 45 0,» = 19.71? and 
Lis PR MU. : i = “1165 psi = 
quee + cos (26,9) + Ty sin (20,2) 2 
Ox T Oy l 
Oaver — 2 Taver = 1760 psi = 


Problems 7.3-12 c, = 2150 kPa, o, = 375 kPa, 7,, = —460 kPa 


(a) Determine the principal stresses and show them on a sketch of a properly oriented element. 
(b) Determine the maximum shear stresses and associated normal stresses and show them on a sketch of a properly 


oriented element. 


Solution 7.3-12 


7, =2150kPa ø =375kPa sy = —460 kPa 0 














pl 
(a) PRINCIPAL STRESSES 052 
2T Ox t Oy 
atan 0j = 2 
2Txy O.— Oy 
tan(20,) = 0, = 
Us = 2 





EN 
ar 





O, — O 


0,2 = 76.30° 





- cos (205.) s Tesi (205) 





o 
- cos (20,2) + Tx sin (26,9) 
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SECTION 7.3 Principal Stresses and Maximum Shear Stresses 589 


Therefore, Tmax ^ 145 psi 
Porg, =- -—195.70* Oo, = 2262 kPa < Gp = pex 45° 04,7 —58.7? < 
For 05; = 76.3? o> = 263kPa < and 7, = 1000 kPa 
0) — OP 45 - Bu 31S. = 
(b) MAXIMUM SHEAR STRESSES and 7; = —1000 kPa 
O, — O,\2 O, + Oy 
Tmax = (25) zy D O aver ET 2 O aver = 1263 kPa 


Problems 7.3-13 c, = 14,500 psi, a, = 1070 psi, 7,, = 1900 psi 


(a) Determine the principal stresses and show them on a sketch of a properly oriented element. 
(b) Determine the maximum shear stresses and associated normal stresses and show them on a sketch of a properly 


oriented element. 


Solution 7.3-13 























0, — 14500 psi ay = 1070 psi Txy = 1900 psi Therefore, 
For 0,, = 7.90° ao, = 14764 psi < 
p 
(a) PRINCIPAL STRESSES 
For 05; = 97.9" 05 = 806 psi m: 
2Tyy 
Sue aT atan( — — 3 (b) MAXIMUM SHEAR STRESSES 
tan(20,) = A —À B — 
0, — Oy 2 JC ES 3i ; 
Tmax "all oo] +7 
05, = 7.90? em 2 i 
05, = 90° + 0, 6,2 = 97.90° Tmax = 0979 psi 
Oy Oy Ox—Oy O53 = Op, — 45° Ou eI se 
peus 5 cos (26,,) + Ty sin (26, ) and 7, = 6979 psi 
Tot Oy,  0,—0, 0 = 0,, + 45° 09522" = 
P ERES di j 008 (20,2) + Tx sin (2055) and T2 = —6979 psi 
Ox t+ Oy 





= Taver = 7785 psi 


Oaver o 


Problems 7.3-14 c, = 16.5 MPa, e, = —91 MPa, 7,, = —39 MPa 


(a) Determine the principal stresses and show them on a sketch of a properly oriented element. 
(b) Determine the maximum shear stresses and associated normal stresses and show them on a sketch of a properly 
oriented element. 





CEN 
ES 





























07Ch07.qxd 9/27/08. 1:18. PM Page 590 TN 
Nb! 
590 CHAPTER 7 Analysis of Stress and Strain 
Solution 7.3-14 
o, = 16.5 MPa oy = —91 MPa T,, = —39 MPa (b) MAXIMUM SHEAR STRESSES 
(a) PRINCIPAL STRESSES Ox — Oy\2 7 
Tmax — aE E Txy 
| 255 2 
atan i 
2Tzy Ox — Oy Tmax ^ 9631.7 ps1 
tan(26,,) TR a. — Oy 051 ES 9 0.1 = 05i — 45? 0, — —63.0? <— 
0, = —17.98° and 7, = 66.4 MPa 
0, = 0,4 + 45? 0,7 27.00 < 
= o — 72.02? s2 pl 52 
0p; = 90° + 0p Opp = 72.02 and 7) = —66.4 MPa 
Ox + Oy Ox — Oy 

— 20. YE in (20 Ox, t Oy 

T] 5 j 008 (20,,) + Ty sin (26, ) aa tan ayer = —37.3 MPa 
Ox tO, Ox—Oy l 

927 75 + z £08 (20,2) + Ty sin (26,9 ) 
Therefore, 


For 051 = —]7.98? 0O] = 29.2 MPa 
For 0,2 = 72.00 | a2 = — 103.7 MPa 


Problems 7.3-15 c, = —3300 psi, c, = —11,000 psi, 7,, = 4500 psi 


Xp- (a) Determine the principal stresses and show them on a sketch of a properly oriented element. 
(b) Determine the maximum shear stresses and associated normal stresses and show them on a sketch of a properly 
oriented element. 





Solution 7.3-15 


go = —3300 psi oy = —11000 psi Txy = 4500 psi Therefore, 
For 051 = 24.7? 01 = —1228 psi 


For 05; = 114.7* 05 — —13072 psi 


(a) PRINCIPAL STRESSES 























2Txy 
2n atan( — B » (b) MAXIMUM SHEAR STRESSES 
Ce eae dpi = 2 OX — Oy M2 
g á Tmax — ) + p 
051 — 24.73? 2 
052 = 90° t+ 64 052 = 114.73? Tmax — 9922 psi 
Oy tO, O0,—0, Uu = 0p = 45° 04,7 —203? < 
PES g F 75 cos (20,1) + Tay sin (20,1) and 7, — 5922 psi 
oL to 0,—0 0, = 051 + 45° 6.9 =69.7° < 
X X L— t 1 
nr en 3 - cos (20,2) + Ty sin (26,9) and 72 5922 psi 
Ox + Oy 
Oaver — 9 Oaver — —7150 psi 





CEN 
S EZ 
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Problems 7.3-16 | c, = —108 MPa, o, = 58 MPa, 7,, = —58 MPa 


(a) Determine the principal stresses and show them on a sketch of a properly oriented element. 
(b) Determine the maximum shear stresses and associated normal stresses and show them on a sketch of a properly 
oriented element. 


Solution 7.3-16 























o, = —108 MPa oy = 58 MPa Txy = —58 MPa (b) MAXIMUM SHEAR STRESSES 
(a) PRINCIPAL STRESSES Ox — 0, V? ) 
Tmax — 9 a Txy 
2T; 
Iry a ( Tmax = 14686.1 psi 
ius dL NEG 6-684-451-6247  — 
and 7, — 101.3 MPa 
0j = 17.47" 
= 00? — 107.47° 059 = 051 + 45° 0.9 = 15247" ea 
O= PUE. O =La and 7, = —101.3 MPa 
o, +o 
o, +o o, — OC SEM. y _ 
o = - 5 A 3 - cos (20,,) + Ty sin (26, ) Paver 2 Paver anes 
Ox + 0, Ox — Oy l 
y m= y Es z 008 (20,2) + Tx sin (26,9) 
Therefore, 





For 6,; = 107.47" ao, = 76.3 MPa < 
For 05) = 17.47? o = — 126.3 MPa < 


Problem 7.3-17 At a point on the surface of a machine component, the stresses y 
acting on the x face of a stress element are o, = 5900 psi and 7,, = 1950 psi | 
(see figure). 


What is the allowable range of values for the stress o, if the maximum shear stress g 
is limited to 79 = 2500 psi? à; 
7,, 7 1950 psi 
| Du | g, = 5900 psi 
S—< 





as 
ar, 
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Solution 7.3-17 
o, = 5900 psi gc, unknown Txy = 1950 psi Therefore, 2771 psi = o, = 9029 psi 
Find the allowable range of values for o; if the From Eq. (1): 
maximum allowable shear stresses 1s Tmax = 2500 psi Ox — 01M? r 
Ox — Oy\? , Tmax(Oy1) = ( x F Tyy 
Tmax — ( 2 ) + Txy (1) 





y y 
— (25s Txy ) 2771 
| 2.771 ksi ' 9.029 ksi 
Tmax(Oy1) 








Problem 7.3-18 At a point on the surface of a machine component the stresses y 
acting on the x face of a stress element are oy = 42 MPa and 7,, = 33 MPa (see figure). | 








What is the allowable range of values for the stress o, if the maximum shear 
stress is limited to Tọ = 35 MPa? I^ 
7,, 7 33 MPa 
| | g, = 42 MPa 
—— O ——» z 
| 
Solution 7.3-18 
o, = 42 MPa Oy unknown Txy = 33 MPa Ox — Oy\? 
| ! Tmax = ( ) Ty (1) 
Find the allowable range of values for o; if the 2 


maximum allowable shear stresses is Tmax — 35 MPa 








dh 
ar. 
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SECTION 7.3 Principal Stresses and Maximum Shear Stresses 593 
Solve for a, From Eq. (1): 
A / 3. wo 0, — Oy, \2 
2 NV Tmax Txy 65.3 Tmax (0,1) - (==) a n 
Oy =Ox+ > > y= 18.7 MPa 2 
-(2 V Tmax ^ Txy j 
Therefore, 18.7 MPa = o, = 65.3 MPa 
| 18.7 MPa ' 65.3 MPa 
eesti 35 MPa 
Tmax (0; ) 
Oy] 
Problem 7.3-19 An element in plane stress is subjected to stresses o, = 5700 psi y 
and 7,, = —2300 psi (see figure). It is known that one of the principal stresses equals 
6700 psi in tension. 
T 
(a) Determine the stress o;. | 7 
(b) Determine the other principal stress and the orientation of the principal planes, ——— 
then show the principal stresses on a sketch of a properly oriented element. 
5700 psi 


—~— 2300 psi 


(a) STRESS oy 


Solution 7.3-19 


o, = 5700 psi gy unknown T,= —2300 psi Solve for ay oy = l4lÜ0psi < 


(b) PRINCIPAL STRESSES 


Because o, is smaller than a given principal stress, ZTyy 
y ane atan 
we know that the given stress is the larger principal Digs Ty — Oy 
stress. tan (26,,) = —___ 051 í—— N 
Ox — Oy 2 
= 6700 psi 
“i p 8, = —23.50° 
+ = 2 
OR m R (== mE 0,9 = 90° +8,1 8,2 = 66.50° 





di 
ar, 
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Oy t0, OyO Therefore, 
= + 

d 2 FOOL) For, = —23.5° : o =6700psi < 
+ Tay sin(20j,) For 0,9 = 6655  : o,-4l0psi < 
Ox + Oy Oy — CO 

o=- cos (20,2) 
+ Txy sin (20,2) 


Problem 7.3-20 An element in plane stress is subjected to stresses oy = —50 MPa y 
and 7,, = 42 MPa (see figure). It is known that one of the principal stresses equals 
33 MPa in tension. 





























(a) Determine the stress o;. í 
(b) Determine the other principal stress and the orientation of the principal planes, —Á 42 MPa 
then show the principal stresses on a sketch of a properly oriented element. ee 
| 
Xp- Solution 7.3-20 
o = — 50 MPa gy unknown Txy = 42 MPa 05, = —26.85° 
051 = 90° + 052 051 — 63.15? 
(a) STRESS oy 
Because o, is smaller than a given principal stress, Oo, = F cos (20,,) 
we know that the given stress is the larger principal 2 l 
stress. + 7, sin (20p,) 
g, = 33 MPa Oy tO, OyO 
0 = cos (20,2) 
Ox + Oy Ox — Oy\2 r 2 
i m 9 T ELE 2 Txy "b Txy sin (20,2) 
Solve for o, ay = 11.7 MPa «— Therefore, 
For 6,; = 63.2 : © = 33.0MPa < 
(b) PRINCIPAL STRESSES 
For 0,2 = —26.8° : o@2= —71.3MPa < 
| 2T, 
atan 
DT xy O,— Oy 
tan(20,) = 0,2 = ———.—_ 
( p) 0, — 0, p2 2 





di 
ar, 
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Mohr's Circle 
The problems for Section 7.4 are to be solved using Mohr's circle. Consider only the y 


in-plane stresses (the stresses in the xy plane). 


Problem 7.4-1 An element in uniaxial stress is subjected to tensile stresses 
c, = 11,375 psi, as shown in the figure. Using Mohr's circle, determine: 11,375 psi 
1 





(a) The stresses acting on an element oriented at a counterclockwise angle 0 — 24? 
from the x axis. 

(b) The maximum shear stresses and associated normal stresses. 

Show all results on sketches of properly oriented elements. 


Solution 7.4-1 





ao, = 11375 psi oy = Opsi Ty = O psi Oy; = 1882 psi 
(a) ELEMENT AT) 0 = 24° < (b) MAXIMUM SHEAR STRESSES 
20 = 48° R=“ R= 5688 psi | = 90° I 
m ~ 5 E psi Point S1: 0, = 5 0, ——45 zm 


Point C: o = R o, = 5688 psi 
Point D: o,,; = R + Rcos(20) ` 

+ c, = 9493 psi — — Point S2: 6, = T 65=45° < 
Tay] = T&R sin (20) 


Tmax ^ R Tmax = 2688 psi «— 








Tmax = —R Tmax = — 2688 psi = 
= —4227 psi «— 
Tylyl p Tawa =R Taver = 5688 psi «— 
PointD' gy; = R — R cos (20) 
Problem 7.4-2 An element in uniaxial stress is subjected to tensile stresses y 
o, = 49 MPa, as shown in the figure Using Mohr’s circle, determine: 
(a) The stresses acting on an element oriented at an angle 0 = —27° from the x 
axis (minus means clockwise). 49 MPa 
(b) The maximum shear stresses and associated normal stresses. * á X 
Show all results on sketches of properly oriented elements. 
Solution 7.4-2 
o, — 49MPa oy = 0MPa T,, = 0 MPa Point D: oy = R + Rcos(|20]) 
Ox; = 38.9 MPa < 
(a) ELEMENT AT 0 = —27 Ty1y1 = —Rsin (26) 
o = 
26 = —54.0° R=—* R= 24.5 MPa i sc 


Point Day, = R — R cos ([20]) 


Point C: o, = R T, = 24.5 MPa oy; = 10.1 MPa S 





dh 
ar. 
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(b) MAXIMUM SHEAR STRESSES 90° 
Point S2: 0,» = y 0,5 = 45.0° a 
— 90? 
Point SI: 0, = 
2 Tmax —R Tmax = — 24.5 MPa = 
0, = —45.0° < Taver = R Oaver = 24.5 MPa = 
Tmax ^ R Tmax ^ 24.5 MPa — 
Problem 7.4-3 An element in uniaxial stress is subjected to compressive stresses y 


of magnitude 6100 psi, as shown in the figure. Using Mohr's circle, determine: 


(a) The stresses acting on an element oriented at a slope of 1 on 2 (see figure). 
(b) The maximum shear stresses and associated normal stresses. 
Show all results on sketches of properly oriented elements. 





6100psi ^ 





Solution 7.4-3 
gy, = —6100psi oy = Opsi Try = O psi Point D: c, = R — R cos (20) 


(a) ELEMENT AT A SLOPE OF | ON 2 Oy; = —1220 psi 


—CPp- d= sa 3) 0 = 26.565° < 


(b) MAXIMUM SHEAR STRESSES 











90° 
Point SI: 6,; = 5 0,, = 45° «— 
T 
20 = 53.130° R=— R= —3050 psi 
2 Tmax = —R Tmax = 3050 psi <— 
Point C: o, = R o, = — 3050 psi — 90° 
Point S2: 0, = 0, = — 45° = 
Point D: 944, = R + R cos (20) 2 


Ox] — — 4880 psi «— Tmax — R Tmax ^ — 3050 ps1 «— 


Txlyl = — R sin (20) Txly1 = 2440 psi <— Cave; = R Oaver = — 3050 psi «— 


Problem 7.4-4 An element in biaxial stress is subjected to stresses c, = —48 MPa and 
ao, = 19 MPa, as shown in the figure. Using Mohr's circle, determine: | y 


(a) The stresses acting on an element oriented at a counterclockwise angle 0 = 25? 


from the x axis. 19 MPa 
(b) The maximum shear stresses and associated normal stresses. 





Show all results on sketches of properly oriented elements. | 
=y O 





dh 
ar. 
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Solution 7.4-4 
o, = —48 MPa ay = 19 MPa Txy = 0 MPa (b) MAXIMUM SHEAR STRESSES 
90° 
(a) ELEMENT AT 0 —25? < Point S1: 0,, = ES 
| o | T lo, | 0 — 45.0? pa 
20 = 50.0deg R= NEM NE R — 33.5 MPa sl 
Tmax ^ R Tmax = 33.5 MPa | 
Point C: o, = o, + R o = — 14.5 MPa 
; — 90° 
Point D: 944 = o. — R cos(20) Point 52: 65. = 
Oy) = —36.0 MPa — 8. = —45.0° " 
Try) = —Rsin(26) Tmax = CR ~~ Tmax = —~3355MPa < 
Txlyl — 25.7 MPa — Sayer = 0. Omer = — 14.5 MPa = 
Point D': oy; = o, + Rcos(20) 
ay, = 7.0 MPa 
Problem 7.4-5 An element in biaxial stress is subjected to stresses o, = 6250 psi y 
and o, = —1750 psi, as shown in the figure. Using Mohr's circle, determine: 
(a) The stresses acting on an element oriented at a counterclockwise angle 1750 psi 
0 — 55? from the x axis. 
-Qa- (b) The maximum shear stresses and associated normal stresses. 
Show all results on sketches of properly oriented elements. 6250 psi 
— O —— z 
Solution 7.4-5 
o, = 6250 psi oy = — 1750 psi Txy = O psi (b) MAXIMUM SHEAR STRESSES 
= 60° — 90° 
(a) ELEMENT AT 0 = 60 Point $1: 6, = : 
99 = 129 R= Z R = A000 psi 
0 = E c psi 0, = — 45° <— 
Point C: o} = oy — R Oo. = 2250 psi Tmax — R Tmax = 4000 psi = 
. , = 90° 
Point D: Ox Oc + R cos(20) Point S2: 0. cuim 05 — 45? <— 
' 2 
Ox, = 250 psi em 
Tayı = —Rsin(26) Tmax ^ R Tmax = 4000 psi x 
Tuy] = — 3464 psi — Taror — Oa Gaver = 2250 psi un 


Point D’: oy; = o, —Rcos(20) ay, = 4250 psi 


di 
aF. 
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Problem 7.4-6 An element in biaxial stress is subjected to stresses o, = —29 MPa P 
and o, = 57 MPa, as shown in the figure. Using Mohr's circle, determine: 


(a) The stresses acting on an element oriented at a slope of 1 on 2.5 (see figure). " MPa 
(b) The maximum shear stresses and associated normal stresses. 
Show all results on sketches of properly oriented elements. 





Solution 7.4-6 





oO, = —29 MPa ay = 57 MPa Txy = 0 MPa (b) MAXIMUM SHEAR STRESSES 

(a) ELEMENT AT A SLOPE OF 1 ON 2.5 Point S1: 0,, = L 0, = 45.0° = 
0 = a 2) 0 = 21.801° < Tmax ^ R Tmax = 43.0 MPa «— 
29-4369 R= p= 43.0 MPa Point $2: y= — 


2 
PointC: o, =o, +R o, = 14.0 MPa 
Point D: 944 = o, — Rcos (20) 
Oy, = — 17.1 MPa «— 
Tx1y1 = Rsin (20) Try) = 29.]MPa < 
Point D’: ay, = a, + Rcos (20) 


0. = —-450 <- 
Tmax = —R Tmax = — 43.0 MPa €— 


Saver = Oc Oye = 14.0 MPa <= 


Oy = 45.1 MPa 


Problem 7.4-7 An element in pure shear is subjected to stresses Tą, = 2700 psi, as shown 
in the figure. Using Mohr’s circle, determine: 


(a) The stresses acting on an element oriented at a counterclockwise angle 0 = 52° from : 2700 psi 


the x axis. 
(b) The principal stresses. | O | 


Show all results on sketches of properly oriented elements. 








di 
ar, 
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Solution 7.4-7 
o, = 0 psi oy = Opsi Txy = 2700 psi (b) PRINCIPAL STRESSES 
. 90° B 
(a) ELEMENT AT 0 = 52? Point PI: 0,1 = 2 0j — 45 «— 
20 = 104.00 R= Txy R = 2700 psi g,-— R Oo, = 2700 psi i 
Point D: 94, = Rcos (20 — 90?) — 99° 
0,1 = 2620 psi ni Point P2: 0,2 = 5 
Tx1yl = —Rsin (20 - 90°) 05» = — 45° <— 
Txly] — 7 653 psi — 
o = —R o = — 2700 psi e 
Point D’: oy; = —Rcos (20 — 90°) 
Oy; = — 2020 psi r= 
Problem 7.4-8 An element in pure shear is subjected to stresses T,, = —14.5 MPa, as y 
shown in the figure. Using Mohr's circle, determine: 
(a) The stresses acting on an element oriented at a counterclockwise angle 0 — 22.5? 
from the x axis 
(b) The principal stresses. | O | z 
Show all results on sketches of properly oriented elements. 





Solution 7.4-8 





o, = 0 MPa oy = 0 MPa Ty, = — 14.5 MPa (b) PRINCIPAL STRESSES 
o 270° 
(a) ELEMENT AT @ = 22.5 Point P1: 0, = 75 Op = 35.0? — 
20 = 45.00? 
oj = R o = 14.50 MPa e— 
R= Tal R = 14.50 MPa | _ 970° 
Point D: ayı = — Rcos (20 — 90°) ae 
Ox] = Z 10.25 MPa — 052 = — 135.0? < 
Tx1yl — Rsin (20 D 90°) o> = —R 
Ty)y] = 7 10.25 MPa <— 


g^ = — 14.50 MPa «— 
Point D”: ay; = Rcos (20 — 90°) 


ay; = 10.25 MPa — 





di 
ar, 
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Problem 7.4-9 An element in pure shear is subjected to stresses r,, = 3750 psi, as 
shown in the figure. Using Mohr's circle, determine: i 3 
(a) The stresses acting on an element oriented at a slope of 3 on 4 (see figure). 4 
(b) The principal stresses. 
Show all results on sketches of properly oriented elements. | z 
3750 psi 
Solution 7.4-9 
o, = 0 psi oy = 0 psi Txy = 3750 psi (b) PRINCIPAL STRESSES 
, 90° 
(a) ELEMENT AT A SLOPE OF 3 ON 4 Poin PI: 95, = —- 05, = 45° fes 
3 
0 = atan( 2) 0 = 36.870° oy = R Oo, = 3750 psi = 
20 = 73740  R-m, R = 3750 psi rcd 
Xy psi Point P2: 0; = 
Point D: 944, = Rcos (20 — 90°) 
l 0j) = —45° < 
o1 = 3600 psi = l 
l o = —R g5 = — 3750 psi = 
> Tx1y1 = —Rsin (20 — 90°) 
Tyly] = 1050 psi < 
Point D’: o; = —Rcos (20 — 90°) 
gy; = — 3600 psi = 
Problem 7.4-10 c, = 27 MPa, o, = 14 MPa, 7,, = 6 MPa, 0 = 40° y 
Using Mohr’s circle, determine the stresses acting on an element oriented at an 
angle 0 from the x axis. Show these stresses on a sketch of an element oriented at the = 
angle 0. (Note: The angle 0 is positive when counterclockwise and negative when | : 
clockwise.) 
T 
EE 
——— O —— 
x 
< 





di 
ar, 
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Solution 7.4-10 

c,—-27MPa  oe,—-14MPa  7,- 6 MPa B-20-o  B-3729 

0 = 40° Point D: 9,4. = Cave + Rcos (f) 

c. + oy Oy = 27.5MPa <— 
Cayer ^ «X Taver = 20.50 MPa 


Tay = —Rsin (8) 

R = V(O — Gua). + Ty? R = 8.8459 MPa iyi =" 9.30 MPa. “<= 
2 Point D': Oy] = Sayer — Rcos (B) 

nan — 7) a = 42.71" Oy, = 13.46 MPa <- 


R 
| 


Problem 7.4-11 c, = 3500 psi, e, = 12,200 psi, Tą, = —3300 psi, 0 = —51° 
Using Mohr’s circle, determine the stresses acting on an element oriented at an angle 0 from the x axis. Show these stresses on a 
sketch of an element oriented at the angle 0. (Note: The angle 0 is positive when counterclockwise and negative when clockwise.) 


Solution 7.4-11 
o, = 3500 psi ay = 12200 psi Ty = — 3300 psi p = 180° + 26-a B = 40.82° 
02-51? < Point D: 9,4. = Oayer + Rcos (f) 
Ox t Oy c, = 11982 psi «— 
—Cp- Oaver — QO Oaver — 7850 psi a i : 
Tx1y1 = —Rsin(p) 





R = V(a, — Gaver” + Try” R = 5460 psi Tr1y1 = — 3569 psi —— 

( dos T Point D’: oy; = Gaver — Rcos (B) 
atan| — — — — = 37.18° 
Oy — Over n Oy, = 3718 psi «— 


e 
| 


Problem 7.4-12 c, = —47 MPa, o, = —186 MPa, 7,, = —29 MPa, 0 = —33° 
Using Mohr’s circle, determine the stresses acting on an element oriented at an angle 0 from the x axis. Show these stresses on a 
sketch of an element oriented at the angle 0. (Note: The angle 0 is positive when counterclockwise and negative when clockwise.) 


Solution 7.4-12 

ox =—47MPa  2;,— —186MPa Ty = —29MPa Point D: 0,; = Gaver + Rcos (B) 

ny enn Oy; = —61.7 MPa «— 
Eod T = — Rsin 

O aver = Zr x O aver eO 116.50 MPa xlyl (B) 


Tx1yl =— 51.7 MPa e— 


R = V(a, — Gaver)” + T^ R = 75.3077 MPa 


a= sa 
Ox — Saver 


B--20-a  p-4335 


Point D': Oy! = Saver — Rcos (B) 


Txy — 171.3 MPa <— 








) a = 22.65? x: 





£N 
ME, 
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Problem 7.4-13 c, = —1720 psi, c, = —680 psi, 7,, = 320 psi, 0 = 14° 

Using Mohr's circle, determine the stresses acting on an element oriented at an angle 0 from the x axis. Show these 
stresses on a sketch of an element oriented at the angle 0. (Note: The angle 0 is positive when counterclockwise and negative 
when clockwise.) 





Solution 7.4-13 
o, = — 1720 psi Oy = — 680 psi Txy = 380 psi Point D: 944. = Gaver — Reos(B) 
0 = 14 Oxy = — 1481 psi = 
d UU = Rsi = 580 psi < 
MES * y NES | Txlyl sin (B) Ty psi 
Point D': oy) = Gaver + Rcos (B) 
R = Voy = Gaver)” + Try” R = 6440 psi oy = —919psi — € 


Txy 


a= atan(_—" — ) a = 36.16° 
lo. n G sal 


B=20+a B= 64.16° 


Problem 7.4-14 c, = 33 MPa, o, = —9 MPa, 7,, = 29 MPa, 0 = 35° 

Using Mohr's circle, determine the stresses acting on an element oriented at an angle 0 from the x axis. Show these 
P- stresses on a sketch of an element oriented at the angle 0. (Note: The angle 0 is positive when counterclockwise and negative 
when clockwise.) 





Solution 7.4-14 

Jg, = 33MPa o= —9MPa 7, = 29 MPa Point D: oy) = Gaver + Roos (B) 

eel Oy; = 46.4 MPa «— 
o, t o ee 

Üaver — x x Taver = 12.00 MPa Txlyl sin (B) 


Tx1yl = — 90.8] MPa «— 
R = Voy — Gaver” + Try” R = 35.8050 MPa Point D’ : 9; = Faver — Roos (B) 


a= atan( 
Ox ^ Saver 


B=20-a  B-1591 


Txy gy = — 22.4 MPa E 








) a = 54.09? 


Problem 7.4-15 c, = —5700 psi, a, = 950 psi, Tą, = —2100 psi, 0 = 65° 

Using Mohr's circle, determine the stresses acting on an element oriented at an angle 0 from the x axis. Show these 
stresses on a sketch of an element oriented at the angle 0. (Note: The angle 0 is positive when counterclockwise and negative 
when clockwise.) 





CEN 
ES 
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Solution 7.4-15 
a, = — 5700 psi oy = 950 psi Tą = — 2100 psi Point D: 94, = Gaver + Rcos (B) 
0 = 65° Ox, = — 1846 psi e 
Oy, + Gc Try) = Rsin T. = 3897 psi «— 
NE x : y Dave = — 2375 psi xlyl (B) xlyl p 


Point D’: Oy! = Saver — Rcos (B) 
R= VIT, — Saver” + Tr? R = 3933 psi Oy, = — 2904 psi e 


| Ty | 
a= atan — >) a = 32.28? 
| Oy n Gase 


B = 180° — 290 +a  B = 82.28° 


Problems 7.4-16 c, = —29.5 MPa, o, = 29.5 MPa, 7,, = 27 MPa y 
Using Mohr's circle, determine (a) the principal stresses and (b) the maximum 
shear stresses and associated normal stresses. Show all results on sketches of properly T 


oriented elements. 








x 
P T 
Probs. 7.4-16 through 7.4-23 
Solution 7.4-16 
g, = —29.5 MPa oy = 29.5 MPa Ty = 27 MPa Point P1: o} = R ao, = 40.0 MPa = 
Ox + Oy Point P2:0, = —R 05 = —40.0 MPa — 
Oaver — 023 Oaver — 0 MPa 


(b) MAXIMUM SHEAR STRESSES 














R = V(a, — Cava)? + Try? R = 39.9906 MPa 
90? — 
» ba — —— 64,2238  — 
a= atan( EE ) a = 42.47? 2 
Ox O aver 0,5 = 90° + 0,4 0,5 — 113.8? PM 
(a) PRINCIPAL STRESSES Point S1: Oayer = 0 MPa <= 
180° —a Tmax ^ R Tmax = 40.0 MPa «— 
(7 8084 = 68.89 e 
052 = 051 — 90° 052 = =I? $— 





dh 
ar. 
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Problems 7.4-17 c, = 7300 psi, o, = 0 psi, 7,, = 1300 psi 
Using Mohr's circle, determine (a) the principal stresses and (b) the maximum shear stresses and associated normal 
stresses. Show all results on sketches of properly oriented elements. 











Solution 7.4-17 
ao, = 7300psi o, = Opsi Ty = 1300 psi Point Pl: o4, = R + Cavey 
Ox + Oy . g, = 7525 psi — 
Oaver — ELEM Oaver — 3650 psi f 
Point P2: o2 = —R + Over 
R = V(a, — Gaver)” + Try” R = 3875 psi 0 = — 225 psi 
TU 
a = atan a = 19.60? (b) MAXIMUM SHEAR STRESSES 
Ox — Saver 
=O)? «EF 
0, = m 0, — —352? 


(a) PRINCIPAL STRESSES 


a 659 = 90° + 051 0,5 = 54.8? 
05177 4, =9.80° < | | 

i Point S1: Cayer = 3650 psi «— 
052 x: ROM 052 = 99.8? Tmax = R Tmax = 3875 psi — 





Problems 7.4-18 0, = 0 MPa, o, = —23.4 MPa, 7,, = —9.6 MPa 
Using Mohr's circle, determine (a) the principal stresses and (b) the maximum shear stresses and associated normal 


stresses. Show all results on sketches of properly oriented elements. 











Solution 7.4-18 
a, -0MPa o, = —23.4MPa 7, = —9.6 MPa Point Pl: o; = R + Oer 
Ox + Oy ao, = 3.43 MPa e 
Cra n Oaver = — 11.70 MPa 
db 2 TN Point P2: 95 = —R + Oy 
R = V(o, — Owa) + Ty R= 15.1344 MPa o = —26.8MPa <- 
"T atan( Ty ) a = 39.37° (b) MAXIMUM SHEAR STRESSES 
Ox — Saver -900° — a 
Qu = ~~ 0, = —64.7° = 
2 
(a) PRINCIPAL STRESSES 
- 6.0 = 90° + 0, 6.9 = 25.3° 
OS ap Spe a Point S1: Gye. = — 11.70 MPa 
0p2 S 0p + 90° 052 = 70.32? «— Tmax = R Tmax = 15.13 MPa e 





fis 
E. 
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Problems 7.4-19 œ, = 2050 psi, o, = 6100 psi, 7,, = 2750 psi 
Using Mohr’s circle, determine (a) the principal stresses and (b) the maximum shear stresses and associated normal 
stresses. Show all results on sketches of properly oriented elements. 


Solution 7.4-19 
a, = 2050 psi o, = 6100 psi T = 2750 psi Point Pl: a, = R + Oxer 

Ox + Oy . ao, = 7490 psi as 
Over = Et xd Taver = 4075 psi 


Point P2: 95 = —R + Oxer 


R = Vy — Gaver) + try R= 3415 psi o = 660psi — — 








T 
a= atan( E ) a = 53.63? (b) MAXIMUM SHEAR STRESSES 
Ox ~ Saver 
—90? +a 
04 = ——— 0, = —18.2? = 
(a) PRINCIPAL STRESSES 2 
180° — a " 0, = 90° + 0, 6.0 = 71.8? 
no su Oi 09,2 I= 
Point S1: o4,4, = 4075 psi = 
—a 
dp = I s NR i Tmax ^ R Tmax ^ 3415 psi = 





Problems 7.4-20 o, = 2900 kPa, o, = 9100 kPa, 7,, = —3750 kPa 
Using Mohr's circle, determine (a) the principal stresses and (b) the maximum shear stresses and associated normal 
stresses. Show all results on sketches of properly oriented elements. 








Solution 7.4-20 
a, = 2900 kPa ao, = 9100kPa Tą = —3750 kPa Point Pl: o; = R + Oxer 
Oy + Oy 0] = 10865 KPa — 

Doan o ayer = 6000 kPa l 

2 Point P2: 95 = —R + Oxer 
R = V(a, — Gaver)” + Try” R = 4865.4393 kPa o = 1135 kPa = 
a= atan( w ) a = 50.42? (b) MAXIMUM SHEAR STRESSES 

Ox ~ Saver 

— 90° + a 


0, = 0, = 70.2? = 


2 
0,» = 90° + 01 0,5 = 160.2? e— 


(a) PRINCIPAL STRESSES 


a + 180° 


i= = 5 dodge x 


Point S1: ayer = 6000 kPa = 


Tmax ^ R Tmax = 4865 kPa «— 


0,9 = 5 05-252  — 
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Problems 7.4-21 c, = —11,500 psi, c, = — 18,250 psi, Tą = —7200 psi 
Using Mohr’s circle, determine (a) the principal stresses and (b) the maximum shear stresses and associated normal 
stresses. Show all results on sketches of properly oriented elements. 


Solution 7.4-21 

go, = — 11500 psi Oy = — 18250 psi Point Pl: 0) = R + Cavey 

Tg cv 7200 psi mun 6923 "T " 
ORTU Point P2: oo = -R + 0o 

O aver — S Cave = — 14875 psi 2 aver 


05 = — 22827 psi a 


R= V(a, — Gaver” + Try” R= 7952 psi 


(b) MAXIMUM SHEAR STRESSES 


) a = 64.89° 270° — a 
0, = 5 0, = 102.6° — 


0.5 = 90° + 0.1 0.5 = 92.6? 


Xy 














Ox — Saver 


(a) PRINCIPAL STRESSES 


=A Point Sl: Cayer = — 14875 psi = 
6,.=— 6, = -324°  < 
Tmax = R Tmax = 7052psi <- 


0. = ——— —— 0 


p2 7 57.6° = 





Problems 7.4-22 0, = —3.3 MPa, o, = 8.9 MPa, 7,, = —14.1 MPa 
Using Mohr's circle, determine (a) the principal stresses and (b) the maximum shear stresses and associated normal 
stresses. Show all results on sketches of properly oriented elements. 


Solution 7.4-22 
o, =—3.3 MPa ay = 8.9 MPa (a) PRINCIPAL STRESSES 
Ta =— 14.1 MPa + 180° 
is = Sy 1233" € 
2 
Oy + Oy 
Over = E NN Taver = 2.8 MPa 
== a = O 
0,2 = > 0:5 5 99:9 


R= V(a, — Gaver)” + Try’? R= 15.4 MPa 


Tu 


Point Pl: oy = R + Cavey 
) œ = 66.6° 0, = 18.2 MPa <— 
Point P2: o = —R + Ower 








Ox — Saver 
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05 = — 12.6 MPa = 0, = 90° + 0,4 6.0 = 168.3? 
Point SI: Ove = 2.8 MPa «— 


(b) MAXIMUM SHEAR STRESSES 
= R Tmax ^ 15.4 MPa «— 


Tmax 
_ 90° +a 


054 = 2 04 = 78.3? 


Problems 7.4-23 œ, = 800 psi, 0, = —2200 psi, 7,, = 2900 psi 
Using Mohr's circle, determine (a) the principal stresses and (b) the maximum shear stresses and associated normal 
stresses. Show all results on sketches of properly oriented elements. 


Solution 7.4-23 
a, = 800 psi ay = — 2200 psi Txy = 2900 psi Point Pl: o} = R + Gaver 
o, t o E 
O aver ^ s m Taver = — 700 psi g, = 2565 psi «— 


Point P2: 95 = —R + Ge 
R 


V (Oy — Gaver)” + Try” R = 3265 psi 


o = — 3965 psi = 














Txy ; 
i iun 6 REESE o ) a = 62.65 (b) MAXIMUM SHEAR STRESSES 
x aver 
0 íLIT907P ENT " 

«p- (a) PRINCIPAL STRESSES s1 ` 2 s1 = 5 
051 = 2 051 = 31.3° «— 0.9 — 90° + 0. 0,5 = 76.3? <— 

= 180° +a x 5 Point S1: Oaver — — 700 psi — 
052 zx 03 052 = 121.3 «— Tmax ^ R T des 3265 psi 
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Hooke's Law for Plane Stress 


When solving the problems for Section 7.5, assume that the material 
is linearly elastic with modulus of elasticity E and Poisson's ratio v. 


Problem 7.5-1 A rectangular steel plate with thickness t = 0.25 in. is 
subjected to uniform normal stresses o, and o,, as shown in the figure. 
Strain gages A and B, oriented in the x and y directions, respectively, are 
attached to the plate. The gage readings give normal strains e, = 0.0010 
(elongation) and e, — — 0.0007 (shortening). 

Knowing that E = 30 x 10° psi and v = 0.3, determine the stresses 
c, and c, and the change Ar in the thickness of the plate. 








Solution 7.5-1 Rectangular plate in biaxial stress 


t = 0.25in. e= 0.0010 e, = — 0.0007 Eq. (7-39c): 
E = 30X 10fpsi v = 0.3 v s 
E; = = Top = 12625: 10 ? 
SUBSTITUTE NUMERICAL VALUES: At = gt = —32.1 X 1076in. <— 
Eq. (7-40a): 
dt a) (Decrease in thickness) 
E . 
O, = ten T vey) = 26,040 psi — 
Eq. (7-40b): 
E 


Oy = ü-» + ve,) = — 13,190 psi md 


Problem 7.5-2 Solve the preceding problem if the thickness of the steel plate is t — 10 mm, the gage readings are 
€, = 480 x 10 (elongation) and e, = 130 X 10 (elongation), the modulus is E = 200 GPa, and Poisson's ratio is v = 0.30. 


Solution 7.5-2 Rectangular plate in biaxial stress 


f— l0mm e, = 480 x 10 6 Eq. (7-40b): 
&, = 130 x 107° E 
: Oy = —— ——3 (& + vex) = 60(2MPa <- 
E = 200 GPa v=0.3 (1 — v) 
SUBSTITUTE NUMERICAL VALUES: Eq. (7-39c): 
Pop ene E£, = = (c, + oy) = — 261.4 x 107° 
E 
m (1 — vy (Ex tT vey) m 114.1 MPa = At = €.1 = — 2610 x 10-9 mm — 


(Decrease in thickness) 
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Problem 7.5-3 Assume that the normal strains e, and e, for an 
element in plane stress (see figure) are measured with strain gages. 


(a) Obtain a formula for the normal strain e, in the z direction 
in terms of €,, €, and Poisson's ratio v. 

(b) Obtain a formula for the dilatation e in terms of €,, €y, 
and Poisson's ratio v. 





Solution 7.5-3 Plane stress 











Given: £y, £y, V (b) DILATATION 
= 2p 
(a) NORMAL STRAIN £, Eq. (7-47): e = (0, + Oy) 
Eq. (7-340): e, = 2 (o, + oy) Substitute o, and a, from above and simplify: 
1 — 2v 
e= TET (ex + &y) = 
Eq. (7-36a): oy = ————~ (e, + ve) i 
q x (1 a v2) X y 
Eq. (7-36b): o, = — ——— (e, + ve) 
Í Ma c xb 
<p Substitute o and g, into the first equation and simplify: 
v 
mco pir y «— 





Problem 7.5-4 A magnesium plate in biaxial stress is subjected 
to tensile stresses 0,.= 24 MPa and o,= 12 MPa (see figure). 
The corresponding strains in the plate are e, = 440 X 10 ? and 
e, = 80 x 10^. 

Determine Poisson's ratio v and the modulus of elasticity E 
for the material. 














Solution 7.5-4 Biaxial stress 
0, = 24MPa_ o, = 12 MPa Substitute numerical values: 


E (440 x 107°) = 24 MPa — v (12 MPa) 


e, = 440 X 10 ^ 5, = 80x 10 6 
E (80 x 1079) = 12 MPa — v (24 MPa) 


POISSON’S RATION AND MODULUS OF ELASTICITY l 
Solve simultaneously: 


1 
Bgy ora uU E v = 0.35 E= 45 GPa — 


1 
Eq. (7-39b): €, = E (c, — vox) 





EX 
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610 CHAPTER 7 Analysis of Stress and Strain 


Problem 7.5-5 Solve the preceding problem for a steel plate with c, = 10,800 psi (tension), 0,= —5400 psi (compres- 
sion), e, = 420 x 107° (elongation), and e, = —300 X 10 °° (shortening). 


Solution 7.5-5 Biaxial stress 


a, = 10,800 psi o, = —5400 psi Substitute numerical values: 
Ex = 420X 107° e, = —300 x 109 E (420 X 10 5) = 10,800 psi — v (— 5400 psi) 
l E (— 300 x 10 9 = — 5400 psi — v (10,800 psi) 
POISSON'S RATIO AND MODULUS OF ELASTICITY 
Solve simultaneously: 


1 _ _ ee 
Eq. (7-39a): €, = E (my — voy) v = 1⁄3 E-—30xX 10° psi «— 


1 
Eq. (7-39b): e, = E (c, — vox) 


Problem 7.5-6 A rectangular plate in biaxial stress (see figure) is subjected to normal stresses o, — 90 MPa (tension) and 
0,— —20 MPa (compression). The plate has dimensions 400 X 800 X 20 mm and is made of steel with E = 200 GPa and 
v — 0.30. 


(a) Determine the maximum in-plane shear strain Ymax in the plate. 
(b) Determine the change At in the thickness of the plate. 
En (c) Determine the change AV in the volume of the plate. 





Solution 7.5-6 Biaxial stress 


a, = 90 MPa o, = —20 MPa (b) CHANGE IN THICKNESS 


E=200GPa_ v= 0.30 í E 
Eq. (7-39c): e, = —— (o, + oy) = —105 x 10 


Dimensions of Plate: 400 mm X 800 mm x 20 mm E 
Shear Modulus (Eq. bun At = s, t = —2100 X 107° mm us 
G = >~ = 76.923 GPa (Decrease in thickness) 


2(1 + v) 


(c) CHANGE IN VOLUME 
(a) MAXIMUM IN-PLANE SHEAR STRAIN 











Principal stresses: oj = 90 MPa o = —20 MPa From Eq. (7-47): AV = v- E 2 Jo, + dy) 
: E NE 
Eq. (7-26): Tmax = oe 55.0 MPa Vo = (400)(800)(20) = 6.4 X 10° mm 
Tmax 6 Aig. "NG. aoe =a 0 
ec eer ies NON Oe ey 


'. AV = (6.4 X 10° mm*)(140 x 10 9) 
= 806mm? <— 


(Increase in volume) 
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SECTION 7.5  Hooke's Law for Plane Stress 611 


Problem 7.5-7 Solve the preceding problem for an aluminum plate with o= 12,000 psi (tension), c,— — 3,000 psi 
(compression), dimensions 20 X 30 X 0.5 in., E = 10.5 X 10° psi, and v = 0.33. 


Solution 7.5-7 Biaxial stress 





ao, = 12,000 psi oy = — 3,000 psi (b) CHANGE IN THICKNESS 
= 10.5 x 10° psi v — 0. 
E — 10.5 O'psi v = 0.33 Eq. (7-39¢): e, = n t o) 
Dimensions of Plate: 20 in. X 30 in. X 0.5 in. E 
Shear Modulus (Eq. 7-38): = — 282.9 x 10 6 
m = — x m : 
G = —— —- = 3.9474 x 10° psi dac OO 
Xd + v) (Decrease in thickness) 
(a) MAXIMUM IN-PLANE SHEAR STRAIN (c) CHANGE IN VOLUME 
Principal stresses: 7; = 12,000 psi i= 95 
F Eq. (7-47): AV = + 
o = —3,000 psi ROME Cedo EY, «( Je. Oy) 


— V, = (20)(30)(0.5) = 300 in? 
0, — 02 = 7,500 psi o = (20)(30)(0.5) in 


Eq. (7-26): Tmax = 5 





1 UU 2v —6 
Also, (c, + oy) = 2914 X 10 
max E 


: 
Eq. (7-35): Ymax = "e 1900x109 < 





'. AV = (300 in.*)(291.4 x 107°) 


£P- = 0.0874 in? | — 


(Increase in volume) 








Problem 7.5-8 A brass cube 50 mm on each edge is compressed P =175 kN 
in two perpendicular directions by forces P = 175 kN (see figure). | 

Calculate the change AV in the volume of the cube and the 
strain energy U stored in the cube, assuming E = 100 GPa and 
v = 0.34. 








P (175 kN) 

adc idem ce men dn — 70.0 MPa 
b (50 mm) 

CHANGE IN VOLUME 


1 — 2v 





Eq. (7-47): e (c, + oy) = —448 x 10 6 


V% = b? = (50 mmy = 125 x 10°mm? 
AV = e% = —56 mm? = 
Side b = 50mm P = 175 kN (Decrease in volume) 
E = 100 GPa v = 0.34 ( Brass) 








as 
ar. 
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STRAIN ENERGY U = u% = (0.03234 MPa)(125 X 10? mm?) 
1 — 
Eq. (7-50): u — 2E (0 + 0, — 2v040,) 4.04 J t 


— 0.03234 MPa 


Problem 7.5-9 A 4.0-inch cube of concrete (E = 3.0 X 10° psi, v = 0.1) 
is compressed in biaxial stress by means of a framework that is loaded as 
shown in the figure. 

Assuming that each load F equals 20 k, determine the change AV in 
the volume of the cube and the strain energy U stored in the cube. 








CHANGE IN VOLUME 


— 2v 





1 
b = 4in. Eq. (7-47): e = 
E = 3.0 X 10° psi 


(c, + 0) = —0.0009429 


V% = b? = (Ain.? = 64 in? 





v=0.1 AV = e% = —0.0603 in? < 
F = 20 kips (Decrease in volume) 
STRAIN ENERGY 
Eq. (7-50): u = +(e te ~ vooy) 
: = 54 : : 2E .* y Ld 
get = 0.9377 psi 





Problem 7.5-10 A square plate of width b and thickness : is loaded by I" y 
normal forces P, and P,, and by shear forces V, as shown in the figure. 4 y 
These forces produce uniformly distributed stresses acting on the side 
faces of the place. 

Calculate the change AV in the volume of the plate and the strain 
energy U stored in the plate if the dimensions are b = 600 mm and 

















t — 40 mm, the plate is made of magnesium with E — 45 GPa and y —— 
v = 0.35, and the forces are P, = 480 kN, P, = 180 kN, and | 
V = 120 kN. Py 


Probs. 7.5-10 and 7.5-11 





EN 
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Solution 7.5-10 Square plate in plane stress 
b = 600 mm t = 40 mm Vb tS 14.4 X 10° mn? 
E — 45 GPa y — 0.35 (magnesium) AV = eW, = 2640 uid xe 
P. (Increase in volume) 
P, = 480 kN g, = — = 20.0 MPa 
bt STRAIN ENERGY 
P, — 180 kN Co a aan 1 5 
y y : i Eq. (7-50): u = PAGE T o, — 2vaxay) + 26 
V = 120 kN Dorv MPa 
bt G = ——— —— = 16.667 GPa 
2(1 + v) 
Se YOE UME Substitute numerical values: 
2 
Eq. (7-47): e = (c, + oy) = 183.33 x 10-6 u = 4653 Pa 


U =u% =670N-m=670J <- 


Problem 7.5-11 Solve the preceding problem for an aluminum plate with b = 12 in., t = 1.0 in., E = 10,600 ksi, v = 0.33, 
P, = 90k, P, = 20k, and V = 15 k. 


Solution 7.5-11 Square plate in plane stress 


b = 12.0 in. t = 1.0 in. STRAIN ENERGY 


E = 10,600 ksi v = 0.33 (aluminum) l5 2 Ty 
Eq. (7-50): u = (0, t o%  200,0,) + — 
P, AE 2G 
P. = 90k gy = 5 = 7500 psi P 
G = ——— = 3985 ksi 
P, (1 + v) P 
P, — 20k Oy = — = 1667 psi 
bt Substitute numerical values: 
V _ ; 
V=15k T=- = 1250 psi eas 
bt U = u% =373in-lb  -— 


CHANGE IN VOLUME 

] 2p 
E 

V% = b^t = 144 in? 

AV—eW,—-0.0423in? < 





Eq. (7-47): e — (c, + oy) = 294 X 107° 


(Increase in volume) 
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614 CHAPTER 7 Analysis of Stress and Strain 







Problem 7.5-12 A circle of diameter d = 200 mm is etched on a 
brass plate (see figure). The plate has dimensions 400 X 400 X 20 mm. 
Forces are applied to the plate, producing uniformly distributed normal 
stresses o, = 42 MPa and o, = 14 MPa. 

Calculate the following quantities: (a) the change in length Aac 
of diameter ac; (b) the change in length Abd of diameter bd; (c) the 
change At in the thickness of the plate; (d) the change AV in the 
volume of the plate, and (e) the strain energy U stored in the plate. 
(Assume E = 100 GPa and v = 0.34.) 





Solution 7.5-12 Plate in biaxial stress 


a, = 42MPa 2o, = I4 MPa (c) CHANGE IN THICKNESS 


» 
Dimensions: 400 Xx 400 X 20 (mm) Mp OU E (o, + Oy) 


Diameter of circle: d = 200 mm = —1904 x 10 
E = 100 GPa v = 0.34 (Brass) At = e,t = — 0.00381 mm «— 
(decrease) 


(a) CHANGE IN LENGTH OF DIAMETER IN X DIRECTION 
(d) CHANGE IN VOLUME 


Eq. (7-47): 


Aac = &,d = 0.0745 mm «— 1 —- 2v 
(increase) Í E 


V = (400)(400)(20) = 3.2 x 10° mm? 


AV =e% = 573 mm? <— 
(increase) 


1 
Eq. (7-39a): e = (0x — voy) = 372.4 X 10 6 





(c, + oy) = 179.2 X 106 
(b) CHANGE IN LENGTH OF DIAMETER IN y DIRECTION 


1 
Eq. (7-39b): e, = (0y — vox) = —2.80 X 107° 
(e) STRAIN ENERGY 
Abd = £, d i 
= —560 x 107 mm + Eq. (7-50): u = PAGE zu o — 2v050y) 
(decrease) 
7.801 X 107°? MPa 


U = u% = 25.0N-m = 25.0] < 
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SECTION 7.6  Triaxial Stress 615 
Triaxial Stress 
When solving the problems for Section 7.6, assume that the material is y 
linearly elastic with modulus of elasticity E and Poisson's ratio v. 
Problem 7.6-1 An element of aluminum in the form of a rectangular 
parallelepiped (see figure) of dimensions a = 6.0 in., b = 4.0 in, and 
c = 3.0 in. is subjected to triaxial stresses a, = 12,000 psi, b 
Ute = 4,000 psi, and oc; = — 1,000 psi acting on the x, y, and z faces, 
respectively. r 
Determine the following quantities: (a) the maximum shear stress Tmax 

in the material; (b) the changes Aa, Ab, and Ac in the dimensions of the 
element; (c) the change AV in the volume; and (d) the strain energy U 
stored in the element. (Assume E = 10,400 ksi and v = 0.33.) 

Solution 7.6-1  Triaxial stress 

oy = 12,000 psi a, = — 4,000 psi Aa = ae, = 0.0079 in. (increase) 

g. = — 1,000 psi Ab = be, = —0.0029 in. (decrease) 2 

a = 6.0in. b = 4.0in. c = 3.0 in. Ree. 00, Ci 

E = 10,400 ksi v = 0.33 (aluminum) 

(c) CHANGE IN VOLUME 
(a) MAXIMUM SHEAR STRESS 
l l Eq. (7-56): 
a, = 12,000 psi o» = — 1,000 psi ^ 
-— E 
g3 = — 4,000 psi e = (c, + oy + o,) = 228.8 X 107° 


= = = 8,000 psi «— 


V = abc 
AV = e (abc) = 0.0165 in? ( increase) 


Tmax 


«— 


(b) CHANGES IN DIMENSIONS 


(d) STRAIN ENERGY 
Ox 


» 
Eq. (7-53 a): e, = E E (a, + o.) 1 
Eq. (7-57a): u = 5 (TEx + Oyéy + 0.&;) 
—1312.5 x 10 ° 
= 9.517 psi 
Ed. (7-33 b):2, = 2 — (o, +o) 
UY E RE * i U = u (abc) = 685 in.-lb — 
= — 733.7 x10 8 
Oz v 

Eq. (7-53 c): £, = E E (o + Oy) 

= —350.0 x 106 
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Problem 7.6-2 Solve the preceding problem if the element is steel (E = 200 GPA, v = 0.30) with dimensions a = 300 mm, 
b = 150 mm, and c = 150 mm and the stresses are 0, = — 60 MPa, o, = — 40 MPa, and o; = —40 MPa. 


Solution 7.6-2  Triaxial stress 


a, = —60MPa o,-— —40MPa Aa = ae, = —0.0540mm (decrease) 
o, = —40 MPa Ab — be, — —0.0075 mm (decrease) «— 
a = 300 mm b — 150mm c = 150 mm Ac — ce, — —0.0075 mm. (decrease) 


E — 200 GPa v — 0.30 (steel) 
(c) CHANGE IN VOLUME 





(a) MAXIMUM SHEAR STRESS Eq. (7-56): 
Uie CONDOS E A e = (m, oy o) = — 280.0 x 1076 
E = = 60 MPa 
_ V = abc 
Tmax = ui E 10.0MPa < 3 
max 2 AV = e(abc) = — 1890 mm? (decrease) <— 
(b) CHANGES IN DIMENSIONS (d) STRAIN ENERGY 
Eq. (7-53 a): e, = = — —(o, + o) = — 180.0 x 1076 l 
q. (7-53 a): £y = E E (c, + 0;) = : Eq. (7-57 a): u = » (c. &y + Oyéy t OE) 
Oy vy — 0.00740 MPa 
Eq. (7-53 b): e, = = — — (o, + oj) = —500 x 1076 
E È U = u (abc) = 50.0 N-m = 50.0J < 
0- y m. 
Eq. (7-53 0): e, = — — c (e, + oy) = —50.0 x 10 
E E 
Problem 7.6-3 A cube of cast iron with sides of length a = 4.0 in. y 
(see figure) is tested in a laboratory under triaxial stress. Gages mounted a 
on the testing machine show that the compressive strains in the material a B 





are €, = — 225 X 10 © and EV € a 31.0% 10 6. 
Determine the following quantities: (a) the normal stresses o, oy, and 
c. acting on the x, y, and z faces of the cube; (b) the maximum shear 
stress Tmax in the material; (c) the change AV in the volume of the 
cube; and (d) the strain energy U stored in the cube. (Assume E = 14,000 
ksi and v = 0.25.) 
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Solution 7.6-3  Triaxial stress (cube) 
e, = —225X 1076 a= =S 1076 (c) CHANGE IN VOLUME 
e, = — 37.5 X 10-9 a=40in. Eq. (7-55): e = &y + e, + e, = — 0.000300 
EE 
E = 14,000 ksi v — 025 (cast iron) Vea 
AV = ea? = —0.0192 in? (decrease) «— 
(a) NORMAL STRESSES 
Eq. (7-54a): (d) STRAIN ENERGY 
E 7 1 
O; = E E ayy v)ey + wey, + &)] Eq. (7-57a): u — 5 Ox Ex + Oy €, + 0. €;) 
= —4200ps < = 0.55125 psi 
In a similar manner, Eqs. (7-54 b and c) give U = ua? = 35.3in-lb < 
ay = —2100 psi o, = —2100 psi < 


(b) MAXIMUM SHEAR STRESS 
ao, = —2100 psi o» = — 2100 psi 
o = — 4200 psi 


| — O 
SUE ea 1050 psi < 


Problem 7.6-4 Solve the preceding problem if the cube is granite (E = 60 GPa, v = 0.25) with dimensions a = 75 mm and 


compressive strains e, — — 720 X 10? and eae, == 210% 10 6. 


Solution 7.6-4  Triaxial stress (cube) 


e€, = —720x10 $ «= —270x 106 pag A MUSMPa. dx 
2 

e, = —270X10°° a=75mm E=60GPa 
v = 0.25 (Granite) (c) CHANGE IN VOLUME 

Eq. (7-55): e = e, + e, + e; = — 1260 x 107° 
(a) NORMAL STRESSES : 

Eq.(7-54a): xir 
AV = ea? = —532 mm? ( decrease) — 


gi = uc iul — v)e, t v(ey + Ez) 
d + v) — 2v) (d) STRAIN ENERGY 


= — 64.8 MPa < 1 
In a similar manner, Eqs. (7-54 b and c) give Eq. (7-57 a): u = (0 x8x + Oyey + O22) 
ay = —43.2MPa o, = —43.2MPa <— 
= 0.03499 MPa = 34.99 kPa 
(b) MAXIMUM SHEAR STESS U = ua? = 14.8 N-m = 14.8J < 


g,-— —43.2MPa o —43.2MPa 
03 = — 64.8 MPa 





fis 
E. 
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618 CHAPTER 7 Analysis of Stress and Strain 


Problem 7.6-5 An element of aluminum in triaxial stress (see figure) is 
subjected to stresses a, = 5200 psi (tension), c, = — 4750 psi 
(compression), and o; = — 3090 psi (com- 
pression). It is also known that the normal strains in the x and y directions 
are e, — 7138.8 X 1076 (elongation) and e, = — 502.3 X 1076 (short- 
ening). 

What is the bulk modulus K for the aluminum? 





Solution 7.6-5  Triaxial stress (bulk modulus) 





Ox = 5200 psi oy = —4750 psi Substitute numerical values and rearrange: 
o, = —3090 psi e,- 713.8 X 10 6 (713.8 x 10 5) E = 5200 + 7840 v (1) 
e, = —5023 x 10 9 (—502.3 X 1076) E = —4750 — 2110v (2) 
Find K. Units: E = psi 

T : 
Ss c Ox v (o, + o) Solve simultaneously Eqs. (1) and (2): 

E E E = 10.801 X 10° psi v = 0.3202 

PES. E 

Eq. (7-53 b): e, 7r — = (Gx * oy) Eq. (7-16): K — = 10.0X 107° psi — 


3(1 — 2v) 


Problem 7.6-6 Solve the preceding problem if the material is nylon subjected to compressive stresses 
oO, = —4.5 MPa, Oy = — 3.6 MPa, and o, = — 2.1 MPa, and the normal strains are e, = — 740 X 10? and 
e, = —320 X 10 6 (shortenings). 


Solution 7.6-6  Triaxial stress (bulk modulus) 


g, = —4.5 MPa o,-— —3.6 MPa Substitute numerical values and rearrange: 
o, = —2. MPa e,- —740x 10 (—-740x10 9E-2 -4.5 + 57v (1) 
Er =320 0° (—320 X 1079) E = —3.6 + 66v (2) 
Find K. Units: E = MPa 
Eq. (7-53 a): £, = = AG + gj) Solve simultaneously Eqs. (1) and (2): 
E = 3,000 MPa = 3.0 GPa v = 0.40 
Oy vy 
- T ee Les E 
Peis es sO) Eq. (7-16): K = —— —— = 5.0GPa — 


3(1 — 2v) 








as 
ar 
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SECTION 7.6  Triaxial Stress 619 


Problem 7.6-7 A rubber cylinder R of length L and cross-sectional 
area A is compressed inside a steel cylinder S by a force F that 
applies a uniformly distributed pressure to the rubber (see figure). 


(a) Derive a formula for the lateral pressure p between the 
rubber and the steel. (Disregard friction between the rubber 
and the steel, and assume that the steel cylinder is rigid when 
compared to the rubber.) 

(b) Derive a formula for the shortening 6 of the rubber cylinder. 








Vy F 
Solveforp: p — (z) $3 


(b) SHORTENING 


Oy v 
Eq. (7-53 b): e, = E E (c. + Ox) 
Fy, 
EA E F 


Substitute for p and simplify: 
= FE + v (—-1 + 2v) 


” EA ]—^v 








(Positive £y, represents an increase in strain, that is, 
(a) LATERAL PRESSURE elongation.) 
Óó — —e,L 


Oy v y 
Eq. (7-53 a): e, = — — E (a) + o.) 


E 5 0U- =) 
F i (1— v) EA 
Or 0= -p (E - p) - 
A (Positive 6 represents a shortening of the rubber 
cylinder.) 
Problem 7.6-8 A block R of rubber is confined between plane F 
parallel walls of a steel block S (see figure). A uniformly dis- F 
tributed pressure po is applied to the top of the rubber block by 
a force F. Rininiu 
(a) Derive a formula for the lateral pressure p between the " R 


rubber and the steel. (Disregard friction between the 
rubber and the steel, and assume that the steel block is ; 
rigid when compared to the rubber.) 4 
(b) Derive a formula for the dilatation e of the rubber. 
(c) Derive a formula for the strain-energy density u of the 
rubber. 





dh 
ar. 
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620 CHAPTER 7 Analysis of Stress and Strain 


Solution 7.6-8 Block of rubber 


Po = pressure on top of (b) DILATATION 


the block 





1 = 
Eq. (7-56): e = 








Substitute for p: 
(1 + v)\(1 — 2v)po 





Oxy = p E 
o = —po 0;-—0 
£70 & *0 &*0 (C) STRAIN ENERGY DENSITY 
Eq. (7-57b): 
(a) LATERAL PRESSURE 
I. un 2 2 V 
T = — (of + o% + o3) — — + + 
Eq. (7-53 a): &, = - = z ka u (a + oy + o2) T (9x9y 0,0. t 0,0.) 
oR 02 -p- v(-py Ari p Substitute for o, Oy, Cz, and p: 
_ (= vp 
© 2E 
e Problem 7.6-9 A solid spherical ball of brass (E = 15 X 10Ó psi v = 0.34) is lowered into the ocean to a depth of 10,000 ft. 
The diameter of the ball is 11.0 in. 





Determine the decrease Ad in diameter, the decrease AV in volume, and the strain energy U of the ball. 


Solution 7.6-9 Brass sphere 





E-15X10 Üpsi v = 0.34 DECREASE IN VOLUME 
Lowered in the ocean to depth A — 10,000 ft Eq. (7-60): e = 3&9 = 283.6 X 107^ 
; NN: 
Diameter d — 11.0 in. % = oar? E sm (= 2 22696038? 
Sea water: y = 63.8 lb/ft? 
i | AV —eW,—0.198in? < 
Pressure: gg = yh = 638,000 lb/ft“ = 4431 psi (decrease) 
DECREASE IN DIAMETER 
STRAIN ENERGY 
T 
Eq. (7-59): £9 = zü — 2v) = 94.53 x 10 6 Use Eq. (7-57 b) with a, = oy = o; = oy: 
-— z 2 
Ad = csod = 1.04 X 10 ^in. «— ‘eS 3d = 2v)oo — 0.6283 psi 
(decrease) 2E 


U = u% = 438 in.-lb — 





CEN 
ES 
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SECTION 7.6 Triaxial Stress 621 


Problem 7.6-10 A solid steel sphere (E = 210 GPa, v = 0.3) is subjected to hydrostatic pressure p such that its volume is 
reduced by 0.4%. 


(a) Calculate the pressure p. 
(b) Calculate the volume modulus of elasticity K for the steel. 
(c) Calculate the strain energy U stored in the sphere if its diameter is d — 150 mm 


Solution 7.6-10 Steel sphere 


E = 210 GPa v-—03 (b) VOLUME MODULUS OF ELASTICITY 
Hydrostatic Pressure. VY) = Initial volume Eq. (7-63): K = 90 _ 700 MPa -175GPa € 
AV = 0.004 VY E 0.004 
AV 
Dilatation: e = —— = 0.004 (c) STRAIN ENERGY (d = diameter) 
0 d=150mm r=75mm 


From Eq. (7-57b) with o, = o, = o, = do: 


y 
3(1 — 2v)o$ 
309(1 — 2v) Hm 


Eq.(7-60): e = FO 2E 
Amr? ae 
Fe % = = 4767 10° mh 
-— = 700 MPa 3 
O = Op) 


(a) PRESSURE 


= 1.40 MPa 








Or 


U = u% = 2470N:m = 2470] < 
Pressure p = 09 = 700 MPa < 


Problem 7.6-11 A solid bronze sphere (volume modulus of elasticity K = 14.5 X 10° psi) is suddenly heated around its 
outer surface. The tendency of the heated part of the sphere to expand produces uniform tension in all directions at the center 
of the sphere. 


If the stress at the center is 12,000 psi, what is the strain? Also, calculate the unit volume change e and the strain-energy 
density u at the center. 


Solution 7.6-11 Bronze sphere (heated) 


K = 14.5 X 10° psi UNIT VOLUME CHANGE AT THE CENTER 
09 = 12,000 psi (tension at the center) To M 

Eq. (7-62): e — k` 828 X 10 E 
STRAIN AT THE CENTER OF THE SPHERE 





T 
Eq. (7-59): €9 = zu = 2p) STRAIN ENERGY DENSITY AT THE CENTER 
E Eq. (7-57b) with o, = = 0, = 00: 
Eq. (7-61): K = ————— q. (7-57b) with o, = a, = e; = ag 
3d — 2v) 3 = 2v)oG B có 
Combine the two equations: e IE OOK 


u = 4.97 psi < 


MOS —6 
foc = a NY <— 





fis 
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622 CHAPTER 7 Analysis of Stress and Strain 


Plane Strain 





When solving the problems for Section 7.7, consider only the in-plane strains (the 
strains in the xy plane) unless stated otherwise. Use the transformation equations 
of plane strain except when Mohr's circle is specified (Problems 7.7-23 through 
7.7-26). 


Problem 7.7-1 A thin rectangular plate in biaxial stress is subjected to 
stresses ox and o,, as shown in part (a) of the figure on the next page. The 
width and height of the plate are b = 8.0 in. and h = 4.0 in., respectively. 
Measurements show that the normal strains in the x and y directions are 

e, = 195 x 10 and Ey = 129 10 6, respectively. 

With reference to part (b) of the figure, which shows a two-dimensional 
view of the plate, determine the following quantities: (a) the increase Ad in the 
length of diagonal Od; (b) the change Ad in the angle between diagonal Od —X- 
and the x axis; and (c) the change AC in the angle c between diagonal Od and 
the y axis. 








= 








(r * 
(b) 
Probs. 7.7-1 and 7.7-2 


Solution 7.7-1 Plate in biaxial stress 
For 6 = $ = 26.57, €,, = 130.98 x 10 
Ad = eL, = 0.00117 in. — 


(b) CHANGE IN ANGLE 6$ 
Eq. (7-68): a = —(&, — £) sin0 cos0 — Yyy sin?0 
For 0 = $ = 26.57°: a= — 128.0 X 10 ° rad 





Minus sign means line Od rotates clockwise 


= 1 — 1 — —6 
b = 8.0 in. h = 4.0 in. £y = 195 X 10 (angle @ decreases). 


"EE —6 - 
éy = 125 X 10 Yy = 0 Ad = 128 X 10 P rad (decrease) «— 


h o 
$ = arctan 2 26.57 (c) CHANGE IN ANGLE C 








La = Vb? + k? = 8.944 in. Angle C increases the same amount that @ 
decreases. 
(a) INCREASE IN LENGTH OF DIAGONAL Ac = 128 X 10° © rad (increase) «— 
Ey t £y Ex — €y Yey | 
= 5 T cos 20 + E sin 20 





dh 
ar. 
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SECTION 7.7 Plane Strain 623 


Problem 7.7-2 Solve the preceding problem if b = 160 mm, h = 60 mm, e, = 410 x 1076, and €, = 320 X 10 6. 


i A9» For 0 = $ = 20.56°: £} = 319.97 x 10 6 
— d Ad = e, La = 0.0547mm < 


» Ox (b) CHANGE IN ANGLE 6$ 





a oz $ | Eq. (7-68): a = —(€,— £y) sin 0 cos 0 — Yyy sin^0 
LA a p i For 0 = $ = 20.565: a = —240.0 X 10 rad 


Minus sign means line Od rotates clockwise (angle o 











b = 160 mm h = 60 mm €x — 410 X 1076 decreases.) 
Ey = — 320 Xx 107° yy = 0 Ad = 240 X 10 rad (decrease) «— 
h O 
$ = arctan b 20.56 (c) CHANGE IN ANGLE C 
La = Vb? + h? = 170.88 mm Angle C increases the same amount that Q 
decreases. 
(a) INCREASE IN LENGTH OF DIAGONAL AC = 240 x 107° rad (increase) Mem 
M EE £o 8 y 
A> £y, = E ane = cos 20 + — sin 26 
Problem 7.7-3 A thin square plate in biaxial stress is subjected y 
to stresses o, and o, as shown in part (a) of the figure . The Oy 


width of the plate is b = 12.0 in. Measurements show that the 
normal strains in the x and y directions are €, = 427 X 10 9 
and e, — 113 X 10 6, respectively. 

With reference to part (b) of the figure, which shows a 
two-dimensional view of the plate, determine the following 
quantities: (a) the increase Ad in the length of diagonal Od; 
(b) the change Ad in the angle b between diagonal Od and —O z 
the x axis; and (c) the shear strain y associated with diagonals P d i — 5——. 

Od and cf (that is, find the decrease in angle ced). 








T 


(a) (b) 


€ 0€060906060620€602060206002900600602900620602869020602060609200606092906200€6206062060296206060290206029002900606006029822902902606206009020600606029029060060600290060060€6285920602960260602920602060060292208009029022060060028$29009?90900290060060060290606006285920260296060206020602060060290206006006029020606029206020206006206006020600606€6029006060602829020602829020206020606029206060602902900609020290060209090990€99695 





EX 
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07Ch07.qxd 9/27/08 1:24 PM Page 624 TN 
I. 
624 CHAPTER 7 Analysis of Stress and Strain 
Solution 7.7-3 Square plate in biaxial stress 
Ty (b) CHANGE IN ANGLE 6$ 


Eq. (7-68): a = —(é, — £) sin cos0 — Yyy sin^0 
For 0 = @ = 45°: æ = —157 X 107° rad 





o M 
—— 
A 


Minus sign means line Od rotates clockwise (angle @ 


) TR decreases.) 
ex f Ad = 157 x10 rad (decrease) «— 


(c) SHEAR STRAIN BETWEEN DIAGONALS 








-6 taai se ee o 
£y m= 113.xX-10 q. (7- dr x 5 sin ; 605 
eto Yay For 0 = $ = 45°: y,,, = —314 X 10° rad 


Lg = bV2 = 16.97 in. (Negative strain means angle ced increases) 


ee -6 
(a) INCREASE IN LENGTH OF DIAGONAL y = —314X 10 "rad «— 


Poser Bye y 
Bos — 66500 sin 20 
" 2 2 2 
For 0 = $ = 45°: &, = 270 X 10 9 


Ad = e, L4 = 0.00458 in. e 











Problem 7.7-4 Solve the preceding problem if b = 225 mm, e, = 845 X 10  , and €; = 211 X 10 6. 











Ty (a) INCREASE IN LENGTH OF DIAGONAL 
Ey T € EE y 
y x y xy, 
RE F cos 20 + — sin 20 
2 2 2 


For 0 = $ = 45°: e,, = 528 x 10 6 
Ad = £, Lq = 0.168 mm = 





(b) CHANGE IN ANGLE 6$ 

Eq. (7-68): a = —(€, — €) sin0 cos0 — Yyy sin^0 
b=225mm œg, = 845 XxX 107° For 0 = $ = 45°: a = —317 X 10 © rad 
£j — 211% 10 6 db = 45? yy = 0 Minus sign means line Od rotates clockwise (angle œ 


La = bV2 = 318.2 mm decreases.) 
Ad = 317 X10 ?rad (decrease) — 





CEN 
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SECTION 7.7 Plane Strain 625 


(C) SHEAR STRAIN BETWEEN DIAGONALS For 0 = $ = 45°: Yay, = —634 X 1078 rad 


€x Ey — Yxy Negative strain means angle ced increases 
sin 20 t cos 20 (Neg E ) 


y = —634 x 10 rad 





y 
Eq. (7- 71b): E -- 


Problem 7.7-5 An element of material subjected to plane strain (see 
figure) has strains as follows: e, = 220 x 10 ©, e, = 480 X 107 and 
yy = 180 x 10 6. 
Calculate the strains for an element oriented at an angle 0 — 50? and show these 
strains on a sketch of a properly oriented element. 





Solution 7.7-5 Element in plane strain 
e, = 220 X 107° &, = 480 x 10 6 
yy = 180 x 107° 
£y T £y ETE 


Y 
gy = 5 + 5 : cos 20 + = sin 20 











y €x ^ € y 
~ — E -sin28 + — cos 20 








£y, = Ey + £y — Ex, 


For 0 — 50*: 
E — 461 X10 9 yy, = 225 X 10 9 
ey, = 239 x 10 6 





y= 225 X 10-6 O X 


Problem 7.7-6 Solve the preceding problem for the following data: e, = 420 x 1076, €, = — 170 X 106, Yxy =310 X 10 6, 
and 0 = 37.5°. 





CX 
ar, 
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626 CHAPTER 7 Analysis of Stress and Strain 
Solution 7.7-6 Element in plane strain 
e,=420xX10°° =e, = —170x 10 6 
yy = 310 x 10 9 
£o £y Ex — €y Yey 2 
£y, = + cos 20 + —- sin 20 y 
: 2 2 2 
* €x E Y j 
2 = 5 -sin 20 + -> cos 26 X | 
N | DN GEN 
Ey, = Ex * £y — Ex, NIC ^N. P 
For 0 = 37.5°: X D € à 
— 2 101 x 10-6 " \ 351 X 1079 
&, 7351 X105 wy, = —490 x 1079 NIA ge 
£y — —101 X 10 6 y= —490 x 10-6 O i X 


Problem 7.7-7 The strains for an element of material in plane strain (see figure) are as follows: e, = 480 x 10 6, 
e, = 140 X 10 5, and y,, = —350 x 107°. 
Determine the principal strains and maximum shear strains, and show these strains on sketches of properly oriented 





elements. 
—Cp- Solution 7.7-7 Element in plane strain 
e, = 480 x 107° «= 140x 106 


yx = —350 x 10 6 


PRINCIPAL STRAINS 




















y 
Ext £y Ex — Ey\2 Yey V? E 
£157 + zd oe 1$ 
LAB: 2 2 ~./ E 
= 310 x 1076 + 244 x 1076 554 x 10-6 
= —6 — —6 
ep 554 X 10 en 66 x 10 MAXIMUM SHEAR STRAINS 
y 
tan 26, = ——— = —1.0294 Ymax = (2) 
£y — Ey = nul fosse 
2 2 2 


20, — —45.8° and 134.2? 
Oo m22 and 67.1? 


= 244 x 10 6 
Ymax = 488 X 107° 
0. = 60, — 45° = —67.9° or 112.1? 
EET E ELT E y 51 P1 
Eu = d: > = cos 20 + — sin 20 Ymax = 488 X 10 6 PE 
0,, = 0s, + 90° = 22.1° 





= 554 x 1076 E MEME. 
0, = —229"  e-554x10 ^ = ain . 
- o = -6 ETa 
0p, = 67.1 E) = 66 X 10 = TN d 3 y — 310 X 1076 





fis 
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y 
^ em 310 x 10-6 
| Y DA c 
^ » A An -6 
y=—488 x 10-6 | | 73 A voix 10 
0 223^ 3 
Problem 7.7-8 Solve the preceding problem for the following strains: e, = 120 X 107°, €, — —450 X 1076, and 


yy = — 360 x 107°. 


627 


Solution 7.7-8 Element in plane strain 
120 10-9 
—360 x 10 6 


€x 


e, = —450 X 107° 


Yxy 


PRINCIPAL STRAINS 


Er t £y Ex — €y 2 'Yxy 2 
WT x + /( 2 )*(2 


= —165 x10 9 + 377 x 10 ° 
8€ 7172x109 s = —502x 109 

















Yxy 
tan 20, = = — (0.6316 
£x — by 
20 c 327.7° and 147.7? 
0, = 163.9? and 73.9? 


For 0, = 163.9°: 


Ex + £y 64 £ 





= + eee) 
Ex, = ) ) COS ) sin 
-—17x109 
Op, = 163.99 e=172X10° <- 
0,, = 73.9? e, = 502x105 — — 


y 







Xj 


172 x 10-6 





£N 
SET 





MAXIMUM SHEAR STRAINS 


TC) 
2 2 2 
= 337 x 106 
Ymax = 674 X 10 6 
Os, = 0p, — 45° = 118.9? 
Vmax = 674 X 107° <- 
= ð, — 90° = 28.9° 
Ymin = —674X 107° | — 








B oue 
T es en ge T0756 





E aver = 2 








— 165 X 10-6 


X1 


i Nye 165 x 10-5 
à! T 
y = —674 x 10-6" 


O 289? 
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628 CHAPTER 7 Analysis of Stress and Strain 


Problem 7.7-9 A element of material in plane strain (see figure) is subjected to strains e, = 480 x 1076, €, = 70 X 1076, 
and Yyy = 420 x 107°. 

Determine the following quantities: (a) the strains for an element oriented at an angle 0 = 75°, (b) the principal strains, 
and (c) the maximum shear strains. Show the results on sketches of properly oriented element. 


Solution 7.7-9 Element in plane strain 






















e, = 480X 1076 — e = 70x 10 6 n RE 
E —6 pou Ey —€ y 
Yxy = 420 X 10 Enc Wr - = cos 20 + — sin 20 
Ex, = 2 2 COS 2 sin = 568 X 10 
Oy, = 22.8° = 568 X 10° | — 
Yayi TE Yxy 2 o zb 
X uU sin 20 CO8 0 05, — 112.8 €>= —18X 10 e 
£y, — €y "E Ey — Ex, 
For 0 = 75? \ 
&, = 202X107 yyy, = —569 x10 6 DoF T: 
= —6 TE \ 
ey, = 348 X 10 18 X 10-6 NN | xj 
[1 ys we 
\ Z^ 568 x 10-5 
348x 10-6 P ) 
x Qo 22.8" x 
mal hes 
MAXIMUM SHEAR STRAINS 








€. — &€,\2 y 2 
zc... (= z) 263 = 293 x 10-5 
2 2 2 


isl 587 10 € 

5 | 0, 5:0, — 45° = —222*0r157.8* 
Ymax = 587 X10 $ < 

= 8, + 90° = 67.8° 





y = —569 x 10-6 


PRINCIPAL STRAINS 0 











52 
£y 8, (* = zy (=) Ymin = — 587 X 1076 = 
LTE 2 2 E+E l 
: - =  22175x10* 
= 275 X 1076 + 293 x 106 "HUE 2 Coney 
e = 568X106 «= -18x10° " 
Yxy 275 x 10-6 
tan 20, = = 1.0244 
£y — Ey 
: T «X 
20, = 45.69? and 225.69? / ! /, 
0, = 22.85? and 112.85? y / Á A 
ig A pen x 10-6 
ls 67.8? 
y=-587X10-6 ^g x 





CEN 
S EZ 
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SECTION 7.7 Plane Strain 


Problem 7.7-10 Solve the preceding problem for the following data: e, = —1120 X 107°, €, = —430 X 10°: 


yxy = 780 X 107°, and 0 = 45°. 


629 


Solution 7.7-10 Element in plane strain 
e, = — 1120X 107° e = — 430 x10°° 
yy = 780 x 10 6 














£T £y Ex — £y Yey 2 
£y 7 5 E cos 20 + Ex sin 20 
Y €x — € Y 
eae 2 sin 20 + T 20 
2 2 2 
£y, — €y + Ey — Ex, 
For 0 = 45°: 


&, = —385 X10 
sy = —1165 x 10? 


= —6 
yay, = 690 x10 








yi 
Sue I 
hy 
yY 4 
1165 x 10-6 2385 x 10-6 
y= 690 X 10-6 O X 


PRINCIPAL STRAINS 


Ey t €, Ex — Ey\2 Vxy M 
QURE E ( 2 * (= 
= —775X 10° + 521 x 10 6 
& = —254X10 5 =e) = — 1296 x 10 6 

















Yxy 
tan 20, = = — 1.1304 
£y — €y 
20, = 131.5? and 311.5? 
0, = 65.7? and 155.7? 
For 0, = 65.7°: 
Ex t E Ex — €y Yey | 
£y, = + cos 20 + — sin 20 
" 2 2 2 
= —254 X10"? 





CEN 
ES 





06, = 65.77 . g&-——254xX109? <— 
0, = 155.7? e= —1296 x 107°  — 





1296 X 10-6 O x 


MAXIMUM SHEAR STRAINS 


Ymax _ (= B >) + (2y 
2 p) 2 
2:52] xX 10" 
Ymax = 1041 X 10 6 


0, = 0,, — 45° = 207 
1041 x 1076 «— 











Ymax = 
6632305907 = 110-7" 
Yun = — 1041 x 107° — 
Ete 
Eaver — - 2 = — 775 X 1076 
n 
775 X 10-5 





za Eq 
NTs x 


20.7° 


1076 
X 








07Ch07.qxd 9/27/08 1:24 PM Page 630 





CIS 
LA 





630 CHAPTER 7 Analysis of Stress and Strain 


Problem 7.7-11 A steel plate with modulus of elasticity E = 30 X 10° psi and 
Poisson's ratio v = 0.30 is loaded in biaxial stress by normal stresses o, and o, 
(see figure). A strain gage is bonded to the plate at an angle @ = 30°. 

If the stress o, 1s 18,000 psi and the strain measured by the gage is e = 407 X 1076, 
what is the maximum in-plane shear stress (Tmax)xy and shear strain (Ymax)xy? What is the 
maximum shear strain (Ymax)xz in the xz 
plane? What is the maximum shear strain (Ymax)yz in the yz plane? 








Solution 7.7-11 Steel plate in biaxial stress 

















o, = 18,000 psi 3 = 0 Ga! MAXIMUM IN-PLANE SHEAR STRESS 
E=30X10° psi v = 0.30 Ty — Oy 
= —————— = 7800psi < 
Strain gage: ġ = 30° e = 407 x 10 6 (Tmaxday 2 P 
Units: All stresses in psi. STRAINS FROM Eos. (1), (2), AND (3) 
STRAIN IN BIAXIAL STRESS (Eos. 7-39) E, = 576 X 1076 éy = — 100 x 1076 
1 l e, = — 204 x 10 6 
= — = = —— (18,000 — 0.3 1 
er = pOr — vay o Lg e, (0) 
1 1 MAXIMUM SHEAR STRAINS (EQ. 7-75) 
= — = = — 5400 2 
L E (o vas) 30 X 10° (o; ) (2) (Ymax) xy €x — Ey 2 Yxy 2 
xy plane: 7 = 5 + ES 
Le ideis eps 3 
€. (0 Oy) m 30 x 10° ( , Oy) ( ) a = 0 (Fa = 676 X 1076 a 
iue: (Y max)xz u Ex — Ez 2 L Yxz 2 
STRAINS AT ANGLE @ = 30° (Eo. 7-71a) Mic a 2. 2 2 
T a 2 £o € y —0 = 780 x 107° = 
£y, — IL ) : T : 7 7 cos 20 + — sin 20 Ti Omas) xz 
(Ymax) yz Ey — €; 2 Yyz 2 
1 1 yz plane: 5 = z; + E 
407 x10 9 = (= )(< 02s t 0.7oy) 
Yu 70  (Ymx), = 104x 107° | — 
(i) (—— (23,400 — 1.30) cos 60° 
2/ N30 X 10 
Solve for ay: ay = 2400 psi (4) 





as 
ar, 
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SECTION 7.7 Plane Strain 631 


Problem 7.7-12 Solve the preceding problem if the plate is made of aluminum with E — 72 GPa and v — 1/3, the stress 
o, is 86.4 MPa, the angle œ is 21° , and the strain e is 946 X 10 6. 


Solution 7.7-12 Aluminum plate in biaxial stress 






































o, = 86.4 MPa Yu OS MAXIMUM IN-PLANE SHEAR STRESS 
E = 72 GPa v — 1⁄3 Ox — Oy 
= ———— = 32.4 MPa «— 
Strain gage: ġ = 21° e = 946 x 10 6 (Tma xy 2 
Units: All stresses in MPa. STRAINS FROM Eas. (1), (2), AND (3) 
e, = 1100 X 107° «= —101 x 10? 
STRAIN IN BIAXIAL STRESS (Eos. 7-39) E 
e, = —500 X 10 
1 1 
E — (0, — vo) (86.4 — —o,) (1) 
* SESS É 72,000 = MAXIMUM SHEAR STRAINS (EQ. 7-75) 
l l ( = 2 2 
SS = = Ymax) Ex — € y 
e, = gy = VOD) = 555g © - 289) D cpi nS. ( x J " (=) 
2 2 2 
k = =0 (Ymax) = 1200x1076 <- 
fce E (0, Oy) = 72,000 (86.4 + Oy) (3) Yxy Ymax? xy 
(Ymax)xz 4G i 3! (=) 
xz plane: — — = aue 
STRAINS AT ANGLE $ = 21? (EQ. 7-71a) 2 2 2 
a Ex T £y Ey — &y Yxy ae aa = COON 107$ = 
£y, = F cos 20 + —- sin 20 2 5 
l 2 2 2 (Ymax) yz (= E =) (=) 
yz plane: —— — = SSS a 
6 1 1 2 2 2 2 
946 x 10 "—-|— 57.6 + > Oy x 
2 / \ 72,000 3 3:709 (Ymax)yz = 399 X 10 <— 
+ (i Y (usa - 5 gy cos 42° 
72,000 
Solve for o; ay = 21.55 MPa (4) 





CEN 
ES 
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Problem 7.7-13 An element in plane stress is subjected to stresses o, = —8400 psi, Oy 
ao, = 1100 psi, and 7,, = —1700 psi (see figure). The material is aluminum with modulus 


of elasticity E = 10,000 ksi and Poisson’s ratio v = 0.33. 


Determine the following quantities: (a) the strains for an element oriented at an angle 
0 = 30°, (b) the principal strains, and (c) the maximum shear strains. Show the results on 


sketches of properly oriented elements. 


Solution 7.7-13 Element in plane strain 
o, = — 8400 psi ay = 1100 psi 
T, = — 1700 psi E = 10,000 ksi v = 0.33 


HOoKE’s LAW (Eos. 7-34 AND 7-35) 


1 
Ex = 70x = voy) = —876.3 X 10 6 


1 — 
£y, = E — vay) = 387.2 X 10 9 


2T4(l + v) 
"c E 
For 0 = 30°: 


= — 452.2 X 107° 


Ex t £y fs 
Ex, = ) EE 


= —756 x10 9 








Y 
á cos 20 + - sin 20 


és y 
5 e 7 = sui? + cos 20 
= 434 x 1076 
yay, = 868 X 10 6 


= & + £, — &, = 267 X 10 6 


| 


267 x 10-6——— 


Yxiyi 








Eyi 






mdi 


y ^ 868 X 1076 


ar. 





PRINCIPAL STRAINS 


£u by = EN Vey \2 
£12 7 — =d (= "V+ (=) 
i 2 2 2 


= —245 x 107 + 671 X 107° 
6, = 426X107 s = —961 x 107° 

















Yxy 
tan 20, = — 0.3579 
£y — by 
20, = 19.7° and 199.7? 
0, = 9.8° and 99.8* 
For 6, = 9.8°: 
e, TE E. 3E Yy 
Ds s 5 pet 5 ~ cos 20 + — sin 26 
= —916 x 10° 


“Oy, = 99.8° sı = 426 X 10 ^. — 
0,,— 9.9 e; = —916x10 9$  — 







un 


426 X 10-6 F] 
| 





m 


| j 
916 x 10-8 





dh 
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SECTION 7.7 Plane Strain 633 


MAXIMUM SHEAR STRAINS 


Ymax _ (= = >) n (72) 
"E 2 2 


= 671 X 10 6 


Ymax = 1342 X 10 6 J 

0;, -= 0p, — 45° = 54,8? e 
= 1342 X 107 < wy 

TEES 245 X TAN é 

Os, = 0,, + 90° = 144.8° 


= —1342x10'$ < 


Ex F £y 


Ewer = 0 = A5 X 10 9 











= 1342 x 10-5 o x 


Ymin 





Problem 7.7-14 Solve the preceding problem for the following data: c, = —150 MPa, o, = —210 MPa, 


Txy = —16 MPa, and 0 = 50°. The material is brass with E = 100 GPa and v = 0.34. 


Solution 7.7-14 Element in plane strain 


a, = —150MPa oy, = —210 MPa 


= —]6MPa E=100GPa v= 0.34 







HOoKE’s LAW (Eos. 7-34 AND 7-35) 


1 yi 
£,— pe — voy) = —786 X 10 6 iw ja 


1 = 
by = (0y = vox) = — 1590 x 107° Sf : zi 
ies. A. ya 
Ty Toll + v) 907 x 10-6 A | O0 | T 


Eus — Hs —6 
Yo G^ E 429 x 10 y =-717 X 10-6 


4 


| 7 1469 x 10-5 








PRINCIPAL STRAINS 


For 0 = 50°: 
Ep tE , ‘le — 2 " ci 
€ € €. € Yy 61209 —— À—— UE 
Shae ae 5 = cos 20 + — sin 20 2 2 2 


' 2 E -6 -6 
1188 X 10 ^ + 456 X 10 























= — 1469 x 10 6 at -6 
6, = — 732 x 10 E = — 1644 x 10 
UD NO OE Yay y 
> 3575 Sin 20 + 75 008 20 tan 20, = 2 = —0.5333 
£y — £y 

ES —6 

523985 X T0 26, = 151.9? and 331.9? 

MON —6 
Yay, = — 717 X 10 0, = 76.0? and 166.0? 
E ep qp E. = > TS 10 6 





CEN 
ES 
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For 6, = 76.0°: MAXIMUM SHEAR STRAINS 
ex T £y ex m £y Yxy Ymax gn i >) (m) 
£u 7 5 cos 26 5 sin 20 ) > 5 
= — 1644 x 10 6 = 456 x 10 6 
^60, = 166.0° e; = —732X10°° < Ymax = 911 X 10 6 
0, = 760? s, = —1644X 107° — 0, = 0,, — 45° = 121.0" 


Ymax = 911 X10 $ <— 
0, = 0, — 90° = 31.0? 


52 
Ymin = -911 X 10 9 e= 
Ex + E 
P 3 25-190» 10 6 
Yı 





1190 x 10-5 XS 








Problem 7.7-15 During a test of an airplane wing, the strain gage readings from a 45? rosette y 
(see figure) are as follows: gage A, 520 X 1076; gage B, 360 X 1076; and gage C, — 80 X 10 6. | 

Determine the principal strains and maximum shear strains, and show them on sketches of 
properly oriented elements. 








EX 
ar, 
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Solution 7.7-15 45° strain rosette 
e4 = 520 X 10° 25 = 360 x 107° 720, = 12.5° e; = 551X108 — 
ec = —80 X 10~° 6,,= 102.5° s= - MI X10 $5. — 
From Eos. (7-77) AND (7-78) OF EXAMPLE 7-8: MAXIMUM SHEAR STRAINS 
Ey = €4 = 520 X 10 6 £y = Ec = —80X 1076 Ymax (* = 2 (y 

es l——— + eS 
yxy = 2&g — £4 — eç = 280 X 10 9 2 2 2 

= 331 x 10 6 
PRINCIPAL STRAINS = 
2 z Ymax = 662 X 10 
£o pue Ey — € 

£12 = 3 5 ae ( Š 5 j t e 0 cU odes c9 rore 


Ymax = 662 X 1076 — 

Os, = 0,, + 90° = 57.5° 

Yai = —662x10 9 < 
Ex + £y 


Ewer = 0 — = 220 X 10-5 


220 X 107% + 331 x 10 © 
5,898551 1079. eek 10 


|y 


Yi 





yı 


S 


^ 


220 x js sd 
Yy p: 
tan 20, = ——— = 0.4667 a à 











20, = 25.0? and 205.0? y--662x10-6 9 x 
0, — 12.5? and 102.5? 








For, = 12:5: 
Ey TE ExT E y 
Eas E ee -cos 20 + — sin 26 
= 551 X 10° 


Problem 7.7-16 A 45°strain rosette (see figure) mounted on the surface of an automobile frame gives the following 
readings: gage A, 310 X 1076; gage B, 180 X 1076; and gage C, — 160 X 10 6. 
Determine the principal strains and maximum shear strains, and show them on sketches of properly oriented elements. 





fis 
SE 
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Solution 7.7-16 45° strain rosette 
£4 = 310 X 1079 £g = 180 X 1076 MAXIMUM SHEAR STRAINS 











ec = —160 x 10? Ymax _ JC E >) + (72) 
2 2 2 


FRoM Eos. (7-77) AND (7-78) OF EXAMPLE 7-8: — 957 x 1076 
= = —6 - = = —6 
€, = €4 = 310 X 10 £, = Ec = — 160 X 10 ee a 


= = —6 
a  - EE 0, = 6, — 45° = —33.0° or 147.0° 








= —6 
PRINCIPAL STRAINS Ymax = 215 X 10 «— 
Eod ey Es — 8M Yay \2 0. 0s T 90" DC 
CET S ( 2 — Ymin = —515 X10 $ < 
= 75x10 9 + 257 X 107° Spe 
€aver — - : = 75 X 107° 
e; = 332 X 107 s, = — 18210 © 2 
Yxy 
tan 20, = = 0.4468 
Eo 


20, = 24.1° and 204.1° 
0, = 12.0° and 102.0° 


-e- FoR 0, = 12.0°: blow “ 
Cet xe El y ud Sog 
as S dpe noae 5 n0 x19 ; 
l 2 2 2 YE 
— 332 x 10 ° 


10,7120? e, 2332x10 $  — y — -513 x 10-6 


6,9 = 102.0° e,  —1822X10 ? — 

















io 332x 10-6 





fis 
E. 
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SECTION 7.7 Plane Strain 


Problem 7.7-17 A solid circular bar of diameter d = 1.5 in. is 
subjected to an axial force P and a torque T (see figure). Strain gages 
A and B mounted on the surface of the bar give reading 

€, = 100 X 10 and €p = —55X 10 6. The bar is made of steel 
having E = 30 X 10° psi and v = 0.29. 


(a) Determine the axial force P and the torque T. 
(b) Determine the maximum shear strain Ymax and the maximum 
shear stress Tmax in the bar. 





Solution 7.7-17 Circular bar (plane stress) 


Bar is subjected to a torque T and an axial force P. 
E = 30 X 10° psi v = 029 


Diameter d = 1.5 in. 


STRAIN AT 0 = 45° 
Ex t £y 

l 2 

£p = —55 X 107° 


Ey — € y 
= oi 20 + = sin 20 





20 = 90° 


(1) 


STRAIN GAGES 
At 0 = 0°: 
At 0 = 45°: 


Substitute numerical values into Eq. (1): 
—55x10 © = 35.5 X 10 © — (0.0649 x 10 5T 
Solve for T: T = 1390 Ib-in 


£4 = €, = 100 x 10 6 
ep = —55x10 


«— 





ELEMENT IN PLANE STRESS 
MAXIMUM SHEAR STRAIN AND MAXIMUM SHEAR STRESS 











P 4P 16T 
pm n 9 dy yx = — (0.1298 x 10 9)T = —180.4 X 10 rad 
— i — 2 2 
e,=100X10°° «2, = —ve, = —29x 10 * Eq. (7-75): Ymax _ (= >) " e 
2 2 2 
AXIAL FORCE P — 111 x 10^ 8 rad 
2 = 

g= Ox _ = = md Ee, — 5300 Ib E Ymax ^ 222 X 10 6 rad = 

E | md*E e 


Tmax = GYmax = 2580 psi 


SHEAR STRAIN 


Ty Myl tv) — 32T +v) 
mE E i "d^E 


—(0.1298 x 10 9T (T = Ib-in.) 





CX 
ar, 
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Problem 7.7-18 A cantilever beam of rectangular cross 
section (width b = 25 mm, height h = 100 mm) is loaded 
by a force P that acts at the midheight of the beam and is 
inclined at an angle o to the vertical (see figure). Two strain 
gages are placed at point C, which also is at the midheight 
of the beam. Gage A measures the strain in the horizontal 
direction and gage B measures the strain at an angle B = 60° 
to the horizontal. The measured strains are e, = 125 X 10 9 





and e, = —375 x10 €. B/N 
Determine the force P and the angle o, assuming the B 
material is steel with E = 200 GPa and v = 1/3. A | 





Solution 7.7-18 Cantilever beam (plane stress) 








Beam loaded by a force P acting at an angle a. HOOKE’S LAW 
E = 200 GPa v= 1/3 b = 25 mm Oo, Psina 
Ex SSS Se SS ———— 
h = 100 mm E bhE 
Axial force F = P sina P sin æ = bhEe, = 62,500 N (1) 
Shear force V = P cos a _ Ty 3Pcosa . 3 tv)Pcosa 
y= E uae ei e E T MR M 
(At the neutral axis, the bending moment produces no d AON DRE 
stresses.) = — (8.0 x 107°) P cos q (2) 
STRAIN GAGES For 0 = 60°: 
At 0 = 0°: £4 = &, = 125 X 1076 Eg +t 8, & — by Yey . 
6 = + cos 20 + —- sin 20 (3) 
At 0 = 60°: Ep = —375 x 10 2 2 2 


= egg = —375 X 10° 20 = 120° 
Substitute into Eq. (3): 


€x 
1 
ELEMENT IN PLANE STRESS 





F Psina a Em m 
Uy co s g,—0 — 375 X 10 ° = 41.67 X 10 ? — 41.67 X 10 
= —9 
© 83V 3Poosa (3.464 X 10 *)Pcosa 
7X 54A 2bh or P cos a = 108,260 N (4) 
e, = 125 x 10 6 fy = — ve, = —41.67 X 10 9 SOLVE Eos. (1) AND (4): 


tan a = 0.5773 a = 30° «— 
P-—125kN <— 


Problem 7.7-19 Solve the preceding problem if the cross-sectional dimensions are b = 1.0 in. and h = 3.0 in., the gage 
angle is B = 75°, the measure strains are €, = 171 X 10 and €, = — 266 X 1076, and the material is a magnesium alloy 
with modulus E = 6.0 x 10° psi and Poisson's ratio v — 0.35. 


€ *0606062062620620620€629292062962€90292292062090294229292060296206292062962629296206206206206206202920620629294292629292920602942294292€6029?0292920€6029620629620€6296206209206296206290629029206292920629206029292928a42929292929620929?9296206206296206206206206206202902962062062242920629029292920292292902960292062929206206296206206202062062062020620629292962062902292206029622929€0202926292929062929960629290€62029299292906 





dh 
ar. 
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Solution 7.7-19 Cantilever beam (plane stress) 
Beam loaded by a force P acting at an angle a. 
E-60xl100psi v=0.35 b=1.0in. 
h = 3.0 in. 


Axial force F = P sina Shear foce V = P cos q 
(At the neutral axis, the bending moment produces 
no stresses.) 


STRAIN GAGES 
At 0 = 0°: 
At 0 = 75°: 


5055171 X10 © 
£p = —266 x10 9 


ELEMENT IN PLANE STRESS 


OF P sin æ 
A bh á 


o 3P cosa 
2bh 


= 171X10 = 





Oy 


— vE; = — 59.85 X 10 


CIS 


LA 





6 














SECTION 7.7 Plane Strain 639 
HOOKE'S LAW 
Oo, Psina 
€x LLL n 
E bhE 
P sina = bhEe, = 3078 lb (1) 
B Try 3P cosa — 3(1 + v)P cosa 
ty G O2bhG bhE 
= —(225.0 X 1079P cos a (2) 
For 0 = 75°: 
tE =e y 
£y = E ad S -cos20 + — sin 20 (3) 


£, = €g = —266 X 107° 20 = 150° 


Substitute into Eq. (3): 
—266 x 10 9 = 55.575 x 10 9 — 99.961 x 107° 


— (56.25 X 10 ^P cos a 


Problem 7.7-20 A 60? strain rosette, or delta rosette, consists of three 


electrical-resistance strain gages arranged as shown in the figure. Gage A measures 
the normal strain e, in the direction of the x axis. Gages B and C measure the 


strains ej and e, in the inclined directions shown. 


Obtain the equations for the strains €,, €,, and Y, associated with the xy axis. 


or P cos œ = 3939.8 Ib (4) 
SOLVE Eos. (1) AND (4): 
tana = 0.7813 a = 38° «— 
P — 5000 Ib «— 
b 
X 





Solution 7.7-20 Delta rosette (60° strain rosette) 
STRAIN GAGES 

Gage A at 0 = 0° 
Gage B at 0 = 60° 
Gage Cat 0 = 120° 


Strain = £4 
Strain = £g 


Strain = ec 


For 6 = 0°: £y = Eq €— 





as 


ar. 

















Fon 0 = 60°: 
Ey TE E E y 
m mE - ~ cos 20 + — sin 20 
2 2 
EA t £y EATE . Yxy (| f 
EB = d: (cos 120?) + — (sin 120?) 
2 2 2 
£A 3e, Yava 
B 4'4 4 (1) 
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For 0 = 120°: SOLVE Eas. (1) AND (2): 
ee T Ey Ex — €y Yey | 1 
a. F cos 20 + > sin 20 £y — 3 EB + 28c — Ea) m 
A ach. Sy eosgA0 Gin dt * ) o < 
= B B = ——c(ep — € 
EC 5 5 (cos ) 5 (sin ) Yay = Aya B C 
3e Vey V3 
EA y Xy 
E (2) 








Problem 7.7-21 On the surface of a structural component in a space vehicle, the 
strainsare monitored by means of three strain gages arranged as shown in the figure. 
During a certain maneuver, the following strains were recorded: e, = 1100 x 10 6, 
ej = 200 X 1076, and e, = 200 x 10 ©. 

Determine the principal strains and principal stresses in the material, which is a 
magnesium alloy for which E — 6000 ksi and v — 0.35. (Show the principal strains 
and principal stresses on sketches of properly oriented element.) 





Solution 7.7-21 30-60-90? strain rosette 








Magnesium alloy: E = 6000 ksi v = 0.35 tan 20, = Yxy AU A 
STRAIN GAGES Ex ey 
Gage A at 0 = 0° e, = 1100 x 10 6 20, = 60° 0, = 30° 
Gage Bat 0 = 90° — eg = 200 X 10 9 For 6, = 30°: 
Gage C at 0 = 150° Ec = 200 X 1076 Ee, bee, en 
6 = F cos 20 + —- sin 20 

For 0 = 0°: £, = €4 = 1100 X 10 2 2 2 

= —6 
FoR0 = 90°: £, = eg = 200 x 10 6 = 1550 X 10 


. a. o mE —6 
Fon 0 — 150*: 2.054 = 30 £j = 1550 X 10 «— 
065—120 s, = —250x10? < 





Ex t £y Ex T €y Yey | 
f= 66> 5 T 5 cos 20 + E sin 20 
200 x 1076 = 650 x 105 + 225 x 10 6 
— 0.43301 Yx 


Solve for Yyy: y,, = 1558.9 x 107° 


PRINCIPAL STRAINS \ 
& te So BN pe 

2 2 2 N 

= 650 x 1079 + 900 x 1076 a ai a 1077 

e; = 1550 X 1076 & = —250 10 6 











as 
ar. 
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PRINCIPAL STRESSES (see Eqs. 7-36) 
| E | E 
g| = ta + VE) O = 1-40 + vei) 


Substitute numerical values: 


a, = 10,000 psi 05 = 2,000 psi < 





Problem 7.7-22 The strains on the surface of an experimental device made of pure 
aluminum (E = 70 Gpa, v = 0.33) and tested in a space shuttle were measured by 
means of strain gages. The gages were oriented as shown in the figure, and the measured 
strains were e, = 1100 X 10 6, €p = 1496 X 1076, and €. = —39.44 X 10 X B: 


What is the stress co, in the x direction? 





Solution 7.7-22 40-40-100° strain rosette 








Pure aluminum: E = 70 GPa v = 0.33 For 0 = 140°: 
Ex t £y Ex — &y Vy Y 
STRAIN GAGES £u 5 + 5 cos 20 + E sin 20 
a DM, EM Substitute £y, = £ = —3944 x 1076 and 
DUERME UM oe ho 107^ £, = 1100 X 1076; then simplify and rearrange: 
Gage Cat6 = 140° sc = —3944 X 107 0.413182, — 0.49240, = —684.95 x 10° (2) 


= O. — = —6 
For 0 = 0°: E€ = €4 = 1100 X 10 SOLVE Eos. (1) AND (2): 











For 6 = 40°: e, = 200.3 X 107° yy = 1559.2 x 10 8 
Ep rs ey y 

ex, 7 : 2 : T - : cos 20 + = sin 20 HOOKE’S LAW 

Substitute e,, = eg = 1496 X 10^? and gy = (ex + vey) = 91.6 MPa = 


1 —3? 
e, = 1100 x 1076; then simplify and rearrange: 


0.413182, + 0.49240y,, = 850.49 x 107° (1) 





as 
ar, 
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642 CHAPTER 7 Analysis of Stress and Strain 


Problem 7.7-23 Solve Problem 7.7-5 by using Mohr's circle for plane strain. 





Yi 7! 
Sa | 7" 461 x 10-6 
239 x 10-6 A | 50° 
y = 225 x 10-6 x 





POINT C: €,, = 350 X 10 9 


220 x 107° &,— 480 x 10 6 


Yxy - . PoiNT D (0 = 50°): 
E = 00 X 10 0 — 50 


V/(030 x 10-9? + (90 x 10 5? 


AY 
| 


180 x 107 


= 
Š 
| 


e,, = 350 X 10 9 + R cos B = 461 X 107° 


ch 
V 


Yxıyı 











a = Rsin B = 1124 x 10 6 
= 158.11 x 10 6 5 sin B 
— —6 
a= oe = 34.70° Yuy, = 225 X 10 
130 

p = 180° — a — 20 = 45.30? Point D’ (0 = 140°): 
&, = 350 X 107° — R cos B = 239 x 106 
y 
~ = —Rsin B = — 112.4 x 1076 


— —6 
Yay = —225 X 10 





fis 
E. 
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Problem 7.7-24 Solve Problem 7.7-6 by using Mohr's circle for plane strain. 
Solution 7.7-24 Element in plane strain 


£, = 420 X 1076 ey = 09 107° PoINT C: £,, = 125 X 1076 


—6 Yxy —6 o o 
Va = 2310X-10 e = 155 X 10 0 = 37.5 Point D (0 = 37.5°): 


£, = 125 X 10 5 + R cos 8 = 351 x 10 9 





Yxıyı 


-—— 2 —6 


= —6 
Yuy ^ —490X 10 





Point D’ (0 = 127.5 y: 
£, = 125 X 10 $ — Rcos B = —101 x 10 9 


0) Yxıyı 
2 


= —6 
yay, = 490 X 10 





= R sin B = 244.8 x 10 6 








R = V/(295 x 10-9? + (155 x 1079? Y 25 
= 333.24 x 1076 \ Sy we 
a= ee = 27.72° 101 x 10K x 3 x 10-6 
295 ^ í 
B = 20 — a = 47.28? y = —490 x 10-6 Q X 





(CEN 
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07Ch07.qxd 9/27/08 1:24 PM Page 644 


£N 
NL 





644 CHAPTER 7 Analysis of Stress and Strain 


Problem 7.7-25 Solve Problem 7.7-7 by using Mohr's circle for plane strain. 


Solution 7.7-25 Element in plane strain 
e, = 480X 107° &, = 140 x 10° 
Yxy 


yy = —350 x 10 ? = —175x10 9 


480 CAE 


m (8 — 0) A 
554 x 10-6 

v 

C 












28, 
P; { P 
O 170 Ex 
N $ MAXIMUM SHEAR STRAINS 
"up: 20, = 90°-a = 44.17° — 6, = 221? 
T T. 20, = 20, + 180° = 22417 = 6, = 112.1? 
$; Point $5: Eayer = 310 x 10 6 
140 in i 
Ymax = 2R = 488 X 10 
Yx y 
EP 73 Point $5: e, = 310 x 1076 
Ymin = —488 x10 
R = NV (175 x 10 9? + (170 x 10 9? 
= 243.98 x 10 6 . 
175 \ 
a = arctan 170 45.83 M Il. PU 
PomT C: £ = 310 X 10 6 `; ns | 


PRINCIPAL STRAINS 

20, = 180° — a = 134.2? Á86,-—671? 
20, = 20,, + 180° = 314.2°  6,, = 157.1° 
Point P: e; = 310 X 10 ^ + R = 554 x 10 © 
Point Py: e) = 310 X 10. — R= 66 x 10 6 





CEN 
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SECTION 7.7 Plane Strain 645 


Problem 7.7-26 Solve Problem 7.7-8 by using Mohr's circle for plane strain. 


Solution 7.7-26 Element in plane strain 
e, = 120X 107° «= —450x 10 9 


y 
j= 80X10 = = ]2050107* 
M 
si 
y 
172 X 10-6 





MAXIMUM SHEAR STRAINS 

26, = 90° — a = 57.72° 4, = 28.9° 

20, = 20, + 180° = 237.72° — 8, = 118.9" 
Point S}: Gaver = — 165 X 10 6 

Yaa = 2R = 674 x 10 6 

Point $5: Eaver = — 165 x 10 6 

Ymin = — 674 X 10 





R = V (285 x 10 9 + (180 x 107°) 


= 337.08 x 10 6 

a 180 E o 91 | 
a = arctan 5 = = 32.28 N X 165 x 10-6 
Point C: e,, = —165 x 10? 


PRINCIPAL STRAINS 
20, = 180° —a— 14772? 0, = 73.9" 4 
20, = 2Øp, + 180° = 327.72° Øp, = 163.9° e EAMT oe Sae 
Point P: £} = R — 165 X 107° = 172 X 107° 

Point Py: £j = — 165 x 10 — R= — 502 x 1076 








fis 
E. 
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646 CHAPTER 7 Analysis of Stress and Strain 


Problem 7.7-27 Solve Problem 7.7-9 by using Mohr's circle for plane strain. 


Solution 7.7-27 Element in plane strain 






ey = 480X 107° e 70x10"? 348 X 
j" 
y 
Yy = 420x 1076 | — = 210 X 1076 8-75 ly 
: 202 X 10-4 


J1 ' 
Me = / 
t Me x 
y = —569 x 10-6 " 
PRINCIPAL STRAINS 
20, =a = 45.60? 05, — 22.8? 


20, = 20,, + 180° = 225.69° 6, = 112.8? 
Point B: e; = 275 X 10 9 + R = 568 x 10 © 
Point Py: e) = 275 X 10 — R= —18 x I0 6 





R = V (205 x 10 9 + (210 x 109 





= 293.47 x 10 8 
18 X 10-6 
t = 45.69° 
= arctan —— = 45. 
a = arcta 205 
p =a + 180? — 20 = 75.69? 
Point C: £,, = 275 X 10 6 MAXIMUM SHEAR STRAINS 


20, = 90° + a = 135.60? — 6, = 67.8? 
20, = 20,, + 180° = 315.69 6, = 157.8? 


Point $4: Gaver = 275 X 10 6 
= —Rsin B = —284.36 x 10 6 yours 2R = 587 X 10° 


Point D (0 = 75°): 
&, = 275 X 10 9 — R cos B = 202 x 106 


Yxıyı 
2 





— 569 x 1076 Point $5: Eayer = 275 X 10 6 
Ymin = — 587 X 10° 


Yxıyı = 


Point D' (0 = 165°): 









275 x 10-5 
Ey, = 275 X 10 9 + Rcos B = 348 X 10 6 ^y 
/ 
Yury —6 /^ 
= R sin B = 284.36 X 10 / 
2 e 
—6 YN / 
Yury — 569 X 10 SAN; ! ord x 10-6 
“Sy 67.8° 


y = —587 x 10-6 D x 
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SECTION 7.7 Plane Strain 647 


Problem 7.7-28 Solve Problem 7.7-10 by using Mohr's circle for plane strain. 


Solution 7.7-28 Element in plane strain 
e, = —1120X 107° e, = —430x 10° 


y 
357800010. 5.— C 5e/990«1079 edis 





PRINCIPAL STRAINS 

20,, = 180° — «a = 131.50* Gi. == 09,7" 
205520, a 180° = SAL SOF G15 a7 
Point P: £} = —775 X 10 8 + R= —254 x 10 6 
Point Py: e2 = —775 X 10 8$ — R = — 1296 x 10 9 










R = V/(845 x 10-5 + (390 x 10-9? 22 
= —6 | ji : / 
520.70 X 10 / l "35254 x 10-5 
Eu seis : 
a = arctan 773 i ont 


p = 180? — a — 20 = 41.50? 1296 x 10-5 ~ o x 
MAXIMUM SHEAR STRAINS 


20, — 90" = ar = 41.50" 0,.— 20.7 


Point C: &, = —775 X 10? 











eS) 20, = 20, + 180° = 221.50° — 6,, = 110.7? 
ex c TIX 1076 + R cos B = —385 X 10 6 Point S: 4 = —775 X 1076 
y MA n 
5 = Rsin = 345x 1076 Yyy, = 690 x 1076 Vag eld 
Point $5: Eayer = — 775 X 10 8 
Point D': (@ = 135°) Ymin = — 1041 x 107° 
&j = —775 X 10 9 — R cos B = —1165 x 10 9 
y V 
-~ = —R sin B = —345 x 106 \ 
— —6 
Yuy, = 7690 X 10 775 x 10-6 
| Sy 
y 7 1041 X 10-8 T5 x 10-6 


X 
20.7" 
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Applications of Plane Stress 
(Pressure Vessels, Beams, 
and Combined Loadings) 


Spherical Pressure Vessels 


When solving the problems for Section 8.2, assume that the given radius or 
diameter is an inside dimension and that all internal pressures are gage pressures. 


Problem 8.2-1 A large spherical tank (see figure) contains gas at a 
pressure of 450 psi. The tank is 42 ft in diameter and is constructed of high-strength 
steel having a yield stress in tension of 80 ksi. 

Determine the required thickness (to the nearest 1/4 inch) of the wall of the tank 
if a factor of safety of 3.5 with respect to yielding is required. 


























Probs. 8.2-1 and 8.2-2 


Solution 8.2-1 


1 prn , 
Radius: pe 42 X12 r — 252 in. E t = 2.481 in. 

2 20y 
Internal Pressure: p = 450 psi to nearest 1/4 inch, tmin — 2.5 in. a 


Yield stress: oy = 80 ksi (steel) 
Factor of safety: n = 3.5 
MINIMUM WALL THICKNESS fmin 


pr Gy pr 


From Eq. (8-1): Omax = p" Or zw 


649 








dh 
aF, 








08Ch08.qxd 9/18/08 11:03 AM Page 650 





CIS 
LA 





650 CHAPTER 8 Applications of Plane Stress 


Problem 8.2-2 Solve the preceding problem if the internal pressure is 3.75 MPa, the diameter is 19 m, the yield stress is 
570 MPa, and the factor of safety is 3.0. 
Determine the required thickness to the nearest millimeter. 


Solution 8.2-2 
1 prn 
Radius: r = —(19 m) r = 9.5 X 10° mm (= t = 93.8 mm 
p 20y 
Internal Pressure: p — 3.75 MPa Use the next higher millimeter tmin = 94 mm es 
Yield stress: oy = 570 MPa 


Factor of safety: n= 3 


MINIMUM WALL THICKNESS Lun 


p 
2 


r dy pr 
or = 
t n 2t 





From Eq. (8-1): Omax = 


Problem 8.2-3 A hemispherical window (or viewport) in a decompression chamber 
(see figure) 1s subjected to an internal air pressure of 80 psi. The port is attached to 
the wall of the chamber by 18 bolts. 

Find the tensile force F in each bolt and the tensile stress o in the viewport if the 
radius of the hemisphere is 7.0 in. and its thickness is 1.0 in. 








Solution 8.2-3 Hemispherical viewport 


FREE-BODY DIAGRAM T = total tensile force in 18 bolts 
ze S Faoz =T-pA=0 — T-pA- pnr) 
CA 
| - p F = force in one bolt 
W T 1 
L ju E 2) = 684lb | — 
i MA I8 18 77" ) 
Radius: p= qan. TENSILE STRESS IN VIEWPORT (EQ. 8-1) 
Internal pressure: p — 80 psi pr Uos 
= = — 
Wall thickness: t= 1.0 in. 7 — 2t i 
18 bolts 





dA 
ar, 
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SECTION 8.2  Spherical Pressure Vessels 651 


Problem 8.2-4 A rubber ball (see figure) is inflated to a pressure of 60 kPa. At that pressure 
the diameter of the ball is 230 mm and the wall thickness is 1.2 mm. The rubber has modulus of 
elasticity E — 3.5 MPa and Poisson's ratio v — 0.45. 

Determine the maximum stress and strain in the ball. 





Prob. 8.2-4, 8.2-5 
Solution 8.2-4 Rubber ball 
CROSS-SECTION MAXIMUM STRESS (EQ. 8-1) 
(pro (60 kPa)(115 mm) 


LI. Z = 
AMEN "RUE 4| 2(1.2 mm) 


s p J = 288 MPa < 
: ^y, 





Nu p M MAXIMUM STRAIN (EQ. 8-4) 
| pr .. (60 kPa)(115 mm) 
Radius: r = (230 mm)/2 = 115 mm Emax ~ AE oe 2(1.2 mm)(3.5 MPa) >) 
Internal pressure: p = 60 kPa = 0.452 «— 
Wall thickness: t — ].2mm 
Modulus of elasticity: E = 3.5 MPa (rubber) 
Poisson's ratio: v = 0.45 (rubber) 
Problem 8.2-5 Solve the preceding problem if the pressure is 9.0 psi, the diameter is 9.0 in., 
the wall thickness is 0.05 in., the modulus of elasticity is 500 psi, and Poisson's ratio is 0.45. 
Solution 8.2-5 Rubber ball 
CROSS-SECTION AEN, Modulus of elasticity: E = 500 psi (rubber 
JA | PS ' ps 
as hs Poisson's ratio: v = 0.45 (rubber) 
Wen d 
C l Pe / / MAXIMUM STRESS (EQ. 8-1) 
SY pr (9.0 psi)(4.5 in.) | 
Omax — x. —— : = 405 psi e— 
2t 2(0.05 in.) 
! l T—P-. 
Radius: p — 5 (9.0 in.) = 4.5 in. NOC nar rT E D 
. — r (9.0 psi)(4.5 in.) 
Internal pressure: p = 9.0 psi — pr fae | — (0.55) 
Wall thickness: t — 0.05 in. UE 2(0.05 1n.)(500 psi) 


= 0.446 <- 





dA 
ar, 
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Problem 8.2-6 A spherical steel pressure vessel (diameter 480 mm, Cracks in 


thickness 8.0 mm) is coated with brittle lacquer that cracks when the strain coating 


reaches 150 X 10° ° (see figure). 
What internal pressure p will cause the lacquer to develop cracks? (Assume 
E = 205 GPa and v = 0.30.) 





Solution 8.2-6 Spherical vessel with brittle coating 


CROSS-SECTION Cracks occur when £max = 150 X 10 ? 
——~ 
rg ae RN pr 
A i] SN EE LT m 
f s i^ s À From Eq. (8-4): £ mnax GE (1 — v) 
p 
NN L I v r(l—v 
=œ .. 2(8.0 mm)(205 GPa)(150 x 10 9) 
r=240mm E = 205 GPa (steel) 7 (240 mm)(0.70) 
t= 8.0 mm y — 0.30 = 2.93 MPa — 


Problem 8.2-7 A spherical tank of diameter 48 in. and wall thickness 1.75 in. contains 
compressed air at a pressure of 2200 psi. The tank is constructed of two hemispheres Weld 
joined by a welded seam (see figure). 


(a) What is the tensile load f (Ib per in. of length of weld) carried by the weld? 
(b) What is the maximum shear stress Tmax in the wall of the tank? 
(c) What is the maximum normal strain £ in the wall? (For steel, assume 

E = 30 X 10° psi and v = 0.29.) 


Probs. 8.2-7 and 8.2-8 


Solution 8.2-7 


r — 24 in. E — 30 x 10? psi (b) MAXIMUM SHEAR STRESS IN WALL (EQ. 8-3) 
pr | (2200 psi)(24 in.) 


t — 1.75 in. v = 0.29 (steel) " = = 
uc diii. 4(1.75 in.) 


= 7543 psi 


(a) TENSILE LOAD CARRIED BY WELD 


T = Total load f = load per inch (c) MAXIMUM NORMAL STRAIN IN WALL (EQ. 8-4) 





T — pA — pur? c = Circumference of tank = 27r Emax = prU- v) - (2200 pst) 24 in.((0.71) 
T plar?) pr (2200 psi)(24 in.) 2tE 2(1.75 in.) (3010? psi) 
je cU 7e x c -357x10^  — 
— 26.4 k/in. «— 





dh 
ar. 
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SECTION 8.2  Spherical Pressure Vessels 653 


Problem 8.2-8 Solve the preceding problem for the following data: diameter 1.0 m, thickness 48 mm, pressure 22 MPa, 
modulus 210 GPa, and Poisson's ratio 0.29. 


Solution 8.2-8 











r=05m E = 210 GPa (b) MAXIMUM SHEAR STRESS IN WALL (EQ. 8-3) 
t— 48mm v= 029 (steel) "EM EL 
"SS ou 4(48 mm) 
(a) TENSILE LOAD CARRIED BY WELD 
— 57.3 MPa es 
T — Total load f = load per inch 
T=pA= pnr c = Circumference of tank = 27rr (C) MAXIMUM NORMAL STRAIN IN WALL (EQ. 8-4) 
"m" pr^) pr | (22 MPa)(0.5 m) |pr( — v) | Q2 MPa)(0.5 m)0.71 
c 2m 2 2 Fmax ^ — Á5J(E ——— 2(48 mm)(210 GPa) 
-55MNm < —-3.87x10^  <— 


Problem 8.2-9 A spherical stainless-steel tank having a diameter of 22 in. is used to store propane gas at a pressure of 
2450 psi. The properties of the steel are as follows: yield stress in tension, 140,000 psi; yield stress in shear, 65,000 psi; 
modulus of elasticity, 30 x 10 psi; and Poisson's ratio, 0.28. The desired factor of safety with respect to yielding is 2.8. 


Also, the normal strain must not exceed 1100 x 10 6. 
Determine the minimum permissible thickness tmin of the tank. 


Solution 8.2-9 











r 

r2]llin E=30X 10° psi (2) SHEAR (EQ. 8-3) Tmax = 4n 
2 

p = 2450 psi v = 0.28 (steel) puo (2450 psi)(11 in.) E | 

oy = 140000 psi — n = 2.8 LB AE 7r 

Ty = 65000psi — Emax = 1100 x 10°° n 28 
pr 

MIMIMUM WALL THICKNESS t (3) STRAIN (EQ. 8-4) Emax = aE = v) 

3 
r 
(1) TENSION (EQ. 8-1) Omax = B pr 
as =z -» 
pr pr Emax 
ty = = ; . 
F^ 205. > & 7 (2450 psi)(11 in) - 
n 2(1100 x 10 °)(30 x 10° psi) 
(2450 psi) (11 in.) B 
= LAR E = 0.269 in. = 0.294 in. 
140000 psi 
2.8 tz >t >t, Thus, fq; = 0.294 in. e 





di 
ar, 
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654 CHAPTER 8 Applications of Plane Stress 


Problem 8.2-10 Solve the preceding problem if the diameter is 500 mm, the pressure is 18 MPa, the yield stress in tension 
is 975 MPa, the yield stress in shear is 460 MPa, the factor of safety is 2.5, the modulus of elasticity is 200 GPa, Poisson's 
ratio is 0.28, and the normal strain must not exceed 1210 x 10 €. 


Solution 8.2-10 




















r 
r= 250 mm E = 200 GPa (2) SHEAR (EQ. 8-3) Tmax = A 
p=18MPa v= 0.28 (steel) É 
pr (18 MPa)(250 mm) 
gy = 975 MPa n = 2.5 to = 5 = 460 MPa = 6.114 mm 
Ty =460MPa — &max = 1210 x 1076 T a 
ee i 
MINIMUM WALL THICKNESS t (3) STRAIN (EQ. 8-4) Emax = 2t4 pl — v) 
pr 
(1) TENSION (EQ. 8-1) Omax = — TE ad a=» 
2ti Dea E 
pes | corer 24 |... (18 MPa) (250 mm) 
20 max 2( =) 2(1210 x 10 °)(200 GPa) — 
n 
— 6.694 mm 
(18 MPa)(250 mm) 
E 975 MPa = 5.769 mm f4 7 t7 ty Thus, tmin = 6.69 mm = 


2:9 


Problem 8.2-11 A hollow pressurized sphere having radius r — 4.8 in. and 
wall thickness t = 0.4 in. is lowered into a lake (see figure). The compressed 
air in the tank is at a pressure of 24 psi (gage pressure when the tank is out 
of the water). 

At what depth Do will the wall of the tank be subjected to a compressive 
stress of 90 psi? 








EX 
ar, 
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SECTION 8.3 Cylindrical Pressure Vessels 655 


Solution 8.2-11 Pressurized sphere under water 


CROSS-SECTION Do = depth of water (in.) 


t=04in. y= density of water = 62.4 Ib/f P2 Y70 \ 1798 in? fe 


Compressive stress in tank wall equals 90 psi. 
(Note: ø is positive in tension.) 


Joo = 0.036111 Do (psi) 
(1) IN AIR: p, = 24 psi 


_ pr. (pi — por 





— = — 00 psi 
Co F F o 90 psi 
(24 psi — 0.03611 D9)(4.8 in.) 
—90 psi = o 
2(0.4 in.) 
= 144 — 0.21667 Dg 


(1) IN AIR 





234 
Solve for Dg: Do = 
(2) UNDER WATER: p, — 24 psi 0.21667 


= 1080 in. = 90 ft NE 





(2) UNDER WATER 


Cylindrical Pressure Vessels 


When solving the problems for Section 8.3, assume that the given radius or diameter is an 
inside dimension and that all internal pressures are gage pressures. 


Problem 8.3-1 A scuba tank (see figure) is being designed for an internal pressure of 
1600 psi with a factor of safety of 2.0 with respect to yielding. The yield stress of the steel is 
35,000 psi in tension and 16,000 psi in shear. 

If the diameter of the tank is 7.0 in., what is the minimum required wall thickness? 





CX 
ar, 
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656 CHAPTER 8 Applications of Plane Stress 


Solution 8.3-1 Scuba tank 


Oy ; Ty 
Callow ^ — = 17,500 psi Tallow = — = 8,000 psi 
n n 
Find required wall thickness t. 


(1) BASED ON TENSION (EQ. 8-5) Omax = — 


pr (1600 psi)(3.5 in.) 








Hc = = 0.320 in. 
O allow 17,500 psi s 
pr 
(2) BASED ON SHEAR (EQ. 8-10) Tmax = 
pr (1600 psi)(3.5 in.) 
2 E — 0.350 in. 








Cylindrical pressure vessel i 2T ioo i 2(8,000 psi) 


p — 1600 psi n = 20 d = 7.0 in. Shear governs since t > tı 


r = 3.5 1n. oy = 35,000 psi ty = 16,000 psi SF = 350 in, 


Problem 8.3-2 A tall standpipe with an open top (see figure) has diameter d = 2.2 m 
and wall thickness t = 20 mm. 


(a) What height h of water will produce a circumferential stress of 12 MPa in the wall of 


£P- the standpipe? 


(b) What is the axial stress in the wall of the tank due to the water pressure? 








Solution 8.3-2 


d = 2.2 m r — ].1lm t = 20 mm NU MA 


~ 0.00981 (1.1) 
(b AXIAL STRESS IN THE WALL DUE TO WATER 


height of water h PRESSURE ALONE 


weight density of water y = 9.81 kN/m* 


water pressure p=yh Because the top of the tank is open, the internal 
pressure of the water produces no axial (longitu- 
dinal) stresses in the wall of the tank. Axial stress 
(a) HEIGHT OF WATER 
equals zero. e 


pr 0.00981A (1.1 m) 
Oo, = — = 12 MPa = ——_ RH 
t 20 mm 





as 
ar, 
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Problem 8.3-3 An inflatable structure used by a traveling Longitudinal seam 
circus has the shape of a half-circular cylinder with closed ends 
(see figure). The fabric and plastic structure is inflated by a 
small blower and has a radius of 40 ft when fully inflated. A 
longitudinal seam runs the entire length of the “ridge” of the 
structure. 

If the longitudinal seam along the ridge tears open when it 
is subjected to a tensile load of 540 pounds per inch of seam, 
what is the factor of safety n against tearing when the internal 
pressure is 0.5 psi and the structure is fully inflated? 





Solution 8.3-3 Inflatable structure 


= cs MT m 





Half-circular cylinder CIRCUMFERENTIAL STRESS (EQ. 8-5) 
r — 40 ft — 480 in. pr 
Internal pressure p — 0.5 psi g, = E where t = thickness of fabric 


T — tensile force per unit length of longitudinal seam 
Seam tears when T = Tmax = 540 Ib/in. 
Find factor of safety against tearing. <. T = gt = pr = (0.5 psi)(480 in.) = 240 Ib/in. 


Actual value of T due to internal pressure = cf 


FACTOR OF SAFETY 


— Tux — 540 Ib/in. 
T — 240 Ib/in. 


= 2.25 = 





Problem 8.3-4 A thin-walled cylindrical pressure vessel of radius r is subjected 


simultaneously to internal gas pressure p and a compressive force F acting at the F F 
. = o 
ends (see figure). 


What should be the magnitude of the force F in order to produce pure shear 
in the wall of the cylinder? 


STRESSES (SEE EQ. 8-5 AND 8-6): 





pr 
O; = — 
! i 
r = Radius PT LAE UNI Lie F 





2t A 2 mīt 
p = Internal pressure 
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FOR PURE SHEAR, the stresses o4 and o> must be equal in Aq 


magnitude and opposite in sign (see, e.g., Fig. 7-11 in 
Section 7.3). 


pr (z F ) 
OR c E Se 
t 2t 2t 


Solve for F: F = 3apr? = 





Problem 8.3-5 A strain gage is installed in the longitudinal direction on the surface 

of an aluminum beverage can (see figure). The radius-to-thickness ratio of the can is 

200. When the lid of the can is popped open, the strain changes by €, = 170 X 10 €. 
What was the internal pressure p in the can? (Assume E = 10 X 10? psi 















and v = 0.33.) 
12 FL 0Z (355 mL) 
Xp- Solution 8.3-5 Aluminum can 
STRAIN IN LONGITUDINAL DIRECTION (Eo. 8-11a) 
r 2tEe 
prd — 2v) or p-———— 
2tE rd — 2v) 
u . = 2tE&g u 2Ee&o 
strain gage 2 ~ £0 pe (ry = 2v) 7 (r/t) (1 — 2v) 
M | Substitute numerical values: 
ic. A A 
2(10 x 10° psi)(170 x 10 9) 
r p — 50psi «— 
75200  E-I10x 10° psi | v = 0.33 (200)(1 — 0.66) 


£g = change in strain when pressure is released 
= 170 x 10 9 


Find internal pressure p. 





CX 
ar, 
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Problem 8.3-6 A circular cylindrical steel tank (see figure) contains 
a volatile fuel under pressure. A strain gage at point A records the 
longitudinal strain in the tank and transmits this information to a control Cylindrical tank 
room. The ultimate shear stress in the wall of the tank is 84 MPa, and 
a factor of safety of 2.5 is required. 
At what value of the strain should the operators take action to reduce A 
the pressure in the tank? (Data for the steel are as follows: modulus of 


elasticity E = 205 GPa and Poisson’s ratio v = 0.30.) N N 


Pressure relief 
valve \ 








Solution 8.3-6 


tir 84MPa  E-205GPa v=03 INOmsqe qoin) 











pr 
T xU Tp. 
n=25 Tmax = LL Tmax = 33.6 MPa £j = gd T 2y) 
n 
Find maximum allowable strain reading at the gage eae P Bed — 2y) = Tmax (1 — 2v) 
2IE E 
pr pr 
O = = Us = ~~ T 
f 2t Emax = op (1 = 2v) Ema = 6.56 X 107 
From Eq. (8-10) 
O) pr Zins 
Tmax — "n E 2t max — » 
Problem 8.3-7 A cylinder filled with oil is under pressure from a woe 


piston, as shown in the figure. The diameter d of the piston is 1.80 in. 
and the compressive force F is 3500 Ib. The maximum allowable shear 
Stress Tajiow in the wall of the cylinder is 5500 psi. 

What is the minimum permissible thickness tmin of the cylinder 


wall? (See the figure on the next page.) Piston 
Probs. 8.3-7 and 8.3-8 








Maximum shear stress (Eq. 8-10): 


pr | F 
2t 2mrt 


Tmax — 








Minimum thickness: 


F 


Zur Tallow 


d = 1.80 in. r = 0.90 in. 
F = 3500 Ib Tallow ^ 2200 psi Ímin — 


Find minimum thickness tmin. 
mS Substitute numerical values: 





F 
Pressure in cylinder: p = — = — E 3500 Ib 7 
tin = = 0.113in. — — 
5 ug min ^ 550.90 in.)(5500 psi) B 








EN 
E, 
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Problem 8.3-8 Solve the preceding problem if d = 90 mm, F = 42 kN, and 74i, = 40 MPa. 


Maximum shear stress (Eq. 8-10): 


pr | F 
2i 2mrt 


Tmax BE 








Minimum thickness: 


d — 90mm r — 45 mm F 

F—420kN — Tanow = 40 MPa Lo cm 

Find minimum thickness tmin- Substitute numerical values: 

Pressure in cylinder: p — 3 = a tmin = ee = 3.71 mm = 
A or? UU — 2ar(45 mm)(40 MPa) 


Problem 8.3-9 A standpipe in a water-supply system (see figure) is 12 ft in 
diameter and 6 inches thick. Two horizontal pipes carry water out of the 
standpipe; each is 2 ft in diameter and 1 inch thick. When the system is 

shut down and water fills the pipes but is not moving, the hoop stress at the 
bottom of the standpipe is 130 psi. 


(a) What is the height A of the water in the standpipe? 
(b) If the bottoms of the pipes are at the same elevation as the bottom of the 
standpipe, what is the hoop stress in the pipes? 





(a) FIND HEIGHT h OF WATER IN THE STANDPIPE 


p = pressure at bottom of standpipe = yh 





r hr ot 
From Ha Coe SS ee Se 
t t yr 
Substitute numerical values: 
(130 psi)(6 in.) 
h = M ———— — = 300 in. 
(str Jen in.) 
1728 in. in. 
— 25 ft «— 


d = 12 ft = 144 in. r — 72 in. t = 6in. 
62.4 

= 62.4 lb/ft = —— lIb/in.? 

y=6 b/ft 1728 b/in 


70, = hoop stress at bottom of standpipe = 130 psi 





E 
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HORIZONTAL PIPES Pir, yhinri 
0| m M Mm AA 
d, = 2 ft = 24 in. rı = 12 in. f, = 1.0 in. fi fi 
624. 3 
(b) FIND HOOP STRESS O4 IN THE PIPES 1798 Ib/in." }(288 in.)(12 in.) 
Since the pipes are 2 ft in diameter, the depth of = 0m 
water to the center of the pipes is about 24 ft. I 
= 125 psi 


hı ~ 24 ft = 288 in. py = yh, 
Based on the average pressure in the pipes: 


o, ~ 125 psi e= 


Problem 8.3-10 A cylindrical tank with hemispherical heads is constructed of 
steel sections that are welded circumferentially (see figure). The tank diameter is Welded seams 
1.25 m, the wall thickness is 22 mm, and the internal pressure is 1750 kPa. ( 


(a) Determine the maximum tensile stress g, in the heads of the tank. 

(b) Determine the maximum tensile stress c in the cylindrical part 
of the tank. 

(c) Determine the tensile stress o„ acting perpendicular to the welded joints. Probs. 8.3-10 and 8.3-11 

(d) Determine the maximum shear stress T, in the heads of the tank. Eb " 

(e) Determine the maximum shear stress 7, in the cylindrical part of the tank. 





Solution 8.3-10 





d (c) TENSILE STRESS IN WELDS (EQ. 8-6) 
d= 1.25 m dab t — 22mm p = 1750 kPa 


pr 
Owy = 2t 0 — 24.9 MPa m 
(a) MAXIMUM TENSILE STRESS IN HEMISPHERES (EQ. 8-1) 
pr (d) MAXIMUM SHEAR STRESS IN HEMISPHERES (EQ. 8-3) 
Op = F o, = 24.9 MPa < 
r 
m= 7 7,=1243MPa — — 
(b) MAXIMUM STRESS IN CYLINDER (EQ. 8-5) 
e Pr o. = 49.7 MPa "" (e) MAXIMUM SHEAR STRESS IN CYLINDER (EQ. 8-10) 
pr 
Te = Ji T, = 24.9 MPa = 


Problem 8.3-11 A cylindrical tank with diameter d = 18 in. is subjected to internal gas pressure p = 450 psi. The tank is 
constructed of steel sections that are welded circumferentially (see figure). The heads of the tank are hemispherical. The 
allowable tensile and shear stresses are 8200 psi and 3000 psi, respectively. Also, the allowable tensile stress perpendicular 
to a weld is 6250 psi. 

Determine the minimum required thickness tmin Of (a) the cylindrical part of the tank and (b) the hemispherical heads. 





dh 
ar. 
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Solution 8.3-11 
d — 18i " ret Lun 7 D— tenn = 0324 in 
m 1n. r = 7 p= psi min 20, min . : 
Fallow = 8200 psi (tension) tmin = 0.675 in. = 
Tallow = 3000 psi (shear) 
l . (b) FIND MINIMUM THICKNESS OF HEMISPHERES 
WELD O, = 6250 psi (tension) 
pr 
(a) FIND MINIMUM THICKNESS OF CYLINDER TENSION Onar = T 
T E 
ENSION Cha — r 
x TE Lua = 0.247 in. 
pr 20 allow 
min — luda 0.494 in. pr 
O allow SHEAR Tmax ^ ,. 
At 
S a 
HEAR T de s r 
CUM REL i Se ER 
pr AT allow 
tmin = a tmin = 0.675 in. tmin = 0.338 in. «— 
r 
WELD T= ad 
2i 
BA Problem *8.3-12 A pressurized steel tank is constructed with a helical weld 
that makes an angle a = 55° with the longitudinal axis (see figure). The tank 
has radius r = 0.6 m, wall thickness t = 18 mm, and internal pressure p = l 
2.8 MPa. Also, the steel has modulus of elasticity E = 200 GPa and Poisson's Helical weld 


ratio v — 0.30. 
Determine the following quantities for the cylindrical part of the tank. 





(a) The circumferential and longitudinal stresses. 

(b) The maximum in-plane and out-of-plane shear stresses. 

(c) The circumferential and longitudinal strains. 

(d) The normal and shear stresses acting on planes parallel and perpendicular to Probs. 8.3-12 and 8.3-13 
the weld (show these stresses on a properly oriented stress element). 





Solution 8.3-12 
a = 55 deg EST RS c= ea (b) IN-PLANE SHEAR STRESS 


p=28MPa  E-200GPa v=03 pec 2 gas, = 


(a) CIRCUMFERENTIAL STRESS 


EE — 93.3 MP i- gi 
“i= f P ee q T) = E3 T, = 46.7 MPa = 


OUT-OF-PLANE SHEAR STRESS 


LONGITUDIAL STRESS 


r 
07 = 7 o = 46.7 MPa um 





di 
ar, 
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(c) CIRCUMFERENTIAL STRAIN For 0 — 35 deg 
um. = —4 o, + o 0, — 0 
LONGITUDINAL STRAIN + Ta sin (20) 
xy 
o 
£ = rit —2y 2 =933xX105 <— 0c, =62.0MPa < 
Oy — Oy 
Tuy] = — —4 — sin (20) + Ta cos (20) 
(d) STRESS ON WELD 2 
0-—-90deg-a 6=35deg Tx1y1 = 21.9 MPa = 
0, = 05 o, = 46.667 MPa Oy = 0] Oy = Ox * Oy ~ Oxy Jy; = 78.0 MPa = 


Ty = 93.333 MPa 1470 


Problem *8.3-13 Solve the preceding problem for a welded tank with a = 62°, r = 19 in., t = 0.65 in., p = 240 psi, 
E = 30 X 10° psi, and v = 0.30. 


Solution 8.3-13 





a=62deg  r-19in —t-0.65in. EA 
a p = 240 psi E =30 Xx 10° psi v=0.3 Be a — 2y) p = 4.68 X 10 «— 
(a) CIRCUMFERENTIAL STRESS 
pr (d) STRESS ON WELD 
g, = — o, = 7015 psi <= 
0 = 90 deg — q 0 = 28 deg 
LONGITUDIAL STRESS t=O g, = 3.508 X 10? psi Oy = 0; 
r — 3 psi — 
DER i oy = 3508 psi E ay = 7.015 X 10° psi £40 
f For 0 = 28 deg 
+ = 
(b) IN-PLANE SHEAR STRESS T = — de, Ts (20) 
0i 02 
Mp etc c mp 1754psi < + Ty sin (20) 
OUT-OF-PLANE SHEAR STRESS ga = 4281 psi a 
01 . Ox — Oy 
= 3508 psi «— Tuy] = -——, sin (20) + 7,, cos (20) 


Tyly] = 1454 psi Da 
(c) CIRCUMFERENTIAL STRAIN 


id =0, +0,- 0, g. = 6242 psi € 
£1 = sU — y) e, = 1.988 x 10 * = yl y 1 yl p 





di 
ar, 
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Maximum Stresses in Beams 


When solving the problems for Section 8.4, consider only the in-plane 
stresses and disregard the weights of the beams 


to a concentrated load P — 17 k acting at the free end (see figure). The beam 


Problem 8.4-1  Acantilever beam of rectangular cross section is subjected |" 
has width b = 3 in. and height h = 12 in. Point A is located at distance 

i 

x 


Ae 


c la 


Probs. 8.4-1 and 8.4-2 


c — 2.5 ft from the free end and distance d — 9 in. from the bottom of 
the beam. 

Calculate the principal stresses 0, and o> and the maximum shear stress 
Tmax at point A. Show these stresses on sketches of properly oriented elements. 





Solution 8.4-1 
P=17k c = 2.5 ft b = 3 in. d = 9 in. For 0, = 6, 0; = 8.35 deg 
h — 12 in. y — 03 Gd G.-C, 
g,| = EN T ~z 99 (201) 
STRESS AT POINT A l 
" + Tyy sin (201) 

Ie Tr I = 432 in^ 9,4, = 60.306 Mpa 
M = -Pe M= -51x10 ibin. For 02 = 90 deg + 0, 02 = 98.35 deg 

= = 4 O, + o O, — G0 
V=P V= 1.7 X 10° Ib = — Pu — PRT 


h 
Y^ ---d y,-8in. 


2 t 7,, sin (205) 


My, 0,5 = —77.971 psi 





o, = ——— o, = 3.542 X 10° psi 
I Therefore 
Q = (5 - 3 Q — 40.5 in? 0, = 052 05i = Op 05 = Oxi 0757 01 
S ao, = — 78.0 psi "= 0,1 = 98.4 deg = 
V : 
T= — T= 531.25 psi hy = T 02 = 36020 psi < — Op. = 835deg < 
o, = 3.542 X 10? psi a= 0 14 = 31.25 psi MAXIMUM SHEAR STRESSES 
Ox — Oy\? à 
PRINCIPAL STRESSES Tmax — 2 E Tiy 
2T 2T 
tan(20,) = ——— = ——— = 03 Tmax = 1849 psi <— 
n GC. OLIM 
0, = 6,1 — 45 deg 0,, = 53.4 deg m 
2T 
" + atan( » ) 9, = 8.35 deg 6, —0,--90deg b= 143.4deg < 
"32 Oy Gy g 
0, + Oy 
Üayg = Ta Oayg = 1771 psi — 





dA 
ar 
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Problem 8.4-2 Solve the preceding problem for the following data: P = 130 kN, b = 80 mm, h = 260 mm, c = 0.6 m, 
and d — 220 mm. 


Solution 8.4-2 


P — 130 kN c — 0.6m b = 80mm Ford; —9; 0, = 4.628 deg 
d = 220 mm h — 260 mm y — 0.3 Ox + Oy 0,—90, 
| =" . + > — 408 (204) 
2 2 
STRESS AT POINT A l 
ve t 7,, sin (201) 
pa E I= 1.172 x 10° mm* g = 60.306 MPa 
IQ M= -78 X 10fN-m For 6, = 90 deg + 0, 05 = 94.628 deg 
= = 5 o, t o Gu occ ou 
V-P V=13X10°N Gu = ——— + —— cos (26;) 
2 2 
JY47 —*d ya= 90mm + Ty sin (202) 
My, Ox. = —0.395 MPa 
o, = = o, = 59.911 MPa 
I Therefore 
h d 01 — Ox] 051 = 0; 02 — 0525 05» — 05 


o = pa ( — ) Q = 3.52 X 10° mm? 


2 2 o,=60.3MPa <  060,4-463deg <— 








T= E T — 4.882 MPa Ty =T g5 — —0.395 MPa €— 0,2 = 94.6 deg <= 
o, = 59.911 MPa a, =0 T, = 4.882 MPa MAXIMUM SHEAR STRESSES 
Ox — 0M? , 
PRINCIPAL STRESSES Tmax ^ ( 2 ) T Tiy 
2r za = 30.4 MP e 
tan(20,) = ——— = —— — = 0.163 G 
VM ME I MB 0, —6, —45deg ba = —404deg <- 
2T 
0. = ; atan( sh ) 0, = 4.628 deg 0,» = 0,, + 90 deg 0, = 49.6 deg <— 
"s 9 Ox — Oy P 
Ox + Oy 
Cave = -z3 Cayg = 30.0 deg ex 
Problem 8.4-3 A simple beam of rectangular cross section 1200 Ib/ft 


(width 4 in., height 10 in.) carries a uniform load of 1200 Ib/ft 
on a span of 12 ft (see figure). 

Find the principal stresses o; and o» and the maximum shear 
Stress Tmax at a cross section 2 ft from the left-hand support at 
each of the following locations: (a) the neutral axis, (b) 2 in. above 
the neutral axis and (c) the top of the beam. (Disregard the direct 
compressive stresses produced by the uniform load bearing against 
the top of the beam.) 








dh 
ar. 
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Solution 8.4-3 
b=4in. h=10in. A=bDh — ee ee 
bh? i dá - 


I = — I= 333.333 in.“ 2 
12 NEZ: i] €x 2 
Oo; = ) + (=) + Txy 


g= 1200lb/ft c=2f L=12ft 
_ 4L 


RA = 5 R4 = 7.2 X 10° Ib " PV: 
n=- (2 to 
2 2 2 


M = Ryc — 4 M = 144 X 10? Ib“ in. 





V-R,—-qc  V=4.8 X 10° Ib XV 
B x 2 
Tmax (=) + Txy 
(a) NEUTRAL AXIS 
ay Tmax = 458 psi = 
o,=0 o= 0 iran 
2A (c) TOP OF THE BEAM 
T. = —180 psi h 
(a) 
Pure shear: 0) = —7, O2 = —g|j Tmax = O71 P; "A 
O, = — g, = —2.16 X 10° psi 
a, = 180 psi 05 = —180 psi I 
Tmax — 180 psi es ay =0 Try = 0 
—Cp- Uniaxial stress: 04 = oy o, = Opsi 
(b) 2 IN. ABOVE THE NEUTRAL AXIS a 
Or = 0, 0 = —2.16 X 10° psi 





y-2in  d-3in. 


M T = (=) + 72 
Ox = 2 o, = — 864 psi gc d 2 Ed 
2 a Tmax = 1080 psi = 
Q = (5 - 2) Q = 42 in? 


Problem 8.4-4 An overhanging beam ABC with a guided support 

at A is of rectangular cross section and supports concentrated 

loads P both at A and at the free end C (see figure). The span length 

from A to B is L, and the length of the overhang is L/2. The cross 

section has width b and height A. Point D is located midway 

between the supports at a distance d from the top face of the beam. 
Knowing that the maximum tensile stress (principal stress) at 

point D is a, = 35 MPa. determine the magnitude of the load P. 

Data for the beam are as follows: L = 1.75 m, b = 50 mm, 

h = 200 mm, and d = 40 mm. 











di 
ar, 
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Solution 8.4-4 
L — 1.75m b — 50mm h — 200 mm o = (5 - 2) Q = 1.6 X 105 mn? 
d — 40mm 2E 
TP VQ 5 
Maximum principal stress at point D: Dm Tb — (96P) N/m 
L 3 
Rg=0 M, = PL + P= Ma = =PL 
2 2 PRINCIPAL STRESSES 
3 L 
Mp = ——-PL-PZ--PL Vp=P ME: UR Oy". 
STRESS AT POINT D c, o. VÀ 
"e zi (=) + 73, = (3.153 X 10°)P 
I——— = J1=3,333 X 10’ mm* 
12 T 
With o, = 35 MPa P= 3 
o h 7 3.153 X 10 
y= 2 d y = 60mm 
P — 11.10 kN = 
M =(= PE 
noe N oat 


I I 


Problem 8.4-5 Solve the preceding problem if the stress and dimensions are as follows: o, = 2450 psi, L = 80 in., 











= b = 2.5 in., h = 10 in., and d = 2.5 in. 
Solution 8.4-5 
-— _ "T " h d 
L-80in | b-25in  h-l0in d=25in. Q = bd (3 O 3 Q = 23.438 in? 
Maximum principal stress at point D: 2 2 
_ _ L _3 Ty = mc (0.045P) Ib/in.? 
Rp = 0 DoD de MAC IE Y Ib 
3 L P 
Mp = OE 4 P Es pp Vp =P RINCIPAL STRESSES 
o, +o O, — g,M2 
g; = ——— (75 es 

STRESS AT POINT D 2 2 

bh? T g, V? Ib 

= — [= 208.333 in.* Ru P Te Ed 

12 in 5 + ( 5 ) Tey 10.9625) = 

i d 2.51 0] 
75». V IE With o, = 2450 psi P= 

: TM Pst 0.962 

M =(— PL lb 
Ox = c p » — (0.96P) — P=2.55k — 
I I in. 

a, —0 





a 
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08Ch08.qxd 9/18/08 11:04 AM Page 668 As 
Sof 
668 CHAPTER 8 Applications of Plane Stress 
Problem 8.4-6 A beam of wide-flange cross section (see figure) has the following dimensions: —— b—| 
b = 120 mm, t = 10 mm, h = 300 mm, and A, = 260 mm. The beam is simply supported with 
span length L = 3.0 m. A concentrated load P = 120 KN acts at the midpoint of the span. 
At a cross section located 1.0 m from the left-hand support, determine the principal stresses o; : 
and o» and the maximum shear stress Tmax at each of the following locations: (a) the top of the beam, hh 
(b) the top of the web, and (c) the neutral axis. l 
Probs. 8.4-6 and 8.4-7 Te 
Solution 8.4-6 Simply supported beam 
P gc Ut TyF 
| Uniaxial stress: o4 = 0 
= o = —82.7 MPa TN 
| 5 d Tmax = 41.3 MPa 
. EN 
oi (b) TOP OF THE WEB (POINT B) 
| L L My (60 kN + m)(130 mm) 
—— —— £ D E m sce a à ical d 
d 2 x I 108.89 x 10° mm^ 
P=120kN L=30m c=10m ee 
Bra Pc P pd 
= — = 60kN:m V = — = 60 kN h—-hy\(ht+h, 
2 2 o - ox ; X ; ) = 336 x 107 mm 
b = 120 mm t= 10mm 
vo (60 kN)(336 X 10° mm?) 
h — 300 mm h, — 260 mm Ty = ee ae Bae ia 
: It (108.89 x 10° mm*)(10 mm) 
"GNE m 4 = 
12 12 mm = — 18.51 MPa 
Uy Fs Oy — Oy\2 2 
(a) TOP OF THE BEAM (POINT A) d x 7 t ( 9 ) E Tiy 
y = — 35.82 + 40.32 MPa 
a o, = 4.5 MPa, oo = —761MPa < 
B 
Ox, — Oy M2 r 
h Tmax = (275 + T$ = 40.3 MPa g 
x C h 
j 
d (c) NEUTRAL AXIS (POINT C) 
g,—0 gp 


——31 


o- X55) - e (GS) 
2JX4 2 4 
M 60 kN: 150 
ee a sual z d = 420.5 x 10? mm? 
I 108.89 x 10° mm 


— — 82.652 MPa 











EX 
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VO (60 kN)(420.5 X 10° mm?) 
T = = — — ——————— 
id It (108.89 x 10° mm^(10 mm) 
= — 23.17 MPa 





g=6.0k/ft L= 10 ft = 120 in. 
| qLc qe | 
c-3fü-36m M = = — —- = 756,000 Ib-in. 
qL 
V= = ge = 12,000 Ib 
b—50in  t-05in h=12in. Ah =105in. 
bh? b-k? 
pa De OOM 85.89 in^ 


12 12 


(a) BOTTOM OF THE BEAM (POINT A) 

Mc _ (756,000 Ib-in.)(— 6.0 in.) 
qo 285.89 in. 
15,866 psi 


Ox = = 


=o mc U 
Uniaxial stress: 7; = 15,870 psi, 
05, =O Tmax = 7930 psi 





as 
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23.2 MPa, 
0^» — 23.2 MPa «— 
Tmax ^ 23.2 MPa 


Pure shear: 9 


Problem 8.4-7 A beam of wide-flange cross section (see figure) has the following dimensions: b = 5 in., t = 0.5 in., 

h = 12 in., and A, = 10.5 in. The beam is simply supported with span length L = 10 ft and supports a uniform load q = 6 k/ft. 
Calculate the principal stresses c; and o; and the maximum shear stress Tmax at a cross section located 3 ft from 

the left-hand support at each of the following locations: (a) the bottom of the beam, (b) the bottom of the web, and 

(c) the neutral axis. 


y 
H h 
" C hy 
t 


l 


(b) BOTTOM OF THE WEB (POINT B) 


My (756,000 Ib-in.)( — 5.25 in.) 


gy — ——— = 








I 285.89 in.* 
— 13,883 psi 
h— hN(h hj E 
o= C=) 7 E — 2].094 in. 
VO (12,000 Ib)(21.094 in.) 
T — — —— = — ——————————————————————D 
id It (285.89 in.*)(0.5 in.) 
= — 1771 psi 
C1, Ox — Oy\2 
c a ws (==) to 


= 6041.5 + 7163.9 psi 
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a, = 14,100 psi, c; = —220 psi < vO (12,000 Ib)(27.984 in.?) 
T — — SS ——————————————————D 
J (5 = 2 : : " It (285.89 in.*)(0.5 in.) 
= —<— | F = 7160 psi c 
Tmax 2 s Es = —2349 psi 
(c) NEUTRAL AXIS (POINT C) Pure shear: g, = 2350 psi, 
0 0 o = — 2350 psi, «— 
CO, = o, = 
r Un. T4, 792350 psi 
h\(h ) 
o S) - eG 
= 27.984 in? 
Problem 8.4-8 A W 200 X 41.7 wide-flange beam (see Table E-1(b). 100 kN 
Appendix E) is simply supported with a span length of 2.5 m (see figure). W 200 x 41.7 | 


The beam supports a concentrated load of 100 kN at 0.9 m from support B. 
At a cross section located 0.7 m from the left-hand support, determine 

the principal stresses c, and o» and the maximum shear stress Tmax at each 

of the following locations: (a) the top of the beam, (b) the top of the web, and 

(c) the neutral axis. 























Solution 8.4-8 
0T +09 (a) ToP OF THE BEAM (POINT A) 
Rg = 100 kN 25 Rg = 64kN (upward) ; 
ms) 
- E = 2 
R4 = 100 kN — Rg Ra = 36kN (upward) mm c. = —63.309 MPa 
At the point D I 
M=R,0.7m) M-252kN:m c,—-0 Try = 0 
— — Oo 
ea oo Uniaxial stress: o} = 0, = 0270, Tmax = - 
W200 x 41.7 
6 A a, = 0 — g5 = — 63.3 MPa — 
I = 40.8 X 10° mm 
= 31.7 MP e 
b — 166 mm "apis à 
ty = 7.24 mm (b) Top OF THE WEB (POINT B) 
f; = 11.8 mm h 
«a 
h — 205 mm 2 
o, = — g, = —56.021 MPa 
hy —h-— Zip I 
h, = 181.4 mm a, =U 





oss 


Q = 1.892 xX 10° mm? 





dh 
ar. 
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VO (c) NEUTRAL AXIS (POINT C) 
(= T T.,— 235/061] MPa 
It, g,-—0 a, =0 
g, + = Oy — ; h\(h hy\ (hy 
1-773 (e >) + To o) - e - GG 
o = 8.27 MPa = Q = 2.19 X 10° mm? 
V 
o> = sl | a =) a) + 72 Ty = D Txy = —26.69 MPa 
W 
o> = —64.3 MPa — Pure shear: a, = |r A 0, = 26.7 Mpa e 
Ox — Oy\2 ; 05 = —O; 05 = —26.7 Mpa (= 
= ,/{ ———] + 
Tmax ( 9 ) Txy Tmax = Try Tmax = — 26.7 Mpa e 
Tmax = 36.3 MPa ee 
Problem 8.4-9 AW 12 X 14 wide-flange beam (see Table E-1(a), Appendix E) 7.5k 7.5 k 
is simply supported with a span length of 120 in. (see figure). The beam supports W12x14 


two anti-symmetrically placed concentrated loads of 7.5 k each. 

At a cross section located 20 in. from the right-hand support, determine the 
principal stresses c; and o» and the maximum shear stress Tmax at each of the 
following locations: (a) the top of the beam, (b) the top of the web, and 


(c) the neutral axis. 40 NE 40 in.— 
20 in. 20 in. 
120 in. ———————> 




















Solution 8.4-9 
7.5* 80 — 7.5-40 a) TOP OF THE BEAM (POINT A 
Rp = ———k Rp =2.5k (upward) (a) 
120 u() 
R,=—R R, = —2.5k (d d 2 
- B = ee) CO, = — g, = —3.361 X 10° psi 
At Section C-C i 
M —Rg:20in.  M-50k-in. 0,—0  m7,-—0 
= — — — d 
d itn K aR Uniaxial stress: 0; = 0, | 02790, Tmax = 71 
X 
VISUS " oy = 0 <= o = —3361 psi <—_ 
I = 88.6 in. Tae 1680 psi = 
b = 3.970 in. 
ty = 0.200 in. (b) ToP OF THE WEB (POINT B) 
= h 

f= 0.225 in: n( 2 ) 
T: dy 0, = —3234 X 10° psi 
hı = h — 2r 
h, — 11.46 in. ies 





dh 
ar. 
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h — h; h+ hı (C) NEUTRAL AXIS (POINT C) 
Q= b Q = 5.219 in? 
2 4 a, = 0 gy -—D 
VQ h\/h hi \/ h; 
= ——— y m 730.289 —b(—-li—-]-— — — }{ — 
Te Q Bn G el 2)\4 
T, god ge ms 2 Q = 8.502 in? 
0, = E 
E = Tey = 12 X 10? psi 
| = 159.8 psi — id I LN j 
Gu t S Ox — Oy\2 E Pure shear: 
2 2 o = [ro]  e;-1200pi < 
g5 = —3393 psi ine Or = —gj o = — 1200 psi = 
Ox — Oy\2 2 Tau Ts Tmax ^ 1200 psi = 
Tmax (5 T Txy 


Tmax ^ 1777 psi d 


Problem *8.4-10 A cantilever beam of T-section is loaded 60? 
by an inclined force of magnitude 6.5 kN (see figure). The line 
of action of the force is inclined at an angle of 60° to the Y 


horizontal and intersects the top of the beam at the end cross A 
section. The beam is 2.5 m long and the cross section has the zum 
dimensions shown. 
Determine the principal stresses og, and o and the 
maximum shear stress Tmax at points A and B in the web 
of the beam near the support. 





Solution 8.4-10 

P = 6.5 kN L=2.5m A = 2(160 mm)(25 mm) 

A = 8 X 10° mm? b = 160 mm t= 25 mm 
Location of centroid C From Eq. (12-7b) in Chapter 12: 


(160 mm) (25 mm) ( 60 + 2 mm + (160 mm) (25 mm) (80 mm) 


um 2(yi Aj) m 
: A í A 
Cy = 126.25 mm c, = 185 mm — c; c, — 58.75 mm 


MOMENT OF INTERTIA 


| 3 l 3 | 3 7 4 
i Pen PO a exam Iz = 2.585 X 10° mm 





as 
ar. 
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SECTION 8.4 Maximum Stresses in Beams 


EQUIVALENT LOADS AT FREE END OF BEAM 





Py = —P cos (60 deg) Py = —3.25 kN P,, = P sin (60 deg) 
P,, = 5.629 kN M, = PHC M. = —190.938N:m 


STRESS RESULTANTS AT FIXED END OF BEAM 


No = Py No = —3.25 kN 
V=P, V=5.629kN 
M--M.-P,L M=-—1.388 x 10*N-m 


Stress at point A (bottom of web) 


No Mc, 
ar ae o, = —31.951 MPa ay =0 = 0 
A Iz 
"IP Oy 
Uniaxial stress: o, = o, 05/09. Tmax = [5 








o = 0 ee g5 = —32.0 MPa Ses Tmax ^ 15.98 MPa e 
Stress at point B (top of web) 
No Mc a t) 








O, = = o, = 17.715 MPa a, =0 
A L 
t 
Q = (o — 3 Q = 1.85 X 10? mm? 
VQ 
dg ae Txy = — 1.611 MPa 
li 
o, +o Q.— Oyy 
gaty — — | 47,  g021786MPa < 
2 2 x 





Oo, +a Oe 0,2 
a 255. (=) E o = — 0.145 MPa e 








EX 
ar, 
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Problem *8.4-11 A simple beam of rectangular cross section has 
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CHAPTER 8 Applications of Plane Stress 


span length L — 62 in. and supports a concentrated moment 
M = 560 k-in at midspan (see figure). The height of the beam 
is h = 6 in. and the width is b = 2.5 in. 


Plot graphs of the principal stresses o, and o> and the 


maximum shear stress 7,,4,, showing how they vary over the 
height of the beam at cross section mn, which is located 24 in. 
from the left-hand support. 





M at 


E de 


Probs. 8.4-11 and 8.4-12 





Solution 8.4-11 
2x10? M 
1 x10? "n 
E Gay) 
j o »x(y) 0 
E Tmax Y) 
A~ 000o 
-1x108 
-2x10? 2 -1.5 -1 05 0 05 1 15 2 25 3 
-3 y 3 
dist. y (in.) 
M = 560 k * in. L = 62. 1n. C = 24 in. 
b = 2.5 in. h = 61n. 
bh? "T 
= —— I = 45 in 
12 
R4 = T Ra = 9.032 k (upward) 
Rg = -Ra Rg = —9.032 k (downward) 


At section m-n 
M = Rac M = 216.774 k * in. 
V=R, V = 9.032 k 





M 
oy) = -= o, =0 
h 1 h 
wl) 
V 
„o - YOO 


PRINCIPAL STRESSES 

















2 

oi(y) = n ii | (2) + Ty)" 
2 

oy) = no =- (=2) ay 








2 
Ta) = | (S) 


o,(3 in.) = 0 psi 

(3 in.) = —14,452 psi 

Tmax(3 in.) = 7226 psi 

g,(0) = 903 psi o(0) = —903 psi 
Tmax(0) = 903 psi 

g1(—3 in.) = 14,452 psi 

05(—3 in.) = 0 psi 

Tmax(—3 in.) = 7226 psi 


Problem *8.4-12 Solve the preceding problem for a cross section mn located 0.18 m from the support if L = 0.75 m, 
M = 65 kN: m, h = 120 mm, and b = 20 mm. 





EX 
ar, 
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Solution 8.4-12 


JH 


Prin. stresses (MPa) 


-A —50 —4i -30 -20 = Ü | (i HI ALI ji 514 


4 


dist.y(mm) 
M=65kN:m L = 0.75 m c=0.18 m 
b = 20 mm h = 120 mm 


I = — I = 2.88 X 10° mm* 


M 
Ra = — Ra = 86.667 kN (upward) 
Rg = —R, Rp = —86.667kKN (downward) 


At section m-n 
M= R;c M = 15.6kN:m 
V=R, V = 86.667 kN 


Combined Loadings 


The problems for Section 8.5 are to be solved assuming that the 
structures behave linearly elastically and that the stresses caused by 
two or more loads may be superimposed to obtain the resultant stresses 
acting at a point. Consider both in-plane and out-of-plane shear 


stresses unless otherwise specified. 


Problem 8.5-1 A bracket ABCD having a hollow circular cross 
section consists of a vertical arm AB, a horizontal arm BC parallel to 
the xo axis, and a horizontal arm CD parallel to the zo axis (see figure). 
The arms BC and CD have lengths b, = 3.6 ft and b = 2.2 ft, respec- 


tively. The outer and inner diameters of the bracket are d; = 


d, — 6.8 in. A vertical load P — 1400 Ib acts at point D. Determine the 
maximum tensile, compressive, and shear stresses in the vertical arm. 


CIS 
a, 








SECTION 8.5 Combined Loadings 





My 
a y) = F gy — 0 
h L\(h 
a= (5 - GG * ») 
V 
tol) = 


PRINCIPAL STRESSES 


2 
ay) = T i JS 2) + Ty y)? 











hi 2 
7 
oo y) = on = (=>) tony 
7 
Tmax( Y) = (=>) tony yy 


g1(60 mm) = 0 MPa o>(60 mm) = —325 MPa 


Tmax(60 mm) = 162.5 MPa 
gi(0) = 54.2 MPa 95(0) = —54.2 MPa 
Tmax(0) = 54.2 MPa 


675 


o;(—60 mm) = 325 MPa o>(—60 mm) = 0 MPa 


Tmax(—60 mm) = 162.5 MPa 








7.5 in. and 














as 
ar 
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Solution 8.5-1 
b, = 3.6 ft by = 2.2 ft P = 1400 Ib MAXIMUM COMPRESSIVE STRESS 
d,—.5in. d,; =6.8in. , u(2) 
a) aA s 39 _ ng e d 
A= A (a a) A 7.862 in. Oc A I 
o, = — 5456 psi — 
Ja (us E at) I = 50.36 in^ i 
64 
MAXIMUM SHEAR STRESS 
VERTICAL ARM AB Uniaxial stress 
M = PVb? +b} M = 7.088 x 101b- in. masbol meco e 


MAXIMUM TENSILE STRESS 


P pe 
ame a N ao 


Problem 8.5-2 A gondola on a ski lift is supported by two bent arms, as 
shown in the figure. Each arm is offset by the distance b = 180 mm 
from the line of action of the weight force W. The allowable stresses in 
the arms are 100 MPa in tension and 50 MPa in shear. 

If the loaded gondola weighs 12 kN, what is the minimum diameter 
d of the arms? 








as 
ar, 
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SECTION 8.5 Combined Loadings 677 
Solution 8.5-2 Gondola on a ski lift 
SUBSTITUTE NUMERICAL VALUES: 
b = 180mm (100 Mpa) 
TO TO TT pa 1 
| c emu PM a 080.00 — 
Talow = 100 MPa (tension)  Tatow = 50 MPa 4W 4W 4(6 kN) m? 
Find d, 8b = 1.44 m 
he md’ = nd? 13,000 — d —1.44 —0 (d= meters) 
4 32 Solve numerically: d = 0.04845 m 
^ dnin = 48.4 mm e 
MAXIMUM TENSILE STRESS 
W M AW 32Wb 
-e- o, = — + — = — + MAXIMUM SHEAR STRESS 
A S md md? 
a (uniaxial stress) 
TO NP 
or (Na -d-8b-0 MM" 
AW Since Tallow 1s one-half of Gayow, the minimum diameter 


for shear is the same as for tension. 


Problem 8.5-3 The hollow drill pipe for an oil well (see figure) is 6.2 in. in outer 

diameter and 0.75 in. in thickness. Just above the bit, the compressive force in the 

pipe (due to the weight of the pipe) is 62 k and the torque (due to drilling) is 185 k-in. 
Determine the maximum tensile, compressive, and shear stresses in the 

drill pipe. 








dh 
ar. 
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Solution 8.5-3 

P = compressive force 
T = Torque 

d», = outer diameter 

d, = inner diameter 


P=62k Y= 185 kein. d, = 6.2 in. 


t = 0.75 in. di = d, — 2t dj = 4.7 in. 


A= “(a = à) A = 12.841 in2 


I, = a (us = at ) I, = 97.16 iní 


STRESSES AT THE OUTER SURFACE 


iy 
| 6, 








Problem 8.5-4 A segment of a generator shaft is subjected to a torque T and an axial 
force P, as shown in the figure. The shaft is hollow (outer diameter d; = 300 mm 
and inner diameter d, = 250 mm) and delivers 1800 kW at 4.0 Hz. 

If the compressive force P — 540 kN, what are the maximum tensile, compres- 


sive, and shear stresses in the shaft? 





CIS 
LA 








E Ty = 5903 psi 


PRINCIPAL STRESSES 


Ox + Oy Ox — Oy \2 
Qr eee T T 


2 2 id 
g, = 3963 psi 
0, + Oy Ox — Oy\2 
— 2 dd 
05 = —8791 psi 
MAXIMUM TENSILE STRESS 0; = 0, 


o, = 3963 psi = 


MAXIMUM COMPRESSIVE STRESS Oc — 05 


oO, = —8791 psi <— 


MAXIMUM IN-PLANESHEAR STRESS 


Ox — Oy 
Tmüx 7 EE E + Tay? 


Tmax = 6377 psi <= 


NOTE: Since the principal stresses have opposite signs, 
the maximum in-plane shear is larger than the maximum 
out-of-plane shear stress. 





Probs. 8.5-4 and 8.5-5 





dh 
ar. 
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Solution 8.5-4 
P — Compressive force 
Po = Power f = frequency 
T — torgue — o 

2mf 
də = outer diameter 


d, — inner diameter 


f= 4.0 Hz 
P = 540 kN Po = 1800 kW 
P , 
ES T = 7.162 X 10 N:m 
2mf 
də = 300 mm d, — 250 mm 


qT JT 
A=— 8 - di) = m (atat) 
= (a 1 P^ 39 » 1 


A -—2.6X10*^ mm^ — 1, = 4.117 X 10° mm* 


STRESSES AT THE OUTER SURFACE 








EX 
ar, 





SECTION 8.5 Combined Loadings 679 





= ay = —25.002 MPa 
o, = 0 
d 
(3) 
Try = —] Txy = 26.093 MPa 
p 


PRINCIPAL STRESSES 


Ox t Oy Ox — 0 M2 
g,— —— — + (== xs 


2 2 
o, = 16.432 MPa 
O; t Oy Ox — Oy\2 " 
sto) 


o = —41.434 MPa 


MAXIMUM TENSILE STRESS 


o,=1643MPa <- 


Ot — O0, 


MAXIMUM COMPRESSIVE STRESS 


oO. = —41.4 MPa <= 


Oc — 05 


MAXIMUM IN-PLANESHEAR STRESS 


Ox — By M2 
= 2 
Tmax — JE) + Txy 


Tmax = 289 MPa < 





NOTE: Since the principal stresses have opposite signs, 
the maximum in-plane shear is larger than the maximum 
out-of-plane shear stress. 


Problem 8.5-5 A segment of a generator shaft of hollow circular cross section is subjected to a torque T = 240 k-in. 
(see figure). The outer and inner diameters of the shaft are 8.0 in. and 6.25 in., respectively. 

What is the maximum permissible compressive load P that can be applied to the shaft if the allowable in-plane shear 
Stress IS Tallow = 6250 psi? 
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Solution 8.5-5 
P — compressive force T — Torque m P 
= -= 
də = outer diameter d, = inner diameter A 
T = 240 k+ in. Hed 
d,—8in. d, 625 in. (2) 
2 
E (a = at) A = 19.586 in? Try =| Txy = 3805 psi 
4 p 
Tallow = 6250 psi I, = Eus ( d3 = at) MAXIMUM IN-PLANESHEAR STRESS Tas — Tallow 
allow 32 
za pp Oy 5 
L,9 252.9521 Mi. Tmax = EE dup 
STRESSES AT THE OUTER SURFACE D nre E T2) 4 o, = 9917 psi 


P-g,A P=1%42k <— 


Note: The maximum in-plane shear is larger than the 
maximum out-of-plane shear stress. 





Problem 8.5-6 A cylindrical tank subjected to internal pressure p is 


simultaneously compressed by an axial force F — 72 kN (see figure). The 

cylinder has diameter d = 100 mm and wall thickness t = 4 mm. SES 
Calculate the maximum allowable internal pressure Pmax based upon an 

allowable shear stress in the wall of the tank of 60 MPa. 


CIRCUMFERENTIAL STRESS (TENSION) 





F 
m— r 50 mm 
pos LL POM LOS 
t 4 mm 
F = 72 kN Units: oc, = MPa p = MPa 


p = internal pressure 


d = 100 mm t = 4 mm Tallow = 60 MPa 





as 
ar. 
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SECTION 8.5 Combined Loadings 681 
LONGITUDINAL STRESS (TENSION) OUT-OF-PLANE SHEAR STRESSES 
E LAT CLE r gi 
0» oA XR ^ ous Case 2: Tmax = a 6.25 p; 60 MPa = 6.25 p 
= 625p — 72,000 N Solving, p; — 9.60 MPa 
nd 27(50 mm)(4 mm) c 
= — = 3.12 — 28. 
= 625p — 57.296 Mpa Case 3: Tias 5 3.125 p — 28.648 MPa 
Units: c; = MPa p = MPa 60 MPa = 3.125 p — 28.648 MPa 
E Solving, p3 = 28.37 MPa 
IN-PLANE SHEAR STRESS (CASE 1) CASE 2, OUT-OF-PLANE SHEAR STRESS GOVERNS 
0; — oo E 
Tmax = - = 3.125 p + 28.648 Mpa Pmax = 9.600 MPa < 


60 MPa = 3.125 p + 28.648 MPa 
Solving, pı = 10.03 MPa 


AN 
Sy 








Problem 8.5-7 A cylindrical tank having diameter d = 2.5 in. is 
subjected to internal gas pressure p = 600 psi and an external ten- 
sile load T = 1000 Ib (see figure). 

Determine the minimum thickness f of the wall of the tank 
based upon an allowable shear stress of 3000 psi. 





CIRCUMFERENTIAL STRESS (TENSION) 

pr | (600 psi)(1.25 in.) 750 
BERE 
T — 1000 Ib t = thickness Units: 9, = psi t — inches 05 = psi 





01 


p = 600 psi 
d — 2.5 in. Tallow = 3000 psi 





as 
ar, 
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LONGITUDINAL STRESS (TENSION) . 123.84 
3000 psi — 
r T r T 
2 A 2t Zar Solving, t; = 0.0413 in. 
= 375 4 . 1000 Ib — = 375 ES 127.32 4 502.52 OUT-OF-PLANE SHEAR STRESSES 
t 27(1.25 in.)t t t t 
BIAXIAL STRESS add E ML d 
Ao} Solving, t = 0.125 in. 
| 0; 251.16 251.16 
> Case 3: Tmax = = ; 3000 = 
2 t 
Solving, t4 = 0.0837 in. 
0» 
pets pe CASE 2, OUT-OF-PLANE SHEAR STRESS GOVERNS 


tmin = 0.125 in. = 


IN-PLANE SHEAR STRESS (CASE 1) 


0, — 02 247.68 123.84 
Tmax 2 FE 











Problem 8.5-8 The torsional pendulum shown in the figure consists of a horizontal 
circular disk of mass M = 60 kg suspended by a vertical steel wire (G = 80 GPa) of 
length L = 2 m and diameter d = 4 mm. 

Calculate the maximum permissible angle of rotation max of the disk (that is, the 
maximum amplitude of torsional vibrations) so that the stresses in the wire do not 
exceed 100 MPa in tension or 50 MPa in shear. 








as 
ar, 
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Solution 8.5-8 Torsional pendulum 





L=2.0m d = 4.0 mm 

M = 60kg G = 80 GPa 

Callow = 100 MPa  Talow = 50 MPa 
vd? 


A — -7 = 12.5664 mm? 
W = Mg = (60 kg)(9.81 m/s?) = 588.6 N 


Li 


lw 
Y (©) 
| Se 


— 7 








( y 
tw 
GI, max 
TORQUE: T = T (EQ. 3-15) 
Tr 
SHEAR STRESS: T = T (EQ. 3-11) 


p 


L 





CIS 





LA 


GI max 
— (22 (z) Fmax _ (80 x 10° Pa)dmax 


i L 


T = 80 dinax Units: 7 = MPa 


Pmax 7 radians 





EE 
uL 





SECTION 8.5 Combined Loadings 683 


W 
TENSILE STRESS Oy = P — 46.839 MPa 


g,—0 
Oy = 0; = 46.839 MPa 


Txy — — 80 Dies (MPa) 





PRINCIPAL STRESSES 


Ox + Oy Ox — 0M B 
nam- ee 3 t Ty 


01.2 = 23.420 + V (23.420) + 640092, (MPa) 


max 


Note that o, is positive and o» is negative. Therefore, 
the maximum in-plane shear stress is greater than the 
maximum out-of-plane shear stress. 


MAXIMUM ANGLE OF ROTATION BASED ON TENSILE STRESS 


g, = maximum tensile stress — Oayjow = 100 MPa 


. 100 MPa = 23.420 + V (23.420)? + 640097 .. 


(100 — 23.420) = (23.420)? + 640092 


max 
5316 = 640092. Pmax = 0.9114 rad = 52.2? 


MAXIMUM ANGLE OF ROTATION BASED ON IN-PLANE SHEAR 
STRESS 


Ox — Oy\2 E 
PE (=) + Ty = V(23.420)2 + 640062 





Tallow = 50MPa 50 = _V(23.420)? + 640092... 
(50)? = (23.420)? + 640092... 


Solving, max = 0.5522 rad = 31.6? 


SHEAR STRESS GOVERNS 


Pmax = 0.552 rad = 81.6" = 








08Ch08.qxd 9/18/08 11:06 AM Page 684 





CIS 
LA 





684 CHAPTER 8 Applications of Plane Stress 


Problem 8.5-9 Determine the maximum tensile, compressive, P 2160 Ib 
and shear stresses at points A and B on the bicycle pedal crank 
shown in the figure. 

The pedal and crank are in a horizontal plane and points A 
and B are located on the top of the crank. The load P — 160 Ib 
acts in the vertical direction and the distances (in the horizontal 
plane) between the line of action of the load and points A and B 
are b, = 5.0 in., b> = 2.5 in. and 54 = 1.0 in. Assume that the 
crank has a solid circular cross section with diameter d — 0.6 in. 
































P 
« b, » 
Top view 
Solution 8.5-9 
P= totib TEN STRESS AT POINT A: 
z . = 167, 
b, = 5.0 in. by = 2.5 in. T= : T—9431 Xx 10? psi 
T d? "d 
b = 1.0 in. S = —— 
M 
us g = e o = 3.773 X 10* psi 


STRESS RESULTANTS On cross section at point A: (The shear force V produces no shear stresses at point A) 





Torque: Ta = Pb, 
Moment: M, = Pb PRINCIPAL STRESSES AND MAXIMUM SHEAR STRESS 
A — FD, 
Shear Force: VA-P gu dO ur 
B CO. 0, Oy Oy 2 B 
STRESS RESULTANTS at point B: i a 5 + 0095 — E Tiy 


Tg = P(b, + bs) 


Mg = P(b; + bs) c, + o, a, 9 - 
Vs = P 02 = — — (==) DEC 


ao; = 3.995 x 10° psi 


2 2 
o> = —2.226 X 10? psi 





EX 
ar, 
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MAXIMUM TENSILE STRESS T; = 3.94] x 104 psi 
0, — 0j o, = 39,950 psi — 0, + 0, 0. — oV 
sin (Fg 
MAXIMUM COMPRESSIVE STRESS 2 2 


"I 4 
Oc = 05 Oc = —2226psi «— o = —1.3 X 10 


MAXIMUM TENSILE STRESS 


o, = 39,410 psi = 


MAXIMUM IN-PLANE SHEAR STRESS 


Ox, — Oy 2 A Op OF 
Tmax — - 2) + T xy 


MAXIMUM COMPRESSIVE STRESS 








Tmax — 21,090 ps1 = Oc = 02 O; = — 13,000 psi — 
NOTE: Since the principal stresses have opposite signs, 
the maximum in-plane shear is larger than the maximum MAXIMUM IN-PLANE SHEAR STRESS 
out-of-plane shear stress. 
Ox — 0M? E 
Tmax — T Txy 
STRESS AT POINT B 2 
1675 n Tmax ^ 26,210 psi — 
T= 2 T = 2.264 X 10° psi " mE 
ma NOTE: Since the principal stresses have opposite signs, 
M the maximum in-plane shear is larger than the maximum 
pas o = 2.641 X 10* psi out-of-plane shear stress. 
S 


(The shear force V produces no shear stresses at point A) 


PRINCIPAL STRESSES AND MIXIMUM SHEAR STRESS 


o, = 0 GHC Tuc =o 


_ Ox * Oy Ox, — Oy\2 " 
gir x OW —— oJ WT 


Problem 8.5-10 A cylindrical pressure vessel having radius r — 300 mm 

and wall thickness t = 15 mm is subjected to internal pressure T 
p = 2.5 MPa. In addition, a torque T = 120 kN ° m acts at each end of 

the cylinder (see figure). 


(a) Determine the maximum tensile stress Cmax and the maximum in- 
plane shear stress Tmax in the wall of the cylinder. 

(b) If the allowable in-plane shear stress is 30 MPa, what is the max- 
imum allowable torque 7? 





EX 
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Solution 8.5-10 Cylindrical pressure vessel 
0| = 56.4 MPa 0^5 = 18.6 MPa 
<. Omax = 56.4 MPa = 
MAXIMUM IN-PLANE SHEAR STRESS 
Ox — Oy\2 3 
Tmax — ( 5 ) T Txy = 18.9 MPa <= 
T= 120kN:m r = 300 mm 
t= 15mm P = 2.5 MPa (b) MAXIMUM ALLOWABLE TORQUE T 
Talow ^ 30 MPa (in-plane shear stress) 
STRESSES IN THE WALL OF THE VESSEL 
(5 = zy 2 a) 
r r T. = — + 
Oy = =25MPa o, = - — 50 MPa = 2 k 
pr r 
Tr geo 2).MPa gs = 50 MPa 
T7 —— (03-11) 2 
Ip 
T E 
I, = 2mr^t (EQ. 3-18) Ty = ——— 117893 X10 "T 
2ur^i 
T 
Txy = — z 14 147 MPa Units: 7,, = MPa T=N*m 
anri 
Substitute into Eq. (1): 
-&- Tmax — Tallow — 30 MPa 
= V(—12.5 MPa)? + (—117.893 x 10-6 T? 
Square both sides, rearrange, and solve for T: 
(30)? = (12.5)* + (117.893 x 10 5? T? 
743.750 
T? = ————_. = 53,512 X 10°(N+ mf 
13,899 x 10 
T = 231.3 X IO N-m 
i Tmax = 231 kN* m = 


(a) PRINCIPAL STRESSES 


Ox, + Oy Ox — 0M? 
nant e (253) +8 


= 37.5 + 18.878 MPa 








CI 
ar 
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SECTION 8.5 Combined Loadings 687 


Problem 8.5-11 An L-shaped bracket lying in a horizontal plane 
supports a load P — 150 Ib (see figure). The bracket has a hollow 
rectangular cross section with thickness t = 0.125 in. and outer 
dimensions b = 2.0 in. and h = 3.5 in. The centerline lengths of 
the arms are b, = 20 in. and b» = 30 in. 

Considering only the load P, calculate the maximum tensile 
stress o, maximum compressive stress Ce, and maximum shear 
Stress Tmax at point A, which is located on the top of the bracket 
at the support. 


t — 0.125 in. 


h = 3.5 m. 





b =2.0 in. 
Solution 8.5-11 L-shaped bracket 
P = 150 lb b, = 20 in. by = 30 in. STRESSES AT POINT A ON THE TOP OF THE BRACKET 
t = 0.125 in. h = 3.5 in. b = 2.0 in. T 4500 Ib-in. 
ELTERN ee NUS IET — 2844 psi 
2tAm —— 2(0.125 in.)(6.3281 in.^) 
FREE-BODY DIAGRAM OF BRACKET Mc — (3000 Ib-in.)(1.75 in.) | 
o= — = — — —— = 2454 psi 


I 2.1396 in. 


(The shear force V produces no stresses at point A.) 


STRESS ELEMENT AT POINT A 


(This view is looking downward at the top of the bracket.) 


stress element 
at point A 





Top of Bracket 
STRESS RESULTANTS AT THE SUPPORT 


Torque: T = Pb, = (150 1b)(30 in.) = 4500 Ib-in. 
Moment: M = Pb, = (150 1b)(20 in.) = 3000 Ib-in. 
Shear force: V = P = 150 lb 


PROPERTIES OF THE CROSS SECTION 
For torsion: 


Am = (b — A(h — t) = (1.875 in.)(3.375 in.) = 6.3281 in. 


sso a cca oe 


h 
For bending: c — 5 = 1.75 in. 


I= EE — dm — 2th — 2ty 
12 12 





l l 
= —(2.0 in.)(3.5 in)? — —(1.75 in.)(3.25 in.)° 
12 12! n | c,—0 o,=0 = 2454 psi 


= 2.1396 in.* T, = —T = —2844 psi 


xX 








di 
ar 
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PRINCIPAL STRESSES AND MAXIMUM SHEAR STRESS MAXIMUM COMPRESSIVE STRESS: 
FO, Ox — Oy\? o. = —1870 psi e— 
es M, METUO 2 
O12 = E sr T xy 
i 2 2 


l l MAXIMUM SHEAR STRESS: 
= 1227 psi + 3097 psi 


l l Tmax = 3100 psi = 
g, = 4324 psi 05 = —1870 psi 


NOTE: Since the principal stresses have opposite signs, 
Ox — Oy V > . the maximum in-plane shear stress is larger than the 
EE a + Ti, = 3097 psi 


Tmax ^ i 
max maximum out-of-plane shear stress. 


MAXIMUM TENSILE STRESS: 


g, = 4320 psi = 


Problem 8.5-12 A semicircular bar AB lying in a horizontal plane is O 
supported at B (see figure). The bar has centerline radius R and A 
weight q per unit of length (total weight of the bar equals zqR). The 
cross section of the bar is circular with diameter d. R 
Obtain formulas for the maximum tensile stress o,, maximum com- 
pressive stress ce, and maximum in-plane shear stress Tmax at the top of d 
the bar at the support due to the weight of the bar. 


STRESSES AT THE TOP OF THE BAR AT B 
M,(d/2) | QqR^?Yd2) | 6AqR* 
OB = — — 








I ard^/64 ad? 
Ty(d/2)  (agR7)(d/2)  16qR° 
D EC" CN TE 
Ip qtd 132 d 
d = diameter of bar R = radius of bar 
mé 


q — weight of bar per unit length 
W = weight of bar = zqR 
Weight of bar acts at the center of gravity 
From Case 23, Appendix D, with 6 = 7/2, we get 
;22R o2 
T T 
Bending moment at B: Mg = Wc = 2qR? 
Torque at B: Ty = WR = mqR? 





(Shear force at B produces no shear stress at the top of 
the bar.) 





dh 
ar. 
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STRESS ELEMENT AT THE TOP OF THE BAR AT B 


g,—0 
O, OF 
Txy — TB 


PRINCIPAL STRESSES: 





2 
- E + (-2 + T$ 
7 324R? n (Cr) E (Y 
vd? vd? d? 


l6qR* 
- = (24 VA 7) 


TT 

















Problem 8.5-13 An arm ABC lying in a horizontal plane and 
supported at A (see figure) is made of two identical solid steel 
bars AB and BC welded together at a right angle. Each bar is 
20 in. long. 

Knowing that the maximum tensile stress (principal stress) 
at the top of the bar at support A due solely to the weights of the 
bars is 932 psi, determine the diameter d of the bars. 





SECTION 8.5 Combined Loadings 


MAXIMUM TENSILE STRESS 


16qR° 
0, = 0] = (2 t V4 + m) 
TT 








16gR7 
CO. = 0, = 1 (2 = V4 4+ 1°) 
d 


MAXIMUM IN-PLANE SHEAR STRESS (EQ. 7-26) 
164R? 


4 4 7? 
nd? 


Tmax — 2 (0 n 05) = 





A ao 





689 


Solution 8.5-13 Horizontal arm ABC 


L3 

D 

i 
z 


TN 
© ! E. 





Öö - 





dh 
ar. 





L = length of AB and BC 
d = diameter of AB and BC 
A = cross-sectional area 


md l4 


y = weight density of steel 
q = weight per unit length of bars 
= yA = aryd*/4 


(1) 
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RESULTANT FORCES ACTING ON AB IA 
| 
PN EEA 
a 
IE o> 
| TA 
-— a 
| 
, TA 
P = weight of AB and BC 
P = qL = myLd^/A (2) 20 ee. Eee eus (8) 
T — torque due to weight of BC Substitute (8) into (7): 
L qL? v yL^d? 2 
T = Qz) = — = —— A a 
E (5) 2 8 ©) Uu (2 fu (9) 
d io i HUM Z8 Substitute from (5) and (6) and simplify: 
M4 = PL + PL/2 = 3PL/2 = 3m yL'd^[8 (4) x 2y? 
O71 =~, © PVR Meer TO) (10) 
STRESSES AT THE TOP OF THE BAR AT A 
Oo, = normal stress due to M, SOLVE FOR d 
2yL^ 
. M(di2)  M(d/l2) 32M | 12yL^ d= b (3 + V10) P (11) 
o4 = TT (5) 2 
I Td /64 Td d 


SUBSTITUTE NUMERICAL VALUES INTO EQ. (11): 
y = 490 lb/ft? = 0.28356 Ib/in.° 

(6) L=20in. o; = 932 psi 
d = 1.50 in. «— 


TA — shear stress due to torque T 


T(d2) | T(d2)  16T  2yD 
TA = SO od = = 
^ — Il — mqd^32 md? d 








STRESS ELEMENT ON TOP OF THE BAR AT A 


0, — principal tensile stress (maximum tensile stress) 


Ox t Oy Ox — 0M? 
a (==) TT (7) 


Problem 8.5-14 A pressurized cylindrical tank with flat ends is loaded 
by torques T and tensile forces P (see figure). The tank has radius T 
r = 50 mm and wall thickness t = 3 mm. The internal pressure 
p = 3.5 MPa and the torque T = 450 N° m. 

What is the maximum permissible value of the forces P 1f the 
allowable tensile stress in the wall of the cylinder is 72 MPa? 








dh 
ar 
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Solution 8.5-14 Cylindrical tank 
r = 50mm t = 3.0 mm p = 3.5 MPa Units: o, = MPa, P = newtons 
T —450N*:m Callow = 72 MPa pr 
Qc 58.333 MPa 
CROSS SECTION © Tr (450 N+ m)(50 mm) 
A = 2art = 27(50 mm)(3.0 mm) = 942.48 mm^ T» Ul. 9 3569 X 10° mm^ 
Ip = 2arr't = 27(50 mm) (3.0 mm) — — 9.5493 MPa 
— 2.3562 x 10? mm* 
MAXIMUM TENSILE STRESS 
STRESSES IN THE WALL OF THE TANK Omar = Fallow = 72 MPa 
AU. —— p) 
M BI (^ Er: 
2 2 id 


72 = 43.750 + (530.52 x 10 5p 
+ NV [— 14.583 + (530.52 x 10 9PP? + (—9.5493*? 





28.250 — 0.00053052P 
= V(— 14.583 + 0.00053052 P)? + 91.189 
Square both sides and simplify: 
pr P 494.2] — 0.014501 P 
Uu pe 
2t A 
SOLVE FOR P P = 34,080 N OR 
. G5 MPgOUmm) a ao P o P =341kN = 
2(3.0 mm) 942.48 mm? d 


= 29.167 MPa + 1.0610 x 10 ?P 


Problem 8.5-15 A post having a hollow circular cross section supports 

a horizontal load P — 240 Ib acting at the end of an arm that is 5 ft long (see figure). 
The height of the post is 27 ft, and its section modulus is $ = 15 in.* Assume that outer 
radius of the post, r2 = 4.5 in., and inner radius rı = 4.243 in. 


(a) Calculate the maximum tensile stress Cmax and maximum in-plane shear stress 
Tmax at point A on the outer surface of the post along the x-axis due to the load P. 
Load P acts in a horizontal plane at an angle of 30? from a line which is parallel 
to the (—x) axis. 

(b) If the maximum tensile stress and maximum in-plane shear stress at point A are lim- 
ited to 16,000 psi and 6000 psi, respectively, what is the largest permissible value of 
the load P? 
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Solution 8.5-15 


P = 240 lb 

b= Sft length of arm 

h = 27 ft height of post 

ry =45in. ry, = 4.243 in. 
t=rm-Tr; t = 0.257 in. 
A-—m(r-rj) A=7.059 in? 
[= 2 r4—r4) I-61507in^ 
1-21  1,-135014 in^ 

Q = =(73 —ri  Q-9825in? 


REACTIONS AT THE SUPPORT 
M = 6.734 X 10* lb -in 

T = —1247 X 10* Ib: in 
V, = 207.846 Ib 

V, = —1201b 


M = P cos(30deg)h 
T = —P cos(30deg)b 
V, = P cos(30deg) 
V, — —P sin(30deg) 


STRESSES AT POINT A 





gy, = 
Mr» 3 . 

pme oy = 4.489 X 10" psi 
Tr» VQ : 

= ee T — —449.628 psi 
I, 121 


(The shear force V, produces no stress at point A) 





CIS 
LA 





(a) MAXIMUM TENSILE STRESS AND MAXIMUM SHEAR 


STRESS 
7c,—-0 o,=4489X 10? psi  Ty=rT 
Oy + Oy 


0] = 


Ox — 0M? , 
ato, (BBY NN 


oi = 4.534 X 10° psi 
— 2 

Ox Ty (=>) " 

2 

o = —44.593 psi 


Q5 = 


MAXIMUM TENSILE STRESS 


Omax = 04 Omax = 4534 psi 


MAXIMUM SHEAR STRESS 


Ox — 0M? 

2 
Tear 
( 2 i 


«— 


Tmax = 
Tmax = 2289 psi 


(b) ALLOWABLE LOAD P 


Oallow ^ 16000 psi Tallow — 6000 psi 


The stresses at point A are proportional to the load P. 


Based on tensile stress: 


F, allow _ allow = Tallow P 
m P, allow ^. 
P O max O max 
Pd = 847.011Ib 
Based on shear stress: 
F, allow _ Tallow u Tallow P 
2 P, allow ^. 
P Tmax Tmax 
P tess m 629.07 Ib 
Iss — 629 Ib —— 





a 
ar 
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Problem 8.5-16 A sign is supported by a pipe (see figure) having outer 
diameter 110 mm and inner diameter 90 mm. The dimensions of the 
sign are 2.0 m X 1.0 m, and its lower edge is 3.0 m above the base. 
Note that the center of gravity of the sign is 1.05 m from the axis of the 
pipe. The wind pressure against the sign is 1.5 kPa. 

Determine the maximum in-plane shear stresses due to the wind 
pressure on the sign at points A, B, and C, located on the outer surface 
at the base of the pipe. 


SECTION 8.5 Combined Loadings 693 












Rose's 


Editing Co. 
-— 110 mm | 
3.0m 
| O 
20 A 
C Section X-X 





Solution 8.5-16 


PIPE: də = 110 mm d, = 90 mm t= 10mm MAXIMUM SHEAR STRESS AT POINT A 


[= a di — d$) I2 3.966 x 10° mm^ 


1-21 1,7933 X 10? mm^ 


Q = 5.017 X 10^mnm? 


SIGN: A = 2m” Area 


1 Height from the base to 
h-i3tz|m the center of gravity of 





a the si 
e sign aes 
b = 1.05 m horizontal distance Md 
from the center of Oy = a 
gravity of the sign to 21 
the axis of the pipe Td, 
WIND PRESSURE pw = 1.5 kPa Txy 2L; 
P=p,A P=3kN 
Tmax m 


STRESS RESULTANTS AT THE BASE 
M = Ph M = 10.5 kN: m 
T = Pb T = 3.15 kN: m 
V=P V=3kN 





as 
ar, 





o, = 145.603 MPa 


Txy = 21.84 MPa 


Tmax = 76.0 MPa x 
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MAXIMUM SHEAR STRESS AT POINT B MAXIMUM SHEAR STRESS AT POINT C 
àT) AUy 
| 
—| ew] 
Oy = o, = 
a, =0 Oy = 
Td V Td V 
n OE Ty = 19.943 MPa qo Ta = 23.738 MPa 


"" 2r 20) "" 2r | 120 


— 2 
Oy — Oy 2 u Ux e 2 
wc) + o3) t 














Pure shear Tmax ^ 19.94 MPa s Pure shear Tmax ^ 23.7 MPa 9e 
Problem 8.5-17 A sign is supported by a pole of hollow circular 8 ft > 
cross section, as shown in the figure. The outer and inner diame- ; 
ters of the pole are 10.5 in. and 8.5 in., respectively. The pole is Hilda’s Office Uu 
42 ft high and weighs 4.0 k. The sign has dimensions 8 ft X 3 ft — | 








and weighs 500 Ib. Note that its center of gravity is 53.25 in. 


from the axis of the pole. The wind pressure against the sign is . 
35 Ib/ft’. <—10.5 in—| 


(a) Determine the stresses acting on a stress element at point 42 ft 8.5 in: 
A, which is on the outer surface of the pole at the “front” 
of the pole, that is, the part of the pole nearest to the 
viewer. 

(b) Determine the maximum tensile, compressive, and shear 
stresses at point A. 




















| A 
A Section X-X 
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Solution 8.5-17 
d» (a) STRESSES AT POINT A 
PIPE: də = 10.5 in. d, = 8.5 in. c= 
2 Ty 
A =% (d2 — d?) A= 29.845 in? 
go =" | | T. 
LP 4 . 4 
[= 64 (22 — di) I = 340.421 in. 
A Tx 
I,=2I 1, = 680.842 in.* 
1 
= 79 (42 — di) Q= 45.292 in. 
W, = 4000 Ib 
0, = 0 = 
Sic: A, =(8)(3)ft® Area A, = 24 f N, Md, , 
l l Cae ay = 6145 psi = 
Height from the base to the center of gravity A 21 
of the sign — Td E | 
3 uy = E T = 945 pst = 
h = (42 = >) ft P 
2 
Horizontal distance from the center of gravity (b) MAXIMUM STRESSES AT POINT A 
of the sign to the axis of the pipe Te uds Gu Oe : 
10.5 1773 "NV 3 J 7 
b= (wn + 03) in. 
- Max. tensile stress 0, = 6164 psi e= 

b = 53.25 in. 0, + oy T, — oy : 

W> = 500 Ib o=- x AMO €» 4 09» 
Mots SUME Pw = 35 Ib/ft2 Max. compressive stress 

P =p, A, P = 840 lb 05 = — 19.30 psi = 
Ox — Oy\2 

STRESS RESULTANTS AT THE BASE Tmax — (==) T i5 


M= Ph M = 4.082 X 10? Ib: in. 


T=Pb T= 4.473 X 10*Ib-in. 

NOTE: Since the principal stresses have opposite signs, 
V=P V = 840 Ib l . 

the maximum in-plane shear is larger than the maximum 
N.= W +W N, = 4.5 X 10° Ib out-of-plane shear stress. 


Max. shear stress Tmax ^ 3092 psi = 





CX 
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696 CHAPTER 8 Applications of Plane Stress 


Problem 8.5-18 A horizontal bracket ABC consists of two 
perpendicular arms AB of length 0.5 m, and BC of length of 
0.75 m. The bracket has a solid circular cross section with 
diameter equal to 65 mm. The bracket is inserted in a frictionless 
sleeve at A (which 1s slightly larger in diameter) so is free to 






1 


4 
E-1 Due Frictionless sleeve 


l ; bedded i 
rotate about the zo axis at A, and is supported by a pin at C. oo i e zd 
Moments are applied at point C as follows: M; = 1.5 kN*m in P X) i 
the x-direction and M5 = 1.0 kN: m acts in the (—z) ls » rp 
direction. Yo 

Considering only the moments M, and Ms, calculate the 
maximum tensile stress o, the maximum compressive stress Ce, <0 Sm 
and the maximum in-plane shear stress Tmax at point p, which is 7 a. p 
located at support A on the side of the bracket at midheight. Mi Xo 
«—65 mm 
Cross section at A 

Solution 8.5-18 

d — 65mm T —0 Torsional frictionless sleeve at support A (Mz) 

b, —0.5m length of arm BC ye M> 

by = 0.75 m length of arm AB d by 

M, =1.5kN:m a, = 0 

M, = 1.0kN-m ay =0 

WO 
PROPERTIES OF THE CROSS SECTION iz Ud Txy = —0.804 MPa 
d 
d = 65 mm r= = G0 2 
2 E y 2 
Tmax — (275 T Txy 
EUM. - 3 2; 
A= "i A = 3.318 X 10° mm Pure Shear Tmax = 0.804 MPa «— 
p= g4 [95960 3c10" mm^ STRESSES AT POINT p ON THE SIDE OF THE BRACKET 
64 
6 4 17» 
D, I, = 1.752 X 10° mm | 
2 ; Try 
=F Q = 2.289 x 10* mn? yo 
md [>t 

STRESS RESULTANTS AT SUPPORT A Zo O | | 4 

N, = 0 Axial force 

M, = 0 oo 

b | 
M, = E M1 M.^0 7 
l 





di 
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Problem 8.5-19 A cylindrical pressure vessel with flat ends is yo 


subjected to a torque T and a bending moment M (see figure). The 
outer radius is 12.0 in. and the wall thickness is 1.0 in. The loads are 
as follows: T — 800 k-in., M — 1000 k-in., and the internal pressure 
p = 900 psi. 

Determine the maximum tensile stress c;, maximum compressive 
stress o., and maximum shear stress Tmax in the wall of the cylinder. 





<0 
Solution 8.5-19 Cylindrical pressure vessal 
Internal pressure: = 900 psi r Mr 
p P Ps! p esr LUIS este $506 8p 
Bending moment: M = 1000 k-in. 2t ! 
Torque: T — 800 k-in. = 2668.2 psi 
E 24235; r 
Outer radius: ro = 121n. c, = aa 10,350 psi 
Wall thickness: t = 1.0 in. 
Mean radius: r= ro — th = 11.5 in. Try = Tr = — 1002.7 psi 
I 
Outer diameter: d, = 24 in. P 
Inner diameter: d, — 22 in. PRINCIPAL STRESSES 
+ — 2 
MOMENT OF INERTIA Tio = LIC; d (==) d 
, 2 2 Xy 
0,14 4. a 
= 644 2, ^ dps 4797018. = 6509.1 psi + 3969.6 psi 
NOTE: Since the stresses due to T and p are the same Masa SIs eases 
everywhere in the cylinder, the maximum stresses . 
occur at the top and bottom of the cylinder where In-plane: 7 = 3970 psi 
the bending stresses are the largest. Out-of-plane: 
PART (a). TOP OF THE CYLINDER P= SE or ?2 "Lo m 5240 psi 
l 2 2 
Stress element on the top of the cylinder as seen from 
above. ^. Tmax = 5240 psi 
AT 


MAXIMUM STRESSES FOR THE TOP OF THE CYLINDER 
o, = 10,480 psi o. = 0 (No compressive stresses) 


Tmax ^ 2240 psi 
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PART (b). BOTTOM OF THE CYLINDER MAXIMUM SHEAR STRESSES 
Stress element on the bottom of the cylinder as seen In-plane: 7 — 1669 psi 
from below. Out-of-plane: 
Co Co Co 
E adi Or =e 7 = — = 5340 psi 
2 2 2 
JS Tmax = 5340 psi 
MAXIMUM STRESSES FOR THE BOTTOM OF THE CYLINDER 
o, = 10,680 psi o. = 0 (No compressive stresses) 
m: Tmax = 5340 psi 
| 
d PART (c). ENTIRE CYLINDER 
p s A d D = 5175.0 psi + 2506.8 psi The largest stresses are at the bottom of the cylinder. 
t 
o, = 10,680 psi = 
= 7681.8 psi l 
o. = 0 (No compressive stresses) e- 
r 
o, = i = 10,350 psi hn =O ^ 
= -20 Z 10027 psi 
no LC .7 psi 


p 


PRINCIPAL STRESSES 
On t Oy (5 — zy 
01.2 2 7 xy 
9015.9 psi + 1668.9 psi 
a, = 10,685 psi 05 = 7347 psi 





Problem 8.5-20 For purposes of analysis, a segment of the crankshaft in a 
vehicle is represented as shown in the figure. Two loads P act as shown, one 
parallel to (—xo) and another parallel to zo; each load P equals 1.0 KN. The 
crankshaft dimensions are b, = 80 mm, b; = 120 mm, and b; = 40 mm. 
The diameter of the upper shaft is d — 20 mm. 


(a) Determine the maximum tensile, compressive, and shear stresses at 
point A, which is located on the surface of the upper shaft at the zo axis. 

(b) Determine the maximum tensile, compressive, and shear stresses at 
point B, which is located on the surface of the shaft at the yo axis. 
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Solution 8.5-20 


P — 1.0 kN 

b, = 80mm 
b, = 120 mm 
b4 — 40mm 


PROPERTIES OF THE CROSS SECTION 


d = 20 d 
— mm jum 
2 

T 9 2 
A= 44 A — 314.159 mm 

7T A 3 4 
l—-—— I = 7.854 X 10° mm 

64 
I, — 2I I, = 1.571 X 10* mm* 


2 3 3 
Q = 3" Q — 666.667 mm 


STRESS RESULTANTS AT THE SUPPORT 


V, =P (Axial force in X-dir.) 
Y=9 (Shear force in Y-dir.) 
V, = P (Shear force in Z-dir.) 
M, = Pb, (Torsional Moment) 


M, = 120 kN +: mm 
M, = P(b, + bs) 
M, = 120 kN* mm 
M. = Pb,(Bending Moment) 
M. = 120 kN: mm 


(Bending Moment) 


(a) STRESSES AT POINT Á 


| Ty 








as 
ar, 





SECTION 8.5 Combined Loadings 


g, = — 155.972 MPa (compressive) 





gy =Q 
M,d 
x = By Ty = 76.394 MPa 
p 
Ox — Oy Oy — Oy\2 à 
0] = ) + ( 5 ) + Txy 





MAX. TENSILE STRESS ao, = 31.2 MPa 


MAX. COMPRESSIVE STRESS 


o = — 187.2 MPa «— 
MAX. SHEAR STRESS Tmax ^ 109.2 MPa 


(b) STRESSES AT POINT B 


699 





co patate 


| 

f 

Y 
o, = 149.606 MPa (tensile) 
qo 


M,d VQ 
Tyy = + 
2E Id 








Try = 80.639 MPa 
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MAX. TENSILE STRESS g, = 184.8 MPa = MAX. SHEAR STRESS Tmax ^ 110.0 MPa <= 
MAX. COMPRESSIVE STRESS NOTE: Since the principal stresses have opposite signs, 


the maximum in-plane shear is larger than the 


o = — 35.2 MPa — l 
maximum out-of-plane shear stress. 


Problem 8.5-21 A moveable steel stand supports an automobile engine weighing W = 750 Ib as shown in figure part (a). 
The stand is constructed of 2.5 in. X 2.5 in. X 1/8 in. thick steel tubing. Once in position the stand is restrained by pin 
supports at B and C. Of interest are stresses at point A at the base of the vertical post; point A has coordinates (x — 1.25, y — 
0, z = 1.25) (inches). Neglect the weight of the stand. 


(a) Initially, the engine weight acts in the (—z) direction through point Q which has coordinates (24, 0, 1.25); find the 
maximum tensile, compressive, and shear stresses at point A. 

(b) Repeat (a) assuming now that, during repair, the engine is rotated about its own longitudinal axis (which is parallel to 
the x axis) so that W acts through Q’ (with coordinates (24, 6, 1.25)) and force F, = 200 Ib is applied parallel to the y 


axis at distance d = 30 in. 
17 in. 
O 
C 


17 in. 














NJ 








e 








(b) Top view 





2.5 in. X 2.5 in. X 1/8 in. 





dh 
ar. 
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SECTION 8.5 Combined Loadings 701 
Solution 8.5-21 
W = 750 1b F, — 200 Ib SHEAR STRESS DEPENDS ON TRANSVERSE SHEAR DUE TO 
Fv & TORSION DUE TO MZ (MAX TRANSVERSE SHEAR 
I. l . 
b=25in. t= a in. d = 30 in. x, = 24 in. IN WEB-SEE PROB. #5.10-11) 
b,=b-—2t b, = 2 in. 


A-b -—(b—-2typ  A-li?  A,-(b-—ty 





1 
b Q-—(b—-bi Q-lin? 
A, = 6 in yı, = 6 in. db g | i) 
F,Q 
l 4 4 A : A 
= «— — — = — = 378 SI 
I 12 [5 (D 21) I= 1 in. T; 1(20) T, p 
(a) ENGINE WEIGHT ACTS THROUGH X-AXIS (POINT Q) SHEAR DUE TO TORSIONAL MOMENT MZ USING APPROX. 


M, = 0 M, = Wx, THEORY (EQU. 3-65) 


Z 





M.—-F,d  M.-6000in-lb t= 








SHEAR & NORMAL STRESSES AT A T 21A 
—w Myc Tr = 4255 psi 
g = —_ - — o = —20730 psi T=0 
A I T—T, T Tp T — 4633 psi 
PRINCIPAL STRESSES & MAX SHEAR STRESS PRINCIPAL STRESSES & MAX SHEAR STRESS 
o, —0 0d (ETE d o, = 0 gg Ty = T 
Ox t Oy Ox — By \? Ox t Oy Ox — Oy\? 
set, [my NI (Pog 
On t Oy Ox — Oy\2 E Ox + Oy Ox — Oy\2 
E i _ _ 2 
REC 2 )*5 3 ( 2 Jen 
Oy — 0, 2 Oy — Oy 2 
a ( 2 ) T Try Tmax — | ( 9 ) Bs je 
gy — D ux g, = 988 psi = 
05 = —20730 psi = 05 = —21719 psi zm 
Tmax = 10365 psi = Tmax = 11354 psi — 


(b 


—_ 


ENGINE WEIGHT ACTS THROUGH POINT Q' & FORCE Fy 
ACTS IN Y-DIR 


M, = 18000 in-Ib M, = Wy, 


SHEAR & NORMAL STRESSES AT A 


-Ww Myc 
SS o = —20730 psi 

A I 
same since element A lies on NA for bending about 
X-axis 





dh 
ar. 
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Problem 8.5-22 A mountain bike rider going uphill applies force P — 65 N to each end of the handlebars ABCD, made of 
aluminum alloy 7075-T6, by pulling on the handlebar extenders (DF on right handlebar segment). Consider the right half 
of the handlebar assembly only (assume the bars are fixed at the fork at A). Segments AB and CD are prismatic with lengths 
L; and L4 and with outer diameters and thicknesses do;, to, and do3, to3, respectively, as shown. Segment BC of length L, 
however, is tapered and, outer diameter and thickness vary linearly between dimensions at 5 and C. Consider shear, torsion, 
and bending effects only for segment AD; assume DF is rigid. 

Find maximum tensile, compressive, and shear stresses adjacent to support A. Show where each maximum stress value 
occurs. 


Handlebar extension 
y doi = 32 mm 
to, = 3.15 mm 


/ dg = 22 mm 
B to3 = 2.95 mm 






























x 
L4- 220 mm—" 
Lj250mm L,=30mm Handlebar 
(a) (b) Section D-F 
Solution 8.5-22 
P — 65N 
Lı = 50mm 
L, = 30 mm 
L3 = 220 mm 
doi = 32 mm 
do3 = 22 mm 
d = 100 mm 

PROPERTIES OF THE CROSS SECTION AT POINT A Section at point A 

d 
r= to, = 3.15 mm 

2 STRESS RESULTANTS AT POINT Al 
a T [d2 == ta] A — 150.543 mm? N, = O (Axial force in X-dir.) 

4 Vmax. = P (Max. Shear force) 
i= zi [dài — (doi — to) Z= 1747 X 10* mm* Vmax. = 0.065 kN 

T — Pd (Torsional Moment) T = 6.5 kN: mm 
I, — 2I I, = 3.493 X 10* mm* 
M — P(L, + L + Ls) (Bending Moment) 
] 

Q- 15 | dài — (dog — to)*] | Q^ 729.625 mn? M = 19.5 kN: mm 








dh 
ar. 
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ik 
, " Ty 
—* VW, 
M 
g, = ~ r 
o, = —17.863 MPa (compressive stress) 
o, — 0 
Txy — OL Txy — 2.977 MPa 
p 
Ox + Oy Ox — Oy\2 
mt 2 ) t% 
Ox + Oy Ox — Oy\2 
0» 2 o 2 F Txy 
Ox — Oy\2 
Tmax — ( 9 ) + Tey 


MAX. TENSILE STRESS g, = 0.483 MPa e 
MAX. COMPRESSIVE STRESS 

o = — 18.35 MPa e 

MAX. SHEAR STRESS Tmax ^ 9.42 MPa «— 


NOTE: Since the principal stresses have opposite signs, 
the maximum in-plane shear is larger than the 
maximum out-of-plane shear stress. 


STRESS RESULTANTS AT POINT A2 


s 
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LA 





dh 
ar. 





SECTION 8.5 Combined Loadings 703 


Re Tdo Vmax.Q 
~y 2l; I2 to 


Oy t 0y Ox — Oy\2 


Try = 3.408 MPa 


2 2 
Ox t Oy Oy — Oy\2 r 
0^5 — 2 m 2 T Txy 
Ox — Oy\2 
Tmax — (==) T E 


MAX. TENSILE STRESS gj, = 3.41 MPa e 
MAX. COMPRESSIVE STRESS 
g5 = —3.41 MPa = 
MAX. SHEAR STRESS Tmax ^ 3.41 MPa «— 


NOTE: Since the principal stresses have opposite signs, 
the maximum in-plane shear is larger than the 
maximum out-of-plane shear stress. 


STRESS RESULTANTS AT POINT A3 





f 
= >T, 





O, = —r o, = 17.863 MPa (tensile stress) 
g= 0 

Td 
Ty 7p o 572977 MPa 

p 
Ox + Oy Oy 2y 
- + tc 

a 2 ( 2 x 
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Ox — Oy \? MAX. COMPRESSIVE STRESS 
= ,/(—.—]} + 
HM ( 2 xy o>, = —0483MPa E 
MAX. TENSILE STRESS g, = 18.35 MPa Ln AUS EAE SIRER Toa 992 MPO t 


NOTE: Since the principal stresses have opposite signs, 
the maximum in-plane shear is larger than the 
maximum out-of-plane shear stress. 


Problem 8.5-23 Determine the maximum tensile, compressive, and shear stresses acting on the cross section of the tube at 
point A of the hitch bicycle rack shown in the figure. 

The rack is made up of 2 in. X 2 in. steel tubing which is 1/8 in. thick. Assume that the weight of each of four bicycles 
is distributed evenly between the two support arms so that the rack can be represented as a cantilever beam (ABCDEF) in 


the x-y plane. The overall weight of the rack alone is W = 60 Ib. directed through C, and the weight of each bicycle is B = 
30 Ib. 


6 1n. 


k— 3 @ 4 in. 


4 loads, each B 





Fixed 
support B Es 








CX 
ar, 
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Solution 8.5-23 
y TOP OF THE CROSS SECTION (AT POINT A) 
o 
Top Ty 
O Xo 
ZI 
Side O exo 
— Xo 
Bottom 
Cross section at point A 
Cross section t = 0.125 in. Thickness = Maz d) 
X 
d, = 2 in. Outer width al 
= E 
d, — d, — 2t innesscidih o, = 8.591 X 10° psi (tensile stress) 
A-di-d| A= 0.938 in? M 
a di M T, =O 
~ 12 pP I = 0.552 in. Ty + Oy t=O; 2 
e M b) +2 
= (d »i(5 ) +2219 ) i 
Q= (h 2 2 2. d gy t Oy Ox — Oy\* a 
23 O27 = E T Txy 
Q = 0.33 in. 2 2 
The distance between point A and the center of Ox — 0M? 
load W Tmax — 2 + Tey 
b, = 17 in. 
The distance between the point A and the center of a MAX. TENSILE STRESS 
bike load B 0, = 8591 psi = 
3.4 = 
pe (17 172464 :) x MAX. COMPRESSIVE STRESS 95 = 0 e 
MAX. SHEAR STRESS 
W = 60 Ib B = 301b Tmax = 4295 psi = 
A NOTE: Since the principal stresses have Opposite signs, 
the maximum in-plane shear is larger than the 
Ma. = Wb, + 4Bb, Ma; = 4.74 X 10? lb- in. maximum out-of-plane shear stress. 
A, — W + 4B A, = 180 Ib 


A, = 0 





as 
ar, 
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SIDE OF THE CROSS SECTION (AT POINT A) BOTTOM OF THE CROSS SECTION (AT POINT A) 
) Ty 
| 
| 
Zp 
r | 20, 
| " ow Xo 
—— 
| | 
= M AZ d» 
Ox Oy z= — — 
" 2I 
gu 0 
A.O g, = —8.591 x 10° psi (compressive stress) 
y 
Ty == T = 430.726 psi = 
xy Nt XY p 0, 0 
—0 
Or ta; Ox — Oy\2 5 Tay 
Mp y E aS F Tyy GFG, JC) : 
g;— ——— + ,/| ———_] + t 
2 2 
Ox + Oy Ox — Oy\2 2 
UU OE ) TT i dg (> — ^y ; 
O7 = T Txy 
2 2 
Ox — Oy\? " 
Tmax — EF NN T Txy u vm wy à 2 
Tmax — EL ae T Txy 
MAX. TENSILE STRESS g, = 431 psi ee 
MAX. COMPRESSIVE STRESS MAX. TENSILE STRESS a, = 0 bz 
o> = — 431 psi «— MAX. COMPRESSIVE STRESS 
MAX. SHEAR STRESS Tmax ^ 431 psi = o2 = — 8591 psi = 
NOTE: Since the principal stresses have opposite signs, MAX. SHEAR STRESS 
the maximum in-plane shear is larger than the Tmax = 4295 psi p= 


maximum out-of-plane shear stress. l E E 
NOTE: Since the principal stresses have opposite signs, 
the maximum in-plane shear is larger than the 
maximum out-of-plane shear stress. 





CX 
ar, 
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Deflections of Beams 


Differential Equations of the Deflection Curve 


The beams described in the problems for Section 9.2 have constant flexural 
rigidity El. 


Problem 9.2-1 The deflection curve for a simple beam AB (see figure) is 














given by the following equation: 
x 
= -I grt — 10122 + 3x4) 
360LEI y 
Describe the load acting on the beam. 
Probs. 9.2-1 and 9.2-2 
Solution 9.2-1 Simple beam 
qox 4 2.2 4 
Se Le IL x 3 
360LEI^ diio 
Take four consecutive derivatives and obtain: - 
| 
m — | 40* aM | | EG 
LEI ste ud yb 
From Eq. (9-120): q = — Elv™ = elas — | 
L M odo 4 
The load is a downward triangular load of maximum 
intensity qo. xm 
107 





CX 
ar, 
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708 CHAPTER 9  Deflections of Beams 


Problem 9.2-2 The deflection curve for a simple beam AB (see figure) is given by the following equation: 





(a) Describe the load acting on the beam. 
(b) Determine the reactions R4 and Ag at the supports. 
(c) Determine the maximum bending moment M max- 























do I$ . ox (b) REAcTIONS (Eo. 9-12b) 
v= — Te A e 
m V = El" = um O 
; gab TX 
v’ = ————Cc0s — L 
TEI L Atx = 0: V = Ra = 
„IL Tx 
posui qoL 
T-El L Aix —L V = -Rg= — 
L 
v” = a cos — qoL 
T 
nnm qdo TAX 
py” = ——sin— 
El L (c) MAXIMUM BENDING MOMENT (EQ. 9-12a) 
Xp " qoL^ . TX 
(a) Loap (Ea. 9-12c) M = Eh = -> SID 
T L 
.OTX 
q = —EIv" = qosin— — l L 
L For maximum moment, x = 3 
The load has the shape of a sine curve, acts downward, 
and has maximum intensity qo. = do L 
M max = 023 = 
TT 
Problem 9.2-3 The deflection curve for a cantilever beam AB (see figure) is y 
given by the following equation: 
2 
x 
va 0 E A B 
120LEI 


Describe the load acting on the beam. 





Probs. 9.2-3 and 9.2.-4 





as 
ar. 








09Ch09.qxd 9/27/08 1:30 PM Page 709 





as 
LZ 





SECTION 9.2 Differential Equations of the Deflection Curve 709 


Solution 9.2-3 Cantilever beam 


2 
v = ——— (101? — 1012x + SL? — x) + 
120LEI ZAE: 








Take four consecutive derivatives and obtain: 
qo B | 
ni s. m. EN. Lo oe o ———-——— 
P LEIE 39 
From Eq. (9-12c): 


X 
= — EJ m — 1 STEL «— 
q LA zi z) 


The load is a downward triangular load of maximum 
intensity qo. <— 


Problem 9.2-4 The deflection curve for a cantilever beam AB (see figure) is given by the following equation: 
qox a 
| 360LĽEI 


(a) Describe the load acting on the beam. 
(b) Determine the reactions R4 and M4 at the support. 


(45L^ — 40L7x + 15L — x*) 


Solution 9.2-4 Cantilever beam 














ox do ps 
v = -L (451^ — 40D3x + 1512? — x4) Bas 
360L^EI l 1*1 | | 
7 bl f to Y : 
y" = m sop; 050» 201: e TOES 3) pe 
y" = -— LB — 8I3x + 6122 — x4 
2I (b) REACTIONS R4 AND M, (Eo. 9-12b AND Eo. 9-12a) 
y" = — (—2I? + 3x — xX) TTE ONES a. 8 
m— _ qo LEA, 2 L 
j mo 2 Atx = 0: V = R4 = E 
QUUD C) M = Eh" = x GL^ — 81x + 6L2x2 — x^) 
2 
x 
q = — Ei" — «(i — ;) «— 12 
L Atx =0:M = M, = A 
The load is a downward parabolic load of maximum 
intensity go. «— Note: Reaction R4 is positive upward. 
Reaction M, is positive clockwise (minus means M, is 


counterclockwise). 





CEN 
ES 
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Deflection Formulas 
Problems 9.3-1 through 9.3-7 require the calculation of deflections using q 


the formulas derived in Examples 9-1, 9-2, and 9-3. All beams have 


constant flexural rigidity El. ai 


Problem 9.3-1 A wide-flange beam (W 12 X 35) supports a uniform 
load on a simple span of length L = 14 ft (see figure). 

Calculate the maximum deflection max at the midpoint and the 
angles of rotation 0 at the supports if g = 1.8 k/ft and E = 30 X 10° psi. 
Use the formulas of Example 9-1. Probs. 9.3-1 through 9.3-3 


Solution 9.3-1 Simple beam (uniform load) 








W 12 X 35 L — 14 ft = 168 in. ANGLE OF ROTATION AT THE SUPPORTS 
q = 1.8 k/ft = 1501b/in. — E —30 X 10° psi MEQUE he ie 
L 
I = 285 in^ res sg es 
^ P 24 EI 
MAXIMUM DEFLECTION (Eo. 9-18) _ (150 b/in.)(168 in.) 
5qL^ 5(150 Ib/in.)(168 in.) 24(30 X 10 psi)(285 in.^) 
max — 384 EI D RU EM c UL 
384(30 X 10" psi)(285 in. ) = 0.003466 rad = 0.199? «— 
— 0.182 in. «— 


Problem 9.3-2 A uniformly loaded steel wide-flange beam with simple supports (see figure) has a downward deflection of 
10 mm at the midpoint and angles of rotation equal to 0.01 radians at the ends. 

Calculate the height h of the beam if the maximum bending stress is 90 MPa and the modulus of elasticity is 200 GPa. 
(Hint: Use the formulas of Example 9-1.) 


Solution 9.3-2 Simple beam (uniform load) 





ô = Omax = 10 mm 0 = 04 = Op = 0.01 rad Maximum bending moment: 
= = = Ib L^h 
0 = Omax = 90 MPa E = 200 GPa M = que m q (4) 
Calculate the height A of the beam. 8 167 
5qL^ 384EIÓ S p cS EI 
Ea. (9-18): 8 = 8.. = E 1 olve Eq. (4) for h: h = (5) 
— gL . 24EI6 > Substitute for q from (2) and for L from (3): 
q. ( E ): (0A EI Org ~ ID? ( ) i 3200 
168 15E0* 
Equate (1) and (2) and solve for L: L = —— (3) 
50 Substitute numerical values: 
Mc Mh 32(90 MPa)(10 mm) 
Flexure formula: o = — = — h= peer E mm «— 
I 2I 15(200 GPa)(0.01 rad) 





dh 
ar. 
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Problem 9.3-3 What is the span length L of a uniformly loaded simple beam of wide-flange cross section (see figure) if the 
maximum bending stress is 12,000 psi, the maximum deflection is 0.1 in., the height of the beam is 12 in., and the modulus 
of elasticity is 30 X 10° psi? (Use the formulas of Example 9-1.) 


Solution 9.3-3 Simple beam (uniform load) 




















— — 1 = = " 1 » 167 
O = Omax = 12,000 psi Ô = Omax = 0.1 in Koen opas xu (3) 
h=12in. E=30X 10° psi L'h 
Calculate the span length L. Equate (1) and (2) and solve for L: 
SqL^ 384 E15 ee 24 Ehô m | 24 Ehô 
Eq. (9-18): ô = Duos E AgAEI Orq — s (1) 5g 5g 
Mc Mh Substitute numerical values: 
Flexure formula: 9 = — = — 
I 2I 24(30 x 10 psi)(12 in.)(0.1 in. 
pases pce prati 
Maximum bending moment: 5(12,000 psi) 
EE: CU" 16 ve 
Problem 9.3-4 Calculate the maximum deflection 6,,,, of a uniformly loaded q = 2.0 kN/m 
simple beam (see figure) if the span length L — 2.0 m, the intensity of the 
uniform load q = 2.0 kN/m, and the maximum bending stress oc = 60 MPa. = 
The cross section of the beam is square, and the material is aluminum 
having modulus of elasticity E = 70 GPa. (Use the formulas of Example 9-1.) 
— L = 2.0 m ————— 
Solution 9.3-4 Simple beam (uniform load) 
L=20 = 2.0 kN/ 3qL’ 
T 4 i Solve for b?: b? = xau (4) 
c = Cmax = 60MPa E= 70GPa 4c 
l . SLo ( 4Lo ne? 
CROSS SECTION (square; b = width) Substitute b into Eq. (2): Omax = 24E\ 3q un 
4 3 
T= b $- b (The term in parentheses is nondimensional.) 
12 6 . À 
2 Substitute numerical values: 
5qL 
Maximum deflection (Eq. 9-18): 6 = 1 (1) 5Lo | 5(2.0m)(60 MPa) 1 1 
384 EI = = m = mm 
, 24E 24(70 GPa) 2800 2.8 
5qL 
Substitute for I: 6 = : (2) 4 Lg M^ 4(2.0 m)(60 MPa) |'^ 1/3 
32 Eb* v iin = 10(80) 
; ; 3q 3(2000 N/m) 
L M L 
Flexure formula with M = Eus g ——-— = 10(80)/ 
8 S 8S Doo zx Tog CAMPER — ]5.4 mm s— 
| 3qL | 
Substitute for S: o = mere (3) 
Ab 





as 
ar. 
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Problem 9.3-5 A cantilever beam with a uniform load (see figure) has a d 

height h equal to 1/8 of the length L. The beam is a steel wideflange 

section with E = 28 X 10° psi and an allowable bending stress of 

17,500 psi in both tension and compression. Nr I 
Calculate the ratio 6/L of the deflection at the free end to the length, 

assuming that the beam carries the maximum allowable load. (Use the 

formulas of Example 9-2.) 








Solution 9.3-5 Cantilever beam (uniform load) 

















h 1 NM l Solve for q: 
— = — E = 28 X 10^ psi o = 17,500 psi 
L 8 4lo 
. q=- (3) 
Calculate the ratio 6/L. Lh 
I? : 
Maximum deflection (Eq. 9-26): max = ane (1) SUOS ULEG ATONE (Santo): 
SEI 5 Pa aa 
— = —| — <— 
,$ qD L a 
>= (2) 
L SEI 
substitute numerical values: 
L 
Flexure formula with M — E ô 17,500 psi dy d 
L 228 10% psi) 400 
Mc _ ex B — qUh p 
"1 VX2/XH/ A 
Problem 9.3-6 A gold-alloy microbeam attached to a silicon q 
wafer behaves like a cantilever beam subjected to a uniform load t 
(see figure). The beam has length L = 27.5 um and rectangular — ' 
cross section of width b = 4.0 jum and thickness t = 0.88 jum. t 
The total load on the beam is 17.2 uN. <—b— 
If the deflection at the end of the beam is 2.46 jum, what is — L 
the modulus of elasticity E, of the gold alloy? (Use the formulas 
of Example 9-2.) 
Solution 9.3-6  Gold-alloy microbeam 
Cantilever beam with a uniform load. substitute numerical values: 
L-2715um  b-40ym  ż=0.88 um 2 3(17.2 mN)(27.5 mm? 
gL =17.2 uN max = 2.46 um * — 2(4.0 mm)(0.88 mm)?(2.46 mm) 
Determine E,. = 80.02 x 10? N/m? or E,=80.0GPa < 
4 4 
q qL 
Eq. (9-26): 6 — or E, — 
SEI 5 818 max 
T= bt B 3gL* 
12 © WPS max 





as 
ar, 
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Problem 9.3-7 Obtain a formula for the ratio ôc/ômax of the deflection at the P 
midpoint to the maximum deflection for a simple beam supporting a concen- 
trated load P (see figure). 





From the formula, plot a graph of 0 (70,4, versus the ratio a/L that A B 

defines the position of the load (0.5 « a/L « 1). What conclusion do you 

draw from the graph? (Use the formulas of Example 9-3.) b 
a (d —————————» 

P IÉ—— a 


Solution 9.3-7 Simple beam (concentrated load) 


























Pb(3L^ — Ab* 6,/6 = a/L 
Eq. (9-35): 8¢ = ( ) eed GRAPH OF 6,/S max VERSUS B = a/ 
48EI Because a = b, the ratio B versus from 0.5 to 1.0. 

Eq. (9-34): Smax = xa a Ge b) 

datt Omax OO AVLET T 5. 

6. | (3V3L)3L? — 4b’) p Ümax 
joa * M ce PIECE 
Omax 16(L* — b^) 0.5 1.0 
Replace the distance b by the distance a by substituting 0.6 0.996 
L — a for b: 0.7 0.988 

6. — GVBDC- D? + 8aL — 4a?) : i 
Ümax 16(2aL = aj” 10 0.974 
Divide numerator and denominator by L’: 

a a? 1.0 ec 
(3 vab(-1 ios 22 Pn, 
Ôc L L 5 c 
$$$ ~ 007 — ~ —] 0.974 
Ümax 161 (28 B S) û max - 
L I 
4 a -An PN) 
avan(-1 FPES = 15) 0.5 0.75 1.0 

Ôc L L B=4 

B. NB = L 

d 16( 28 - Z) 

L [P 


Nore: The deflection 6, at the midpoint of the beam is 
almost as large as the maximum deflection max. The 
ALTERNATIVE FORM OF THE RATIO greatest difference is only 2.696 and occurs when the 
load reaches the end of the beam (6 = 1). 


Let B = —- 

et B = T 
ôe — BV3)(—1 + 8B — 46^) 
Dar 16(28 EE pepe 








EX 
ar, 
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714 CHAPTER 9  Deflections of Beams 


Deflections by Integration of the Bending-Moment Equation 


Problems 9.3-8 through 9.3-16 are to be solved by integrating the second-order 
differential equation of the deflection curve (the bending-moment equation). 
The origin of coordinates is at the left-hand end of each beam, and all beams 


p 
have constant flexural rigidity EI. 
Problem 9.3-8 Derive the equation of the deflection curve for a cantilever : B 
beam AB supporting a load P at the free end (see figure). Also, determine 
the deflection 6, and angle of rotation 05 at the free end. (Note: Use the L 
second-order differential equation of the deflection curve.) 








Solution 9.3-8 Cantilever beam (concentrated load) 





BENDING-MOMENT EQUATION (EQ. 9-12a) Px 
vy = ———(2L — x) 
Elv" = M= —P(L — x) 2EI 
Í za josewmeb 
Ei = PL + ~~ + C, B v 3EI 
0) = mo m PL? 
B.C. Vv (0) 0 ee C, 0 Op = —v'(L) Z «— 
PLÈ | p d 
Ely = — 2 = 6 1165 (These results agree with Case 4, Table G-1.) 
B.C. v(0) = 0 “C, =0 
^ 6EI 
Problem 9.3-9 Derive the equation of the deflection curve y 
for a simple beam AB loaded by a couple Mo at the left-hand 
support (see figure). Also, determine the maximum deflection Mo 5 
Omax: (Note: Use the second-order differential equation of the A 5 
deflection curve.) / i à 


Solution 9.3-9 Simple beam (couple Mh) 


BENDING-MOMENT EQUATION (EQ. 9-12a) 


B.C. (0) = 0 OC, = 0 
X MoL 
Elv" = M = Mọ 1- > B.C. (L) = 0 Cc = = 
L 3 
2 M, 
/ X u 0X 
Elv = mol = : + C] v= "arn = x F x^) Em 





EX 
ar, 
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SECTION 9.3  Deflections by Integration of the Bending-Moment Equation 
MAXIMUM DEFLECTION Substitute x, into the equation for v: 
M = — i 
pS E QD? = 61x d: 332) Ümax (V)x=x, 
Mol? 
Set v' = 0 and solve for x: — OBEI 
V3 (These results agree with Case 7, Table G-2.) 
x = L44 1 - — — 
3 
Problem 9.3-10 A cantilever beam AB supporting a triangularly distributed y 
load of maximum intensity qo is shown in the figure. 
Derive the equation of the deflection curve and then obtain formulas 10 
for the deflection 05 and angle of rotation 05 at the free end. (Note: Use the 
second-order differential equation of the deflection curve.) 5 B 


715 


Solution 9.3-10 Cantilever beam (triangular load) 


BENDING-MOMENT EQUATION (EQ. 9-12a) qox? 





(107? — 10L7x + 5Lx* — x°) 











-= ]20LEI 
Ely" 2 M = -IML — y i 
oL dox 3 2 2. 3 
T y= EU — 6L^x + ALx^ — x^) 
Eh’ = —-(L- xf + C 
24L qo L^ 
u | Q0 
qoL^ ôB = 0) = VEI 
B.C. v'(0) = 0 pde E e s 
24 3 
3 T e 
Lx B B 
Elv =~ {L~ xy - 4+ © 2AEI 
(These results agree with Case 8, Table G-1.) 
0) =0 | Go qoL* 
B.C. v(O) = fe mro 


Problem 9.3-11 A cantilever beam AB is acted upon by a uniformly distributed 
moment (bending moment, not torque) of intensity m per unit distance along the 
axis of the beam (see figure). 

Derive the equation of the deflection curve and then obtain formulas for the 
deflection 05 and angle of rotation 05 at the free end. (Note: Use the second-order 
differential equation of the deflection curve.) 


y 


m 


OON 
A 


D, 


—— 





dh 
ar 
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716 CHAPTER 9  Deflections of Beams 


Solution 9.3-11 Cantilever beam (distributed moment) 


BENDING-MOMENT EQUATION (EQ. 9-12a) mx? 
v = o——— BL -— x) — 
Elv" = M = —m(L — x) 6 EI 
2 , mx 
Elv' = -m(1 -5) + C ing NO 
3 
Bc.» (0)-20 «.C,=0 REL 
2 3 3 EI 
Lx x 2 
Elv = —m( & - =) + Cs 9 7 Oe = 
dud 2EI 
B.C. v(0) = 0 WC, =0 
Problem 9.3-12 The beam shown in the figure has a guided support y 
at A and a spring support at B. The guided support permits vertical MA q 


movement but no rotation. 

Derive the equation of the deflection curve and determine 
the deflection 05 at end B due to the uniform load of intensity q. 
(Note: Use the second-order differential equation of the deflection 
curve.) 





Solution 9.3-12 














BENDING-MOMENT EQUATION qL qL^ 11qL^ 
q? qx REM CO SEI 2 48 
EIv" = M(x) = — — — 
> / ^ ee. cor Sie, = 
, QqLUx qx 48EI 
EIv' — ueri ud 67 
p 24 qL^ 
, gU qx ôs = ME) = FSET 
Ly = — ~= F Lar 65 
2 24 Note that Rg = kôg = qL which agrees with X Fyen =0 


B.C. v'(0) = 0 C, =0 








as 
ar, 
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SECTION 9.3  Deflections by Integration of the Bending-Moment Equation 717 


Problem 9.3-13 Derive the equations of the deflection curve for a 

simple beam AB loaded by a couple Mo acting at distance a from the 

left-hand support (see figure). Also, determine the deflection 6o at Mo 

the point where the load is applied. (Note: Use the second-order A B 
differential equation of the deflection curve.) -— 


Solution 9.3-13 Simple beam (couple Mp) 


BENDING-MOMENT EQUATION (EQ. 9-12a) 




















m B.C. 4 (V)Left = (V)Right atx =a 
Ely! eren (0=x =a) . Moa? 
L MEG EL == 
, 2 
Mox 
Ev = + <x< M 
d PI =e) C, = LOL — 6aL + 3a?) 
6L 
E" -M- - L-x) asx L) M 
— LIS —————À — = = X 
r pS = ~—" @aL — 3a? — 21? — x) 
5 6 LEI 
M 
pw = - Ii - ) e c (a X x x L) (0 sS x = a) e 
, , v= — 40 (3a°L — 3a^x — 2I?x + 3Lx? — x?) 
B.C. 1 (v )ren = (V Jnignt atx—a 6 LEI 
J.C, = Cy + Moa (a X x « L) ges 
3 
Moa(L — a)2a — L 
Elv = 6L + Cx t CG O0=x=a) oS ee 
3LEI 
B.C. 2 »(0) = 0 “C3 =0 . Moab(Qa — L) 
Mo) | Mg i 3LEI 
Eb = — F + Cyx + Moax + Cy , E f 
2 6 NOTE: 69 is positive downward. The preceding results 
(a € x x L) agree with Case 9, Table G-2. 
L 
B.C. 3 v(L) = 0 bos C4 = -My('a — L) E CiL 


Problem 9.3-14 Derive the equations of the deflection curve for a y 
cantilever beam AB carrying a uniform load of intensity q over part of the 


span (see figure). Also, determine the deflection 05 at the end of the beam. 
(Note: Use the second-order differential equation of the deflection curve.) | | | | | 
A B 


4— —— b ——— 








<—_——— L 





as 
ar 
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718 CHAPTER 9  Deflections of Beams 


Solution 9.3-14  Cantilever beam (partial uniform load) 





BENDING-MOMENT EQUATION (EQ. 9-12a) B.c. 3 (0) = 0 “.C,=0 
" DER: m / 2; 2 ax 
EIv M jd x) AC 2ax + x^) oe O= = POR azz 
(0 x x x a) 
4 B.C. 4 (V) en = (V)Right atx—a B C4 = 
Em = - (s a +) e ci (0-x-za) qx? 
v eer ss — 4ax + x?) (O0O=x =a) 
B.C. 1 »/ (0) = 0 “CC, =0 : 
a 
El" -M-0 (azxxzL) v= -r a) (a€xzlL) — 
Elv' = C, (a - x x L) P. 
! qa ôg = —w(L) = a (4L — a) e 
B.C. 2 (vlet = (V Right at x = a ue es 24EI 
(These results agree with Case 2, Table G-1.) 
q(ax ao x 
Eb = -4 — -— a ee ae oe, (05 X a) 
2. 2 3 12 


Problem 9.3-15 Derive the equations of the deflection curve for a cantilever 
beam AB supporting a distributed load of peak intensity qo acting over one-half 





J 
M A qo 
of the length (see figure). Also, obtain formulas for the deflections ôg and 6¢ at 
points B and C, respectively. (Note: Use the second-order differential equation of 
the deflection curve.) A L2 C Liz B 


<< 





X 


Solution 9.3-15 

















BENDING-MOMENT EQUATION qo 3 2 
v(x) = (x? — 2Lx^) «— 
L 2A4EI 
For0zxz-— 4 
2 5 (=) qoL "" 
= —yl — = 
zh ai * 2) 64EI 
EIv" = M(x) = — - —— 
4 6 
" For-z- xz-L 
m qoLx qoL^x LC 
v= 1 
8 6 Lx L 
qoLx qoL^x 4 6 L 
Elv = m + Cix + C5 
24 $2 ( 3l 1 | 240 
PE E _ £40 
Bc. v'(0)=0 C,=0 271 AIO 
&c»0-20 C20 L -v(x _LY2 
2/ 3 





0- 
”"\2/ 96EI 





EX 
ar, 
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SECTION 9.3  Deflections by Integration of the Bending-Moment Equation 719 














"oL zo 40, 4.2 3 L 5gqoL? 5 
El" - MQ) = 31x + L ac. (4) _ _ 540 T ae 
2 96EI 192 
+ 3Lx7 — x?) r 
3 (=) qoL g —] 14 
= B.c. vl — ] = — = — 
Ev 22 (> Dx? + 13x ND GAEI ^ 32070 
Sp 2 
Qo v(x) = —(- 16012:3 + 1601232 
tL -Z )+G 960LEI 
+ 80Lx* — 16x — 25L*x 
EIv = -2(Spe E ipg ipa 5 
3L\ 2 2 4 TEE) <= 
7qoL* 
1 == = 
= x) b qu ôs = — (D) = T60EI 
20 
Problem 9.3-16 Derive the equations of the deflection curve for a simple beam y 





AB with a distributed load of peak intensity qo acting over the left-hand half of the 
span (see figure). Also, determine the deflection 6¢ at the midpoint of the beam. do 
(Note: Use the second-order differential equation of the deflection curve.) 








Solution 9.3-16 














BENDING-MOMENT EQUATION do 5 HP? x 2 Y 
EIv — fo (SEE - xL =) 
L 24L 6 5 
For0z x x 3 
T Cu + C> 
5gaL 2 
Elv" — M(x) = doma = =a M :) B.C. v(0) = 0 C5 — 0 
24 L2 2.3 5 
EI _— 40 SL*x = 4T, 12x 
(5) -3 _ 240 PUMLN 6 * 5 
2] 20 L 
+ Cix (2) 
E 
SS GF) L 
2 3 BOR =x=L 
» — 40 2 2 3 
Ev" = ——-(5L^x— 12x L + 8x) 5qoLx 1 L L 
24L EIv" = M(x) = = TAE = L) 
T A Oe 6 
Elv' = 2 — AL + 2x) 
2ALN 2 Lqo 
EIv" == (—x + L) 
TC (1) 24 
em AP (S es) +c (3) 
FUE X 3 : i 





dh 
ar. 
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Lqoí( —x) | Lx l 4 
ie ( "Er ) t Caxc C, (4) 4 = 1959 9? 
p L 
s.c. (L) = 0 0- T+ CL C 65)  For0sx= > 
zo. 907 oe) 3 
= ————(200x-L^ — 240x'L 
ie vs) 7 vis) NU MEC i 
-96 — 53L) | — 
ou doe pe (6) L 
9g 40 1 64 49 3 For 5 <;y=<=L 
G) =») -14 
B.C. Vi ~— | = Vnl L u 0 3 2 
= 40x — 120L 
2 2 v(x) S60 ET x x 
13 1 5 1 
—— qol + =C\L = 14 + =C3L PRL ea By = 
5760 2 1152 2 , 
on 
+ C, (7) C "2/)  1280EI 
From (5)-(7) 








C= i? Qv L 
| ~ 5760 1° 3 5760 £ 


Problem 9.3-17 The beam shown in the figure has a guided 
support at A and a roller support at B. The guided support permits 
vertical movement but no rotation. Derive the equation of the 
deflection curve and determine the deflection 6, at end A and also 
Oc at point C due to the uniform load of intensity g = P/L applied 
over segment CB and load P at x = L/3. (Note: Use the second- 
order differential equation of the deflection curve.) 





Solution 9.3-17 


BENDING-MOMENT EQUATION 


19 
EIv" = M(x) = — PL 


For 0 = < — 
Ren he a 24 


19 
EIv' = — PLx + C} 

24 

19 2 
Elv = — PLx + C ix T C5 

48 

19 19 ) 
B.C.p/(0 =O C,=0 Ely’ = age Ex Elv = 4s ^ T O 


19 L 
Elv" = MQ) = 4, PL — p(x - =) 








as 
ar. 
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SECTION 9.3  Deflections by Integration of the Bending-Moment Equation 721 























19 PL 
Elv" = M(x) = —PL — Px + — 
24 3 
, 19 Px PLx 
Elv' = — PLx -—— + — + 64 
24 2 3 
ucl nale B LE 
PS. UU DES e E X 
48 6 6 dps 
L i 19 PL P L\?1 
For- sxs L Elv" = M(x) = — PL — Pxct———-—|x-—-l- 
2 24 3 L 2/0 
guest pe I 
| "24 SOUCIS SLT wo x 
, 19 PX PLx Px Px’ PLx 
EIv' = —PLx — + —~——+— —--—“4+6¢, 
24 2 3 6L 4 8 
ee ee to ds 
© 48 6 6 24L 12 16 5¥ TAG 
D-a PL o P PL o PL PL 
B.c. (L) =0 0 =—PLL? — —+ - — + + C3L + Ce (1) 
48 6 6 24L 12 16 








Pa PLZ 
' L ' L 3 3 
B.C. v=) = (s) 0= -— ; + us C5 (2) 























3 
L\? L\? 
Az) (5) 
(=) (=) C Z (5) +C (3) 
B.C. I = — m — e (c(t = 
VL 3 VR 3 2 6 6 3 3 4 
Ly Le L 
P| = P= PL|— 
(e) ee IE TET | 
B.C. ME — Vn ? dorm 6L 4 g 5 ( ) 
LAS L\? pu 
(i) Wi) (3) 
= C E + Ca = : : : C (=) p 5 
B.C. vr(a) = vg(a) 35 i= AT. 12 16 55 6 (5) 
From (1)-(5) 
— 3565 —] — 389 —5 — 49 
= PI? C4, = — PI? C, = ——- PI? C, = — PL’ C; = — PI? 
? 10368 3 18 ^ 1152 ? 144 6 144 
ForO<xS-—  w(x)-————(-4104x? + 35651’) — 
3 10368 EI 
L L cu 2 3 2 3 
For-zxz— v(x) = (—648Lx^ + 192x° + 6AL^x + 389L^) e 
3 2 1152EI 
porco v(x) = ————(— 22x? + 12x) L + 6x* + 5L3x + 4915 «— 
2 144EIL 
3565PI? L 3109PL? 
— POR 
10368 EI 3 10368EI 








£N 
ME, 
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122 CHAPTER 9  Deflections of Beams 


Deflections by Integration of the Shear Force and Load Equations 























The beams described in the problems for Section 9.4 have constant flexural y 
rigidity EI. Also, the origin of coordinates is at the left-hand end of each beam. Mo 
Problem 9.4-1 Derive the equation of the deflection curve for a cantilever A B 
beam AB when a couple Mo acts counterclockwise at the free end (see figure). | — —Á— x 
Also, determine the deflection 65 and slope 05 at the free end. Use the 
third-order differential equation of the deflection curve (the shear-force 
equation). L 
Solution 9.4-1 Cantilever beam (couple Mp) 
SHEAR-FORCE EQUATION (EQ. 9-12b). B.c. 3 (0) = 0 C3 =0 
Ek” = V=0 E Mox? 
Eh" = C POF] 
B.C. 1 M = Mg EIv" = M = Mọ = Ci Mox 
p — 
El’ = Cx + Cy = My + Cr EI 
á = ! = M L? 
B.C. 2 v'(O) = O 5. C5 =0 6. Saye 0 (upward) " 
Mox? 2EI 
EIv = T C3 
Mo L , 
0p = v'(L) = EI (counterclockwise) <— 
(These results agree with Case 6, Table G-1.) 
Problem 9.4-2 A simple beam AB is subjected to a distributed load of _ TX 
B i ' i ' . q=qsin T 
intensity g = qo sin 7rX/L, where qo is the maximum intensity of the load 
(see figure). y 
Derive the equation of the deflection curve, and then determine the 
deflection 0,44, at the midpoint of the beam. Use the fourth-order B 
differential equation of the deflection curve (the load equation). A 


Solution 9.4-2 Simple beam (sine load) 


LoAD EQUATION (Eo. 9-12c). B.C. ] Ev” = M ElIv"(0) = 0 2.9 =0 
.C. 2 EIv"(L) = |n = 
Em" = —q = —qo ao B.C V ( ) 0 Ci 0 
- Eee esie 
" L TX v "^ — 40 TT i L i 
Ev = qdo\ — | COS -- F Ci 
T L L \* . TX 
l PS ae Elv = -a= ) sin | Gay tti 
Elv = do = sin | + Cix + G5 








dh 
ar. 
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SECTION 9.4  Deflections by Integration of the Shear Force and Load Equations 723 








B.c.300)=0 ..Cy=0 "M (5) — qo? 
max ` Ld 9 ^4 
BCA4wL)20  .C420 T EI 
ð I? - (These results agree with Case 13, Table G-2.) 
dp sin — «— 
q EI L 
Problem 9.4-3 The simple beam AB shown in the figure has y 


moments 2M and Mo acting at the ends. 
Derive the equation of the deflection curve, and then determine GN M 
the maximum deflection max. Use the third-order differential A B j 


equation of the deflection curve (the shear-force equation). aA. « i 


Solution 9.4-3 Simple beam with two couples 




















Reaction at NE d) me ug eoe 
eaction at support A: RA = ^7 ownwar pce cx 
NR TI C Mox 
ear force in beam: V — A= T "n (L — x PEN 
ALEI 
SHEAR-FORCE EQUATION (Eo. 9-12b) Mo 
pasc (L — x) (L — 3x) 
3M 2LEI 
El" = V= —-—— 
L 
MAXIMUM DEFLECTION 
" 3Mox 
BI = = + Cy Set v' = 0 and solve for x: 
Bc. 1 EIv" =M_ Elv" (0)=2My) ~. Cy = 2Mo end 
3 
, _ 3Mox L 
Elv = — + 2Mox + Co Maximum deflection occurs at x» = a 
Mox? 2 2 
TEM L 2M, L 
Elv = oT + Mox“ + Cox + C3 € -»(4) = aie (downward) = 
B.C. 2 v(O) = 0 2.40 
Mo L 
B.C. 3 W(L) = 0 $C = um 





CX 
ar, 
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724 CHAPTER 9  Deflections of Beams 


Problem 9.4-4 A beam with a uniform load has a guided support at one 

end and spring support at the other. The spring has stiffness k = 48EI/L’. MA 
Derive the equation of the deflection curve by starting with the third-order 
differential equation (the shear-force equation). Also, determine the angle of C 
rotation 05 at support B. 

















Solution 9.4-4 

SHEAR-FORCE EQUATION B.c. v/(0) = 0 C,=0 

Eb” = V= —qx 75 aL? 

2 B.C. UL) = — = — 
qx k 48 EI 
EI vp "= —— + C 1 
2 |. qg 
: gL ' 48 
B.C. V (L) E M(L) = 0 Ci = EH 
d 4 220 4 
SO Ia E ILE = 
"LETS v(x) AR ET‘ x x ) 
EIp"-—— = 3 
2 2 qL , 
; j 0p ——v'(L) ^———- (Counterclockwise) < 
EIv' E ME: TC = 
"TUM "X 
DNE LL ECL N, 
"o 4 p uo 
Problem 9.4-5 The distributed load acting on a cantilever beam AB has an y 
intensity q given by the expression qo cos 7x/2L, where qo is the maximum 
intensity of the load (see figure). jo q = qo cos oT 
Derive the equation of the deflection curve, and then determine the 
deflection ôg at the free end. Use the fourth-order differential equation of the 
deflection curve (the load equation). 
—x 
A B 





as 
ar, 
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SECTION 9.4  Deflections by Integration of the Shear Force and Load Equations 725 


Solution 9.4-5 Cantilever beam (cosine load) 






































LOAD EQUATION (Eo. 9-12c) B.c. 3 (0) 2 0 “.C, =0 
TX 4 3 2:3 
Ehi" = —q = —q9CcOSs — Ely = — (25) TX " qoLx E qoL x " C 
2L d 20m ed 2L 34 T 4 
2L TA 4 
m TN ME 16 L 
UE a 5 ) Sr &c4x0)-20 n G= 
TT 
2 
B.c. 1 Ew" =V — EID" (D) 20 E oa <a | qoL 
a 3n EI 
s (?LV mx 2qoLx 7 
Elv = qo p oS T = + Cy (4812 cos = — 48D? + 3m Lx — ze) = 
" " . 2qoL^ 2 I? 
B.C. 2 Ev" = M Elv (L) = 0 SP C5 = Sp = —v(L) = 2o (ar? M 24) «— 
: a , 3T EI 
Elv' = qo 2L wo gol — ?qobx TO (These results agree with Case 10, Table G-1.) 
TT 2L TT T 
Problem 9.4-6 A cantilever beam AB is subjected to a parabolically y 
varying load of intensity q = qo(L^ — x VL, where qo is the maximum po 
intensity of the load (see figure). q= q0 5 
Derive the equation of the deflection curve, and then determine the qo L 
deflection 05 and angle of rotation 05 at the free end. Use the fourth-order 
differential equation of the deflection curve (the load equation). 
x 
A B 
MEN L—————————— 
Solution 9.4-6 Cantilever beam (parabolic load) 
LOAD EQUATION (EQ. 9-12c) uL 
B.C. 2 Elv" = M Elv'(L)-0 ..C5-— Rig 
El” — —q — -2p EN x^) 2 2 
L qof | x N , qoLx' — qoL/x 
E EC a S77 w 9s 
Ely? = =) 4 Ci 
L? 3 
B.C. 3 v/(0) =0 C4—0 
n m 5 2qoL 
Bc. 1 Ev" =V  Ew"Q)-0 X.C =~ pee Ax qol? qux ye 
© N24 360 9 ^ 
m orx a L e 7 
= = = ae x 
DV2 2 3 : 





di 
ar, 
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x 
&c4»x0)-20  4C,-0 v= ——_ 514 — 20Px + 102 — x4) 
2 60L^EI 
xX 
=I 4514 - A0Dx + 15222 -—x4 — — qo? 
360 I2EI 05 = —v'(L) =—— 
io uL ISEI 
q 
Ô = — L — 
B= YO) = 60 EI 
Problem 9.4-7 A beam on simple supports is subjected to a parabolically 4qox ce 
distributed load of intensity q = 4qox(L — xL, where qo is the max- q= p? dca 
imum intensity of the load (see figure). y 


Derive the equation of the deflection curve, and then determine the 
maximum deflection 0,,4,. Use the fourthorder differential equation of the 




















deflection curve (the load equation). A 2 x 
_— 1 — 
Solution 9.4-7 Simple beam (parabolic load) 
LOAD EQUATION (EQ. 9-12c) L do D? 
B.C. 3 (S t ‘{—]=0 = 
" |... 4qox |... 4qo ) pum T B i 30 
Ew = -q= — 5 (L—- x)= ——üx — x) 
L L SL? 3 6 
qo 5 X 5 X 
) p= -Làr -EE + Le -X)ee 
Eh" = E. -2x) t € Sue 
B.C. 4 »(0) = 0 C470 
EW" = — P ard — x c Cx 4 C 
= c iun m 1 2 x 
3p v= a — 5324+ 3n4-)  < 
B.C. 1 Ev" = M Em" (0) = 0 “Cy =0 i 
" D ] |. gol Duc uu 2x 
B.C. 2 EIv'(L) = 0 a Cy 03 2 5760 EI 
q 
El’ = — = (— 52x? + 5Lx* — 2x) + C5 
30L 
Problem 9.4-8 Derive the equation of the deflection curve for beam y 
AB, with guided support at A and roller at B, carrying a triangularly M, qo 
distributed load of maximum intensity go (see figure). Also, determine 
the maximum deflection 6,,,, of the beam. Use the fourth-order differ- 
ential equation of the deflection curve (the load equation). A L B 2 





as 
ar. 
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Solution 9.4-8 
LOAD EQUATION x x* D 
ER = 1 qo 4 do FG 
n qox 6 24L 3 
a ME TONY 
x x Lx 
; Elv = Jo% , NU 
m A 24 120L 6 
EIv = =k eb 
2L a C5x + C4 
B.C. 7" (0) = V(0) = 0 C, =0 
B.C. vy/(0) = 0 C3 = 0 
Elv" = —qox + dox M (0 2a 
r Jox T E pc. l)=0 G= -A 
2 3 
qox qoX* 
Ely" = —P + +¢, | 9 P" 
- —5x4L + 
EE. X9 = Dog OE +4 
qoL 3.2 5 
B.C. V"(L) = M(L) = 0 C = TS + 20L x^ = 16L") = 
DT EEN. XO qox | qoL MAXIMUM DEFLECTION 
: 2 6L 3 2ggL^ 
Ümax = — (0) = 15EI 
Problem 9.4-9 Derive the equations of the deflection curve for beam y 


ABC, with guided support at A and roller support at B, supporting a 
uniform load of intensity g acting on the over-hang portion of the 
beam (see figure). Also, determine deflection óc and angle of rotation 
0c. Use the fourth-order differential equation of the deflection curve 


(the load equation). 














Solution 9.4-9 
LOAD EQUATION B.c. v(0) = 0 C;=0 
Elv" =-q=0 (OSxSL) E qL? x 
EW” - €, (0E x = L) Du c. 
EIv" = Cx + Cy (0z-xzL) — "n 
B.c.»"(0-W0-20 + C,=0 ey 416 
2 9 2 
qL qL qL 
B.C. v"(0) = M(0) = ——— C = —— = — ET — xxm 
v (0) (0) 8 2 g v(x) Ta L) OSxSL) — 
EEG 
Elv = — ES LOAD EQUATION 
3L 
Lx EI m— _ (z < < x) 
Elv' = d G i : a 





as 
ar. 
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3L -qx  3qLx^  9qL? 
EIv" = —qx + Cs GTI Elec eque LE 
2 6 4 8 
x^ 3L 5 3 
EIv" — Te Eu C Lyx = — F- gL 
2 12 
(=) = (=) - C. = 3qL m —-qx* 3qgLx° 9 gL*x? 
BE NV] N24. 9-2 " 4 12 16 
3L 3L 9qL’ 3 
"—]= Ml —)= = deco xb 
M 2 | 2 s 8 yen 
Di — qx? it 3qLx 9qL? (L) = 0 C —] [^ 
= —— — — B.C. V(L) = EL 
r 2 2 8 $U d6^ 
3 2 9 — 

VLL LSU 3qL x OqL' x —— d. —20xD? + 222 
EI = — = F 4 E g + C; v(x) "EL * A 
Bc UE) va (D) -12r e2é ea (Lex=%) — 

qL? H — qL’ n 3qL? 9qL? irs 
8 6 4 8 7 (=) 9gL* 
Óc = — pl — = €«— 

5 2)  128EI 

C, ah 
ToS 3LN TEL | 
0c —v'(i—]- (Clockwise) «— 
2 48EI 
Problem 9.4-10 Derive the equations of the deflection curve for beam AB, v , 

A qo 


with guided support at A and roller support at B, supporting a distributed load 
of maximum intensity qo acting on the right-hand half of the beam (see 
figure). Also, determine deflection 04, angle of rotation 05, and deflection oc 
at the midpoint. Use the fourth-order differential equation of the deflection A L2 C L2 B 
curve (the load equation). 





Solution 9.4-10 





LOAD EQUATION Bc. v'"(0) = W0)20 C,-20 
EIv” = -q=0 |0S5xes E qoL’ qo L 
2 B.C. v"(0) = M(0) = —— C, = — 
12 12 
L 2 
m — 2. L L 
12 2 
Eric. 02ra qoL^x L 
Pss qu Ep nen (0925) 





di 
ar, 
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4 5 3 22 
'(0) = — X xX Lx Lx 
B.C. v (0) =0 C420 JEE n 4 SOL 4 n E T 
ye e oeie. 
WV oA di RE. 5qoDx 41 z 
— Gen doL 
192 960 
LOAD EQUATION L 
(s51) = 


EIv" = — +f, E) (Gers) 
40° 7 2) oe Ss 


2 
Elv” = —2qg + 






































ED” = —2 PE L ae E ak = 
do MERC C EE 24 i 12 60L 
Elv" = —qox + 4 a Gand q (4) q e(£) 
0 3L 5 6 0 9 0 2 
+ ——_____—_ EL! ee 
(5 ) 8 24 
——xzL 
2 3 
PUDE A 
n L u L u = 3qoL Be E ENMADS 1? 
B.C e(t) = (z) = WL? — QoL C4 uL. qo L^ 
2 2 12 9 9 480 
2:2 
3 2 I? 
EE Og L vx) = -L (20x? + 1912) 
a 12L g 480 EI 
2 
qo L X 
^2 € (o «xc L) ds 
L L 5 
cv s7l—}]=v' pl — C, = — q L? —__ 40 d. c 5 2 
B.C. V (5) v (5) ot v(x) acor gj 80» L — 16x? — 120L 
3 4 2 
X X 3qaLx 3 d 9 4 5 
mian OF dodo, go x! + 40L 251^x - A1L 
3 12L 8 " 
qoL^x x 5qgL (5 ds L) = 
12 192 T 
84— —v(0) = P^ x 
gp, = 20% 5 WX, plr A= VO) = dog; ^ 
12 60L 8 i3 i 
qox) | 5qgD?x - pc cU wer d 
24 192 : i 7 i 
eea * 
—4] 2 240EI 
B.C. v(L) = 0 C LÍ 
v(L) 8 = 960 qo 








CEN 
ES 
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730 CHAPTER 9 Deflections of Beams 


Method of Superposition 


P P F 
The problems for Section 9.5 are to be solved by the method of d | | | p 
superposition. All beams have constant flexural rigidity EI. — —— —— 
Problem 9.5-1 A cantilever beam AB carries three equally spaced 

concentrated loads, as shown in the figure. Obtain formulas for the L L L 

angle of rotation 05 and deflection 05 at the free end of the beam. 3 3 3 


Solution 9.5-1 Cantilever beam with 3 loads 














Table G-1, Cases 4 and 5 LV 2L \2 
(4) "(y e L ac) 2L 
3 3 PI 7PL? Lu x ee LEE 
m "TERREA des 
2EI 2EI 2EI OF] PD? _ 5P I? _ 
3EI OFT 


Problem 9.5-2 A simple beam AB supports five equally spaced 
loads P (see figure). 


(a) Determine the deflection 6, at the midpoint of the beam. 
-&v- (b) If the same total load (5P) is distributed as a uniform load 

on the beam, what is the deflection 0» at the midpoint? 
(c) Calculate the ratio of 6, to 65. 














Solution 9.5-2 Simple beam with 5 loads 








(a) Table G-2, Cases 4 and 6 (b) Table G-2, Case 1 qL = 5P 
(2) > Pep 5qL' — 25PI? 
5, = EE - (s) | 2 SSAED — 384EI 
24 EI 6 
Ô] 11 / 384 88 
(c) — = —| — ] = z = 1.173 — 
ô 144\ 25 75 











CX 
ar, 
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Problem 9.5-3 The cantilever beam AB shown in the figure has an extension 
BCD attached to its free end. A force P acts at the end of the extension. 


~ 





(a) Find the ratio a/L so that the vertical deflection of point B will be zero. 
(b) Find the ratio a/L so that the angle of rotation at point B will be zero. 


Table G-1, Cases 4 and 6 


3 2 
A BY "s u PE PaL a 2 
| l Ó = ——— — = 0 — = — «— 
a ) Pa (à OB = zF — 2El L 3 





| > |. w o = PE _ Pak _ 9 a 1I = 
| P Q2EI EI L? 

Problem 9.5-4 Beam ACB hangs from two springs, as shown 

in the figure. The springs have stiffnesses k, and ky and the beam 1 R, = kj 64 1 Rp = ky Sp 

has flexural rigidity EJ. 


(a) What is the downward displacement of point C, which is 
at the midpoint of the beam, when the moment Mp is 
-———— applied? Data for the structure are as follows: 
Mo = 10.0 kN:m, L = 1.8 m, EI = 216 kN-m’, 
kı = 250 kN/m, and kə = 160 kN/m. 
(b) Repeat (a) but remove Mo and apply uniform load 
q = 3.5 kN/m to the entire beam. 








Solution 9.5-4 


Mo = 10.0kN:m L=1.8m EI = 216 kN: m? 04 = 22.22 mm Downward 
kı = 250 kN/m kə = 160 kN/m Ôg = —34.72 mm Upward 
q = 3.5 kN/m Table G-2, Case 8 
Mo Mo 1 
R4 = — Rg = ——- óc =0+=:(64 + 6 
(a) Ra 7 B L C 5 (04 + Op) 
Ra Rp óc = —6.25mm Upward a 
ÔA c ACE Op m T 
ky Ky 





as 
ar, 
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qL _ 
(b) R4 - E3 Rp — R4 Op 19.69 mm 
Table G-2, Case 1 
R4 Rpg 4 
ô, = — ôg = — | »qL 1 
ôc = + —(6, + 6 
ky kz C 384E] 9 ( A B) 
oe te ane dc = 18.36mm Downward — 


Problem 9.5-5 What must be the equation y = f(x) of the axis of the 
slightly curved beam AB (see figure) before the load is applied in order that 
the load P, moving along the bar, always stays at the same level? 





Solution 9.5-5 Slightly curved beam 











Let x = distance to load P Initial upward displacement of the beam must equal 6. 
ô = downward deflection at load P l Px*(L — xy 
sy = —M————— 
Table G-2, Case 5: 3LEI 
{D P(L — xXx PX (L ex 
ô = Pas >a) = 
BEER 4e - = 3LEI 
Problem 9.5-6 Determine the angle of rotation 05 and g 
deflection óg at the free end of a cantilever beam AB having a 
uniform load of intensity q acting over the middle third of its A B 
length (see figure). 
L E L 
3 3 3 


Solution 9.5-6 Cantilever beam (partial uniform load) 
q — intensity of uniform load Load No. 1: 


Original load on the beam: 








dh 
ar. 
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Load No. 2: Table G-1, Case 2 
" q (22) q (£) 7qL? 
[| | 0p5p———l—] - mms! = <— 
+ ed | B 6EI\ 3 6EI\ 3 162EI 
D = g [ILV 2L q (LV L 
ôg = —— 4 — || 4L — — ee ee 4L -o 
a L |] 2L 2AEIN 3 3 24EIN3 3 
3 | 3 | 23q 1? 
= «— 
SUPERPOSITION: 648ET 
Original load = Load No. 1 minus Load No. 2 
Problem 9.5-7 The cantilever beam ACB shown in the figure has 35 k-in. 25k 
flexural rigidity EI = 2.1 x 10? k-in.* Calculate the downward deflec- Y N | 
tions Oc and 6, at points C and B, respectively, due to the simultaneous 
action of the moment of 35 k-in. applied at point C and the concen- A C B 
trated load of 2.5 k applied at the free end B. 
48 in. 48 in. 
Solution 9.5-7 Cantilever beam (two loads) 
EN Mo id B -Me»( B 3 ,PU 
| -i | i 2EI 2)  3EI 
A C B 3MgL^ | PD? 
== + ——(+ = downward deflection) 
| Li; Li; SEI 3EI 
| F4 & 


EI = 2.1 X 10° k-in.” 


Mo = 35 k-in. 
P=2.5k 
L = 96 in. 


Table G-1, Cases 4, 6, and 7 
MyL2y | PJ2y L 
Buses «LI V PU (1 ) 








2EI GEI 2 
MoL? | 5pI? 
= — F (+ = downward deflection) 
SEI A8EI 





as 
ar 





SUBSTITUTE NUMERICAL VALUES: 

ôc = —0.01920 in. + 0.10971 in. 
= 0.0905 in. = 

ôg = —0.05760 in. + 0.35109 in. 
= 0.293 in. | 
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Problem 9.5-8 A beam ABCD consisting of a simple span BD and an E L 2L 
overhang AB is loaded by a force P acting at the end of the bracket CEF 2 3 3 


(see figure). 


(a) Determine the deflection 6, at the end of the overhang. 
(b) Under what conditions is this deflection upward? Under what 
conditions is it downward? 





Solution 9.5-8 Beam with bracket and overhang 


Consider part BD of the beam. (a) DEFLECTION AT THE END OF THE OVERHANG 


8 = 04( =) = PL” on — 94) = 
A "Bi5] 324 EI 


(+ = upward deflection) 





10 
(b) Deflection is upward when < y and downward 











a 10 
when — > — <— 
L 9 
—Cp- My = Pa 
Table G-2, Cases 5 and 9 
— P(LI3)(2L/3)(5L/3) 
= 6LEI 
P L? L’ 
+ ga (5) - a 
6LEI 3 9 
5 on, = Oc loci le) 
vm a clockwise angle 
Problem 9.5-9 A horizontal load P acts at end C of the bracket P 


ABC shown in the figure. C i 
(a) Determine the deflection 6¢ of point C. H 
(b) Determine the maximum upward deflection max of member AB. B 
A 
Note: Assume that the flexural rigidity EI is constant throughout the 
frame. Also, disregard the effects of axial deformations and consider 


only the effects of bending due to the load P. 











dh 
ar. 
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Solution 9.5-9 Bracket ABC 

BEAM AB (a) ARM BC Table G-1, Case 4 

Mo = PH PH? PHP PPL 

ôc = —— ct 0gH = —— + 
Sous TX 3EI 3EI 3EI 
A. lag = PH 
Ag a] N |M,= PH aae _ 
EU or 3EI 
(b) MAXIMUM DEFLECTION OF BEAM AB 
L 
Table G-2, 
MoL PHL Mo? | PHD 
Table G-2, Case 7: 05 = —— = —— Case 7: 6 = = 
8 3EI BEI MX 9V3EI 9V3EI 
Problem 9.5-10 A beam ABC having flexural rigidity A B C 
EI = 75 kN: m? is loaded by a force P = 800 N at end | ‘ 
C and tied down at end A by a wire having axial rigidity P=s00N 
EA = 900 kN (see figure). 0.5 m m 
What is the deflection at point C when the load P is applied? | 5 0.5m EL 0.75 m—^ 


CONSIDER AB AS A SIMPLE BEAM 
Mo = PL, 
MoL) PLL» 


Table G-2, Case 7: 03 = = 
3EI 3EI 











CONSIDER THE STRETCHING OF WIRE AD 











H PL,\( H PLH 
B ô4 = (Force in AD) | — | = | —— ]}| — ] = 
EI =75kN-m EA Lı /\EA/ EAL, 
P = 800 N DEFLECTION ôç OF POINT C 
EA = 900 kN L 
H=05m L,=05m Ôc = 0, + 0g(L5) + Op (2) 
L, = 0.75 m PL PLI PIH 
= — <— 
3EI 3EI EAL? 
CONSIDER BC AS A CANTILEVER BEAM 
P 12 SUBSTITUTE NUMERICAL VALUES: 
TARDES C SON Óc — 3EI ôc = 1.50 mm + 1.00 mm + 1.00 mm = 3.50 mm e 





EX 
ar, 
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Problem 9.5-11 Determine the angle of rotation 05 and deflection 6, at the do 
free end of a cantilever beam AB supporting a parabolic load defined by the » 
equation q — qox L^ (see figure). 
A B 
——Xx 
Solution 9.5-11  Cantilever beam (parabolic load) 
2 L 3 
Loan: q = an qdx = element of load _ _10 4, — Fob" P 
L 2EIL? Jo 10EI 
qdx 
| Boc (doen - x) 
E ——— — p ° i d 
L 2 
/ 1 
- : | -= — | (£ ober - x) dx 
L 4 
13 
TABLE G-1, CASE5 (Set a equal to x) —À | (x*\(3L—x) dx = D «— 
L GEIL? Jo 180EI 
2 L 2 
B (qdx)xX^) 1 qoX Y » 
0p = = —- | x*dx 
0 2EI 2EI 0 I? 
Problem 9.5-12 A simple beam AB supports a uniform load of intensity q q 
acting over the middle region of the span (see figure). 
Determine the angle of rotation 04 at the left-hand support and the A B 
deflection 6,44, at the midpoint. 
a B ü 
.————————— [, —_____________» 
Solution 9.5-12 Simple beam (partial uniform load) 
Loan: qdx = element of load Replace P by qdx Replace a by x 


Integrate x from a to L/2 


A = [^e g o q [P -— 
A> Pp 9) — El J, (xL — x")dx 





= — q3 — 6a^L + 4a’) «— 
24FI 
= PL E : Pa 2 ) 
| TABLE G-2, CASE 6 Oa = »Ak — 4a^) 
_ P«(L — a) Replace P by qdx Replace a by x 


2EI Integrate x from a to L/2 





dh 
ar. 
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12 L/2) 
- 2 2. 4x2 Smo = 2 re — 4L(L — ay 
Dig = J 2p OL 4x^) max ^ FAT ET ( a)" ( a) 
, Ln L\2 
- 312 — 4 3 d 2 u 2 — 2 = 
— 7E J, (3L^x x )dx + AL'(L — ay: + 2(L — a) (=) 
2 3 
- —! (574 — 24d? 164) | — L L 
384EI i a — 4L(L — a(S THAS 
2 
ALTERNATE SOLUTION (not recommended; algebra is ER [- Laz + a=) + (5) 
extremely lengthy) 24LEI 2 2 
Table G-2, Case 3 LY Ly 
—6L| =) +2- 
0 ao. 2L — (L 7 2L i i 
a= aer TETA E ay d 4 T : 
Onur = 384E P T 24L^a^ + 16a) = 
=- 3-6 +4)  — 
24EI 
4 | q k M 
A Lid E TLT TEN ~ Hii 
E èë ë ë ë E E o — Ó =E JE 
Å À A | A À | EN 
LO C) C) OC 200 0 
| a——» — a ——5.| | L-a Nm —- 











Problem 9.5-13 The overhanging beam ABCD supports two 
concentrated loads P and Q (see figure). M 
A 


(a) For what ratio P/Q will the deflection at point B be zero? A C | 
(b) For what ratio will the deflection at point D be zero? — 
(c) If Q 1s replaced by uniform load with intensity g (on the B D 


overhang), repeat (a) and (b) but find ratio P/(qa) 





Solution 9.5-13 


(a) DEFLECTION AT POINT B 5, =0 P 9a 
es ue 
Table G-2 Cases 6 and 10 Q 4L 


Qe) 
o- Po- 











dh 
ar. 
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(b) DEFLECTION AT POINT D P 9a 
Op = 0 ae ee E: &— 
Table G-2 Case 6; Table G-1 Case 4; Table G-2 qa ŠL 
Case 10 (c.2) DEFLECTION AT POINT D 
»(£) ab - a Table G-2 Case 6; Table G-1 Case 1; Table G-2 
— OO N/L 2 Case 10 
D= TT (a) 
(3) [eo -31 
(Qe, QaQD ; 2 2 
a 2 
3EI 2EI D FEI (a) 
P 8a3L+a a^ 
Q 9L qa 2 
tz ^  2Ep O 
(c.1) DEFLECTION AT POINT 5 
Table G-2 Cases 6 and 10 Sp = 0 Po. aL ma) 
qa ar? 
L 
P a 
„E s()en -3(3) 
P 6EI 2) €» 2 
PERS 
LV 2 7X2 L 
exu eq O SP 
2 2EI 2 
Problem 9.5-14 A thin metal strip of total weight W and length L is placed ô 


across the top of a flat table of width L/3 as shown in the figure. 
What is the clearance ô between the strip and the middle of the table? 


(The strip of metal has flexural rigidity EZ.) 
— L . L L LI Lo, 
3 6 6 3 





Solution 9.5-14 Thin metal strip 


W TABLE G-2, CASES 1 AND 10 
W = total weight g = — 














7 cse) * seis) 

EI = flexural rigidity 384EIN3 SEIN3 

FREE BODY DIAGRAM (the part of the strip above the table) o 5qL + gL" 
31,104E7 1296ET 
E - 19qL* 
18 31,104E7 
W Xv 19WL? 

| | Butg=— .£.6=— 
Lig — Lig — L 31,104 E] 





a 
ar 
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Problem 9.5-15 An overhanging beam ABC with flexural rigidity 

EI = 15 k-in.? is supported by a guided support at A and by a spring 

of stiffness k at point B (see figure). Span AB has length L = 30 in. and 
carries a uniform load. The over-hang BC has length b = 15 in. For 
what stiffness k of the spring will the uniform load produce no 
deflection at the free end C? 





Solution 9.5-15 





EI = 15kip = in’. L = 30 in. b = 15 in. 3EI 
di m i fonác-0 k= 
Rg = gL bL 
Table G-2, Case 1 Therefore k = 3.33]b/in «— 
qQLy qL 
ôr = 05b — 8p = p) — — 
lllo B= AE C % 


Problem 9.5-16 A beam ABCD rests on simple supports at 

B and C (see figure). The beam has a slight initial curvature so that 
end A is 18 mm above the elevation of the supports and end D is 

12 mm above. What moments M, and M5, acting at points A and D, 
respectively, will move points A and D downward to the level of the 
supports? (The flexural rigidity EJ of the beam is 2.5 X 10° N+ m? 
and L — 2.5 m). 





Solution 9.5-16 












































EI=2.5X10°N-m L=25m 6,=18mm | MoL? fi (4: i Mat) 
es domm P 2EI GEI BEI 
: 65,EI 
Table G-2, Case 7 5M, + M> = : (1) 
M,L | M3L M,L M,L L 
Op = — + 0c = + 
3EI  6EI GEI BEI 68pEI 
5M,+M,= 72 (2) 
DEFLECTION AT POINT A AND D 
Table G-1, Case 6 SOLVE EQUATION (1) AND (2) 
A> Dey ^ esL D= gp C AL? ^ AL? 
ML & L M E Therefore 
= + 
A QEI 3E] | 6 El M,-27800N-m < 


M54-4200N:m < 





dh 
ar. 
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Problem 9.5-17 The compound beam ABC shown in the figure M, P Mc 
has a guided support at A and a fixed support at C. The beam a | B C 
consists of two members joined by a pin connection (i.e., moment C M — m 5 p 


release) at B. Find the deflection ô under the load P. 
— 3b oL b loa frc 


Solution 9.5-17 





E P(b 
B P(b P(2by 
ud 8- «| xy - 3p — J poo 
6EI 3EI 
DEFLECTION UNDER THE LOAD P < 6 PLI? _ 
Table G-2, Case 6 = EI 


Problem 9.5-18 A compound beam ABCDE (see figure) consists of two 
parts (ABC and CDE) connected by a hinge (1.e., moment release) at C. 
The elastic support at B has stiffness k = EI/b? Determine the deflection 
Og at the free end E due to the load P acting at that point. 








Solution 9.5-18 


CONSIDER BEAM ABC CONSIDER BEAM CDE 























3P Rp 3P Table G-2, Case 7; Table G-1, Case 4 
Rp ^ — B^ Upward 3 
2 k 2k . (Pb)(b) hz Pb "— (Pb)(b) : 
Table G-2, Case 7; Table G-1, Case 4 ý 3EI 3EI E 3EI 
_ PbQb) PÈ (2 + E Nam P(Ab^k + 9EI) 
C BEI 3EI PN 2b 3EI 4EIk 
3 EI 
_ PbQD) "tuu fork = = 
3EI BEI 2k N 2b b 
— P(ADk + 9EI) _ 41Ph 
oc = AEIL Upward E DEI 





di 
ar, 
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SECTION 9.5 Method of Superposition 741 


Problem 9.5-19 A stekel beam ABC is simply supported at A and held 
by a high-strength steel wire at B (see figure). A load P — 240 Ib acts at l 
the free end C. The wire has axial rigidity EA = 1500 Xx 10? Ib, and the 4— Wire 
beam has flexural rigidity EJ = 36 X 10? Ib-in.? 

What is the deflection óc of point C due to the load P? 











(2) ASSUME THAT THE WIRE STRETCHES 


T = tensile force in the wire 


















P 
[^ c dh) 
Ag : *C 
~ Th | Ph(b * c 
À 5, — Zh _ PIG + 0) 
EA EAb 
I— b C 5 
b+c Ph(b + c) 
Ó' c = Ôg 5 ao ES (downward) 
P=240lb  b-20in  c-30in  h=20in. EAb 
. ET = 6 1. ;42 
-Qa- Beam: EI = 36 X 10° Ib-in. (3) DEFLECTION AT POINT C 
Wire: EA = 1500 X 10° Ib EE 2 FG 
óc = ô +ô. = P(b+c)|—+ 
c = oto, FC og EAD? | 


(1) ASSUME THAT POINT B IS ON A SIMPLE SUPPORT 
Substitute numerical values: 





P 
iC Oc = 0.10 in. + 0.02 in. = 0.12 in. «— 
gps ag “40 ( : ) 
= — + gc = —— + (Po —— Je 
C 3E ®  3EI 3EI 
P op) Xd d) 
= 7 nwar 
SF] C ownwa 
Problem 9.5-20 The compound beam shown in the figure q 


consists of a cantilever beam AB (length L) that is pin-connected to a simple 
beam BD (length 2L). After the beam is constructed, a clearance c exists 
between the beam and a support at C, midway between points B and D. 











Subsequently, a uniform load is placed along the entire length of the beam. Moment 
What intensity q of the load is needed to close the gap at C and bring release 
the beam into contact with the support? : L i L L : 





dh 
ar. 
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Solution 9.5-20 Compound beam 
BEAM BCD WITH A SUPPORT AT B 8c = downward displacement of point C due to ôg 
4 
B t 4 
IN Avs A. = d DOWNWARD DISPLACEMENT OF POINT C 





, »» 5Sgl^ 11gL* Tal! 
pE pa -B jonas e d un dde 


J 2AEI A48EI 16EI 





C AB E 
C = Clearance c = eae 
ANTILEVER BEAM C 16EI 
go ; gE, QDE 
| | | | i BT SEI AEI INTENSITY OF LOAD TO CLOSE THE GAP 
+ 








E —— — Lgl! .—. 16EIc 
° _ = 
A L S (downward) d "L 


Problem 9.5-21 Find the horizontal deflection ô, and vertical deflection ô, at the free end C of the 
frame ABC shown in the figure. (The flexural rigidity EI is constant throughout the frame.) 


Note: Disregard the effects of axial deformations and consider only the effects of bending 
due to the load P. 








Solution 9.5-21 Frame ABC 











MEMBER AB: MEMBER BC WITH B FIXED AGAINST ROTATION: 
| P Table G-1, Case 4: 
ô, = horizontal deflection B * p 
: C ; C 
P] of point B == B esci 
F A E C 
CN Pc Table G-1, Case 6: | | SEI 
B 2 ? 
(Pc)b Pcb V 
T — ERTICAL DEFLECTION OF POINT C 
2EI 2EI 
" TM 6 PONE LAE 1d 
= = C = — — —í(c 
NE UA d s T, E 
A EI j 
Pc 
= ——(c + 3b) 
Since member BC does not change in length, 3EI 
Ô, is also the horizontal displacement of point C. 2 
» ô, = ——(c 3b) «— 
Pcb 3EI 
h 7 um 
2EI 





EX 
ar, 
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SECTION 9.5 Method of Superposition 


Problem 9.5-22 The frame ABCD shown in the figure is squeezed by two collinear 
forces P acting at points A and D. What is the decrease 6 in the distance between 
points A and D when the loads P are applied? (The flexural rigidity EI is constant 
throughout the frame.) 


Note: Disregard the effects of axial deformations and consider only the effects 


743 





of bending due to the loads P. 





Solution 9.5-22 Frame ABCD 


MEMBER BC: 








(PL)a | PLa 
Table G-2, Case 10: 0p — = 


X 2E] — 2EI 








Problem 9.5-23 A beam ABCDE has simple supports at B and D and symmetrical 


MEMBER BA: 


3 


PL 
Table G-1, Case 4: 04 = ——- + 0gL 
able ase 4: 04 3EI B 


PI? " PLa 
3E]  2EI 
O PE 


zT de 
GEI 9) 





DECREASE IN DISTANCE BETWEEN POINTS A AND D 


PL’ 
ô = 204 = ag t t 3a) = 


overhangs at each end (see figure). The center span has length L and each overhang 


has length b. A uniform load of intensity q acts on the beam. 


(a) Determine the ratio b/L so that the deflection 6¢ at the midpoint of 
the beam is equal to the deflections 04 and Og at the ends. 
(b) For this value of b/L, what is the deflection ôc at the midpoint? 


Solution 9.5-23 Beam with overhangs 











BEAM BCD: Table G-2, Case 1 and Case 10: 
q LI? bL 
; — n - mw ke q q 
2 | | | | ^ b* 0 — s —— — 
2 | | r e r | ur | | | d £ P EI 2 (= ) 
AB C DA L 
— Sot = e — 6b^) (clockwise is positive) 





dh 
ar. 
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SqL^ qb? I2 q I? Rearrange and simplify the equation: 
p= — eas] = = {Sr = 24b°) 4 3 272 3 4 
384EI 2 NSEI 384EI 48b" + 96b L + 24b°L* — 16bL" — 5L = 0 
(downward is positive) (1) or 
by by. b\? b 
BEAM AB: (7) T (7) T (7) = (7) —5-0 
| | T mir T -— 
" v rv ww T Y LB L 
| b | Solve the preceding equation numerically: 
Table G-1, Case 1: 2 = 0.40301 Say, z = 0.4030 «— 
ERE EU RP 
A SFI B? SEI ART (b) A ôc (EQ. 1) 
qL 
b = EN P, 
= 363 + eb — L3) Oc = gag — 2n) 
24EI p] 
l - d 2 2 
= SL^ — 24 (0.40301 L 
(downward is positive) 384 7 ( )] 
4 
DEFLECTION Ôc EQUALS DEFLECTION OA _ 60008702 
qL? qb k 
2 2) _ 3 2p _ 73 
asap a — 24b°) = SARTO" + ob L — L) (downward deflection) «— 
Problem 9.5-24 A frame ABC is loaded at point C by a force P acting at an angle P 





a to the horizontal (see figure). Both members of the frame have the same length and 
the same flexural rigidity. 

Determine the angle o so that the deflection of point C is in the same direction 
as the load. (Disregard the effects of axial deformations and consider only the effects 
of bending due to the load P.) 

Note: A direction of loading such that the resulting deflection is in the 
same direction as the load is called a principal direction. For a given load 
on a planar structure, there are two principal directions, perpendicular to each other. 








P, and P; are the components of the load P 
Pı =Pcosa 


P,=Psina 


If P ó, wa to the right 
1 ACTS ALONE Hae (to the right) 
a (52 PD 
"OP" NX2EL /. 2EI 
(downward) 








EX 
ar, 
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If P> ACTS ALONE ÔH = SET (to the left) P END P,—3P, 
: P-L? P4? P-L? AP4L? _ —3Pcosa + 8Psina —3 + 8 tana 
yr 3EI BL = 3EI +( EI ) 3 3EI 2Pcosa — 3Psina 2 — 3 tana 
(upward) PRINCIPAL DIRECTIONS 
DEFLECTIONS DUE TO THE LOAD P The deflection of point C is in the same direction as the 
: 2 load P. 
: PL PP pP ma 
4” SE 2er 6E 702 T en op amu a EO 
| OF 2 — 3tana 
(to the right) 

PI? 4P? "E Rearrange and simplity: tanta + 2 tan a-1=0 
DNE EE SE NE c ——( —3P|, + 8P;) (quadratic equation) 

2EI 3EI 6EI l 

Solving, tana = —1 + V2 
(upward) à . o o 
œ =22.5, 1125, 0675, — 157.5 $9 
Moment-Area Method 
The problems for Section 9.6 are to be solved by the moment-area method. All beams have q 


constant flexural rigidity El. 


acting throughout its length (see figure). 





Problem 9.6-1 A cantilever beam AB is subjected to a uniform load of intensity q 


Determine the angle of rotation 05 and the deflection 0g at the free end. 








Solution 9.6-1 


—- DIAGRAM: 
EI 


ANGLE OF ROTATION 


Use absolute values of areas. 


| | (aL 
Appendix D, Case 18: A, — Vo 
|... 2L 
x= 





) 


Cantilever beam (uniform load) 


ql 
= 6EI 





di 


ar, 





mice Ec 
B/A — UB AALS GEI 
3 
04—0 0p = SEI (clockwise) $— 
DEFLECTION 


Q, = First moment of area A, with respect to B 


Q1 - AV = \ Ce) 4 ) ~ 8EI 
gu 
ôg = Qı = SEI (Downward) x: 


(These results agree with Case 1, Table G-1.) 
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Problem 9.6-2 The load on a cantilever beam AB has a triangular distribution qo 


with maximum intensity qo (see figure). 
Determine the angle of rotation 05 and the deflection 05 at the free end. 


Solution 9.6-2 Cantilever beam (triangular load) 





M — b(n*1l) 4L 
— DIAGRAM X mex = 
EI n+ 2 5 
x | a Baa = Op — 04 = A, = PE 
RT O E Xm BIA B A 1 J4EI 
fid gol | 
inel", 3rd degree curve (n — 3) 04 —0 a (clockwise) Nor 
Pa 2AEI 
— 6EI 
DEFLECTION 


ANGLE OF ROTATION : 
Qı = First moment of area A, with respect to B 





Use absolute values of areas. dS d I? AL — do 14 
wae Appendix D, Case 20: C= aie EI 5]  30EI 
bh 1 E! gal gol! 
I 401 n ( GEI AE] Op = Q] a0EI (Downward) = 





(These results agree with Case 8, Table G-1.) 


Problem 9.6-3 A cantilever beam AB is subjected to a concentrated load P and P 
a couple Mo acting at the free end (see figure). A B Mo 
Obtain formulas for the angle of rotation 05 and the deflection ôg at end B. i 





Solution 9.6-3 Cantilever beam (force P and couple Mh) 


M NOTE: A, is the M/EI diagram for Mọ (rectangle). A> is 
pp eese the M/EI diagram for P (triangle). 


ANGLE OF ROTATION 


Use the sign conventions for the moment-area theorems 
(page 713 of textbook). 


ML | L PL? 2L 
A= Gp A7. 5 am BAG 








as 
ar. 
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MoL PL? 
Ao = A1 + A> = as 
EI 2EI 
Opa = 0p — 04 = Ao 04 =0 
MoL PI 
Op = Ao = oe a 
EI 2EI 


(05 is positive when counterclockwise) 


DEFLECTION 


Q = first moment of areas A, and A, with respect to 
point B 

MoL? PL 

2EI 3EI 





Q = Axı + Ax = 


Problem 9.6-4 Determine the angle of rotation 05 and the deflection 6, at the free end 
of a cantilever beam AB with a uniform load of intensity q acting over the middle third 


of the length (see figure). 


Solution 9.6-4 Cantilever beam with partial uniform load 


M 
—- DIAGRAM 
E 





ANGLE OF ROTATION 


Use absolute values of areas. Appendix D, Cases 1, 6, 
and 18: 


P (X a) = qL? 
l^ 3\3/\18EI)  162EI 
u L (4) 7L 
X= -+ 4 -)=— 

3 4N3 12 


D o qL? |. 2L L 5L 
axe BE ——— X= d r 





IBEI) 54EI 7 5 





dh 
ar. 





SECTION 9.6 Moment-Area Method 747 


Mol? PL? 
tga - Q - 0g OÓp— SET 3EI 





(Og is positive when upward) 


FINAL RESULTS 


To match the sign conventions for 05 and ôg used in 
Appendix G, change the signs as follows. 








PI? MoL 7 . 

0p = 2E] ET (positive clockwise) — 
PD MoL’ 7 

Ôg = 3FI OET (positive downward) «— 


(These results agree with Cases 4 and 6, Table G-1.) 


m (E) 7 gL? 

3" 9\3/\ oR) 54EI 
E 2L (s) SL 
a us 9 


7qL? 
162EI 








Ag = A, + A, + A; = 


0ga = 0p — 04 = Ao 
7qL? 


(47 0 OB — 1OREI 





(clockwise) em 


DEFLECTION 


Q = first moment of area Ag with respect to point B 





E E |. — 23agL^ 
Q = A1X1 + A»X» + A3X3 = 648 EI 
23qL* 
ôg = Q = GAREI (Downward) e 
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Problem 9.6-5 Calculate the deflections ôg and 6¢ at points B and C, respectively, Mp 
of the cantilever beam ACB shown in the figure. Assume Mp = 36 k-in., P = 3.8 k, F cÀ 


L = 8 ft, and EI = 2.25 X 10? Ib-in.? 


Solution 9.6-5 Cantilever beam (force P and couple Mp) 


M DEFLECTION Oc 
— DIAGRAM 











EI = first moment of areas A, and left-hand part of A> 
with respect to point C 
GGG - Ged) 
EI /\2/\4 2EI/ W2/VX4 
eG 
A2NZEI NA INS 
r2 
6M, — 5PL 
"ar Dore 
NOTE: A, is the M/EI diagram for Mo (rectangle). A> is ?) 
the M/EI diagram for P (triangle). fcj4 = Qc = Óc oc = AS EI — — (6Mọ — SPL) 
Use the sign conventions for the moment-area theorems jl 
-Qa- (page 713 of textbook). (6c is positive when upward) 
DEFLECTION 5 ASSUME DOWNWARD DEFLECTIONS ARE POSITIVE 
(change the signs of 05 and óc) 
Op = first moment of areas A, and A, with respect to 5 
point B = B = 
Op AFI (SPL — 9Mọ) 
sacan DOE | 
= 4X] 2X2 — L 
EI 2 4 óc = agr OPE — 6M) < 
1/ PL 2L 
2\ El 3 S 
UBSTITUTE NUMERICAL VALUES: 
2 
x — — (9Mọ — SPL) Mo — 36 k-in. P=3.8k 
~ 24EI 64:2 
m L = 8 ft = 96 in. EI = 2.25 X 10° k-in. 
fpa = Op = 0g Op — S ro Mo — SPD g = 0.4981 in. — 0.0553 in. = 0.443 in. <— 


(B jonouavewhen upward) Oc = 0.1556 in. — 0.0184 in. = 0.137 in. «— 





EX 
ar, 
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Problem 9.6-6 A cantilever beam ACB supports two concentrated loads P, and P; P} P, 

as shown in the figure. A C B 


Calculate the deflections 05 and 6¢ at points B and C, respectively. Assume 


P, = 10 kN, P» = 5 kN, L = 2.6 m, E = 200 GPa, and J = 20.1 X 10° mm*. 
L L 
pi m 


Solution 9.6-6 Cantilever beam (forces P, and P.) 





M I/PILNÍLNÍL L 1/ PL 2L 
—- DIAGRAMS Op = —| — }[ = ]J[ = +=) 4+ 2-4 — |Z) — 
EI 2\2EIT/\2/\2 3 2\ EI 3 
L L 
O 2 C Fy B SPiL A PL r 
- T z = DEE ownwar = 
Em 48EI BEI ) 


DEFLECTION Oc 





Oc = fcj4 = Qc = first moment of areas to the left 
of point C with respect to point C 


das) * Gr Go) 
8) GG) 


i toj 











= PI + SPL (downward) e 
P, — 10 kN Pa = 5 kN L = 2.6m A 
E = 200 GPa I = 20.1 X 10° mm SUBSTITUTE NUMERICAL VALUES: 
Use absolute values of areas. Op = 4.554 mm + 7.287 mm = 11.84 mm <= 


Oc = 1.822 mm + 2.277 mm = 4.10 mm <— 
DEFLECTION Op 
, , (deflections are downward) 
Ôg = fpjA = Qp = first moment of areas with respect 


to point B 


Problem 9.6-7 Obtain formulas for the angle of rotation 04 at support A and the q 
deflection 0,44, at the midpoint for a simple beam AB with a uniform load of 
intensity q (see figure). A 





as 
ar, 
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Solution 9.6-7 Simple beam with a uniform load 
M tpi, = BB, = first moment of areas A, and A5with 
DEFLECTION CURVE AND a DIAGRAM respect to point B 
1 UUN2/)  24EI 
j, PB ql — 
m ———— SS «— 
A T 2AET (clockwise) 
DEFLECTION Ô max AT THE MIDPOINT C 
Distance CC, = L (pp) = 2 
istance je 1) = 4sEI 
tca = C3C, = first moment of area A, with respect 
to point C 
E ( qL’ Gb ql 
24ET/\ 16 I28EI 
E E 7 qi g^ 
Ômax = maximum deflection (distance CC) Omax = CC2 = CC, — C201 = ASE]  128EI 
Use absolute values of areas. 5qL* 
(downward) «— 


— 384EI 
(These results agree with Case 1 of Table G-2.) 


ANGLE OF ROTATION AT END A 


Appendix D, Case 17: 


n TOEA 
be?" 3\.2)]\ ger) EI 


= (2) 3L 
X1 = —| — — n= 
8X2 16 


Problem 9.6-8 A simple beam AB supports two concentrated loads P at 

the positions shown in the figure. A support C at the midpoint of the beam is 

positioned at distance d below the beam before the loads are applied. 
Assuming that d — 10 mm, L — 6 m, E — 200 GPa, and 

I= 198 X 10° mmî, calculate the magnitude of the loads P so that the beam 

just touches the support at C. 





Solution 9.6-8 Simple beam with two equal loads 


M 
DEFLECTION CURVE AND EI DIAGRAM 





óc 


Oc = deflection at the midpoint C 





as 
ar. 
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PÉ 3L - — PEBL PI? (L 
A; == AT 7 — = Áx; + Axx» = —— EE qp =———— 
16EI 8 16EI \ 8 32EI \ 6 
fe PL | L PE 
? 32EI P 6 384EI 
Use absolute values of areas. d — gap between the beam and the support at C 
DEFLECTION Oc AT MIDPOINT OF BEAM MAGNITUDE OF LOAD TO CLOSE THE GAP 
At point C, the deflection curve is horizontal. mE 11PL° | 384EId 


- P= 
Oc = tgıc = first moment of area between B and C 384EI 117? 


with respect to B SUBSTITUTE NUMERICAL VALUES: 
d= 10mm L=6m E = 200 GPa 


I= 198 x 10° mm* P = 64 kN — 


Problem 9.6-9 A simple beam AB is subjected to a load in the form Mo 
of a couple Mj acting at end B (see figure). 


Determine the angles of rotation 04 and 05 at the supports and 
the deflection 6 at the midpoint. A à 








Solution 9.6-9 Simple beam with a couple Mh 


ANGLE OF ROTATION 04 


M 
DEFLECTION CURVE AND —- DIAGRAM 
EI tpi, = BB, = first moment of area between A and B 


with respect to B 


1/ Mo L\ ML 
=e Ju pe 

2\ EI 3 6EI 

BB, MoL 


A= E = GET (clockwise) <— 








ANGLE OF ROTATION Og 








Mo 
| fAjp = AA, = first moment of area between A and B 
with respect to A 
M 
El u ] Mo 2L o MoL? 
: -ARJ0Uj- 
2\ El 3 3EI 
jo eA cemountediscbn 
zZ ———— Z — <— 
5 = deflection at the midpoint C " L 3EI (Counterclockwise) 


ô = distance CC; 


Use absolute values of areas. 





EX 
ar, 
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DEFLECTION Ó AT THE MIDPOINT C Mo [2 Mo HP 
2 0—CC(-— oC) == = 
l 1 MoL I2EI | AB El 
Distance CC, = = (BB) = 
2 12EI MoL’ 
l = (Downward) «— 
tc, = C3C, = first moment of area between A and C I6EI 


with respect to C 
- (85 - MD 
2N2EI/N2/N6 ASEI 


Problem 9.6-10 The simple beam AB shown in the figure supports two P P 

equal concentrated loads P, one acting downward and the other upward. 
Determine the angle of rotation 6, at the left-hand end, the deflection 

6, under the downward load, and the deflection 05 at the midpoint 

of the beam. 


(These results agree with Case 7 of Table G-2.) 








Solution 9.6-10 Simple beam with two loads 


Because the beam is symmetric and the load is ANGLE OF ROTATION 0, AT END A 


antisymmetric, the deflection at the midpoint is zero. 
, P tca = CC, = first moment of area between A and C 


with respect to C 


Nar) GG e) 


. Pal — ayL — 2a) 
i 12EI 
B CC, . Pal — ayL — 2a) 


0, = = 
A Ip 6LEI 


(clockwise) << 


DEFLECTION 01 UNDER THE DOWNWARD LOAD 








Distance DD, = (4 )ccn 
Pa*«L — a\(L — 2a) 

OLED 
a eeo — —— 
i 1 a Pa*(L — 2a) = A(&) _ PaXL ~ 2a) 
A, = (2) a) = — 3 6LEI 

: 84 = DD, — D,D]; 
Ay = m (5 i a) 7 —— = Ec (Downward) «— 
6LEI 


dh 
ar. 
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Problem 9.6-11 A simple beam AB is subjected to couples Mp and 2M, as Mo 2Mo 
shown in the figure. Determine the angles of rotation 04 and 05 at the beam A B 


and the deflection 6 at point D where the load My is applied. 








Solution 9.6-11 Simple beam with two couples 


M ANGLE OF ROTATION Og AT END B 
DEFLECTION CURVE AND EI DIAGRAM 
fAjp = AA, = first moment of area between A and B 


with respect to A 
2L L 2L 2D... 3 
= All Z + A5 eap A; —+—]= 
9 3 9 3 9 
AA, 
a t7 


DEFLECTION ô AT POINT D 
MoL? 
ISEI 





1 
Distance DD, — 3 (B81) = 


tpa = D3D, = first moment of area between A 
and D with respect to D 


- (E) = Me 
 "1V9/ SAEI 

















ML? 
ô = DD, — D5Dj = 
27EI 
(downward) «— 
X he 1 ( m) ( = | . MoL |. MoL Note: This deflection is also the maximum deflection. 
[77 ONEI/N3/.— 6EI > 6EI 


ANGLE OF ROTATION 04 AT END A 


tpi, = BB, = first moment of area between A and B 





with respect to B 
2L L LGL. L 2L 
=A= +2] +42 += ]+4| — 
3 9 3 9 9 
. Mol? 
|. 6EI 
: BB, MoL T 
— SSS EL «— 
A L GEI (clockwise) 





di 
ar, 
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754 CHAPTER 9  Deflections of Beams 


Nonprismatic Beams 


Problem 9.7-1 The cantilever beam ACB shown in the figure has moments of 
inertia J and /, in parts AC and CB, respectively. 





(a) Using the method of superposition, determine the deflection 05 at the free 


end due to the load P. — i — E E | 


(b) Determine the ratio r of the deflection 0g to the deflection 6, at the free end 
of a prismatic cantilever with moment of inertia /; carrying the same load. 

(c) Plot a graph of the deflection ratio r versus the ratio 7/7; of the moments of 
inertia. (Let /5/I, vary from 1 to 5.) 


Solution 9.7-1 Cantilever beam (nonprismatic) 





Use the method of superposition. (3) Total deflection at point 5 
a) DEFLECTION Ôg AT THE FREE END PL? 1h 
M ; ôs = (Opi + Own = zo ( i 
(1) Part CB of the beam: l 2 
E m PP 
RISMATIC BEAM Ô] = ——— 
à ; SEN 
OR Mo 
2 24ET| Ratio: r = — = (1 T ) 
£P- ô 8 h 
(c) GRAPH OF RATIO 








P(LI2)  (PLIYLIy 5P? 
C= —- E 




















3EL, 2Eb 48EL 
P(LI2)*— (PL/2)(L/2) 3PI? 
C^ 3EL ' Eb BED 
(ôg) = ôc + (5) = ae 
2) 24EL 








as 
ar, 
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Problem 9.7-2 The cantilever beam ACB shown in the figure supports a uniform q 
load of intensity q throughout its length. The beam has moments of inertia /; and J, PTI III 
in parts AC and CB, respectively. 

(a) Using the method of superposition, determine the deflection 05 at the free A C B 

end due to the uniform load. | wp m 
(b) Determine the ratio r of the deflection 6, to the deflection 6, at the free end I 


of a prismatic cantilever with moment of inertia /, carrying the same load. 
(c) Plot a graph of the deflection ratio r versus the ratio />/7, of the moments of L L 
inertia. (Let /5/I, vary from 1 to 5.) 


Solution 9.7-2 Cantilever beam (nonprismatic) 














Use the method of superposition (3) Total deflection at point B 
4 
(a) DEFLECTION Óg AT THE FREE END cuu Ose oe (1 x = 
(1) Part CB of the beam: 
qL 
a (b) PRISMATIC BEAM ô] = 
a Sac Ce oe SEI, 
ET = 1 4 I? 
C rf (0p) = es) = Ratio: r = ôg = Hi 4 =) 
? 


{D (c) GRAPH OF RATIO 











quy 2 


C 8EI, 3EL 


GG) 
"Sri 17qL^ 


2El 384bELb 
qLI2» |. (qLI2Y)LY  (qL?/8)(L2) 
C^ Eb '  2hEh ` Eb 
7qL? 
— 48EL 








— 128Eb 





l 151^ 
(0g)) = Oc + 0c 5 





di 
ar, 
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756 CHAPTER 9  Deflections of Beams 


*Problem 9.7-3 Beam ACB hangs from two springs, as shown in the 
figure. The springs have stiffnesses kı and kz and the beam has flexural 
rigidity EJ. 


(a) What is the downward displacement of point C, which is at the 
midpoint of the beam, when the moment Mp is applied? Data for 
the structure are as follows: Mo = 7.5 k-ft, L = 6 ft, EI = 520 k-ft?, 
kı = 17 k/ft, and kə = 11 k/ft. 

(b) Repeat (a) but remove Mo and, instead, apply uniform load q 
over the entire beam. 








*Solution 9.7-3 


Mo = 7.5 kip/ft | L-—6ft | EI—520kip/f kı = 17 kip/ft 


(a) BENDING-MOMENT EQUATIONS-MOMENT Mo AT C 





i Mox L 
2E" = M = — (0zxzx- 
L 2 

Mox? L 

2EIv' = tC O=x=- 
2L p 





Mox L 
2E = —— +Cx tC, DOE eS 
6L 2 

















ky = 11 kip/ft q = 250 lb/ft 


3 
L 
B.C. v(0) = 0 C,-0  2Elv- + Cix (0 <;x< z) 
Mis - 1) 
d 2 L Pu Xa 
2 
EIv = — Mox + LET, (ž=x=1) 
Dp. C A 
Mox | Mox L 
Elv = — F tCx-C4, |= SxSL 
2 6L 2 
oL^ | Mol? 
B.C. w(L) = RE + 6 + GL + C4=0 
LY LV? 
(2) (2) 
.(5) (5) i +C intus : +C 
B.C. —]|-— — —| —————— Ll 2 T 
"Li2/] R o] aL 0 2L 3 
LY p p 
m3) (5) w() 
L L 1 2 L 2 2 L 
B.C. VL = VR| Z m det ae =— T quos cp 
2 2 2 6L 2 2 6L 2 








di 
ar, 


(1) 


(2) 


(3) 
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From (1), (2), and (3) 
Cc, =0 ed pce xs 
3 16 E no 
Therefore 
Moo L 
= O=x=- 
v6) = 1 EIL ( 7 3 


Mo 2 3 2 3 L 
v(x) = ———(-24x'L + 8x + 21Ex — SL) ee ee 6 
48EIL 2 


DEFLECTION AT A AND B 


Mo Mo 
R = = — = — — 
A~ L p L 
R R 
Dec oue 
ky kz 


64 = 0.88 in. Downward ôg = —1.36in. Upward 


DEFLECTION AT POINT C 


ren e p 
C= "A 2 ) VA B 


LV 
ml) 
I2EIL 

óc = —0.31in. Upward zm 


1 
0c = — + 5 y òp) 


(b) BENDING-MOMENT EQUATIONS-UNIFORM LOAD q 











qLx gx L 
ao rend eds cer 0 maed 
qLx* qx? L 
2 ER ERU E USUS 
qLx qx* L 
2B ee————— cse Oe XS 
12 24 2 
(0-0  C€C;-0 py 4E e (0 = <5) 
B.C. V = 2 — | = 12 24 1x Jim 
Lx. sux [L 
adiit nk 9 FEED 
gLx? qx L 
2 dup cul MU 
met UE ene (F< <1) 
Enc dors ung Se are Eos Ne arte 





fis 
ES 
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qLD  gL^ 
B.c.(L) =0 ——-——-0O6L-0G-20 
12 24 
L\? L\? L\? L\? 
L| — = L| = = 
(1)- (t) w(5) (3) . alls) (3) " 
mST OA] RG) SL. 4 6 b: 6 3 





NO 
m 
NO 
NO 
I 
NO 





From (1), (2), and (3) 
ER a ce C 
1 128 7 4 


Therefore 


vx) = -— (—32L8 + 163 + 2115) (0 <x< L) 
768EI 2 


a 3 4 3 4 L 
px) = = SOL = 32x — SILEX OL) pb ounce P 
768EI 2 


DEFLECTION AT A AND B 


qL qL 
R= EE e 
A um 2 © 
R R 
PR = 
ky ky 


04 = 0.53 in. Downward ôg = 0.82 in. Downward 


DEFLECTION AT POINT C 


L 1 
Oc = -»(4) + 5 ÔA + Op) 


2 
L 
c = aR + (E) + np + ls + 8p) 
C 768EI 2 2 ee 
óc = 0.75 in. Downward = 





fis 
E. 





(1) 


(2) 


(3) 
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Problem 9.7-4 A simple beam ABCD has moment of inertia J near the supports q 


and moment of inertia 2/ in the middle region, as shown in the figure. A uniform PIT J JIT 
load of intensity g acts over the entire length of the beam. 
Determine the equations of the deflection curve for the left-hand half of the 


beam. Also, find the angle of rotation 04 at the left-hand support and the deflection 
Omax at the midpoint. I J I 





Solution 9.7-4 Simple beam (nonprismatic) 


Use the bending-moment equation (Eq. 9-12a). L 
B.C. | Symmetry: v'(—] = 





2 
REACTIONS, BENDING MOMENT, AND DEFLECTION CURVE 2 
q 
q From Eq. (4): C) = — —— 
| PT rm q. (4): Cy 21 
Y x d 2 3 3 
X x L L L 
DATERE -ZE (First) (5) 
6 24 4 2 


SLOPE AT POINT B (FROM THE RIGHT) 


L 
Substitute x = P into Eq. (5): 


























qx 
2 "2 oO gL 
Elvg = — 6 
Vp 768 (6) 
B.C. 2 CONTINUITY OF SLOPES AT POINT B 
(VB)Le& = (Vp)Right 
- From Eqs. (3) and (6): 
Omax 5 3 3 
(z) I(E) « = lIqL qh 
BENDING-MOMENT EQUATIONS FOR THE LEFT-HAND HALF A \4 "Aw L^ 768 6177 7556 
OF THE BEAM 
Lx x^ L 
El" =M= £ E ES (0 ST =) (1) SLOPE OF THE BEAM (FROM EQs. 3 AND 5) 
P qL? qc Tqh? (osi! e 
Lx xX fL L ET ^ ^& 256 i b 
Env! - M - 5; -F CEEED) Q2) 4 6 256 4 
" g 120 48 M4 ^ 3 
INTEGRATE EACH EQUATION 
a= qLx* (qc € (o " z) (3) ANGLE OF ROTATION 04 (FROM EQ. 7) 
6 4 Tar? 
2 3 04, = —v'(0) = (positive clockwise) «— 
x xX L L 
jy d - 40, (tss) (4) 256EI 





dh 
ar. 
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Problem 9.7-5 A beam ABC has a rigid segment from A to B and a flexible segment 
with moment of inertia J from B to C (see figure). A concentrated load P acts at point B. 
Determine the angle of rotation 04 of the rigid segment, the deflection ôg at point B, 
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CHAPTER 9 Deflections of Beams 


INTEGRATE EQS. (7) AND (8) 














Elv = qLx E — Li: C (o «xc =) (9) 
P i2 24 256 3 774 
Lx X Dx L L 

Bme o E (E<x=5) (10) 
24 48 48 4 2 


B.C. 3 Deflection at support A 
v(O) = 0 From Eq. (9): C3 = 0 


DEFECTION AT POINT B (FROM THE LEFT) 


L 
Substitute x = " into Eq. (9) with C4 — 0 











Elvp = PUE 11 
k 6144 PS 
B.C. 4 Continuity of deflections at point B 
(Vp)Risht = (Vg)ren 
From Eqs. (10) and (11): 
P (E) q (£) "p L6 - 35qL* 
24\4 43\ 4 48 V4 ^ 6144 
B 13qL^ 
^^ — 12,288 


and the maximum deflection 6,,,.. 





DEFECTION OF THE BEAM (FROM Eos. 9 AND 10) 


X 
v= ——L (211 — eAL + 3223) 
768EI 
=X = 4 
s= 056 ocio po a 
12.288EI 


aia 
— FS €— 
4 2 


MAXIMUM DEFLECTION (AT THE MIDPOINT E) 
(From the preceding equation for v.) 


M (£)-3r 
mx. 7412] 4096EI 





(positive downward) 


«— 








CX 
ar, 
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Solution 9.7-5 Simple beam with a rigid segment 








FRoM B To C 

















PL Px 
Elv" = M = — - — 
3 3 
PLx | PX 
Eh = — — —— t€ € 
3 6 
385 
B.C. 1 Atx = L/3, yp’ — — —_ 
L 
|. 5PL^  3Elg 
54 j" 
PLx Px 5PL?  3Elg 
Ele SS SS 
3 6 54 L 
ee 
3 
PL P  5PDx  3Elügx 
Ev = — = = 2c 





18 54 L E 


£N 
NL 





(1) 


(2) 


(3) 


(4) 





CEN 
ES 





SECTION 9.7 Nonprismatic Beams 


3 











PL 
B.C. 2 w(L) = 0 $25 = 54 + 3EIÓp 
PLX P  5SPLx  3Elüpgx 
Elv = —— v ILI—— 
6 18 54 L 
_ PU , aui (is <1) 
54 ge 
B.C. 3 At x = =, (Va)Left = (Vp)Rign: (Eqs. 1 and 5) 
SPL? 
Op = 
729EI 
_ s _ SPL 
^ I3 243EI 


Substitute for 0g in Eq. (5) and simplify: 


P 
y = —— (D? — 61x + 8LX — 27%) 


— A86EI 
3 


[ P 2 2 
v = ——— (— 61L^ + 162Lx — 81x?) 


SS es 


L 
v' = Ogives x, = 9950/9) = (.5031L 


Also, 


MAXIMUM DEFLECTION 


Substitute xı in Eq. (6) and simplify: 


_ _ 40V5PL’ 
Ymax 6561EI 
40 V5PL? PI? 
Snax = — Vna = 40 VSPL' = 0.01363 — 
6561EI EI 


761 


(5) 


(6) 


(7) 
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162 CHAPTER 9  Deflections of Beams 
Problem 9.7-6 A simple beam ABC has moment of inertia 1.5/ from A to B and J from P 


B to C (see figure). A concentrated load P acts at point B. 


Op at point B. 


Obtain the equations of the deflection curves for both parts of the beam. From the 
equations, determine the angles of rotation 04 and 0c at the supports and the deflection 


Solution 9.7-6 Simple beam (nonprismatic) 
Use the bending-moment equation (Eq. 9-12a). 


DEFLECTION CURVE 





3I 2Px L 
E| — |v" = M = — |08 x82 (1) 

2 3 3 

PL Px L 
Eb" = M = — — — (E<x<2) (2) 
3 3 3 
INTEGRATE EACH EQUATION 
? L 
Elv = —— + CI (os 2i) (3) 
m=" Py (exes) G 
8^ 4 913 — 
B.C. 1 Continuity of slopes at point B 
(V'B)Left = (V'g)Right 
From Eqs. (3) and (4): 
O OOR 
18\3 Ll 3\3/ 6\3 i 
Cac,  HPE 5) 
^ 7 16 
INTEGRATE Eos. (3) AND (4) 
APx? L 

PAP to ^ Cid t ee Dru (6) 








EI | PLx? _ Px’ (c +C (is <1) (7) 
oe ae eee ouo 
B.c. 2 Deflection at support A 
v (0) =0 From Eq. (6): C3 = 0 (8) 
B.c. 3 Deflection at support C 
PL? 
v(L) = 0 From Eq. (7): C= = 9 CoL (9) 
B.C. 4 Continuity of deflections at point B 
(Va)Lett = (Va)Right 
From Eqs. (6), (8), and (7): 
4P( LV LX PLL PIL 
EM aos ci: C, E uec NEUEN Moss 
54« 3 3 6 \3 18N3 
L 
MOR 
3 
CL = IOPE | on 430 (10) 
1 243 2 4 


SOLVE EQS. (5), (8), (9), AND (10) 











|.  38PL? | YI75PL T 
: 729 j 1458 : 

— 13PL 
^ 1458 


SLOPES OF THE BEAM (FROM EQS. 3 AND 4) 


2P L 
voc ug 09 - six) (0=x= E) (11) 


729EI 





dh 
ar. 
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RP. 
fee (1751? — 486Lx + 243x?) 
]458EI 
L 
(5 — xxm L) (12) 
3 
ANGLE OF ROTATION 04 (FROM EQ. 11) 
04 == (0) = 38PE (positi lockwise) = 
A =v = 729El positive clockwise 


ANGLE OF ROTATION Oc (FROM EQ. 12) 
2 


729EI 





0c = v'(L) = (positive counterclockwise) <— 


Problem 9.7-7 The tapered cantilever beam AB shown in the 
figure has thin-walled, hollow circular cross sections of constant 
thickness t. The diameters at the ends A and B are d, and 

dg = 2d,, respectively. Thus, the diameter d and moment of 





inertia / at distance x from the free end are, respectively, 
dA 
d=—(L+x 
Xu UE) 
mid? — mid) 


I, 
= (L- xy = 4h + x) 
g gp Et - 40r» 
in which J, is the moment of inertia at end A of the beam. 
Determine the equation of the deflection curve and the 
deflection 6, at the free end of the beam due to the load P. 


Solution 9.7-7 Tapered cantilever beam 


lA 3 
feti esu 


--Px  Elw"- -Px 


Px PL? x 
|_* (1) 


EI — ELL + xy 


INTEGRATE EQ. (1) 

xdX ———— bee 2x 
(L + x 2(L + xy 
RES 
pee | m 1 

Ely L2(L + x) 


From Appendix C: J 





B.C. Lv (L) = 0 





di 
ar, 





SECTION 9.7 Nonprismatic Beams 763 


DEFLECTIONS OF THE BEAM 


Substitute C1, Cs, C3, and C4 into Eqs. (6) and (7): 











= -ZE (1972 - 272) (0 = <<) — 
P= 7 329EI Í ded 
P 3 2 2 3 
T (— 1313 + 17512x — 243Lx2 + 81x) 
1458EI 
(4 < < L) «— 
Leys 
3 
L 
DEFLECTION AT POINT B (s = = 
: (£) 32PL° (positive d à) _ 
z= — — |= OSILIVOC dHOWnWar 
B V3] 2I87E] P 








=e) bee) ee 


VU CELL 2 
El, !2(L + x) 


Or 
PL? L PL? x 3PI? 
vs e depen | (2) 
El, L2(L + x) ElAL(L + x) SEI, 


INTEGRATE EQ. (2) 





From Appendix C: 
J dx 1l 
(L + x) E+x 


xdx LL 
inf bia A 
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764 CHAPTER 9 Deflections of Beams 
PL? (L 1 PI? 
v= —|— = + — +In (L + x) 
EI, 2 L +x El, L + x 
3PI? 
a Ur C> 
SEI, 
22 E ine) d +C (3) 
= n — à 
EI,| XL+ x) BL ? 
2 v(L)=0 so E l 7 
B.C. = = ——-|— — In 
iol 2 EL, [8 


Problem 9.7-8 The tapered cantilever beam AB shown in the 





figure has a solid circular cross section. The diameters at the ends 
A and B are d, and dg = 2d,, respectively. Thus, the diameter d 


and moment of inertia / at distance x from the free end are, 











respectively, r M d od, © 
d 
d = (L +x) . í 
L >x d 
ard ^ ads I4 L 
ez Ui +x) 7! (LT x) 
in which J, is the moment of inertia at end A of the beam. 
Determine the equation of the deflection curve and the 

deflection 6, at the free end of the beam due to the load P. 

Solution 9.7-8 Tapered cantilever beam 

I 2 
M--Px  EW'--Px [=4¢ +x) TRE end FPE 
L 12El4 
! Px PL’ | x | (b , PI’ | L+ 3x | PL? 
SS Ss = p = Ls 
P EI El, | L4 xy. El, |6C+xy3| 12EI, 
INTEGRATE EQ. (1) = 
4 4 
F A dx C d i RS v=] - de : ; 
rom Appen : = ie EI EI 
PL'[ L+ 3x _ PL’ 5 
TEET 9 Q) 
EIAL6(L- xy 12EI, 
LG 
EMI. 


DEFLECTION OF THE BEAM 
Substitute C5 into Eq. (3). 
PD| L 3x 1 
C= = ee a 
EI,(2(L+ x) 8L 





Lra 
+ m( y - 
8 2L 
DEFLECTION 0, AT END A OF THE BEAM 


PI? 
5, = —v(0) = gg, C"? — 5) 


PE n 
= 0.06815 — (positive downward) = 
EI, 


1 
Note: In 5 = —]n2 
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INTEGRATE EQ. (2) PI? (7 
B.C. 2 v(L) = 0 oC e 
From Appendix C: "dg nC: 
(L +x) 2(L +x) 
DEFLECTION OF THE BEAM 
J xdx -[ o2) 
(L E» XL "s Substitute C5 into Eq. (3) 
3 
IEEE Y LE. xen cue 7- SO a| 
P ELN6/\ 2/\L+x/ | EILN2AL 205 x 24EI, (L+x) L 
PL’ D 5 
— x 4 €, EFLECTION Ó4 AT END A OF THE BEAM 
12EI, 3 
PI? [2 L(L +2x 04 = —w(0) = —— — (positive downward) — 
- | alto (3) 24EIA 
Ell I12(L—- x) 4(L+x)* 12L 
Problem 9.7-9 A tapered cantilever beam AB supports a 
concentrated load P at the free end (see figure). The cross 
sections of the beam are rectangular with constant width b, 
depth d, at support A, and depth dg = 3d,/2 at the support. 
Thus, the depth d and moment of inertia J at distance x from the P 
free end are, respectively, » B 
d= —(2L+ al UE a 
ap e et» zn NE ML. 
bd? —bdj I x 7 b Pa 
I= =A L+% = 0L +v 
12 96]? 8L? ~~~ L 
in which J, is the moment of inertia at end A of the beam. 
Determine the equation of the deflection curve and the 
deflection 6, at the free end of the beam due to the load P. 
Solution 9.7-9 Tapered cantilever beam 
I 2 
M--Px  EW'--Px 1=—4 QL*xy pub xot E 
SL 9ET, 
ee NR E D > L+x | 16PL2 
— = 7 »- 2 
EI El, |QL * x) El, LOL-- x | 9El4 
Or 
INTEGRATE EQ. (1) apI? | L | . apI? | " | 
d. 2L-2 v= Vig aN ak 
From Appendix C: / — = — — Ely LQL* x]. El4 LOL xy 
(2L-Fx) 2(2L + x) i 
Aion L*x | i Q) 
v Eh QLexj) 7 a 





EX 
ar, 
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766 CHAPTER 9 Deflections of Beams 
INTEGRATE EQ. (2) DEFLECTION OF THE BEAM 
d. ] Substitute C, into Eq. (3). 
From Appendix C: J — = — : PO) 
QL- x) 2L +x 8PL? | L 2x 1l 
2 AL ” EL |2L+x 9L 9 
pe im t In(2L + x) 
QL-c-x) 2L+x (= 23] 
+ In «— 
_ 8PD? : L , SPL’ | 2L 3L 
El, 2L El, 2L X 
iene DEFLECTION 6,4 AT END A OF THE BEAM 
+nan+)|- +O SPI? 3 7 
; El, | \2/ 18 
PL 8L 16x 
= +8 mnOLt x) — | FG (3) PL? 
El, 2L + x 9L — 0.1326 ER (positive downward) — 
2v(L)=0 ee SPD E +] BL) 2 ' 3 
B.C. 2 W(L) = CO), = — Fin 
El, £9 Note: In= = —In= 
3 2 
Problem 9.7-10 A tapered cantilever beam AB supports a concentrated 3 
load P at the free end (see figure). The cross sections of the beam are L(x) - I4 (3 , 10x | e bd? d l 
rectangular tubes with constant width b and outer tube depth d4 at A, and 4 2IL 12 


outer tube depth dg = 3d,/2 at support B. The tube thickness is constant, 
t = d,/20. I4 is the moment of inertia of the outer tube at end A of the beam. P 
If the moment of inertia of the tube is approximated as [,(x) as 


defined, find the equation of the deflection curve and the deflection 6, at da LO d l2 
the free end of the beam due to the load P. DdY 
Np 


Solution 9.7-10 


BENDING-MOMENT EQUATIONS 


Ely" = M = -Px 








" —Px = PX <P X 
v = = — m LLL LLL 
Elax) (2 er) El, (: 23 
p pe ee 
4 27L 4  27L 
; x a + 2bx 
From Appendix C: | ————,, dx = ——5———5 
(a + bx) 2b^(a + bx) 
3 10 
—2———X 
—P 4 2IL 
din 2 5 | Cl 
FI, (=) E 10 
De =e 
27L 4 27L 
, PL? 19683 81L 80x 
ee Ws ee ee +C 
El, 50 ((81L+40x)? (81L+40x) 





dh 
ar. 
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SECTION 9.7 Nonprismatic Beams 767 


1 -] 
E oU mE s 
(a+ bx) b(a + bx) 


X 1 a 
I = (enano) 
(a+ bx) b^ Na + Ix 


Ph ses) -81L 0. c 81L 


From Appendix C: j 


t In(81L + 409) t Cix-4C, 





" EL 50 |40(81L--40x) 402V81L + 40x 
19683PL3 / 81L --1621n (81L + 40x) L + 80ln(81L + 40x)x 
2000EL, 81L--40x 
—3168963 PI? 
gc vÜ)20 Q= —— 
732050 Ely 
10)20 Q= 19683PL" (33614-292821n (121L)) 
B.C. = = 
r 2 29282000EI, E 











v(x) — 


n ( 8IL E " sm) 6440x — Bet) 
2000EL, \8I1L + 40x ^ M21 — 121L/  14641L 14641 


19683PL> 11 PL? 
5, = —v(0) = sco (2820 14641m 4) = 0.317 —— 









PM 
7320500EI, EI, 
-&- **Problem 9.7-11 Repeat Problem 9.7-10 but now use the tapered propped P 
cantilever tube AB, with guided support at 5, shown in the figure which 
supports a concentrated load P at the guided end. EE 
Find the equation of the deflection curve and the deflection ôg at the da dg = 3d4/2 
Y. 


guided end of the beam due to the load P. 


Solution 9.7-11 


BENDING-MOMENT EQUATIONS 


Elv" = M = Px 





JU EC oe, NE NET 
OEL 2 (3 10x38 — EL (3 10% 
"(ED OR 
4 2L 4 2L 
+ 2b 

From Appendix C: J —— dx = -<2 
(a+ bx) 2b*(a + bx) 

3 10 

Pass meee 

, P 4  27L 

y: iG 


El, (G 10 ) 
ey 
27L) NA 27L 





EX 
ar, 
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768 CHAPTER 9  Deflections of Beams 


PI? 19683 81L 80x 
uie xd portano oe Ear 
El, 50 [(81L+40x)?  (81L--40x) 


1 x 
— dx E e 
(a + bx)? b(a+ bx) 


j —S de + In(a + ho) 
———.,ax = nta X 
(a + bx)? b? Na + bx 


PI? : | — 8IL - Si 81L 


From Appendix C: J 





v= o————— — 


t In(81L + 409) + Cx+C, 








El, 50 [40(81L+40x) 402\81L + 40x 
19683PI? /81L +1621n(81L + 40x)L + 80In(81L + 40x)x 
= ————— oe | tH Cix T C5 
2000EI, 81L+40x 
()-0 € 3168963 PL? 
B.C. = =a a 
r | 732050 El, 
19683PL? 
B.C. v(L) = 0 C, = — ———- (14 21n(81L)) 
2000EI, 
19683PL^/  81L 40x 6440x 
v(x) = —————|———— + 2In[ 1 + — | - —] — 
2000EI, \81L + 40x 81L 14641L 
19683PL? 11 PD 
ôg = — (L) = EPL (2820+ 14641m 2E) = 0.317—— —— 
7320500EI, 9 El, 
Problem 9.7-12 A simple beam ACB is constructed with square q 


cross sections and a double taper (see figure). The depth of the PTI Jeli 
beam at the supports is d4 and at the midpoint is dc = 2d,. Each 


half of the beam has length L. Thus, the depth d and moment of 


inertia / at distance x from the left-hand end are, respectively, A B C] E d 
da / Y o / \ NN. 
d = —(L + x) d 





in which J, is the moment of inertia at end A of the beam. (These 
equations are valid for x between 0 and L, that is, for the left-hand 
half of the beam.) 


(a) Obtain equations for the slope and deflection of the 
left-hand half of the beam due to the uniform load. 

(b) From those equations obtain formulas for the angle of 
rotation 04 at support A and the deflection óc at the midpoint. 





as 
ar. 
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Solution 9.7-12 Simple beam with a double taper 


L — length of one-half of the beam 
IA 
r= Pi EA Osx L) 


(x 1s measured from the left-hand support A) 
Reactions: RA = Rg = qL 

. qx? qx? 
Bending moment: M = R4x — cu qLx — ES 


From Eq. (9-12a): 
Elv" = M = qLx — —- 


B qL’x qL^x? 
EI (Lx) — 2EI,(L+ xy! 


n 


(0 sxs L) (1) 


INTEGRATE EQ. (1) 














xdx L+3x 
From Appendix C: / pou. e 
(L t x) 6(L +x) 
/ xde D + 3x + 3x? 
Xp- (L4)! XL» 
or L-3x | 
y=: — —————— 
EI, 6(L 4 xy 
_ a eee ad st 
2EIA 3(L 4 xp i 
qL^x? 
T DEL XY (05x51) (2) 
2EIAQ. +x) 
qL' 
.C. l t '(L) 20 "(C,2-— 
B.C. 1 (symmetry) v (L) 1 e 


SLOPE OF THE BEAM 


Substitute C; into Eq. (2). 











l qL^x? qL? 
= ae a 
2EIL- x) 16EI, 
=- 1- . sxsL — 
16EI, (L4 x) 





fis 
SE 














SECTION 9.7 Nonprismatic Beams 769 
ANGLE OF ROTATION AT SUPPORT A 
0 (9) - itive clockwi 
= = = «— 
A v (0) I6EL, (positive clockwise) 
INTEGRATE EQ. (3) 
2 
d L(3L +4x 
From Appendix C: / z E = ee + In(L + x) 
(L+x) 2(L + x) 
gL? | SL^(3L + Ax) 
= p (i ——MM—M———— 
16EIA UL 4 xy 
-3L n+) +O (OS=x=L) (4) 


B.C. 2 »(0) = 0 


DEFLECTION OF THE BEAM 


Substitute C5 into Eq. (4) and simplify. (The algebra is 


lengthy.) 
gL* [ (91? + 14Lx + x*)x x 
| ee rinse 
2EIA 8L(L +x) 


DEFLECTION AT THE MIDPOINT C OF THE BEAM 
gE qL* 

6c = —wL) = 5— (3 —41n2) = 0.028432— 
SEI, El, 


(positive downward) 


«— 


«— 
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770 CHAPTER 9  Deflections of Beams 


Strain Energy 


The beams described in the problems for Section 9.8 have constant flexural 


rigidity El. h 
nid A B Hp 


Problem 9.8-1 A uniformly loaded simple beam AB (see figure) of span Jj L. 
length L and rectangular cross section (b = width, h = height) has a max- b 
imum bending stress Omax due to the uniform load. 

g o — EM 


Determine the strain energy U stored in the beam. 


Solution 9.8-1 Simple beam with a uniform load 
































Given: L, b, h, Omax Find: U (strain energy) 16/0 4. 
Solve for q: q = 3 
. qLx qx” L*h 
Bending moment: M = Pu 
Substitute q into Eq. (1): 
Strai Eq. 9-800: U= f ME : i 
train energy (Eq. 9-80a): U — o 2El E 16 lonas L 
q?D D 15W E 
i bh? 4 bhLo ;; 
eU Substitute / — 12 U = ia 
MymaxC — Mmaxh 
e Maximum Stress: Omax = I = >] 
2 2 
qL qL'h 
M max — o Umik ~ um 
8 167 
Problem 9.8-2 A simple beam AB of length L supports a concentrated load P P 
at the midpoint (see figure). A T 
(a) Evaluate the strain energy of the beam from the bending moment in the beam. 
(b) Evaluate the strain energy of the beam from the equation of the deflection 
curve. r " 
(c) From the strain energy, determine the deflection 6 under the load P. 5 e = 
Solution 9.8-2 Simple beam with a concentrated load 
Px L (b) DEFLECTION CURVE 
(a) BENDING MOMENT M^» — [(0zxzx— 
2 2 From Table G-2, Case 4: 
Strain energy (Eq. 9-80a): E Px BL — 4x2) (0 Bye r) 
LD. T ASEI 2 
M^dx | P*L 
U-t] 2E 96H ea pou E. 
ee — 4x — 
i dx 16EI 2 ~~ QE] 





as 
ar, 
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SECTION 9.8 Strain Energy 771 


Strain energy (Eq. 9-80b): (c) DEFLECTION 6 UNDER THE LOAD P 


From Eq. (9-82a): 














5 f 8 (y, al ( Px ja 
LI — | —— x= ——— X 
o 2 o \2EI 5 —2U . PD 
pAp? P A48EI 
= 96EI 
Problem 9.8-3 A propped cantilever beam AB of length L, and with guided support y 
at A, supports a uniform load of intensity q (see figure). , 
(a) Evaluate the strain energy of the beam from the bending moment in the beam. 
(b) Evaluate the strain energy of the beam from the equation of the deflection curve. 
——Xx 
A B 
EIE. 
Solution 9.8-3 
a) BENDING-MOMENT EQUATIONS d 
i > L y = =L (SD? —12Lx? + Ax?) 
Measure x from end B dx 24EI 
Xu 2 d? q 
- - — v = —l—(-2Lx + x? 
icr Du E d 77 X x^) 
Strain Energy (Eq. 9-80a): Strain energy (Eq. 9-80b): 
L y? “EI ( a? N? 
U = M Vd U — l (sv) dx 
o 2EI 0 2 \dx 
L 2\2 275 “EI : 
- Te) no o v= | - (e+?) di 
o 2EI 2 15EI o 2L 2El 
gL 
= — <— 
(b) DEFLECTION CURVE I5EI 
Measure x from end B 
ks jen i 3 2.21.8 
= —~— (8L — AIx^ + 
»— AE *) 
Problem 9.8-4 A simple beam AB of length L is subjected to loads that produce a ô 
symmetric deflection curve with maximum deflection ô at the midpoint of the span (see A B 
figure). 
How much strain energy U is stored in the beam 1f the deflection curve is 
(a) a parabola, and (b) a half wave of a sine curve? " f 
2 2 








dh 
ar. 
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772 CHAPTER 9  Deflections of Beams 


Solution 9.8-4 Simple beam (symmetric deflection curve) 


(b) DEFLECTION CURVE IS A SINE CURVE 








GivEN: L, EI, 6 ô = maximum deflection 
at midpoint .OTX dv 770 TX 
v = ô sin— — = -— cos 
Determine the strain energy U. L dx L L 
2 2 
Assume the deflection v is positive downward. dv 23 TÒ unt 
dx? ibe L 
(a) DEFLECTION CURVE IS A PARABOLA Strain energy (Eq. 9-80b): 
46 d 46 L p L 282 
v=- DS -—(L-22 v= | S(5)a- 5 ZZ] sin? a. 
L dx L 0 2 dx? 20 X rP L 
2 
TY a TES 0 
dx? L i AL? 
Strain energy (Eq. 9-80b): 
“EI(d?v\___ EI ("( 88\? 
U = a Pe ms —5]dx 
0 2\dx 2 Jo L 
J 32EI8* 
dar 
Problem 9.8-5 A beam ABC with simple supports at A and B and an overhang 
-Qa- BC supports a concentrated load P at the free end C (see figure). 
A a C 
(a) Determine the strain energy U stored in the beam due to the load P. 





(b) From the strain energy, find the deflection 6¢ under the load P. 


(c) Calculate the numerical values of U and óc if the length L is 8 ft, the 
overhang length a is 3 ft, the beam is a W 10 X 12 steel wide-flange sec- — L —À— a 
tion, and the load P produces a maximum stress of 12,000 psi in the 
beam. (Use E = 29 X 10° psi.) 


Solution 9.8-5 Simple beam with an overhang 


(a) STRAIN ENERGY (use Eq. 9-80a) From B TO C: M = —Px 


a 2.3 
1 P 
ý Use = | — (—Pxy) dx = —— 
0 





2EI 6EI 


pran | fe 
A À TOTAL. STRAIN ENERGY: 
P?a? 
pe $44 U= Ug tUe = ——-(L*ta © 
" | z AB + Upc = cg] ( ) 


(b) DEFLECTION Ôc UNDER THE LOAD P 





Pax From Eq. (9-82a): 
FROMA TO B: M = — — r 
L s 2U Pa Cra — 
ZI —— I ———— a 
M?2dx Pj Pax Ve P?^a?L C P 3EI 
Usp = = —|———]dx = — 
2EI o 2EI L 6EI 





dh 
ar. 
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(c) CALCULATE U AND 6, T P?a*(L+a) _ Tax IL + a) 
Data: L = 8 ft = 96in. a= 3 ft = 36 in. 6EI 6c^E 
W10x12 E=29 X 10° psi = 241 in.-lb —— 
Omax = 12,000 psi S ec Pa*(L +a) OmaxU(L + a) 
Cc — ERO °° Sa 
d 9.8 3EI 3cE 
1=53.8in* c= —=— = 4,935 in. 
2 Z = 0.133 in. — 
Express load P in terms of maximum stress: 
Omax — Ee = Mimar? = Pac ono Z.P = max! 
I I I ac 


Problem 9.8-6 A simple beam ACB supporting a uniform load q over M 


the first half of the beam and a couple of moment Mo at end B is shown in the 
figure. 
Determine the strain energy U stored in the beam due to the load g and | l | i | i i | fN 


the couple Mo acting simultaneously. À A NE 











Solution 9.8-6 
FROM A TO MID-SPAN STRAIN ENERGY (EQ. 9-804A): 
Bending-Moment Equations T L M? B J Ld | (e " vt) 
w= (22 z ae P JL 2E” Jls ^ LA 
^48 Lj 2 2 ^ 
z-a) 
=| al ax 
STRAIN ENERGY (EQ. 9-804): 2 4 
L 2 DU L^q? + 320L7 M + 44804 
[My í T diio ° 
UU Jọ DEI 
STRAIN ENERGY OF THE ENTIRE BEAM 
L 242 
f 1 IE) qx | P L T 
- |l. oH 8 L 9 | & U=U,+U - ag 
o 2ElN 8 L 2 pr? 15360EI\ — 4 





2 2 
Z I?*o9? 4 L2M.. + 80M j + 280qL^ My, + 2560m ) «— 
Ui = 384081 ( q AOGE M 0 
FROM MID-SPAN TO B 


Bending-Moment Equations 


3qL Mo ^( = | 
M = + MU 
E E 2V 4 











di 
ar, 
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774 CHAPTER 9 Deflections of Beams 


Problem 9.8-7 The frame shown in the figure consists of a beam ACB 
supported by a struct CD. The beam has length 2Z and is continuous 
through joint C. A concentrated load P acts at the free end B. 

Determine the vertical deflection 6, at point B due to the load P. 

Note: Let EI denote the flexural rigidity of the beam, and let EA denote 
the axial rigidity of the strut. Disregard axial and shearing effects in the 
beam, and disregard any bending effects in the strut. 





Solution 9.8-7 Frame with beam and strut 





























BEAM ACB Lcp = length of strut 
|— C = V2L 
A B . " 
i T T F = axial force in strut 
i | "P = 2V2P 
| ^Lep 
| Rep UsRUT = Eq. 2-37 
is STRUT EA (Eq a) 
tuos AC ode ben Ap m QV2PY(V2L) | AV2P?L 
m: M = — i ee e 
Or par ° e bea r X 2 STRUT TEA FA 
M*d 1 P*L 
-e- Vac = a — OFT | co» — 6El F Ud ou PIL’ 4V2P'L 
0 BEAM * USTRUT = 377 En 
PL 
For part CB of the beam: Ucg = Uac = ——— 
OEI DEFLECTION Óg AT POINT B 
P?[? rx 
Entire beam: Ugeam = Uac + Ucr = E71 From Eq. (9-82a): 
2U PL  8V2PL 
SnucT CD B= p 3E TA 
2P 
C 
E 
Ak 
IP DY \ 45° 
v2 | 
2P 








CX 
ar, 











09Ch09.qxd 9/27/08 1:37 PM Page 775 XE 
lol 
SECTION 9.9  Castigliano's Theorem 715 
Castigliano's Theorem 
— C Mo 
The beams described in the problems for Section 9.9 have constant flexural (A B 





rigidity EI. A A 
Problem 9.9-1 A simple beam AB of length L is loaded at the left-hand end 
by a couple of moment Mp (see figure). 

Determine the angle of rotation 04 at support A. (Obtain the solution by L ~ 


determining the strain energy of the beam and then using Castigliano’s theorem.) 


Solution 9.9-1 Simple beam with couple M, 








Mo STRAIN ENERGY 
(A. B M2dx M3 [^ x\? ML 
U = = —— l—-->-]dx= 
f 2EI 2EI Jo L GEI 
X 
me S L EU: CASTIGLIANO'S THEOREM 
dU | MgoL 
Mo 0, = —— = — — (clockwise) ec 
R4 = T (downward) dMo X 3EI 


(This result agrees with Case 7, Table G-2) 





load P acting at distance a from the left-hand support and distance b from the A 


right-hand support. 
Determine the deflection 05 at point D where the load is applied. (Obtain 


the solution by determining the strain energy of the beam and then using 


Castigliano's theorem.) a b 1 
L 


Problem 9.9-2 The simple beam shown in the figure supports a concentrated y 
D 








Solution 9.9-2 Simple beam with load P 


iP Pbx 
A a * b B 


f- : D ! à » - Pax 
to) i E — x = — 
DB B L 
X A 
L | M?dx 


STRAIN ENERGY U = 








2EI 
Pb Pa 1 "( Pbx \* P*a°b? 
R, = — Rg = — Usp = = — | dx = S 
L L 2EIl Jo N L GEIL 





dh 
ar. 



































09Ch09.qxd 9/27/08 1:37 PM Page 776 PAS 
E 
776 CHAPTER 9  Deflections of Beams 
, 1 f l Jr pap? CASTIGLIANO' S THEOREM 
DB  p[I v pee cm dU Pab? 
2ET Jy \ L 6EIL oS (downward  <— 
P2g2p2 dP 3LEI 
U = Usp + Upg = — 
‘AD DB GLEI 
Problem 9.9-3 An overhanging beam ABC supports a concentrated load P at P 
the end of the overhang (see figure). Span AB has length L and the overhang has A B C 
length a. 
Determine the deflection óc at the end of the overhang. (Obtain the 
solution by determining the strain energy of the beam and then using 
Castigliano's theorem.) . L *<— a 
M?dx 
STRAIN ENERGY U = 
2EI 
1 f Pax) P^a?L 
AB EE m 
boa | x 2EI Jo L GEI 
pe a —— (oh 1 a ; 3 
a — PxYdx = —— 
--—- m CBT PFI | C. 
RA — T (downward) 22 
U = Usp + Ucr = (L + a) 
Pax 6EI 
Map = “Rax = op. 
CASTIGLIANO' S THEOREM 
M CB ^ 7 Px 2 
jo c T EM d -— 
—————— a ownwar 
C  qP 3EI 
Problem 9.9-4 The cantilever beam shown in the figure supports a triangularly qo 
distributed load of maximum intensity qo. 
Determine the deflection óg at the free end B. (Obtain the solution by 
determining the strain energy of the beam and then using Castigliano's theorem.) 
B 





EX 
ar, 
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SECTION 9.9  Castigliano's Theorem 117 
Solution 9.9-4 Cantilever beam with triangular load 
do CASTIGLIANO'S THEOREM 
oU | PD) qq 
B= = a + —— (downward) 
oP | 3EI  30EI 
i (This result agrees with Cases 1 and 8 of Table G-1.) 
x 
| d I? 
L SET P = 0: ôg = 
30EI 
P = fictitious load corresponding to deflection ôg 
3 
M = —Px — zu 
6L 
STRAIN ENERGY 
Mx 1 [^ È: 
= E (-Px = | dx 
2EI 2EI Jo 6L 
OPL Palt | gh? 
© 6EI | 30EI  42EI 
Problem 9.9-5 A simple beam ACB supports a uniform load of intensity q on q 
the left-hand half of the span (see figure). 
Determine the angle of rotation 05 at support B. (Obtain the solution by using A C B 


the modified form of Castigliano's theorem.) 








"LN J 
: A 
L L | 
3. 2 


Mo = fictitious load corresponding to angle 
of rotation 05 
3àqL M L M 
Ree ou E. 
8 L 8 L 








dh 
ar. 


BENDING MOMENT AND PARTIAL DERIVATIVE FOR 
SEGMENT AC 





2 2 
qx 3qL ^ qx 
M = R — ——— = = MEE. oo ess 
db EC e L) 2 
Ox=x=- 
2 
Mac x 
My L 


BENDING MOMENT AND PARTIAL DERIVATIVE FOR 
SEGMENT CB 
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Mcp x a4 SET FICTITIOUS LOAD M EQUAL TO ZERO 
Mo L LI 3qLx qx? x 
0p = — esi | tana) (2 
EI Jo 8 2 L 
MODIFIED CASTIGLIANO'S THEOREM (EQ. 9-88) L/2 
EC 
= —— = ux 
6, = Galera EI Jy \ 8 L 
EI / N0Mg q I? aL? 
L2 2 H 
= — che pg e | ae 
EI Jo 8 L 2. ILE 7qL? 
= aSAEI (counterclockwise) = 
PR Selene 
EI Jo g pe 0 il (This result agrees with Case 2, Table G-2.) 
Problem 9.9-6 A cantilever beam ACB supports two concentrated loads P Po 
P, and P», as shown in the figure. A C 
Determine the deflections 6¢ and 0g at points C and B, respectively. B 


(Obtain the solution by using the modified form of Castigliano’s theorem. ) 


Solution 9.9-6 Cantilever beam with loads P, and P; 
P, | Pz 


| L | L 
een o une 
Jo. 


BENDING MOMENT AND PARTIAL DERIVATIVES 
FOR SEGMENT CB 





L 
Mcg = — Pox (os 2i) 


üMcp -— 
ðP, 


üMcp -— 
ðP, 








=X 


BENDING MOMENT AND PARTIAL DERIVATIVES FOR 
SEGMENT AC 








wer nei) me (Geet) 
AC 1\ x 2 2X 2 = 
oMac L 0M ac 

E — — — — x 
OP, 2 OP, 


MODIFIED CASTIGLIANO’S THEOREM FOR DEFLECTION Ô C 


Me) 
M — —— ld 
( ext 3P, X 


L 
1 ðM 
+— / ato ( RAE Jae 
EI Jin OP 


ane 2) n 
EI Jip 1\ X 2 0X 2 X X 


3 


~ A8EI 


L/2 


(2P, + 5P) < 


MODIFIED CASTIGLIANO'S THEOREM FOR DEFLECTION Ô B 


L 
] aM 
i / Mac( 746 ja 
EI Jin OP, 





as 
ar, 
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É IDE (SP, + 14P)) 
"uj, 6 9C »m — 24El  48ED ^ | : 
)p ig L L 
E -p(x 7 3 - P -dx Tga OF tle e 
EI Jin 2 
(These results can be verified with the aid of Cases 4 
and 5, Table G-1.) 
Problem 9.9-7 The cantilever beam ACB shown in the figure is subjected to q 


a uniform load of intensity g acting between points A and C. a T 
Determine the angle of rotation 04 at the free end A. (Obtain the solution A 
by using the modified form of Castigliano’s theorem.) 


J. MODIFIED CASTIGLIANO'S THEOREM (EQ. 9-88) 


/ b ae ae Se Br M oM 
^A x EI aM 
-- | L | L | 1 pl 2 
i my (- ia 





iF 
Lt 
i 


a 








= — Ee |= Id 
EI Jo z J De 
Mo = fictitious load corresponding to the angle 1 re L L 
of rotation 6, qr | — Mg — Ps = =) | — 1)dx 
EI Jin 2 4 
BENDING MOMENT AND PARTIAL DERIVATIVE FOR 
SEGMENT AC SET FICTITIOUS LOAD M EQUAL TO ZERO 
2 
B qx L 1 I m 1 E yp L 
Mac = ~Mo ~~ (osa) 0, = — ae eee (Ss - ae 
EI Jo 2 EI Jr \ 2 4 
OMac _ | E qL? , aU 
ad — 48El BEI 
3 
BENDING MOMENT AND PARTIAL DERIVATIVE FOR _ 1q Coreia pE 
SEGMENT CB 48EI 
M M qL L L m" (This result can be verified with the aid of Case 3, 
CB 770 54* 4j i2 ^-— Table G-1.) 
Mce — 
0Mo 





dA 
ar, 
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Problem 9.9-8 The frame ABC supports a concentrated load P at point C (see figure). <—— b — 


Members AB and BC have lengths h and b, respectively. 
Determine the vertical deflection ôç and angle of rotation 0c at end C of the frame. 
(Obtain the solution by using the modified form of Castigliano's theorem.) 


B C 








P — concentrated load acting at point C 
(corresponding to the deflection 0) 
Mo = fictitious moment corresponding to the 
angle of rotation 0c 


BENDING MOMENT AND PARTIAL DERIVATIVES FOR 
MEMBER AB 


Map = Pb + Mo (OOS=x sh) 
OM ap _ OMAR _ , 
ðP Mo 








BENDING MOMENT AND PARTIAL DERIVATIVES FOR 
MEMBER BC 


M pc = Px + Mg (0x x x b) 
0M pc 0M pc 
= X — 
aP dMo 








MODIFIED CASTIGLIANO'S THEOREM FOR DEFLECTION Ôc 
M \/ 0M 

v= [irae 
EI /N0P 


j 7° | 
^m I (Pb + Mo\(b) dx + — I (Px + Mp)(x) dx 


Set Mo = 0: 
h b 
| 2 l 2 
bc = g |, Pre us | rijs 
EI Jo EI Jo 
= pe (3h + b) (d d) «—— 
= 3EI ownwar 


MODIFIED CASTIGLIANO’S THEOREM FOR ANGLE OF 
ROTATION 0c 


«- [CEE 


1 


h 1 b 
= zl (Pb + Mo)(1)dx + zl (Px + Mo) (1) dx 


Set Mo = 0: 


IJ j fP 
0c — — | Pbdx + — | Pxdx 
EI Jo EI Jo 


Pb 
= —— (2h + b) (clockwise) = 
2EI 
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SECTION 9.9 Castigliano’s Theorem 781 


Problem 9.9-9 A simple beam ABCDE supports a uniform load of 
intensity q (see figure). The moment of inertia in the central part of the 
beam (BCD) is twice the moment of inertia in the end parts (AB and DE). BERNER 
Find the deflection 6¢ at the midpoint C of the beam. (Obtain the 
solution by using the modified form of Castigliano's theorem.) a p C H E 
2I 


ididiin 


Solution 9.9-9 Nonprismatic beam 
| p MODIFIED CASTIGLIANO'S THEOREM (EQ. 9-88) 


Integrate from A to C and multiply by 2. 


LI TIE EESTI Mac M 9M 
e 2 | ( sc AC Ja. 
a Tem "mun EI )\ aP 
| T A í "P 2 p 
7 A -( 4) f (£2 -E . PE. 
b Ll \2 X. BIO 


L/2 2 
] L 
( J ( E e SG) 
DEI] Jos \ 2 2 7 Oo 


SET FICTITIOUS LOAD P EQUAL TO ZERO 








P — fictitiuous load corresponding to the deflection óc 
at the midpoint 











R, = qL je P ; 2 B 29 07 
E ee c 
BE c ED XE 27/0 
| [f aL 2 

BENDING MOMENT AND PARTIAL DERIVATIVE FOR THE = (e: B | (=) e 
LEFT-HAND HALF OF THE BEAM (A TO C) EI Jij 2 2 p 

Lx x^ P L 4 4 
"EA NT 

2 2 2 2 6,144EI  12,288EI 
a == (0 y= r) = SaL" (downward) «— 

oP 2 2 C 4096EI 


Problem 9.9-10 An overhanging beam ABC is subjected to a couple M4 
at the free end (see figure). The lengths of the overhang and the main span M,\4 


are a and L, respectively. Ah A 
Determine the angle of rotation 04 and deflection 6, at end A. (Obtain the 


solution by using the modified form of Castigliano’s theorem.) D 
a «— — — L — 





dh 
ar 
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Solution 9.9-10 Overhanging beam ABC 
pP Set P = 0: 
| [^ 1 [ [Max 
/ P 04 = — | Madx + — (7E) (ae 
th EI Jo EI Jo L L 
a bec ——————Ó 
— Xx L X PEN MA . 
| = —— (L + 3a) (counterclockwise) «— 
3EI 
M, = couple acting at the free end A (corresponding to 
the angle of rotation 04) MODIFIED CASTIGLIANO'S THEOREM FOR DEFLECTION 04 
P = fictitious load corresponding to the deflection 6, M\/aM 
a= JG) 
EI / \ ðP 


BENDING MOMENT AND PARTIAL DERIVATIVES 
FOR SEGMENT AB 


1 a 
= z [Cn — Px)(— x)dx 
Map = —MA — Px (0O=x=a) ET Jo 




















oM oM 
OM, oP ti à LC UL UL dx 
BENDING MOMENT AND PARTIAL DERIVATIVES Set P = 0: 
FOR SEGMENT BC 
M Pa a L 
Reaction at support C: Rc = mr E alus (downward) 8,— EN M Axdx + 1 (ae (z ) dx 
E EI Jp El]; \ L JNL 
{> Max Pax 
Mpc = -Rex— e n (OS=x=L) Maa 
= OF + 3a) (downward) e 
OM, L oP L 


MODIFIED CASTIGLIANO'S THEOREM FOR ANGLE OF 
ROTATION 6, 


^ (SG) 


1 a 
= — —M, — Px)—- Dd 
ail! A x)( — 1) dx 
1 ( M Ax e z) 
qo Se er x 
EI Jo L L L 


Problem 9.9-11 An overhanging beam ABC rests on a simple support at A and P 
a spring support at B (see figure). A concentrated load P acts at the end of the B 
overhang. Span AB has length L, the overhang has length a, and the spring A C 
has stiffness k. 

Determine the downward displacement óc of the end of the overhang. (Obtain 
the solution by using the modified form of Castigliano's theorem.) 








dh 
ar. 
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Solution 9.9-11 Beam with spring support 
| TOTAL STRAIN ENERGY U 
Poa d PE 
e m UJ 2E 2kL2 
APPLY CASTIGLIANO'S THEOREM (EQ. 9-87) 
.4U | d (M'dx | Huc f £i 
2 C dP dP) 2ElI  dPl ok? 
Ry, — (downward) 
L od (Mx, FL ay. 
P = dP) 2EI kL? 
Rg = mu + a) (upward) 
DIFFERENTIATE UNDER THE INTEGRAL SIGN (MODIFIED 
BENDING MOMENT AND PARTIAL DERIVATIVE FOR CASTIGLIANO'S THEOREM) 
SEGMENT AB "" a (at), : P(L + ay. 
Pax dM ap ax d EI) \ aP J” kI2 
Map = —Rax = ——— = 
L dP L L 
] ( Par) ae 
< < = A = X 
np EE EI Jo L L 
BENDING MOMENT AND PARTIAL DERIVATIVE FOR i; f P(L + ay. 
4 SEGMENT BC = EI Jo (— Px)( x) dx + Jp 
aM 
Misco eet esaet — PaL Pê P(L + ay? 
© 3EI BEI kL? 
STRAIN ENERGY OF THE SPRING (EQ. 2-38a) 5. = Pa*(L + a) " P(L + ay 
Rh PAL ay i 3EI kL 
^ 2k. o? 
STRAIN ENERGY OF THE BEAM (EQ. 9-80a) 
|. | M 2 dx 
& 2EI 
Problem 9.9-12 A symmetric beam ABCD with overhangs at both ends q 
supports a uniform load of intensity q (see figure). 
Determine the deflection ôp at the end of the overhang. (Obtain the A 
solution by using the modified form of Castigliano's theorem.) B C D 





dh 
ar 
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Solution 9.9-12 Beam with overhangs 
|P qx? L 
g l SEGMENT CD Mcp = Bc HN Px (0zx- ri 
A| IMcp A 
| oP 
ae = 2 MODIFIED CASTIGLIANO’S THEOREM FOR DEFLECTION Ôp 
+ M \( 0M 
JI 
EI /N90P 
q — intensity of uniform load 
P = fictitious load corresponding to the deflection 6p _ ES “( qx? ) (Odx 
L EI 2 
4 = length of segments AB and CD 
| f^ q LV 34L P 
L = length of span BC * Er], go ad NNa ar 
d 3qL P m 3qL " 5P m > 
B^ 4 4 C ^ A A4 1 x 
4 4 4 4 X i-is Feo -= = px) - nh 
4 EI Jo 2 
BENDING MOMENTS AND PARTIAL DERIVATIVES Set P = 0: 
SEGMENT AB 
^ — 9M L 5 | ( E im | dr 
= — ei = ees 
Mag = -= AB =0 (os ai) = EI Jo 2 A 4 4 
——— 2 oP 4 
N 1 i 2 7 
e ces ae 
SEGMENT BC EI Jp 5 
Me- PESE PESE 
Dec AXT IRA UA BX 7 5qL* " qL^ 7 37qL^ 
| d : L 2 . 3 gL (P 768EI | 2048EI 614A4ET 
— aX 4 4 AJ. (Minus means the deflection is opposite in direction to 
(0 m x « D the fictitious ud P.) 
37qL 
OMpc | x 8p — m (upward) «— 
oP 4 
Deflections Produced by Impact 
W 
The beams described in the problems for Section 9.10 have constant [al |^ 


flexural rigidity EI. Disregard the weights of the beams themselves, A B 

and consider only the effects of the given loads. / / à 

Problem 9.10-1 A heavy object of weight W is dropped onto the midpoint of a 

simple beam AB from a height h (see figure). — — > 
Obtain a formula for the maximum bending stress Cmax due to the falling weight 

in terms of h, a4, and 04, where o is the maximum bending stressand ôs is the deflec- 

tion at the midpoint when the weight W acts on the beam as a statically applied load. 
Plot a graph of the ratio O max/Ost (that is, the ratio of the dynamic stress 


to the static stress) versus the ratio h/6,,. (Let h/d,, vary from 0 to 10.) 





dh 
ar. 
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SECTION 9.10  Deflections Produced by Impact 785 


Solution 9.10-1 Weight W dropping onto a simple beam 


MAXIMUM DEFLECTION (Eo. 9-94) 


Omax — Ost + (8, + 2hôs) 


MAXIMUM BENDING STRESS 


For a linearly elastic beam, the bending stress ø is 
proportional to the deflection ô 


. Tmax _ Omax 23 (1 4 an" 











Ost dst dst 
1/2 WL? 
2h NOTE: 6,, = — — for a simple beam with a load at the 
Omax 7 Cg l + | 1 + 8. = 48EI 
2 midpoint. 
GRAPH OF RATIO O max/Ost 
6 SS 
Omas 4 did È 
Ga 
5 
j, ra H—Ü 
2.5 5.0 7.5 10.0 
h 
Da 
Problem 9.10-2 An object of weight W is dropped onto the midpoint of a Wu 


simple beam AB from a height A (see figure). The beam has a rectangular cross 
section of area A. 

Assuming that h is very large compared to the deflection of the beam when 
the weight W is applied statically, obtain a formula for the maximum bending 
stress Cmax in the beam due to the falling weight. 








CX 
ar, 











09Ch09.qxd 9/27/08 1:37 PM Page 786 





CIS 
LA 





786 CHAPTER 9  Deflections of Beams 


Solution 9.10-2 Weight W dropping onto a simple beam 











Height h is very large. M WL W?r? 
Ost = n = AS st — 1652 
MAXIMUM DEFLECTION (EQ. 9-95) 3 2 
3 = WL Os — 3WEI 2) 
Ümax mE. 2hüs M 4SEI Oct S?L 
DESEIVONCBDNDONGUSERESO For a RECTANGULAR BEAM (with b, depth d): 
For a linearly elastic beam, the bending stress ø is 3 2 
l bd bd I 3 3 
proportional to the deflection ô. [= — S = — >= T= > (3) 
12 6 S? bd A 
. Imax _ Omax _ 2h . : 
np ew A Substitute (2) and (3) into (1): 
Ost dst dst 
: _ [18WRhE 
2ho Omax — AL 
Tmax = i (1) 
Ost 


Problem 9.10-3 A cantilever beam AB of length L = 6 ft is W = 1500 Ib 


constructed of a W 8 X 21 wide-flange section (see figure). A 


weight W = 1500 Ib falls through a height h = 0.25 in. onto W8 X 21 h=0.25 in 
the end of the beam. j 7 l 
Calculate the maximum deflection 6,,,, of the end of the beam 7 E 


and the maximum bending stress Omax due to the falling weight. 


(Assume E = 30 x 10° psi.) —— —4 =6 ——À 





Solution 9.10-3 Cantilever beam 
Equation (9-94): 
Smax = Sep + (8% + 2h8,)7 = 0.302 in. — 


Data: L = 6 ft = 72 in. W = 1500 Ib 
h=0.25in. E=30X 10° psi 


_ - 4 _ - 3 


MAXIMUM DEFLECTION (Eo. 9-94) Consider a cantilever beam with load P at the free end: 





3 
Equation (9-94) may be used for any linearly elastic struc- C= M max = = -— n 
ture by substituting 6,, = W/k, where k is the stiffness of S S 3EI 
the particular structure being considered. For instance: Cmax EI 
Simple beam with load at midpoint: Ratio: [NN = 2 

max SL 
OE 3EI 
I? s. Omax = sym = 21,700 psi — 
3EI 


Cantilever beam with load at the free end: k = E 


For the cantilever beam in this problem: 


© WD  (150015)72 in. 
" 3EI  3(30x 10° psi)(75.3 in.®) 
= 0.08261 in. 





EX 
ar, 
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SECTION 9.10 Deflections Produced by Impact 787 


Problem 9.10-4 A weight W — 20 kN falls through a 

height h = 1.0 mm onto the midpoint of a simple beam of 

length L — 3 m (see figure). The beam is made of wood with square 
cross section (dimension d on each side) and E = 12 GPa. 


If the allowable bending stress in the wood is Canow = 10 MPa, what L L 
is the minimum required dimension d? 3 7” 2 — 








Solution 9.10-4 Simple beam with falling weight W 





Data: W = 20 kN 5csd dnm L=30 m SUBSTITUTE (2) AND (3) INTO EQ. (1) 
3 4N 1/2 
E = 12 GPa Tallow ^ 10 MPa 20 maxd sj (i n ShEd ) 
3WL WL? 


CROSS SECTION OF BEAM (SQUARE) 


SUBSTITUTE NUMERICAL VALUES: 
d = dimension of each side 








2(10 MPa)d? 8(1.0 mm)(12 GPa)a^ ]! 
a d? =] + : 
da ME Lr 3(20 KN)(3.0 m) (20 kN)(3.0 m) 
1000, | £ , 1600, D a - 
o ^ 1 = NK CHE — meter 
MAXIMUM DEFLECTION (Eo. 9-94) 9 9 eters 


M 2 1/2 
Oni m Ost T (ô st T 2h6 xt) 
SQUARE BOTH SIDES, REARRANGE, AND SIMPLIFY 


MAXIMUM BENDING STRESS (00) à 1600 2000 _ ^ 
For a linearly elastic beam, the bending stress ø is 9 9 9 
proportional to the deflection ô. 2500d? — 36d — 45 =0 (d= meters) 
5 2h 1/2 
I LL IIIA (1) 
Os í st SOLVE NUMERICALLY 


d — 0.2804 m — 280.4 mm 


STATIC TERMS 0, AND 0g - 
For minimum value, round upward. 











M WL \( 6 3WL E 
van = (MES) - (2) <. d = 281 mm — 
se WL? oc wa) | We 3) 
t  A8E] 48E\q4 AEd^ 
W = 4000 Ib 


Problem 9.10-5 A weight W = 4000 Ib falls through a 
height A — 0.5 in. onto the midpoint of a simple beam of " h = 0.5 in. 
length L — 10 ft (see figure). Ll 


Assuming that the allowable bending stress in the beam is A B 
Fallow = 18,000 psi and E = 30 X 10° psi, select the lightest 
wide-flange beam listed in Table E-1a in Appendix E that will be 
L 


satisfactory. 





dh 
ar. 
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E 
CHAPTER 9 Deflections of Beams 
Solution 9.10-5 Simple beam of wide-flange shape 
Dara: W = 4000 Ib h —05in. REQUIRED SECTION MODULUS 
1/2 
L = 10 ft = 120 in. $= ere $881) | 
Co WL 
Cano, = 18,000 psi E = 30 x 10° psi id 
SUBSTITUTE NUMERICAL VALUES 
MAXIMUM DEFLECTION (Eo. 9-94) 
, " 20. 3 Brus 
8 1/2 
Or ——=1+ (1 + z) (S = in.?; I = in.?) 
Os Ost 
PROCEDURE 
MAXIMUM BENDING STRESS 
i , . i 1. Select a trial beam from Table E-1a. 
Pore linearly elastic beam, the bending stress o is 2. Substitute 7 into Eq. (4) and calculate required S. 
proportional to the deflection 6. 3. Compare with actual S for the beam. 
ô 2h M? 4. Continue until the lightest beam is found. 
Ost dst Ost 
Trial Actual Required 
STATIC TERMS Ost AND Og T S 
M WL WPD 
W 10 X 45 55.0 (NG) 
Tmax _ g ( 4S. ) _ 40 atlowS gy  W10x 60 63.3 (OK) 
Os OYA WL WL W 12 X 50 67.4 (NG) 
2h _, (SE _ 96hEI m W 14 X 53 71.8 (OK) 
Ds WI? WI? W 16 X 31 66.0 (NG) 
Lightest beam is W 14 X 53 < 
SUBSTITUTE (2) AND (3) INTO EQ. (1): 
4 S 1/2 
O allow 4 4 (1 4 s) 
WL WL? 
Problem 9.10-6 An overhanging beam ABC of rectangular 40 wp 
cross section has the dimensions shown in the figure. A weight m | " 
W — 750 N drops onto end C of the beam. | 
If the allowable normal stress in bending is 45 MPa, B f C 40 mm 
what is the maximum height A from which the weight may = 


be dropped? (Assume E = 12 GPa.) 





as 
ar, 
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Solution 9.10-6 Overhanging beam 


Data: W = 750 N 
E = 12 GPa 
bd? 1 
I = — = —(500 mm) (40 mm)? 
12 12 
= 2.6667 X 10° mm^ 
= 2.6667 X 10 9 mí 
bd? 1 
S = — = —(500 mm)(40 mm)? 
6 6 
= 133.33 x 10? mm? 


= 133.33 x 10 9 m? 


LAB = ].2m. Lgc = 24m 
O allow — 45 MPa 


DEFLECTION 6 c AT THE END OF THE OVERHANG 





P 
B ae 


a 1— 


P = load at end C 
L = length of span AB 
a = length of overhang BC 
From the answer to Prob. 9.8-5 or Prob. 9.9-3: 
Pa*(L + a) 

Cr = 3E 

Stiffness of the beam: k = E = EN (1) 
Ôc au + a) 

MAXIMUM DEFLECTION (Eo. 9-94) 


Equation (9-94) may be used for any linearly elastic 
structure by substituting 6,, = W/k, where k is the stiffness 
of the particular structure being considered. For instance: 


ASEI 


Simple beam with load at midpoint: k = = 


3EI 
Cantilever beam with load at free end: k — P Etc. 
For the overhanging beam in this problem (see Eq. 1): 
Ww. Wa*(L + a) 
oko 3EI 





Ost (2) 





CEN 
ES 





SECTION 9.10 Deflections Produced by Impact 789 


in which a = Lge and L = Lag: 
_ WüLseLag + Lao) 
3EI 
EQUATION (9-94): 
Smax = Og + (Eki + 2h04) ^ 


Ost (3) 


Or 


5 1/2 
fom = (1+ 2) (4) 


Ost st 


MAXIMUM BENDING STRESS 


For a linearly elastic beam, the bending stress o is 
proportional to the deflection ó. 





E EE SEIEN (5) 
O st Ost st 
M WLpgc 
= — = 6 
O st S S (6) 


MAXIMUM HEIGHT /1 


Solve Eq. (5) for A: 


Cu ô 
S c a om 
2\ Og Os 
Substitute 6,, from Eq. (3), o from Eq. (6), and 


O allow for O max: 


js W(LscKLap Uu CIO (Tet rate B 2) (8) 
GEI WLgc /\ WLse 


SUBSTITUTE NUMERICAL VALUES INTO EQ. (8): 


W(LscKLag + Leo) 








= 0.08100 m 
6EI 
S 10 
“oe e uM cea 
WLsc 3 
10/10 
h — (0.08100 m( 22 - 2) oan 
or h = 360 mm «— 
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790 CHAPTER 9  Deflections of Beams 


Problem 9.10-7 A heavy flywheel rotates at an angular speed w 
(radians per second) around an axle (see figure). The axle is rigidly 
attached to the end of a simply supported beam of flexural rigidity E7 
and length L (see figure). The flywheel has mass moment of inertia /,, 
about its axis of rotation. 

If the flywheel suddenly freezes to the axle, what will be the 
reaction R at support A of the beam? 





Solution 9.10-7 Rotating flywheel 


Note: We will disregard the mass of the beam and all CONSERVATION OF ENERGY 
energy losses due to the sudden stopping of the rotating 1 Ri 
flywheel. Assume that all of the kinetic energy of the KE = U —LN^-——— 


m 
flywheel is transformed into strain energy of the beam. 2 SEI 


p. JH Inv? 
KINETIC ENERGY OF ROTATING FLYWHEEL D? 








1 : . ` s 3 2 
KE — — Lo? NOTE: me moment of inertia /,, has units of kg * m* or 
2 N:m's 
M^*dx 
STRAIN ENERGY OF BEAM U = 
2EI 
M = Rx, where x is measured from support A. 
pod 7 s RL 
EE x)dx ——— 
2EI Jo 6EI 
Temperature Effects 
The beams described in the problems for Section 9.11 have constant flexural y 
Mo NT h 
rigidity EI. In every problem, the temperature varies linearly between the 7 Tı | B 
top and bottom of the beam. T X 
2 


Problem 9.11-1 A simple beam AB of length L and height h 
undergoes a temperature change such that the bottom of the 
beam is at temperature T, and the top of the beam is at 
temperature T; (see figure). 

Determine the equation of the deflection curve of the beam, 
the angle of rotation 04 at the left-hand support, and the 
deflection 0,44, at the midpoint. 





EX 
ar, 
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SECTION 9.11 Temperature Effects 791 


Solution 9.11-1 Simple beam with temperature differential 








En ogan. yr d o a T) (B= TL - 22) 
aud dini" EE 2h 
B-T o 8LOS— T) 
pe LOL 64, = —v'(0) = —— —— 
dx h 2h 
L (positive 04 is clockwise rotation) 
B.C. 1 (Symmetry) v'| = } = 0 ) 
2 LN  aL'(D — T) 
On = m a 7 
o LH - T) 2 8h 
— 2h (positive max is downward deflection) 
o(b — T^ aL - nx 
Ee oer a 
2h 2h 
B.C. 2 v(0) = 0 “CC, =0 
Q2 805 = T) = x) 
2h 
(positive v is upward deflection) 


Problem 9.11-2 A cantilever beam AB of length L and height h (see figure) is y 
subjected to a temperature change such that the temperature at the top is T; and 


ans at the bottom is T>. A Ti |^ B 
Determine the equation of the deflection curve of the beam, the angle of == X 
rotation 05 at end B, and the deflection 05 at end B. s 
e] EN 








Solution 9.11-2 Cantilever beam with temperature differential 
dv ah — T) 








Eq. (9-147): »" — = B.C. 2 »(0) = 0 C,—0 
dx? h 2 
ah — T)x 
d D-T pec NE T 
ye LE 2h 
dx h "vU" 
(positive v is upward deflection) 
B.C. 1 7/(0) = 0 C, =0 al) 
, a(B~Fj) es 
v= x 
h (positive 05 is counterclockwise rotation) 
5 ~ DY) oL'(b — 7) 
= —|-C Op = wL) = 
i ) 2 B = VL) T 


(positive 0g is upward deflection) 





dA 
ar, 
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Problem 9.11-3 An overhanging beam ABC of height / has a guided 
support at A and a roller at B. The beam is heated to a temperature T; on 


the top and 75 on the bottom (see figure). A T | B TC 
Determine the equation of the deflection curve of the beam, the angle : | -a 
of rotation 0c at end C, and the deflection 6¢ at end C. Tə | Tə 














Solution 9.11-3 
, & aT, — T)) a(T, — TOI. + a? — L” 
y = —v-— — E 
y = S057 To _ a@(Ty - T)QLa + a^) 
h 2h 
T, — T,)x? 
= T eC HG Upward 
ocio |. a (5 - T))(L ta) 
Ec.» (0020 C20 p Eres n 
7 a(T, — TDL? Counter Clockwise 





B.C. v(L) = 0 C = 2n 


a(T; — T) (x^ — L^) 
vo) = 2h 





Problem 9.11-4 A simple beam AB of length L and height h (see figure) is heated 
in such a manner that the temperature difference Ta — T, between the bottom and top 
of the beam is proportional to the distance from support A; that is, assume the A 


temperature difference varies linearly along the beam: 


T,— T, = Tox 
O 


in which Tọ is a constant having units of temperature (degrees) per unit distance. 





(a) Determine the maximum deflection 0,44, of the beam. 
(b) Repeat for quadratic temperature variation along the beam, T5 — T, = To x? 


Solution 9.11-4 
B.C. »(0) = 0 C, = 0 














(a) (75 — T3) = Tox 

, d ax mco ee a RL 
d 7 B.C. v( ) = p] 6h 
aT x? a To Gc = L? x) 

mA Ji = 

op O ve) 6h 

a Tx? , a To ) L? 

v= 6h T CiU T 65 vo- 3 





EX 
ar, 
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9/27/08 
MAXIMUM DEFLECTION 
Set v'(x) = 0 and solve for x 
a To £) L 
g= l na —À 
A 3 AE 
L 
boa (s) 
s(vs) Na 
»" Se, a 
SLA V3 
i 6h 
8 S EN d 
= ownwatr g= 
UU 9W3R 
(b) (75 — Tı) = To x 
, Ë _ ox 
v” ——y- 
dx? h 
a Tox? 
y! = + Ci 
3h 
HESS gud 
~ 12h pene 
B.C. v(0) = 0 C = 0 
a TL? 
B.C. v(L) = 0 C, — 
12h 


Problem 9.11-5 Beam AB, with elastic support kp at A and pin support at B, of length 
L and height A (see figure) is heated in such a manner that the temperature difference 
Tə — T, between the bottom and top of the beam is proportional to the distance from 
support A; that is, assume the temperature difference varies linearly along the beam: 


Tə — T, = Tox 


in which Tọ is a constant having units of temperature (degrees) per unit distance. 


Assume the spring at A is unaffected by the temperature change. 


(a) Determine the maximum deflection ômax of the beam. 


(b) Repeat for quadratic temperature variation along the beam, T5 — Tı 


(c) What is ômax for (a) and (b) above if kg goes to infinity? 


v(x) — 


793 


SECTION 9.11 Temperature Effects 


aTy(x* — Dx) 
12h 


T L? 


MAXIMUM DEFLECTION 


Set v'(x) = 0 and solve for x 


9 = S8( 3 E) oZ L 
3A 4 EVA 





Ô (5) 
- Y 
sos) - va] 
MEL EZ V2 
i 12h 
E Oud x 


Downward 











EX 
ar, 











£N 
E. 
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Solution 9.11-5 


(a) (T5 — Ty) = Tox (b Uu — T) = Tox 






































2 
= = = om "o d’? a x^ 
dx h dx? h 
al x 
2 +C ,  alox 
— SA 
2h 3h 1 
a Ty x? 4 
+C,x+C a dox 
B Tou pb 
6h v 12h 1X 2 
B.C. P (0) — 0 C, — 0 B.C. v' (0) — (0 C, = 0 
a RL? 4 
— — — a lL 
Bc »)-0 C 6h Bc. »L)20 G=- 
12h 
Th(x? — D? 
iid = a 0 ( m ) 335 - a Ty (x? — L^) 
12h 
a Tox? 3 
v (x) =- T PERLE. 
2h v (x) 3h 
MAXIMUM DEFLECTION 
MAXIMUM DEFLECTION 
Set v'(x) - 0 and solve for x Seta) em and solve tars 
a To x 3 
0 = x0 aly x 
0 = = 0 
2h 3n x 
8 joe oa d 
= — — LOU << 
max v(0) 6 ownwar D = —y(0) = T Downward = 


(c) Changing kg does not change 6,,,, in both cases. 





(CEN 
ES 
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Statically Indeterminate Beams 


Differential Equations of the Deflection Curve 


The problems for Section 10.3 are to be solved by integrating the 


y 
differential equations of the deflection curve. All beams have constant C A B ) 
MA f 


flexural rigidity EI. When drawing shear-force and bending-moment LE = % 

diagrams, be sure to label all critical ordinates, including maximum 

and minimum values. a 

Problem 10.3-1 A propped cantilever beam AB of length L is loaded by . i fr 

a counterclockwise moment Mo acting at support B (see figure). au 
Beginning with the second-order differential equation of the deflection 

curve (the bending-moment equation), obtain the reactions, shear forces, 


bending moments, slopes, and deflections of the beam. Construct the 
shear-force and bending-moment diagrams, labeling all critical ordinates. 





Solution 10.3-1 Propped cantilever beam 








Mo = applied load M, f x? Mox? 
El’ = — | — — Ix) + + C (4) 
Select M, as the redundant reaction. L 2 2L 
B.C. 1 v'(0) = 0 J.C, = 
REACTIONS (FROM EQUILIBRIUM) : r à 
" " " “a(z Lx j x Mox LC (5) 
A 0 v= N z X 2 
pae x (1) LEA (2) L \ 6 Z 6L 
B.C. 2 v(O) = 0 <. Cà = 
BENDING MOMENT (FROM EQUILIBRIUM) Mo 
B.C. 3 v(L) = 0 <. Ma —— 
MA Mox 2 
M = Rax — Ma = (x — by + (3) 
REACTIONS (SEE EQS. | AND 2) 
DIFFERENTIAL EQUATIONS Mo 3Mo 3Mo 
M,=— R4 = —— Rg = ——— 
M, Mox 2 2L 2L 
Eb” = M = — (x — L) + —— 
L L 
795 





di 
ar, 
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SHEAR FORCE (FROM EQUILIBRIUM) SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS 


—.3Mo 
A 9r 


BENDING MOMENT (FROM EQ. 3) 
Mo 

M = — (3x — L) = 
2L 


SLOPE (FROM EQ. 4) 


Mox Gy 
= —-_. ran «— 
P ALEI | : 





DEFLECTION (FROM EQ. 5) 





Mox? L 
= — = <— 
‘ aug 9 


uniform load of intensity q (see figure). 


Beginning with the second-order differential equation of the 
deflection curve (the bending-moment equation), obtain the reactions, 
-Qa- shear forces, bending moments, slopes, and deflections of the beam. C A B J 
Construct the shear-force and bending-moment diagrams, labeling all M4 Mp 
critical ordinates. $ L ] 


Problem 10.3-2 A fixed-end beam AB of length L supports a y 





Solution 10.3-2  Fixed-end beam (uniform load) 








Select M4 as the redundant reaction. B.C. 1 v'(0) = 0 CC, =0 
Myx” q(Lx) xí 
REACTIONS (FROM SYMMETRY AND EQUILIBRIUM) El = — 5 d 5 P = 12 + Cs (3) 
qL 
Ra = Rp =~ Mp = M4 B.C. 2 v(0) = 0 5.5 =0 
qL 
B.C. 3 wL) = 0 Ma 
BENDING MOMENT (FROM EQUILIBRIUM) 12 
E qx” E d 2 
M-—Rax— MA 7737 -Ma t yx — x ) (1D REACTIONS 
L i 
B eue: M, = Mg» i— 
DIFFERENTIAL EQUATIONS 2 12 
Eb" =M= —-M, + 5 (x — x?) SHEAR FORCE (FROM EQUILIBRIUM) 
q 
Eg ) V= R; — =-(L -2 «— 
Elv = Max + ( : — =) a Cy (2) a X 





dh 
ar. 
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SECTION 10.3 Differential Equations of the Deflection Curve 797 


BENDING MOMENT (FROM EQ. 1) SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS 


M = E sobe 67°) <= 


SLOPE (FROM EQ. 2) 


X 
y--—.qi-sue20)  — 
I2EI 


DEFLECTION (FROM EQ. 3) 








2 
X 
v=- L- <- 
2AEI 
max ^ 71712] — 384EI 


Problem 10.3-3 A cantilever beam AB of length L has a fixed support at A and y 
a roller support at B (see figure). The support at B is moved downward through a 
distance Op. 

Using the fourth-order differential equation of the deflection curve (the load 
equation), determine the reactions of the beam and the equation of the deflection 
curve. (Note: Express all results in terms of the imposed displacement 6p .) 


Solution 10.3-3 Cantilever beam with imposed displacement ôg 











REACTIONS (FROM EQUILIBRIUM) B.C. 3v"(L) = 0 so CL +-Gs = 0 (8) 


Ra Rp (1) MA = Repl (2) B.c. 4 v(L) = — Op 


^ CGL + 3€; = —6EI8glL^ 


DIFFERENTIAL EQUATIONS 








(9) 








Elv" = -—q=0 (3) SOLVE EQUATIONS (8) AND (9): 
Ev" = V= C; (4) 3EIÓg 3EIOg 

Ci = 3 C5 = = 2 
Eh” = M = Cix zs C> (5) L L 
Elv' = C)x7/2 + Cox + C (6) 

à B SHEAR FORCE (EQ. 4) 
Elv = C,x°l6 + Cx^/2 + Cax + C4 (7) 
3EIOg 3EIOg 

B.C. 1 (0) = 0 <. C4 = 0 pes 5 R4 = VO) = 38 
B.C. 2 v'(0) = 0 C3; =0 





as 
ar, 
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REACTIONS (EQS. | AND 2) DEFLECTION (FROM EQ. 7): 
R4 = = v= E e «— 
L Ap, 
MA = RgL = B SLOPE (FROM EQ. 6): 
í 36 px 
= E (AL — X) 


Problem 10.3-4 A cantilever beam of length L and loaded by uniform load 
of intensity q has a fixed support at A and spring support at 5 with 
rotational stiffness kg. A rotation at B, 0p , results in a reaction moment 
M B7 kr x 6 B- 

Find rotation 05 and displacement ôg at end B. Use the second-order 
differential equation of the deflection curve to solve for displacements at 
end B. 





Solution 10.3-4 





q — intensity of uniform load x? x? qx? 
Ely = Re = May — = — + Ca tC 
"M 6 io up oe c9 
EQUILIBRIUM 
B.C. 1 v'(0) = 0 5. Cy =0 
Ry =L (1) l 
2 B.C. 2 (0) = 0 2.5 =0 
q 
M; = a Mpg (2) B.C. 3 v'(L) = Og 
Substitute R4, and M, from Eas. (1) and (2): 
Mpg — k pO p (3) A A q ( ) ( ) 
Bin = aL. - (E - kea) - E 
BENDING MOMENT E BO 7» 2 sn 6 
2 3 
x L 
Megx-M,-t— "c — 
2 6(kg L — ED 
D -Eiby = aL - (© - is) - 87 
IFFERENTIAL EQUATION ne B= gq 6 5 ROB) 7 24 
qx? 5 
Elv" = M = Rax - Ma — —- "S = zc 14 knqL ) 
, =B S 12 pl — ED) 
2 


X qx 
Elv' = Ray m M AX — 6 zs Ci 





EX 
ar, 
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SECTION 10.3 Differential Equations of the Deflection Curve 799 


Problem 10.3-5 A cantilever beam of length L and loaded by a triangularly 
distributed load of maximum intensity qo at B. 

Use the fourth-order differential equation of the deflection curve to 
solve for reactions at A and B and also the equation of the deflection 
curve. 





Solution 10.3-5 


7 


Cy m Gol 


Triangular load q = qo 120 


DIFFERENTIAL EQUATION 
SHEAR FORCE (EQ. 2) 





T 2 
Ew" = -q = —q7 (1) x 
V= -qo — +— qL 
à 4057 40 ® 
Re 
EF m — E MEN d C 9 
| i 2L S REACTIONS 
] a 9 
Elv" = M = —qo— + Cx + C; G m -WO-icqL <- 
Ely NI ae +C (4) R vay» ni 
= — — 8——3 X = — Em —— «— 
v d0 AAT. 15 2 3 B (L) 40 £ 
5 3 2 
Elv = — qo X 4 ‘ea n p d Cx ES Cy ( 5) FROM EQUILIBRIUM 
120L 6 2 7 ; 
M4-— ——qoL «— 
] 4 A~ 120 7° 
B.C. lv (L) — 0 s CiL + C5 = We (6) 
B.c. 2 v'(0) = 0 "oc snp DEFLECTION ds (EQ. 5) l l 
X 9 X 7 x 
, 2 "o OU 67-6 207 3 = 
B.C. 4 v(L) = 0 P3 Ci T C5 = qQ07. (7) 1 
: 60 - -2q9x)49qoL —7q912x?) | — 
vo at = aoe quos 


Solve Eqs. (6) and (7): 


Cı = — gaL 
1 40 4? 








CX 
ar, 
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800 CHAPTER 10  Statically Indeterminate Beams 


Problem 10.3-6 A propped cantilever beam of length L is loaded by a 
parabolically distributed load with maximum intensity qo at B. 


(a) Use the fourth-order differential equation of the deflection curve 
to solve for reactions at A and B and also the equation of the 
deflection curve. 

(b) Repeat (a) if the parabolic load is replaced by go sin (7x/2L). 





SOLUTION 10.3-6 


2 
(a) Parabolic load q = TA 


DIFFERENTIAL EQUATION 





x? 
Bip = -q = ~ 1075 (1) 
Pe 
Ely" = —qy9—; + C 2 
qo 372 1 ( ) 
x4 
Eb" = M = -qo — + Cx +t C 3 
-e- 10 7572 1 2 (3) 
x? x 
Ew = —99— + Cy— + Cox + C 4 
10 cor? 15 2 3 (4) 
EI Lu e 
EN i n 
qdo 36012 le 2 
T Cax T C4 (5) 
r 
B.C. 1 v"(L) = 0 i CiL T C5 = d0 15 (6) 
B.C. 2 v'(0) = 0 2.4 =0 
B.C. 3 v(0) = 0 <. CG, =0 
E 
B.C. 4v(L) = 0 ^ CL + 30 = dogg (7) 
Solve Eqs. (6) and (7): 
aen C= 1a 
1 60 49 2 30 49 


SHEAR FORCE (EQ. 2) 





EX 
ar, 





(b) Loading q = qosin (=) 


REACTIONS 


7 
Ry = VO)= gol € 


13 
Rp--WD--—qL <- 
B (L) eo L 
FROM EQUILIBRIUM 
1 


M, = — qa L? «— 
A 30 49 


DEFLECTION CURVE (EQ. 5) 


EI xe J x? 
VS cU ———— PL "s 
qo 36012 60 qo 6 
_ a pe 
304975 € 
qo 
Ue ee 
360L EI 


(—x° + TL°x? — 6qo L^x?) 
TX 
2L 


DIFFERENTIAL EQUATION 


X 


EI nn = ( TT. ) 
yV = = = = sın | —— 
q qo OL 


(1) 


(2) 


(3) 
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SECTION 10.3 Differential Equations of the Deflection Curve 801 














2D TX x? REACTIONS 
EIv' — -a( =) cos( =) + Ci E 
T 2L 2 R4 = V(O) = 031qoL 
+ Cx + C3 (4) (2 vain +8) 
-iz-6 34 JoL < 
2L\* . (ax x3 x? 7T T 
Elv = -qo —— } IN| —— +C,— +O = 
Hm 2L 6 2 Rg = —V(L) = 0.327 qoL 
= |6—,— JoL = 
B.C. 1v"(D) = 0 T 
AL? From equilibrium 
ciues (5 =a a (6) ; 
"n , T. — 124 + 24 
MA = — O = — 2qoL EE D «— 
OL. qr 
B.C. 2 v'(0) 2 0 e ah) 
B.c. 3 w(0) = 0 &= G20 DEFLECTION CURVE (EQ. 5) 
2L 
B.C. 4 v(L) = 0 c -a( =) sin( =) 
T 2L 
2LWV 6 à 
|. CL + 3€, = -qo L E P n 
TT L uM E OA aor 
2LM. 6 
t aol =} "E U) y= zi = (24) sin( 2) 
TEE EI Vg 2L 
Solve Eqs. (6) and (7): FR 
Xp nm —4-7-T8 —6quL n 6 
C; = —6qoL i , i 
4 m= lla 24x 
2 + 249 L 7 — 
57 — 127 + 24 a 7 
C5 = 2qoL 


SHEAR FORCE (EQ. 2) 


2L TX m — 47 + 8 
V = HU ee 2L - os 


Problem 10.3-7 A fixed-end beam of length L is loaded by distributed 
load in the form of a cosine curve with maximum intensity go at A. 





(a) Use the fourth-order differential equation of the deflection curve 
to solve for reactions at A and B and also the equation of the 
deflection curve. 

(b) Repeat (a) using the distributed load qo sin (zrx/L). 








dh 
ar. 
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Solution 10.3-7 
(a) Loadi (=) REACTIONS 
a) Loading q = qocos| — 
&q- ~ q0 T. 24 
R = VO =o < 
DIFFERENTIAL EQUATION 2i 
m Rg = -VD = -oL <- 
Elv™ = —q = —4qocos P (1) T 
L PE . 
Bites Ga ( =) DM (2) From equilibrium 
T L "" 12 E d 12 
" L i TX m q^ q^ i 
Ev = M = qo = COS L ale Cix T C5 (3) 
(counter-clockwise) q= 
EIv' Ls (=) jo i 
y= — | sin{ — 
40i om L My - (5 - La 
5 T TT 
x 
T Cr t Cx + C4 (4) (counter-clockwise) = 
E ( L m z) -— 7 DEFLECTION CURVE (EQ. 5) 
i " (£j (=) NE. Ea 
2 v= = qo Z J COS\ 7^ ^ 440^ 4 
" C Pu xd. (5) m PU S 6 
B. sae Lb 
Bc 1. v'(0)=0  ..€420 ~ adr tam). 
4 
B.C. 2, v(0) = 0 orn ao( =) pom E | — qo L^ cos( =) F 4qo Lx? 
i TEI L 
3. v'(L) = 0 PE e 5 +C,=0 
B.C. . v'(L) = y 17 2 = ITI iens 
E i LL 
B.C. 4. v(L)=0 p Cre + E P (b) Loading q = q, sin mx/L 
E (E) (6) FROM SYMMETRY: Ry = Rp MA = Mp 
DIFFERENTIAL EQUATIONS 
poe eee): Ely" = —q= —q,sin wx/L (1) 
C, = 24 L q L TX 
1 = T qo Eh" = V = a cos PCi (2) 
2 as L 
C = —,4oL E" = M = zi S dad T Cx aC (3) 
TT T? L i 
, qo L^ TX x 
SHEAR FORCE (EQ. 2) Ely = — 3, COs TL + C v + C3 (4) 
T 
qo L TX 24 
Y= —— sin TL qe E 





EX 
ar, 
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L TX x? 
; NU "PED 
T L 6 





x2 
Hs Une Ur Cax + C4 


L 
B.C. | From symmetry, (=) = 0 
i 
B.C. 2 v'(0) = 0 re C3 = o| =) 
TT 
H 
B.C. 3 v'(L) = 0 4 C5 = — 240 73 
Ti 
B.C. 4 vw(0)—-0 C470 


SHEAR FORCE (EQ. 2) 


L X L 

y- ee Rvo- BE 
TT L TT 

qo L 

Rg = R, = &— 

B A a 


Solution 10.3-8 


TA 
2L 


DIFFERENTIAL EQUATION 


Elv™ = —q = —qgcos (=) 
2L 
Eh" = E sin (=) tC 
T 2L 
Elv" = M = qo (24) as (=) 
TT 2L 
T Cu Cs 
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Problem 10.3-8 A fixed-end beam of length L is loaded by a 
distributed load in the form of a cosine curve with maximum 
intensity qo at A. 


(a) Use the fourth-order differential equation of the deflection 
curve to solve for reactions at A and B and also the 
equation of the deflection curve. 

(b) Repeat (a) if the distributed load is now qo (1 — x^IL^) 


(1) 


(2) 


(3) 





dh 
ar. 





BENDING MOMENT (EQ. 3) 





2 
M = iO (asin = 2) 
TT 
29s" 
M, = —M(9) = S 
A 

Mp = A 3 

TT 


DEFLECTION CURVE (FROM EQ. 5) 





803 


HP? T Ix? 
Ely = -2 sin 8907s 
L T) 
Or 
gol’ ( a, ax 2 
= i E un-— Faxr = ALY E 
T El L 





(4) 


(5) 
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B.C. 1 v'(0) = 0 MIX LU 1 | (=) 
= ——| —16 qo L*^cosl — | + 84 — m) qo Lx? 
| rd TE qo JL ( ) qo 
B.C. 2 v(0) = 0 (04g — 0 4 
d — 8(6 — m) qo L^x^ + 16qoL — 
B.C. 3 v'(L)=0 
2 
L 2p (b) Loading q — ( = 5] 
— CT + CoL x: -a( =) (6) Eq 10 [2 
B.C. 4 v(L) = 0 DIFFERENTIAL EQUATION 
P l6 2 ; = — do m Ely" = =q = ~a(1 m =) (1) 
Solve Eqs. (6) and (7): x 
48(4 = T) EIv” = — do (x — +) + Ci (2) 
Ci = — —, 40 
T m E 
B 16(6 = T) " Ely = M = -a(5 p =) T Cix T C5 (3) 
, = -——4— yL 
TT x? x? 
EIv' = -a( m 7 
SHEAR FORCE (EQ. 2) : one 
2 
© 2L (ax) , A8(4 — m) + OLEO (4) 
= —qg — Ssin| —— *———14 . 40 2 
2L 4T 
x^ x? x? 
Elv = — SS 3x — 
-Qa- REACTIONS " Te = "6 
48(4 — 7) x 
R4 = V(0) = — —, pL — T C2 TF Cax T C4 (5) 
T 
2 48(4 — m) B.C. 1 v'(0) = 0 |. Cz = 0 
Rg = -VD = (=-——— Jb < | 
TT TT B.c. 2 v (0) = 0 <. Cy, = 0 
From equilibrium B.C. 3 v (L) = 0 
M til poi aH x URN E 6 
= — o ue T = — 
A qo\ .* D 1 2 = 1g 40 (6) 
Mc He 3) a L2 — B.C. 4y D) = 0 
T 
7 
" CIL + 3€ = 39 do (7) 
DEFLECTION CURVE (EQ. 5) 
A Solve Eqs. (6) and (7): 
» (22) (=) " 48(4 — 7) re i 
y — —qo| — | cos| — 
T 2L q^ Ci == ab lm = i 
: 30 15 
x 16(6 — 7) 
x qo Le D E 
TT SHEAR FORCE (EQ. 2) 
2 4 
x 2L x? 13 
X qo L2 — + aol — = — ——— |) 
qdo 7 zi =) , OT V as =) T 30 qo L 








EX 
ar, 
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SECTION 10.3 Differential Equations of the Deflection Curve 805 





REACTIONS DEFLECTION CURVE (EQ. 5) 
ER (RE a, = EI Ẹ x ) 1B ap 
= — l y — — —— Á c — 
4 399 4^4 36072/ 3096 
R Wiper = Dt 
= — = — mimm —, or 
B 30 qo 15 qdo 2 
From equilibrium 
a v= — [x® — 151 7x* 
u (5 il ,3 an l.p 360L^EI 
— — — — X a Rs 
Ac 4X2. i972) 309 p + 261x — 12152] <- 
I 
Ma = 15 qoL^ (counter-clockwise) = 
1 2 , 
Mpg = -o qo L^ (clockwise) e 


Problem 10.3-9 A fixed-end beam of length L is loaded by triangularly 
distributed load of maximum intensity qo at B. 

Use the fourth-order differential equation of the deflection 
curve to solve for reactions at A and B and also the equation of the 
deflection curve. 








Solution 10.3-9 








R X n 
Triangular load g = qoy B.C. 3v'(L)=0 J. CL + 20 = (6) 
qo L^ 
DIFFERENTIAL EQUATION B.C. 4 vw(L) = 0 J. CL + 3C = 20 (7) 
x 
Ely" = =q = -qo (1) Solve Eqs. (6) and (7): 
s Co E 
Ely" = — Et bot 2) 15784 qo 
y 10 57 1 (2) 0 
x^ C = "- Lr 
Eh" - M = -qoy + Cit + Cp (3) 2 gp" 
x* á SHEAR FORCE (EQ. 2) 
El’ = -qo + Cy + Cx + C3 (4) l 
24L 2 P 3 
5 3 2 V = "p + = gab 
x X X AL 20 
Ev= —g4—— tie S OS FF Cau 5 
y 17501, Ie P 3X 4 (5) 
Bc. 1v'(0)=0  ..0€4-0 paces 
Bc2w0-20  ..C420 Ry = VO) = = gol < 





di 
ar, 
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7 DEFLECTION CURVE (EQ. 5) 
Rp = —WL) = R oL es 
20 x? 3 x? 1 x 
— Elv = —qo PL og euh s 
From equilibrium I20L 20 6 30 2 
l 2 l 5 2.3 3 2 
"S = — + 3go Lx” — 2gaL a 
Ma 30 qo L s V BOE qox qo Lx qo L'x*) 


Problem 10.3-10 A counterclockwise moment Mj acts at the midpoint of a y 
fixed-end beam ACB of length L (see figure). 


Beginning with the second-order differential equation of the deflection 
curve (the bending-moment equation), determine all reactions of the beam and C [_ 3e 
M 


obtain the equation of the deflection curve for the left-hand half of the beam. 





Mg 
Then construct the shear-force and bending-moment diagrams for the entire f t 
beam, labeling all critical ordinates. Also, draw the deflections curve for the RA L L Rp 
entire beam. 2 i > —, 


Solution 10.3-10 Fixed-end beam (M, = applied load) 





Beam is symmetric; load is antisymmetric. 3Mo 
ia R4 = -p5 oe < 
Therefore, RA = — Rpg M, = —Mg óc = 0 2L 
RAL Mo 
DIFFERENTIAL EQUATION (0 = x = L/2) MA = 6 MA = -Mg = E = 
Ely" = M = Rax m MA (1) 
x2 DEFLECTION CURVE (EQ. 3) 
Elv’ = Rg — — Max - C 2 
y 45 AX 1 (2) Mox? L 
v= — (L — 2x) oS e— 
x x2 SLEI 2 
Elv = Rae zx MA T Cix + C5 (3) 
DIAGRAMS 
B.C. 1 v'(00 = 0 204,70 
B.C. 2 v(0) = 0 J. 5-0 
L 
B.C. 3 (4) — 0 
2 
|. Ral =RaL 





"Ma Also, Mp = 
A 6 SO, MB 6 


EQUILIBRIUM (OF ENTIRE BEAM) 
YMg-0 My +My — Mg — R4L-0 M 


Rik RAE 
eo eee 








as 
ar. 
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SECTION 10.3 Differential Equations of the Deflection Curve 807 








s Mo D 
ne Sid eee max 216EI 
Ls | At point of inflection: 6 = 0444/2 
EM 
“al 
3 


Problem 10.3-11 A propped cantilever beam of length L is loaded by a y M 
concentrated moment My at midpoint C. Use the second-order differential equa- : 


tion of the deflection curve to solve for reactions at A and B. Draw shear-force 2 2 
and bending-moment diagrams for the entire beam. Also find the equations of A — C BA i 
XI 


the deflection curves for both halves find the equations of the deflection curves M, t 





for both halves of the beam, and draw the deflection curve for the entire beam. 


Solution 10.3-11 








EQUILIBRIUM x? 
EIv' = Rp Lx — Rg—- + C 1 
Ra = — Rg (1) B B» 3 (7) 
M, = —Mo — Repl 2 ? Í 
A 0 B (2) Eh = -RpL — Ry + Cyx t+ Cy (8) 
BENDING MOMENTS (FROM EQUILIBRIUM) R, L3 
= $ = ae B 
M = Rx — My = —Rgx + Mo + RgL B.C. 3 vL) = 0 <. C3 L + C4 = 3 (9) 
(0 — L ) B.C. 4 continuity condition at point C 
2 
L / / 
L AUX = 7 ie = right 
M = Rg(L — x) pues 
D L L 
— Rp T Mo t Ral; 
DIFFERENTIAL EQUATIONS (0 S x x L/2) ; 
" L E 
EIv = M = —Rgx + Mo + RgL (3) = Beak Rg g Te 
2 
El = —Rp— + Mox + RgLx + Ci (4) L 
2 C5 = Mg— 
2 
x? x* x" 
Elv = —Rg— + Mo— + RpL—+C,x+Cy (5) Rp L D? 
6 2 2 From eq. (9): C4 = — 3 Mo, 
B.C. 1 v'(0) = 0 .. Cy, =0 
B.c. 5 continuity condition at point C 
B.C. 2 w(0) = 0 J.C) =0 


LE 
At x = — (Vet = © right 
DIFFERENTIAL EQUATIONS (L/2 S x S L) 2 


Ely" = M = Rp(L — x) (6) 








as 
ar, 

















2 


MoL Mor: 
"M 


2 


2 
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3 x2 2 DEFLECTION CURVE FOR (L/2 = x x L) 
Elv = =p P Mo + RgL TUE X C5 2 3 
X X 
Elv = Rp L— — Rp— + C4x - C 
R META Re Le Í ] < l : 
de 778 708 US Ely = Rp Le — Ry + My = 
r? LL r? r? ib i ANAL d 
- Rg-- + MZZ -R Mo — 
ZG LINE ( Rg D? E 
+ sen — Z 
9 Mo 3 d 
pb 
8 L 1 /9Mo 9Mo 
v= —( — 2x? -— x? + 
: n g o 9 Mo EIN 48L 16 
rom eq. =e e— 
q. (ID) Ra 8L 
F Q) M D NELLE a 
rom eq. Re OUS pS 
d 1 OU SL. 8L 


SHEAR FORCE AND BENDING MOMENT DIAGRAMS 


9MySL 





* 4. 4 





DEFLECTION CURVE FOR (0 x x x 1/2) 
x’ x^ x? 
Ely = ES + Moy + Kel + Cix + C5 


1/9Mo 3 Mo 2) ( = | 
= —( x3 — — (ye = 
v s Cast: 16> dimi" 


DEFLECTION CURVE 








CX 
ar, 





2L/3 


ó 


max 





:) 


<x=L) «— 


(i 


= MgL?IT2EI 
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Method of Superposition 


Solution 10.4-1 


Select Rg as redundant. 


Propped cantilever beam 


EQUILIBRIUM 


RL,SP-—R My = Pa — Rel 


RELEASED STRUCTURE AND FORCE-DISPLACEMENT RELATIONS 





he 
A a d b B F 
+ pg? 
| (8g —ggj GL — à) 
| 
© ! 
Ral? 
A (ôg) = E 
L B Mf 
| Rg 
COMPATIBILITY 
ôg = (0p) — (0g); = 0 
Pa RgD? 
Op = —— (BL — — = 0 
B err | a) — EF 
Pa’ 
Rp = op BL — a) < 





dè 
ar 





SECTION 10.4 Method of Superposition 809 


The problems for Section 10.4 are to be solved by the method of superposition. i 

All beams have constant flexural rigidity EI unless otherwise stated. When 4 

drawing shear-force and bending-moment diagrams, be sure to label all critical M A B 
ordinates, including maximum and minimum values. A f 

Problem 10.4-1 A proposed cantilever beam AB of length L carries a Ra P b A 
concentrated load P acting at the position shown in the figure. L B 


Determine the reactions Ry, Rg, and M, for this beam. Also, draw the 
shear-force and bending-moment diagrams, labeling all critical ordinates. 


OTHER REACTIONS (FROM EQUILIBRIUM) 
Pb 
R=. OL = 5) 
iE. 


ma qa x 
4 op 


SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS 
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Problem 10.4-2 A beam with a guided support at B is loaded by a y 


uniformly distributed load with intensity q. Use the method of super- 
position to solve for all reactions. Also draw shear-force and bending- 


moment diagrams, labeling all critical ordinates. (Vi LL ll Mp 
C D 








~ C X 
A L B 
Ma 
d 
Solution 10.4-2 
Select Mg as redundant. FROM EQUILIBRIUM EQS. 
gL’ gL’ 
EQUILIBRIUM R4 = qL M, = ri Mic Fa 
gL’ 
R4 = qL (1) Ma = ru Mg (2) SHEAR FORCE 
V=R, — qx = q(L — x) 
RELEASED STRUCTURE AND FORCE OR MOMENT-ROTATION 
RELATIONS BENDING MOMENTS 
2 2 2 
qx qx qL 
M —ARuux—M,——————X ahy —— 
q AX A 2 2 GLX 3 
SHEAR FORCE AND BENDING MOMENT DIAGRAMS 
(05) 
i aUa aL 
(05), 
qL 
D" 
qL 
V 
(05), = Rotation at B due to uniform load q 
T gL” 0.423L 
( B)i = 6EI 
qL^/6 
(05), = Rotation at B due to Moment Mz M 
— MBL 3 
(05), = El -qL3 


FROM COMPATIBILITY EQUATION 
ql’ 


(05g), = (0p, ~. Mp 6 





as 
ar, 
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Another solution by the 2™ order differential equation. 


DIFFERENTIAL EQUATIONS 


qx 
By EM E Ran MR USC 
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Ó qx? DEFLECTION CURVE 
Elv = RA — Max — rh C, 3 x g S we a 
Blu = Mi = SS a 
ÓQ qx 6 2 24 6 3 2 24 
mp x E cO 7 
or v = AFI (—x* + AL — 4L7x’) La 
B.C. 1 v'(0) = 0 $201 = 
B.C. 2 v'(0)=0 2.5 =0 
3v0)-0 Mba -E-E 
B. : — — SSS C, — l 0 
bid 47 Ww 86 3 
Problem 10.4-3 A propped cantilever beam of length 2L with support at B y 
is loaded by a uniformly distributed load with intensity q. Use the method of | q 
superposition to solve for all reactions. Also draw shear-force and bending- Ma 





moment diagrams, labeling all critical ordinates. 





Solution 10.4-3 


Select Rg as redundant. 


RELEASED STRUCTURE AND FORCE-DISPLACEMENT RELATIONS 


(dp) 1 





(ôg), = Deflection at B due to uniform load q 
17qL* 


(05), = EI 





dh 
ar. 





(ôg), = Deflection at B due to Force Rg 
Rel? 
3EI 





(Oz), ES 


FROM COMPATIBILITY EQUATION 


(0g), = (0p), "epo aL 

EQUILIBRIUM 

R4 = 2qL — Rpg = - dL (1) 
M4 = 24L? — RgL = -qL (2) 








10Ch10.qxd 
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Problem 10.4-4 Two flat beams AB and CD, lying in horizontal planes, cross 
at right angles and jointly support a vertical load P at their midpoints (see 
figure). Before the load P is applied, the beams just touch each other. Both 
beams are made of the same material and have the same widths. Also, the ends 
of both beams are simply supported. The lengths of beams AB and CD are Lag 
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SHEAR FORCE 
qL 
d C Eu EE (Ux) 
V — 2qL — qx (Lu = 2L) 
BENDING MOMENTS 
2 2 
X qx qLx qL 
M = Rax — Ma — go = - = m 
AX A 4 2 2 g 
(0s xL) 
2 —7 
M-Rax —M4 — q— + Rgx = + 2qLx — qL’ 
M 
i; = cm AL) 


and Lcp, respectively. 


reactions are to be the same? 





SHEAR FORCE AND BENDING MOMENT DIAGRAMS 





-qL/8 






0.3904L 
k 





qL^/8 


What should be the ratio t4,/tcp of the thicknesses of the beams if all four 


Solution 10.4-4 Two beams supporting a load P 


For all four reactions to be the same, each beam must 
support one-half of the load P. 








DEFLECTIONS 
_ (P2) Lag _ (P2)Lep 
am SEP e ABET, 
COMPATIBILITY 
E L 
Bo cos - AB _ LCD 
lap  lcp 


MOMENT OF INERTIA 


1 1 
lAp = 15PtÀn Icp = <xbtep 








12 
P L? t L 
AB CD AB | LAB 
3 3 E NC 
CAB cp (CD Lop 





di 





ar, 
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SECTION 10.4 Method of Superposition 813 


Problem 10.4-5 A propped cantilever beam of length 2L is loaded by a 
uniformly distributed load with intensity g. The beam is supported at B by a 
linearly elastic spring with stiffness k. Use the method of superposition to 
solve for all reactions. Also draw shear-force and bending-moment diagrams, 
labeling all critical ordinates. Let k = 6EI/L*. 





Solution 10.4-5 


Select Rg as the redundant. (ôg), = Deflection at B due to Force Rg 


3 
RELEASED STRUCTURE AND FORCE-DISPLACEMENT RELATIONS ( dp) = Ral 
2 3EI 


(0p), = Shortening in spring due to Force Rg 








q 
5) L RgL? 
(05. = V — GEI 
L L FROM COMPATIBILITY EQUATION 
(Oz) 17 
Xp- (5, — 6p, = Op, — "Rp aL 
EQUILIBRIUM 
7 
R4 = 2qL — Rg = — qL (1) 
12 
2 T y3 
M, = 2qL^ — RgL = — qL (2) 


12 


SHEAR FORCE 





7 
V-—R,-— qx ^ —qL — qx (0c x L) 


12 
(8g), — Deflection at B due to uniform load q V = Ra — qx + Rg = 2qL — qx (L& x% = 2L) 
T" l7qL^ 
(5) = A EI 





CX 
ar, 
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BENDING MOMENTS SHEAR FORCE AND BENDING MOMENT DIAGRAMS 
— x | Po Ur Xp à 
= Rax — =g > oe XT mec qe 
i EU 15° 43 PL 
7412112 
Osx L) 


X 
M = Rax - Ma — gy + Rox — L) 


< 


1 
= —q Le- aLr + 217 (L= xc) 


7L/12 
HK«— ——— 


Problem 10.4-6 A propped cantilever beam of length 2L is loaded by a 
uniformly distributed load with intensity q. The beam is supported at B by a 
Ean linearly elastic rotational spring with stiffness kg, which provides a resisting 

moment Mp due to rotation 05. Use the method of superposition to solve for 
all reactions. Also draw shear-force and bending-moment diagrams, labeling 
all critical ordinates. Let kp = EI/L. 








Solution 10.4-6 


q Select Mg as the redundant. 
RELEASED STRUCTURE AND FORCE-SLOPE RELATIONS 
- (05), (05) = Slope at B due to uniform load q 
Jal" 
05); = —— 
(Op) GEI 
(05); 


(05), = Slope at B due to Moment 


M MpL 
sI (05); = um 


(05)4 = Spring rotation at B due to Moment 


(OB) Mpg — MpL 


fnr l 
(05)5 kg EI 


Mpg 





dh 
ar. 
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FROM COMPATIBILITY EQUATION SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS 
L a q 
(05), — (0p), = (0p), MB 7 
1747/12 . 
FROM EQUILIBRIUM EQS. 
R, = 2qL (1) 
2 17 2 
Ma = 20L^ — Mp = pdt (2) 
SHEAR FORCE 
V = Rá — qx = 2qL — qx (C= x OE) 
BENDING MOMENTS M 
2 
B x? B 1 5 1717 TT qi, [2 
M = Rax — M4 — dy = —q 27 uz: Oar "49 -17912j12 2 d degree curves 
(O=x= L) 
M 
d E E EI 


1 
= —q Le cane ar] (Lc x AL) 


Problem 10.4-7 Determine the fixed-end moments (M4 and Mg) and 


qo 
fixed-end forces (R4 and Rp) for a beam of length L supporting a triangular TIT 
load of maximum intensity qo (see figure). Then draw the shear-force and C Y 2 





bending-moment diagrams, labeling all critical ordinates. 





CX 
ar, 














10Ch10.qxd 9/27/08 7:32 AM Page 816 zs 
Slo 
816 CHAPTER 10 Statically Indeterminate Beams 
Solution 10.4-7 Fixed-end beam (triangular load) 
Select M4 and Mg as redundants. COMPATIBILITY 04 = (04), — (04), = O 
SYMMETRY Ma = Mg Ra = Rp Substitute for (04), and (04), and solve for M4: 
EQUILIBRIUM R4 = Rpg = qo L/4 e SqgL? 





M, = Mpg = 96 


RELEASED STRUCTURE AND FORCE-DISPLACEMENT RELATIONS 
SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS 























qol 
4 
y 
O 
dok 
M; 4 
M 
xo 
(84), ~ oT SqqL? 5q0L? 
2N Mg = M4 ' 5qoL 4 
Ms ee ) 96 96 
T ; 
bE B qoL 
M, =— 
p ; 
(8 Y MAL XQ = 0.2231L 
a WE 
Problem 10.4-8 A continuous beam ABC with two unequal spans, one q 
of length L and one of length 2L, supports a uniform load of intensity q 
(see figure). 
Determine the reactions R4, Rg, and Rc for this beam. Also, 
draw the shear-force and bending-moment diagrams, labeling all critical 
ordinates. 
Solution 10.4-8 Continuous beam with two spans 
Select Rp as the redundant. RELEASED STRUCTURE AND FORCE-DISPLACEMENT RELATIONS 
EQUILIBRIUM 
3qL. 2 3qL 
mes dee R. = —— — —R 
A 2 3 B Ü 2 B 











dh 
ar. 
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Hor SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS 
(Opp = -aar 
12EI 
A C 
AA B+ LN 
| EIF 
Rg 
T ARgL? 
(0g)? = OFT 
COMPATIBILITY 


OB = (0p), (0p), ED 
l1gL^ |. ARgD? 33qL 
um — 0 Rp — __ 
12EI 9EI 16 





OTHER REACTIONS (FROM EQUILIBRIUM) 


qL I3qL 
RA = — R: = — 
A c 16 


Problem 10.4-9 Beam ABC is fixed at support A and rests (at point B) 
upon the midpoint of beam DE (see the first part of the figure). Thus, 
beam ABC may be represented as a propped cantilever beam with an 
overhang BC and a linearly elastic support of stiffness k at point B 
(see the second part of the figure). 

The distance from A to B is L = 10 ft, the distance from B to C is 
L/2 = 5 ft, and the length of beam DE is L = 10 ft. Both beams have 
the same flexural rigidity ET. A concentrated load P — 1700 Ib acts at 
the free end of beam ABC. 

Determine the reactions R4, Rg, and M4 for beam ABC. Also, draw 
the shear-force and bending-moment diagrams for beam ABC, labeling 
all critical ordinates. 





P = 1700 Ib 








dh 
ar. 
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Solution 10.4-9 Beam with spring support 


Select Rpg as the redundant. OTHER REACTIONS (FROM EQUILIBRIUM) 
p, = 11P Mv, = SPL _ 
EQUILIBRIUM A q7 A 34 


Ra = Rg- P MA = RgL — 3PL/2 
NUMERICAL VALUES 





























RELEASED STRUCTURE AND FORCE-DISPL. EQS. P = 1700 Ib L = 0f = 120in 
5 RA = 11001b Rg = 2800 " 
"C . M, = 30,000 Ib-in. 
A SS TPL} 
" (òs): = 125] 
=- L - dT SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS 
| Rel 
E E 
b — pee 
'Rg 
B 
COMPATIBILITY Ôp = (6 — (Op), = — 
B = (0p) — (Op)2 i " 30.000 
(Ib-in.) 
ASEI 
Beam DE: k = —— 
L 4 
3 3 3 F 
€p- TPL’ _ Rel”  RpL -- 28P — 102,000 
12EI ZEI ASEI 17 zn 
x; ——in 
11 
= 27.27 in 


Problem 10.4-10 A propped cantilever beam has flexural rigidity 
EI = 4.5 MN: m. When the loads shown are applied to the beam, bd 
it settles at joint B by 5 mm. Find the reaction at joint B. 5 kN/m f KN 














di 
ar, 
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Solution 10.4-10 


EI = 4.5 MN : m? = 4500 kN: m? (Sz), = Deflection at B due to distributed and 


Select Rz as the redundant. concentrated loads 





7m 
x2) 
RELEASED STRUCTURE AND FORCE-DISPLACEMENT RELATIONS (Op), num J 2x dx 

m 

5m 

4m lm 2m 5 5 X 
P a | I. Se > aye — De 
5 kN/m 
2 kN = — (29.63 + 34.963) x 10° 
= — 64.593 X 10? = — 64.593 mm 
(65), 


(ôg), = Deflection at B due to Force Rg 


5m 
(85), = | Rgx- dx = Rg 9.259 X 1073 
0 


EI 
(óB) = Rpg 9.259 mm 
«| COMPATIBILITY (SETTLEMENT AT B = 5 mm) 
(0g), = (0p), — 5mm <. Rp = 6.44 kN = 


Problem 10.4-11 A cantilever beam is supported by a tie 
rod at B as shown. Both the tie rod and the beam are steel 

with E = 30 x 10° psi. The tie rod 1s just taut before the y 
distributed load q — 200 Ib/ft is applied. 


(a) Find the tension force in the tie rod. 
(b) Draw shear-force and bending-moment diagrams for C 
M 


the beam, labeling all critical ordinates. ut LL T» 
A S 6 X 12.5 B C 
A 
a Lo =2 ft 










1 
q in. tie rod 











as 
ar, 
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CHAPTER 10  Statically Indeterminate Beams 


Solution 10.4-11 
E = 30 X 10° psi 





— 0.0491 in.? 


I= 22.1 in. From S 6 X 12.5 


Select Rp as the redundant. 


RELEASED STRUCTURE AND FORCE-DISPLACEMENT RELATIONS 
ry $ 


3 ft 


(Op) 3 





200 Ib/ft 


(ôs) 1 


(05), = Deflection at B due to distributed load q 
200 
q = 200 lb/ft = 5. Ib/in. 


os -| (29 xa 
es UR. 
Lo de X12 2 


— 0.1282 in. 
(ôg), = Deflection at B due to Force Rp 


DES 
I2 2 3 JE 


T4 2 
(0), -| py & = Rp 1.877 X 10 * in. 
0 


(6g), = Extension in tie rod due to Force Rp 
RpL | Rp(3*12) 
0.0491 - 30 x 106 


(Og), aa AE 
= Ry 2445 X 10 1n. 





CIS 
LA 


COMPATIBILITY 
(0g), — (0g); = (0p), 
0.1282 — Rp 1.877 X 10 ^ = Rp2.445 X 10? 
.. Rp = 604.3 Ib 


(a) THE TENSION FORCE IN THE TIE ROD = Rp 





=604lb < 
FROM EQUILIBRIUM EQS. 
RA = 200-6 + 2007 — Rp = 795.7 Ib (1) 
UR RIAL E 200S- — Rp6 
2 3 2 


«— 


= 1308 lb-ft = 1.569 x 10^ Ib in. 


(b) SHEAR FORCE AND BENDING MOMENT DIAGRAMS 


2 ft 


6 ft 






795.7 |b p 


B 


—133.3 lb-ft 






—1307.5 lb-ft 





CI 





ar 
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Problem 10.4-12 The figure shows a nonprismatic, propped cantilever q 


beam AB with flexural rigidity 2E/ from A to C and El from C to B. 
Determine all reactions of the beam due to the uniform load 
of intensity q. (Hint: Use the results of Problems 9.7-1 and 9.7-2.) 





Solution 10.4-12  Nonprismatic beam 


Select R p as the redundant. FORCE-DISPLACEMENT RELATIONS 
qL! I 
RELEASED STRUCTURE From Prob. 9.7-2: Op = 128El, (i T ist) 
c d m | l7qL* 
| | rq 1 | | hp I dy .. (Op), = 


256EI 


> e 9» & to T B + f 





= 


E SEI EI From Prob. 9.7-1: 
. L | p Tm PI? I 3RpL? 
2 2 | ôg = ( +7) MC 


B^ 2AEHR D 16EI 











(0p); = downward deflection of end B due to load q 
COMPATIBILITY 


A | 3E m5 ôg = (0g), — (0g); = 0 











2EI E | or 
Rg 
17qgL* 3R 14L 
(ôg)2 = upward deflection due to reaction Rg 256EI 16EI B ^ 4g t 
EQUILIBRIUM 
R Baka 31gL 
A~4 B 4g 
c gl? ap^ 
^ 2 B 48 
Problem 10.4-13 A beam ABC is fixed at end A and supported by beam P 
DE at point B (see figure). Both beams have the same cross section and C | 


are made of the same material. 


(a) Determine all reactions due to the load P. 
(b) What is the numerically largest bending moment in either beam? 








EX 
ar, 
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822 CHAPTER 10 Statically Indeterminate Beams 


Solution 10.4-13 Beam supported by a beam 


Let Rg = interaction force between beams 


Select Rg as the redundant. 


RELEASED STRUCTURE AND FORCE-DISPL. EQS. 





we iP 
(Og), 
A Bl "C - SPL 
; | : (ôs), = TET 
SS 
8 
8), B —C RaL? 
à : (08), — 24g] 
A 
| 





Problem 10.4-14 A three-span continuous beam ABCD with three 
equal spans supports a uniform load of intensity g (see figure). 

Determine all reactions of this beam and drawn the shear-force 
and bending-moment diagrams, labeling all critical ordinates. 


Solution 10.4-14 Three-span continuous beam 


SELECT Rg AND Rc AS THE REDUNDANTS. 


SYMMENTRY AND EQUILIBRIUM 


3qL 
E NE. m 


Rc — Rg a 


Rp 


COMPATIBILITY (05), — (ôg), = (Op)a 


40P 
Substitute and solve: Rg = a 


«— 


SYMMETRY AND EQUILIBRIUM 


Rg  20P 


2 
23P 
RA = P—Rp-— Rp = 17 


(minus means downward) 


L 
Ma = Rg| 5 J- PL 


BEAM ABC: M max = Mp 














as 
ar. 
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FORCE-DISPLACEMENT RELATIONS OTHER REACTIONS 
11qL^ 5RpL° From symmetry and equilibrium: 
(Up O 
I2EI 6EI 11qL 
Rc = Rg = —— 
C B 10 
COMPATIBIITY 
11qL E A 
q A Ap ~ c 
ôg = (0g), — (0g), — 0 CORpy S 3 


LOADING, SHEAR-FORCE, AND BENDING-MOMENT DIAGRAMS 





gL’ 
eT 
24L? 
M max = 25 
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824 CHAPTER 10 Statically Indeterminate Beams 


Problem 10.4-15 A beam rests on supports at A and B and is y 
loaded by a distributed load with intensity g as shown. A small gap 
A exists between the unloaded beam and the support at C. Assume 
that span length L = 40 in. and flexural rigidity of the beam 
EI = 0.4 X 10? Ib-in.? Plot a graph of the bending moment at B 
as a function of the load intensity q. 

(HINT: See Example 9-9 for guidance on computing the 
deflection at C.) 





Solution 10.4-15 
Select Rc as the redundant. gr 


EQUILIBRIUM 


Rc = 2qL — Ra — Rp (00)5 = 3Egr ^t 


RELEASED STRUCTURE AND FORCE-DISPLACEMENT RELATIONS COMPATIBILITY 


q 1) Óc = (6c), for (6c), < 0.4 in. nar Rc(q) —0 
gL | 
Mg(q) = -75 = —800q Ib in. for q < 250 Ib/in. 


2) Óc = (6c), m (Oc), = 0.4 in. for (6c), — 0.4 in. 


<. Rce(q) = 15q — 3750 


gL’ | 
M g(q) = Ral 05 — 200q — 150000 Ib > in. 


L (óc) 1 


(6c); for q = 250 Ib/in. 


Moment at B 


Moment at B (lIb-in.) 





q (Ib/in.) 





dA 
ar, 
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Problem 10.4-16 A fixed-end beam AB of length L is subjected Mo 
to a moment Mo acting at the position shown in the figure. C A B J 
(a) Determine all reactions for this beam. M M 
(b) Draw shear-force and bending-moment diagrams for the special a É 
case in which a = b = L/2. Ri<—— 4 b Rp 
E 
Solution 10.4-16 Fixed-end beam (M, = applied load) 
Select Rg and Mg as redundants. (85, = RAE. ( E Bo 
Mo B2  2EI B/2 3E] 
/ WA $e B| y 
Ka i i7 — MgL  MgD? 
Ma ; , Mg (05s = ey (05) = Say 
! ; 
Rä b— Rg COMPATIBILITY 

Du Op = —(0pg), — (ôg), + (ôg), = 0 

EQUILIBRIUM or 2RgL? — 3MgLI^ = —3Mpga(a + 2b) (1) 

Ra = —Rg | M4 Mg — RgL — Mo 0p = (0g), + (0p); — (05), — O0 

2 = _ 
RELEASED STRUCTURE AND FORCE-DISPL. EQS. DEAE 2M pl 2M oa (2) 
SOLVE EQS. (1) AND (2): 
6M ab Moa 
Rp — D Mpg = ua ds < 


FROM EQUILIBRIUM: 


6Moab Mob 
= Dp MA = FX — L) em 





RA 


SPECIAL CASE a = b = L/2 
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Problem 10.4-17 A temporary wood flume serving as a channel for irrigation 
water is shown in the figure. The vertical boards forming the sides of the flume 
are sunk in the ground, which provides a fixed support. The top of the flume is 
held by tie rods that are tightened so that there is no deflection of the boards at 
the point. Thus, the vertical boards may be modeled as a beam AB, supported 
and loaded as shown in the last part of the figure. 

Assuming that the thickness ¢ of the boards is 1.5 in., the depth d of the 
water is 40 in., and the height ⁄ to the tie rods is 50 in., what is the maximum 
bending stress ø in the boards? (Hint: The numerically largest bending moment 
occurs at the fixed support.) 

















COMPATIBILITY 





H aua" OL =) 


| Rg b= O0 UR 
| i | B = (0p), — (0p); B m 


MAXIMUM BENDING MOMENT 
Select Rg as the redundant. 














qoa” Vent = eRe 
Equilibrium: M, = “6 RgL max ~ A 8 qoa B 
2 
EU 2 2 
RELEASED STRUCTURE AND FORCE-DISPL. EQS. m 12012 (20L* — 15aL+ 3a*) 
qo 
Ex NUMERICAL VALUES 
ty? foc. B 
A ~~ XE), a=40in  L=50in  t=1.5in. 
From Table G-1, Case B: b = width of beam 
4 3 3 
qoa qoa qoa 
ôg); = + L— a) — Se 
8) = 3087 24EI P  q2ogp ^ A 
— RgL? 
( B); = 3EI 








EX 
ar, 
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bt? M mnax ya?b 
S mc = — = 2 3a?) = 191. 
6 Co S M es TUNE (20L* — 15aL + 3a^) = 191.05 b 
y = 62.4 lb/ft? = 0.03611 Ib/in.? 2 


bt M 
S=—— = 0.3750 b g =— = 509 psi — 
Pressure p = ya qo = pb = yab 


Problem 10.4-18 Two identical, simply supported beams AB and CD are placed 
so that they cross each other at their midpoints (see figure). Before the uniform 
load is applied, the beams just touch each other at the crossing point. 

Determine the maximum bending moments (M4p)max and (Mcp)max in 
beams AB and CD, respectively, due to the uniform load it the intensity of the 
load is q = 6.4 kN/m and the length of each beam is L = 4m. 





Solution 10.4-18 Two beams that cross 


F — interaction force between the beams LOWER BEAM 


























F 
-Qa- UPPER BEAM | 
C D 
TITTY " - 
PE r++ $ 9 V x 
A B L 
Ay À A = L — ÓÁ— £ a 
| 200 2 2 
F 
= pony L — FL} 
i "C 48ET 
(0g), = downward deflection due to q 
sac COMPATIBILITY 042 = Ocp 
= —— + 3 3 
384EI L — FD _ FL X pud 
384EI] | ASEI | ASEI 16 
(ôg), = downward deflection due to F 
_ FD UPPER BEAM 
A48EI 
OAB (ôB); x (0p), 
| 5ql* FL 
. 384EI  48EI 











EX 
ar, 
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828 CHAPTER 10 Statically Indeterminate Beams 
l1gL LOWER BEAM 
=~ 3 FL 5qL? 
Mmx 77477 Ga 
M M 
SqL^ 
(M cp)max = EU = 
ML 
"p 32 NUMERICAL VALUES 
— 121gL? g=64kN/m (Magma = 6.05 kN: m — 
mw 2048 L=4m (Mcpe = 80kN:m < 
"" 3qL^ " . qr? 
1 64 ( AB) max =Z 2048 


Problem 10.4-19 The cantilever beam AB shown in the figure is an 

S 6 X 12.5 steel I-beam with E = 30 X 10? psi. The simple beam DE is a 
wood beam 4 in. X 12 in. (normal dimension) in cross section with 

E= 1.5 xX 10° psi. A steel rod AC of diameter 0.25 in., length 10 ft, and 
E = 30 X 10° psi serves as a hanger joining the two beams. The hanger 
fits snugly between the beam before the uniform load is applied 

to beam DE. 

Determine the tensile force F in the hanger and the maximum bending 
moments MA4g and Mpg in the two beams due to the uniform load, which 
has intensity g = 400 Ib/ft . (Hint: To aid in obtaining the maximum bending 
moment in beam DE, draw the shear-force and bending-moment diagrams.) 


400 Ib/ft 


Wood beam 


10 ft 


56 X 12.5 


Act B | 
6 ft 
Steel rod 


10 ft 








«— 10 ft > 





Solution 10.4-19 Beams joined by a hanger 


F — tensile force in hanger 


(2) HANGER AC 


Select F as redundant. d 
Al 
(1) CANTILEVER BEAM AB 
A BE 
Li Ly 
F 
S6X125  14221im^ n 
Lı = 6ft = 72 in. 
bF 


E, = 30 X 10° psi 








= 187.66 x 10 °F 


| FL F = Ib 
(04), m SEU Z 


d=0.25in. L) = 10 ft = 120 in. 
E> = 30 X 10° psi 





E 
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2 











md 4 in. X 12 in. (nominal) 
Ay = —— = 0.049087 in.’ E» 
4 I -415289m. 
A — elongation of AC (8) Sal FL3 
(a — m 
FL 384E31, — A8E4I 
hes = 81488 x 1076F dis di - 
un = 2.3117 in. — 462.34 x 1076F l B 
(F = lb, A = in.) ô = in. 
(3) BEAM DCE COMPATIBILITY 


(64), + A = (ôo) 

187.66 x 10 °F + 81488 X 10° °F 
= 2.3117 — 462.34 X 10 °F 

F=3160lb <— 


- ! A : (1) MAX. MOMENT IN AB 
| L4 La | Map = FL, = (3160 Ib)(6 ft) 
| 2- — 


= 18,960 lb-ft = 





, (3) MAx. MOMENT IN DCE 
L3 = 20 ft = 240 in. 


L 

q = 400 lb/ft LLL - — 2420 Ib 
33.333 Ib/in. 

E3 = 1.5 X 10° psi 


x, = 6.050 ft 


Max = 7320 lb-ft 
Mc = 4200 lb-ft 





Mpp = 7320 lb-ft — 





829 
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Problem 10.4-20 The beam AB shown in the figure is simply supported q 


at A and B and supported on a spring of stiffness k at its midpoint C. 
The beam has flexural rigidity E7 and length 2L. 

What should be the stiffness k of the spring in order that the 
maximum bending moment in the beam (due to the uniform load) 
will have the smallest possible value? 

















Sifts = AE X FOR THE SMALLEST MAXIMUM MOMENT: 
IMi| = Md or M, = —Mc 
R? D 
x = — RAL + redi 
2q 2 
Ra | L | L fn, = R4 Solve for R4: 
= $ Ra = qI( V2 — 1) 
| Re 
EQUILIBRIUM 
i4 SFyr=0  2RjQCRe— 29L 20 
Rc = 24LQ. — V2) 
DOWNWARD DEFLECTION OF BEAM 
Sa^ RL L’ 
qx? (8p, - - = =f evi — 11) 
BENDING MOMENT M = Rx — > 24ET | OEI 24EI 


DOWNWARD DISPLACEMENT OF SPRING 


Rc 2qL 
dM R i, == 6 = 
5.70 Ry - qx=0 x = do; k K 
q 


LOCATION OF MAXIMUM POSITIVE MOMENT 


dx 


COMPATIBILITY (0c), = (0c), 
MAXIMUM POSITIVE MOMENT 


Solve for k: 
T _ RA A8EI 
15 Msn = 2q ke—— (6+ 5V2) 
TE 
MAXIMUM NEGATIVE MOMENT = 89.63 = ¿é 
L 
gL’ 
Mc = (My-r = Rab — m 





CX 
ar, 
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Problem 10.4-21 The continuous frame ABC has a fixed support at A, 
a roller support at C, and a rigid corner connection at B (see figure). 
Members AB and BC each have length L and flexural rigidity ET. 

A horizontal force P acts at midheight of member AB. 


(a) Find all reactions of the frame. 
(b) What is the largest bending moment M max in the frame? 


(Note: Disregard axial deformations in member AB and consider 
only the effects of bending.) 











Solution 10.4-21 Frame ABC with fixed support 
Slect Vc as the redundant. VL 
EQUILIBRIUM V4 = Vc H; = P = EI 


M, = PL/2 — VoL VE Aver 
6c), = (0p) L + = 
(Oc), = (8g); 3EI EI 





RELEASED STRUCTURE AND FORCE-DISPL. EQS. 
COMPATIBILITY (0c), = (0c); 


Substitute for (óc), and (6c), and solve: 





L 
E m 3P — 
P —> C 32 
L 
y 
p FROM EQUILIBRIUM: 
V e i H,=P M Eie 
> ^ 3 a ^ 832 
PL 
(Op), — SEI 
REACTIONS AND BENDING MOMENTS 
3 
(6c), = (0g1L = 557 C 
SEI 
AA 
icai 
k 
(8g) r 
: {ap 
32 








dA 
ar, 
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Problem 10.4-22 The continuous frame ABC has a pinned support 
at A, a guided support at C, and a rigid corner connection 

at B (see figure). Members AB and BC each have length L 

and flexural rigidity EJ. A horizontal force P acts at midheight 

of member AB. 


(a) Find all reactions of the frame. 

(b) What is the largest bending moment M max in the 
frame? (Note: Disregard axial deformations in members AB 
and BC and consider only the effects of bending.) 








Solution 10.4-22 












Select Mc as the redundant. PI? 
(07 = 16EI 
EQUILIBRIUM "m 
Wu =0 (0c), = arr C 
B Mc H Mc 
H; = 3 "L Hc = 75 T TL COMPATIBILITY 
l 3 
RELEASED STRUCTURE AND FORCE-DISPLACEMENT RELATIONS Uc 490 — WG), — 0 "Me 64 ih 
] Mc FROM EQUILIBRIUM 
( B), (05), P Mc 35 
H A LL UD EDU xe i 
2 L 64 
yP, Me__2, 
P> : 2 L 64 
35 
M max ^ ps 
3PL/64 
—29P/64 
35PL/128 
35P/64 





35P/64 








as 
ar. 
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Problem 10.4-23 A wide-flange beam ABC rests on three 
identical spring supports A, B and C (see figure). The flexural rigidity 
of the beam is EJ = 6912 X 10° 1b-in.? and each spring has stiffness 
k = 62,500 Ib/in. The length of the beam is L = 16 ft. 

If the load P is 6000 1b, what are the reactions R4, Rg, and Re? Also, 
draw the shear-force and bending-moment diagrams for the beam, labeling 
all critical ordinates. 





(Case 5, Table G-2) 


P 11PL° 


p =— + 
OB) = Sk TERRI 





(downward) 





Select Rg as the redundant. 


Rp 
(04); 2k. 


EQUILIBRIUM 
Rp 


3P Rpg P B (6c), = — 
R Re=- - — Ch 
A 4 23 CUM 3 2k 


a 


RL’ 
48EI 





1 
(0p), = 5104)? Nh (8c),] qe 


RB Rel? : 
ER EE 





Kp 
COMPATIBILITY (ôg), — (6g)2 = - 





i t Substitute and solve: 
| 3P T ay (SE + ua’) 
4 4 Rz = P| ——————— 
1152EI + 16kL 
Sj Let = EE. di ional — 
Ali AR e =r (nondimensional) 
p P (384 + 11k 
Ó lm Bec (Sa ) 
On ak P 16\ 74K 
Bs n 
PL-—34 3E 34 I 


1 
(05), = la), + (6c),] + 





as 
ar. 
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FROM EQUILIBRIUM: 


E z(= + SE) 
^ 32V mex 


(S) 
Roe e 
32 \ 72 +k 


NUMERICAL VALUES 


EI = 6912 x 10° lb-in? k = 62,500 Ib/in. 


L = 16 ft = 192in. P = 6000 lb 
. kD 
=—=64 R,=30001b — 
EI 
R, = 3000lb | Re = 0 — 


Problem 10.4-24 A fixed-end beam AB of length L is subjected to a 


uniform load of intensity q acting over the middle region of the beam 
(see figure). 


(a) Obtain a formula for the fixed-end moments M4 and Mg in terms 
of the load q, the length L, and the length 5 of the loaded part 
of the beam. 

(b) Plot a graph of the fixed-end moment M, versus the length b of 
the loaded part of the beam. For convenience, plot the graph in the 
following nondimensional form: 


MA 


b 
—, Versus —— 
gL7/12 


with the raio b/L varying between its extreme values of 0 and 1. 
(c) For the special case in which a = b = L/3, draw the shear-force 


and bending-moment diagrams for the beam, labeling all critical ordinates. 


SHEAR-FORCE AND BENDING-MOMENT DIAGRAMS 





Ma = M, 
_@ 
Ra = Rp = ~~ AT 
 L-b 
> 





as 
ar, 
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FOR THE PARTIAL UNIFORM LOAD (b) GRAPH OF FIXED-END MOMENT 
M b b? 
qdx = Nm (3 _ = 
ee E. aL]? 2L L 


1 
MS | 1.0 == 
P peseieeid : 














0.5 
(qd) GO (L — x)? qUA2 
dM, = —— b 
L n L 
atb (L+b)/2 1.0 
MA = f dM 4 = J dM 4 
a (L—b)I2 
(L4- by2. 
=o O40 xy dx 
L^ Ja.—bya 
(L4- by2. 
E (L^x — 2Lx^ +x’) dx 
L^ Ja.—bya 
E d 2n, M 
r| 2 2 4 jar—byo 19 


... (lenghty substitution)... 


a qb 








E p 
24L S 9 
b M 
ar d j g2 gL? 
Ma = Mp=—— BL‘ -b = 
(a) M4 = Mp DAL ( ) 
Problem 10.4-25 A beam supporting a uniform load of intensity <—— n Ee L — —À 


q throughout its length rests on pistons at points A, C and 
B (see figure). The cylinders are filled with oil and are 
connected by a tube so that the oil pressure on each piston 
is the same. The pistons at A and B have 

diameter d4, and the pistons at C has diameter db. 








(a) Determine the ratio of d» to d, so that the largest 

bending moment in the beam is as small as possible. —| di — - dy — — di — 
(b) Under these optimum conditions, what is the largest 

bending moment M max in the beam? 
(c) What is the difference in elevation between point C 

and the end supports? 





EX 
ar, 
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Solution 10.4-25 Beam supported by pistons 
Solve for Ry: RA = qL(V2 — 1) 


EQUILIBRIUM 
pos m = 0 2 R4 RE Rc — 2qL = (0) 
Rc = 24L (2 — V2) 


REACTIONS BASED UPON PRESSURE 


nd? ads 

Ra = Rg = p PH he =p Uu 
dy [Ro 2 WD 
Gd NR ON va-1 








= 1.682 m 
2 2 2 
x R L 
BENDING MOMENT M = Rx — > (b) Mag, = My = = = 56 — 2V2) 
q 
LOCATION OF MAXIMUM POSITIVE MOMENT = 0.08579 qL? <— 
dM E E RA 
d 0  RA—-qx—-c0 x= a (c) DIFFERENCE IN ELEVATION 
By symmetry, beam has zero slope at C. 
—Cp- MAXIMUM POSITIVE MOMENT 
Ri 
M, = s = 5 
q 


"c Ry=ql(V2-1) 


MAXIMUM NEGATIVE MOMENT Ü 7 Difference in elev, 








gL’ 

Mc = (Myzr = Ral — p 
8, = Ra alt dE n — 11) 
FOR THE SMALLEST MAXIMUM MOMENT: A ZEI SEI EI 
IMi| = |Mc] or M; = —Mc = 0.01307 qL'JEI < 
2 2 

RA sapit qL Point C is below points A and B by the amount 
2q a 2 0.01307 qL^/EI. 





CX 
ar, 
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Problem 10.4-26 A thin steel beam AB used in conjunction with an 
electromagnet in a high-energy physics experiment is securely bolted 
to rigid supports (see figure). A magnetic field produced by coils C results 
in a force acting on the beam. The force is trapezoidally distributed with 
maximum intensity qo = 18 kN/m. The length of the beam between 
supports is L = 200 mm and the dimension c of the trapezoidal load is 
50 mm. The beam has a rectangular cross section with width b = 60 mm 
and height ^ — 20 mm. 

Determine the maximum bending stress Omax and the maximum 
deflection 0,4, for the beam. (Disregard any effects of axial deformations 
and consider only the effects of bending. Use E — 200 GPa.) 











FROM SYMMETRY AND EQUILIBRIUM E FaL= X) Px 
o = — 

Ma = Mg ki- kg ~n 

8 Consider the load P as an element of the distributed load. 


Replace P by qdx, where 


SELECT M4 AND Mg AS REDUNDANTS A 
qoX 





q = x from 0 to L/4 


RELEASED STRUCTURE WITH APPLIED LOAD 
q = qo x from L/4 to L/2 


i is dom 
04), = —— —— JOL - xd 
(04), 2EI |, ( L Jex x) dx 
(84), = (8g), 1 L/2 
+ L — x)d 
JEI ], , qox( x) dx 





13qo9 L? " llqgL? — 19qoL” 
1536EI — 384EI 512E/ 





EX 
ar, 
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L/A 
1 A 
n ( qox 


24ET J, NL 


L/2 
+ —— 3L? — 4x7)d 
ai, qo TOU 


— 19qo L^ 
— 7680EI 


Joer — 4Ax^dx 


E 


19qoL* — 361qoL* 








2048EI — 30,720EI 





RELEASED STRUCTURE WITH REDUNDANTS 


(04), = (05; | Mpg— M4 
From Case 10, Table G-2: 





g o Mak — M,L 
Cale = Dey ^ — SEI 
COMPATIBILITY 


04 = (04) — (04) = 0 
1l9g9L MAL 
5]2EI 2 EI 


= A= 











DEFLECTION AT THE MIDPOINT 


— 36lqoL MaL 











Omax —91792 = 30 DOE] BET 
3619s 17 199917 X f. P2 
~ 30,720EI ( 256 Xs) 
1999 L^ 
~ 7680EI 





CIS 
LA 





BENDING MOMENT AT THE MIDPOINT 


L qoL^ L 
Mc = Ra 5) = My So RE 


24 3 
E aol) l9qoL^ — TqoL? 31qoL7 
BEBE L5 256 96 768 


MAXIMUM BENDING MOMENT 





M4 > Mc ^M max = Ma = Pac 
256 
NUMERICAL VALUES 
qo = 18 kN/m L — 200 mm b — 60mm 
h — 20mm E — 200 GPa 
— bl 


$ 6 = 4.0 X 10 6 m? 


— bi? 











I = — = 40 x 107°? mf 
12 
1999 L? 
max = pgp AAN 
i = — = 13.4 MPa — 
I9goL" 0.00891 
= = «— 
maX ^ 4680E] d 





CX 





ar, 
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Temperature Effects 


The beams described in the problems for Section 10.5 have constant flexural rigidity EI. 


Problem 10.5-1 A cable CD of length H is attached to the third point of a simple 
beam AB of length L (see figure). The moment of inertia of the beam is Z, and the 
effective cross-sectional area of the cable is A. The cable is initially taut but without 
any initial tension. 


(a) Obtain a formula for the tensile force S in the cable when the temperature 
drops uniformly by AT degrees, assuming that the beam and cable are made 
of the same material (modulus of elasticity E and coefficient of thermal 
expansion a). Use the method of superposition in the solution. 

(b) Repeat part (a) assuming a wood beam and steel cable. 





Solution 10.5-1 


AT - Decrease in temperature. Use method of superposi- COMPATIBILITY 


tion. Select tensile force S in the cable as redundant. 3 SH 


ASL 
I = Moment of inertia of beam (ch = Ocha 243EI — ne EA 


A = Cross-sectional area of cable 243EIAHa(AT) 
SOLVE FOR S: § = —— —— ——— 
AAL? + 243IH 





RELEASED STRUCTURE 


S (b) WOOD BEAM, STEEL CABLE 
(òc) s (d d) 
dtp. ownwar 
(py pp ems 
SH 
S DN CABLE (c) = a, H(AT) — —— (downward) 
(óc), E.A 
COMPATIBILITY 
ASE? SH 
$s ( Ji ( c)2 243Ew I Qs ( T) EsA 


(a) BEAM & CABLE ARE SAME MATERIAL SOLVE FOR S: 


ASL? 243Es Ew IAHa,(A 
(Be)1 = (downward) eee? 


et — AAIBEs + 243IHEy 





SH 
CABLE (6.)) = aH(AT) — TA (downward) 





EX 
ar, 
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840 CHAPTER 10 Statically Indeterminate Beams 


Problem 10.5-2 A propped cantilever beam, fixed at the left-hand end A 
and simply supported at the right-hand end B, is subjected to a temperature 
differential with temperature T, on its upper surface and T» on its lower 
surface (see figure). 


(a) Find all reactions for this beam. Use the method of superposition in 
the solution. Assume the spring support is unaffected by temperature. 
(b) What are the reactions when k — oo ? 





Probs. 10.5-2 and 10.5-3 


Solution 10.5-2 


(a) REACTIONS ASSUMING AN ELASTIC SPRING AT B . a — T^ ( 3EIK 


E B= nt) (downward) 
Use the method of superposition. 2h 3EI + Dk 
Select Rg as the redundant. 

FROM EQUILIBRIUM 








RELEASED STRUCTURE a(h — x: 3EIk ) 
R, = —Rp= — upward 
i 2h 361 + pu) “Pw 
3 
AT - T;- T, jo M, = Rp = a(Db — 1)L ( 3EIK ) 
L 2h 3EI + Dk 
Xp- (counter-clockwise) = 





(b) REACTIONS ASSUMING AN SPRING AT B IS RIGID 


_ 3Ela(h, — T) 








B hE (downward) 
p p o LER = T) 1 
a = -Re = s (upward) 
3Ela(h — Tj) 
M, = RgL = 
A B 2h 
(counter-clockwise) «— 
5, L B= WE 
(0g); = T 
RI 
dp) = ——— 
(Op)2 3EI 


Rp 
(0g) = (0g) — (ôB) = P» 





ak 
ar, 
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SECTION 10.5 Temperature Effects 841 


Problem 10.5-3 Solve the preceding problem by integrating the differential equation of the deflection curve. 


Solution 10.5-3 





(a) DIFFERENTIAL EQUATION (EQ. 10-39b) FROM EQUILIBRIUM 
aE, — T, aED, — 1)? 3k 

Ei" = y + SER D Ra = -Rg = eS Ll 

h 2h 3EI+ Lk 

aED — T, 
Ew’ = Rb = (D 1) (upward) <= 
h aED, — TM? 3k 
eo EK Wachp ct SS or ee 
El’ = —Rplx T Ke zs cx * zu Ci 
(counter-clockwise) «— 
B.C. 1 v'(0) = 0 .. C =0 
(b) SAME REACTIONS AS IN 10.5-2(b) WHEN 
2 3 
x x aE- Ti) , fas 
Elv = —RbiL-—-PXAg—-pe——————— cO is 
i p © aeg 2h 7 02 

B.C. 2 v(0) = 0 J. Cy = 0 

Rp 
B.C. 3 v(L) = ôg = — 

k 
., oE -DE ( 3k ) 

rane P 2h 3EI + Dk 
(downward) «— 





Problem 10.5-4 A two-span beam with spans of lengths L and L/3 is 
subjected to a temperature differential with temperature T, on its upper 
surface and T, on its lower surface (see figure). 


(a) Determine all reactions for this beam. Use the method of superposi- 
tion in the solution. Assume the spring support is unaffected by 
temperature. 

(b) What are the reactions when k — oo? 





Probs. 10.5-4 and 10.5-5 





CX 
ar, 
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Solution 10.5-4 
(a) Use the method of superposition. 


Select Rg as the redundant. 


RELEASED STRUCTURE 


AT= T,-T, 


/ l L (6p) LB A 


a(T, — D)L 

(0p) 6h 
BE 

Ó 

(Op)2 a6EI 

COMPATIBILITY 


Rg 
(ôg)3 = (0p) — (g)2 = y 








CIS 
ely 


a(T, — DL ( GEIK 
Rz —————— 


h 36EI + Dk 


FROM EQUILIBRIUM 
R4 + Rpg + Rc = 0 
> Mc = (): 


1 a(T, — DL 
a MB C» 


3EIK 
36EI + Lk 
-O9EK 
36EI + Dk 


2 

T = SH ( 

6Ela(T, — D) 

LN 

3Ele(T, — T) 
OLA 

9Ela(T, — T. 
~  — 2Lh 


(b) Rp — (downward) 


A (upward) 





C (upward) 


Problem 10.5-5 Solve the preceding problem by integrating the differential equation of the deflection curve 


) (downward) 


) (upward) 


) (upward) 


Solution 10.5-5 


(a) EQUILIBRIUM 


Ra + Rp + Re -0 


1 
> Mc = 0: R4 = 4 ke 
3 
5M, = 0: Rc = ~g 


DIFFERENTIAL EQUATION (EQ. 10-39b) 


ForO=x=L 


aEI(T, — D) 
h 
ED — T 

ae 2) 


aEI(T, — T 
T i 2) 24 Cix T C5 


Elv" = Rax + 


x+ Ci 





EI IR 3 
— = X 
y 6 A 
B.c.1 v (0) = 0 265 =0) 


4 
Por Lh Sx S-L 





as 
ar 





(1) 


(2) 
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SECTION 10.6 Longitudinal Displacements at the Ends of Beams 843 
aEl(T, — T) B.C. 3 continuity condition at point B 
Elv" = Rax + ——— ——— — 4R; (x — L) 
h At x = L: (vien = ()rignt 
" aEKT, — D) 4 
Elv" = —3R,x + + 4R,L -— ( 1 T 
3 aE — TD) 
El’ = —— Rx? + ——————— Rp 
du ou ho BC 5 v(L)te = VD rignt = 7 
Aye ee ee oe) prad) 
1, 5, «EIT — D) , 2h 36EI + L'k 
Eb = ——Rax^ + ————x 
2 2h NEU —DM^(  6Elk r P 
+ OR Ey + Cax + C4 (4) BT h 36EI + 13k ( ownwar ) 
B.C.2 continuity condition at point B a(T, — DL? OEIK 
c= 3 (upward) 
At x = L: (v eg = Wright 2h 36EI + L'k 
m 2 
Ci = 2RAL' + C3 (b) SAME REACTIONS AS IN 10.5-4(b) WHEN k —> oo 
Longitudinal Displacements at the Ends of Beams 
Problem 10.6-1 Assume that the deflected shape of a beam AB with 
immovable pinned supports (see figure) is given by the equation y 
v = —Osin Tx/L, where ô is the deflection at the midpoint of the beam and H A Ó B 
Lis the length. Also, assume that the beam has constant axial rigidity EA. -—7 X 


(a) Obtain formulas for the longitudinal force H at the ends of the 











beam and the corresponding axial tensile stress o;. 
(b) for an aluminum-alloy beam with E = 10 X 10° psi, 


calculate the tensile stress o; when the ratio of the deflection ô 


to the length L equals 1/200, 1/400, and 1/600. 


Solution 10.6-1 


Beam with immovable supports 





| TX dv T Ó TX 
(a) v = —6 sin — — Ee COS 
L dx L L 


L 2 252 

1 d Ó 

Eq. (10-42): A = >| (2) de= B 
2 0 dx 4L 


Ea. (10-45): H = £^ — T EAS 
q. : UL "Ee 








as 
ar, 








H 
Eq. (10-46): 0, = — = 


(b) ALUMINUM ALLOY 


E = 10 x 10° psi 


8 2 
g, = 24.67 X (7) (psi) 


ô I 1 I 
E 200 | 400 | 600 








[mes erp e - 


Nore: The axial stress increases as the deflection increases. 
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Problem 10.6-2 q 
(a) A simple beam AB with length L and height h 
supports a uniform load of intensity q (see the first part of the A B 
figure). Obtain a formula for the curvature shortening A of this h 


beam. Also, obtain a formula for the maximum bending stress op 
in the beam due to the load q. 

(b) Now assume that the ends of the beam are pinned so that curva- 
ture shortening is prevented and a horizontal force H develops at 
the supports (see the second part of the figure). Obtain a formula 
for the corresponding axial tensile stress o; . 

(c) Using the formulas in parts (a) and (b), calculate the curvature 
shortening A, the maximum bending stress o;, and the tensile 
stress g; for the following steel beam: length L = 3 m, height 
h = 300 mm, modulus of elasticity E = 200 GPa, and moment of 
inertia I = 36 X 109 mm^. Also, the load on the beam has 
intensity g = 25 kN/m. 





Compare the tensile stress o; produced by the axial forces with the 
maximum bending stress op produced by the uniform load. 











E, | 
| | | 
BSBEPESTEE 
A B 
A Xoxa 
a ——À 
h = height of beam 
Eq. (10-45): H = 
q. (10-45): H = — 
(a) CURVATURE SHORTENING L 
2; H EX | 17q°L° 
From Case 1, Table G-2: 6.0045 m e um _ q ; " 
vip q A L 40,320ET 
— = ——— (D? — 6Lx? — 4x?) 
dx 24 FI 
| f f doo (c) NUMERICAL VALUES q = 25 kN/m 
Bg es F (2) da L-3m h=300mm E = 200 GPa 
2p I1—-36X100mm* à =0.01112mm < 
q 
= 40.320E 272 op, = 117.2 MPa o, = 0.7411 MPa e 
The bending stress is much larger than the axial tensile 
BENDING STRESS stress due to curvature shortening. 
2 
qL h 
iE y 
Mc qhL? 
Op má e e 
I 167 





di 
ar, 
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Columns 


Idealized Buckling Models 


Problem 11.2-1 The figure shows an idealized structure consisting of one P 
or more rigid bars with pinned connections and linearly elastic springs. Rotational 
stiffness is denoted Bp, and translational stiffness is denoted f. B 


Determine the critical load P.,. for the structure. 





Solution 11.2-1 Rigid bar AB 
P1 XM, = 0 
P(0L) — BRO =0 


Br 
I c 





845 





as 
ar 
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Problem 11.2-2 The figure shows an idealized structure consisting P 


of one or more rigid bars with pinned connections and linearly elastic 
springs. Rotational stiffness is denoted Bp, and translational stiffness 
is denoted D. 


(a) Determine the critical load P., for the structure from 





B 
figure part (a). 
(b) Find P,, if another rotational spring is added at B from L 
figure part (b) MM 
eure p l ui supports 
x 
PR 
A 
(a) (b) 
Solution 11.2-2 
(a) > My = 0 (b > My, =0 
POL — B0a^ — BrO = 0 POL — B0a^ — 2Bg0 = 0 
Ba” + Br Ba” + 2BR 
a” = = 
L L 
Problem 11.2-3 The figure shows an idealized structure consisting of P 


one or more rigid bars with pinned connections and linearly elastic 
springs. Rotational stiffness is denoted 6p and translational 
stiffiness is denoted B. 

Determine the critical load P.,. for the structure. 


Site 








as 
ar, 
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SECTION 11.2  Idealized Buckling Models 047 


Solution 11.2-3 Two rigid bars with a pin connection 


Mc = Bro 





L 


XM, = 0 Shows that there are no horizontal reactions 2 
at the supports. PLO 
PRCO) + BRO = —— 
FREE-BODY DIAGRAM OF BAR BC 
6 
Mc = Bro B, = TUR 
Mpg = Pr (20) 


Problem 11.2-4 The figure shows an idealized structure 
consisting of bars AB and BC which are connected using a 
hinge at B and linearly elastic springs at A and B. Rotational 
stiffness is denoted Bp and translational stiffness is denoted f. 








Elastic 


a connection 
R 


(a) Determine the critical load P,, for the structure from L/2 


figure part (a). 
(b) Find P,, if an elastic connection is now used to connect 

bar segments AB and BC from figure part (b). L 
Elastic 
support 








EX 
ar, 
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Solution 11.2-4 


(a) >M, =0 
Ba? + BRO — HL=0 
0a? + 850 
ug - BA PR 


A 


FREE-BODY DIAGRAM OF BAR BC 





i! 


P 


> Mz = 0 H(L — a) — P(@a) = 0 


| (Ba^ + Bg)(L — a) 
er — aL 





dn 


(b) > My, =0 
L 2 


" BOL?” + 4B 0 
AL 





FREE-BODY DIAGRAM OF BAR BC 


P 


Coq 
H 


Mpg = PRCO) 
2 2 
BOL? + AB 0 (£) 
AL 2 
L 
— p( o=) + Bp(20) = 0 
. BL’ + 20BrR 
E 4L 





EX 
ar, 
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SECTION 11.2 Idealized Buckling Models 849 


Problem 11.2-5 The figure shows an idealized structure consisting of two Elastic connection 
rigid bars joined by an elastic connection with rotational stiffness Br. Determine C "d 
the critical load P,, for the structure. A B fA PR D P 
L/2 A te L ri 
Solution 11.2-5 





=Mp = O V=0 FREE-BODY DIAGRAM OF BAR CD 


Moment in elastic connection 
Mc = Br X total relative rotation (0 + 20) 


p ¥ N Mc = PREO) 
0 EE; p  XMc-0 POL- BR30) = 0 
<— 
_ 3BR 


Po = EE 
L p 





Problem 11.2-6 The figure shows an idealized structure 
consisting of rigid bars ABC and DEF joined by linearly elastic 
spring 9 between C and D. The structure is also supported 

by translational elastic support 6 at B and rotational elastic 


support at Bp at E. 
Determine the critical load Por for the structure. 





Solution 11.2-6 


FREE-BODY DIAGRAM OF DEFORMED STRUCTURE 





= = 2 2 
My = BRO = = BLO n; | Beare) 
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L + 4 
>M, =0 Rp? — B(Ap — AgL = 0 0 - 5% 
^LAL ; M; = 0 
p(o E)E- pua - Loy. - o 2My 
FREE-BODY DIAGRAM OF MEMBER DEF 4 
POE) — BILO — L ri 
B(Ap- Ac) 
E — — g 2 ar 
4 i L- zpr9-0 
M 3 
* | F C 7 E pL v 
5 
Problem 11.2-7 The figure shown an idealized structure consisting of an L-shaped P 
rigid bar structure supported by linearly elastic springs at A and C. Rotational stiffness C 
in denoted Bp and translational stiffness is denoted B. B 


Determine the critical load P,, for the structure. 






L Elastic 
support 


Br = 3BL^I2 





Solution 11.2-7 
FREE-BODY DIAGRAM OF DEFORMED STRUCTURE 3 2 
M, = BR = PE 0 


=~ M, = 0 


L 2 
M, — P(OL) + po( =) = 0 





28120 — P(0L) + e (5) -0 
2 2 


li 
P.- BL <- 
Cr 5P 











a 
ar, 
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SECTION 11.3 Critical Loads of Columns with Pinned Supports 851 


Critical Loads of Columns with Pinned Supports 


The problems for Section 11.3 are to be solved using the assumptions 2 
of ideal, slender, prismatic, linearly elastic columns (Euler buckling). 
Buckling occurs in the plane of the figure unless stated otherwise. 


Problem 11.3-1 Calculate the critical load P., for a W 8 X 35 steel 
column (see figure) having length L = 24 ft and E = 30 X 10° psi C 
under the following conditions: 1 1 


(a) The column buckles by bending about it's strong axis (axis 1-1), 
and (b) the column buckles by bending about its weak axis (axis 2-2). 
In both cases, assume that the column has pinned ends. 


2 
Problem 11.3.1-3.3 


Solution 11.3-1 Column with pinned supports 

















W 8 X 35 steel column (b) BUCKLING ABOUT WEAK AXIS 
L = 24 ft = 288in. E= 30 x 10° psi T^EL 
oe VIA s 
h= Vim 142961 A> mom L 
Pp 453 k 
EP (a) BUCKLING ABOUT STRONG AXIS NOTE: o, = P miror ix 44 ksi 
10.3 in. 
n EI . , : . . . 
M m = 453k < .. Solution is satisfactory if opp = 44 ksi 
Problem 11.3-2 Solve the preceding problem for a W 250 X 89 steel 
column having length L — 10 m. Let E — 200 GPa 
Solution 11.3-2 
W 250 X 89 BUCKLING ABOUT WEAK AXIS 
= p — x 10° mm? T^EI 
E — 200 GPa L= 10.0 m l = 142 X 10° mm = 2 P.) = 953 kN " 
h = 48.3 x1005mm* = A=11400 mm? L 
Noe. = 246 MP 
BUCKLING ABOUT STRONG AXIS ote: Oo = A Cor — a 
"El 
Fo = p Rri = 2808kN < Solution is satisfactory if op, = 246 MPa 


Problem 11.3-3 Solve Problem 11.3-1 for a W 10 x 45 
steel column having length L = 28 ft. 





dh 
ar. 
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Solution 11.3-3 Column with pinned supports 
W 10 X 45 steel column (b) BUCKLING ABOUT WEAK AXIS 
E _ _ 6 ci 

L = 28 ft = 336 in. ŒE = 30 x 10° psi 7 El 

I, = 248in4 hb =53.4in4 A = 133 in2 |J HR 

(a) BUCKLING ABOUT STRONG AXIS NOTE: c. = For = .650k = 49 ksi 

2 A 13.3 in? 
TT El 
GE — 72 = 650k < .. Solution is satisfactory if opp = 49 ksi 


Problem 11.3-4 A horizontal beam AB is pin-supported at end A and 

carries a load Q at end B, as shown in the figure. The beam is supported 

at C by a pinned-end column of length L; the column is restrained laterally 

at 6.0L from the base at D. Assume the column can only buckle in the plane 
of the frame. The column is a solid steel bar (E = 200 GPa) of square cross 
section having length L = 2.4 m side dimensions b = 70 mm. Let dimensions 
d — L/2. Based upon the critical load of the column, determine the allowable 
moment M if the factor of safety with respect to buckling is n — 2.0. 





Solution 11.3-4 
COLUMN CD (STEEL) a^EI 
" = 


E = 200 GPa L = 2.4 m d=7 d = 1.2m 





Paw = —  Pilow = 952.3 KN 
Square cross section: b = 70 mm allow ^ , "allow 


Factor of safety: n = 2.0 Beam ACB 2M,=0 M= Pd 


[= p I = 2.00 X 10° mm^ M atlow — Fallow Mattow = |143 kN: m e— 
12 


Problem 11.3-5 A horizontal beam AB is pin-supported at end A and carries 
a load Q at joint B, as shown in the figure. The beam is also supported at 

C by a pinned-end column of length L; the column is restrained laterally at 
0.6L from the base at D. Assume the column can only buckle in the plane 

of the frame. The column is a solid aluminium bar (E = 10 x 10° psi) 

of square cross section having length L — 30 in. and side dimensions 

b = 1.5 in. Let dimension d = L/2. Based upon the critical load of the column, 
determine the allowable force Q if the factor of safety with respect to buckling 
is n = 1.8. 








dh 
ar 
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SECTION 11.3 Critical Loads of Columns with Pinned Supports 853 


Solution 11.3-5 


COLUMN CD (STEEL) EI 
E=10X10°psi L = 30in. fa = asp € 127K 
d=  a-is5i ter 

END. 7 -- Pillow = pa Plow = 71k 
Square cross section: b = 1.5 in. Beam ACB SM, =0 Q = : 
Factor of safety: n= 1.8 

P. 
4 ll 
I= p I = 0.422 in.* Oallow = z Qatlow = 23.8 k = 
12 


Problem 11.3-6 A horizontal beam AB is pin-supported at 
end A and carries a load Q at joind B, as shown in the figure 
part (a). The beam is also supported at C by a pinned-end 
column of length L. The column has flexural rigidity ET. 


(a) For the case of a guided support at A (figure pare (a)), 
what is the critical load Q,,? (In other words, at what 
load Q«r? does the system collapse because of Euler 
buckling of the column DC?) 

(b) Repeat (a) if the guided support at A is replaced by 
column AF with length 3/L2 and flexural rigidity EJ 
(see figure part (b)). 

















(a) 
(b) 
Solution 11.3-6 
q^EI (b) Qc, BASED UPON P., IN COLUMN AF 

(a) Fer = 2 

L 2 2 

p | WE  4wrEl 
FROM FREE-BODY DIAGRAM OF THE SYSTEM cr, AF ~~ t uy | 9p 
2I c) O=P 2 
WEI 

Therefore Qa = Por = " «— 





EX 
ar, 
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FROM FREE-BODY DIAGRAM OF BEAM ACB FROM FREE-BODY DIAGRAM OF BEAM ACB 
P Pcp 
A2Mc-—0 po 2M47^0 Q =- 
Ln AF 2m^El ES Eee CD = TEI 
therefore Qc. AF = > — p? therefore Qa, cp = 2 372 
Q based upon P., in column CD 0..=0 | 2a ^EI an 
2E] er cr, AF 972 
P — LS «— 
mo Uc Column AF governs 


Problem 11.3-7 A horizontal beam AB has a guided support 
at end A and carries a load Q at end B, as show in the figure 
part (a). The beam is supported at C and D by two identical 
pinned-end columns of length L. Each column has flexural 
rigidity EJ. 


(a) Find an expression for the critical load Qer. (In other 
words, at what load Q,, does the system collapses 
because of Euler buckling of the columns?) 

Repeats (a) but assume spin support at A. Find an 
expression for the critical moment M,, (1.e., find the (a) (b) 
moment M at B at which the system collapses because 

-e- of Euler buckling of the columns). 





(b 


— 





Solution 11.3-7 


TEI (b) COLLAPSE OCCURS WHEN BOTH COLUMNS REACH THE 
CRITICAL LOAD. 





cr E 








[2 
(a) COLLAPSE OCCURS WHEN BOTH COLUMNS REACH THE A C 
CRITICAL LOAD. d^ d od 
A Ho D B 25550 Og = ZF , 
2m EI 
Thus Ox — n x Ps Ps 
cr 25 M A 0 
Meor = (2d) Po F (DP - Sas 
3dm^EI 

Thus M, = "m 





EX 
ar, 
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SECTION 11.3 Critical Loads of Columns with Pinned Supports 855 


Problem 11.3-8 A slender bar AB with pinned ends and length A AT B 
L is held between immovable supports (see figure). x EX 
What increase AT in the temperature of the bar will produce 


bucking at the Euler load? RÀ 





Solution 11.3-8 Bar with immovable pin supports 


L — length A — cross-sectional area TE! 
] = moment of inertia E = modules of elasticity EULER LOAD Foy = E 
a = coefficient of increase in temperature 


AT = uniform increase in temperature 
INCREASE IN TEMPERATURE TO PRODUCE BUCKLING 


T^ EI | ql 


AXIAL COMPRESSIVE FORCE IN BAR (EQ. 2-17) P = P, EAa(AT) = 
L aAL* 


P = EAa (AT) 








Problem 11.3-9 A rectangular column with cross-sectional dimensions 
b and h is pin-supported at ends A and C (see figure). AT midheight, the 
column is restrained in the plane of the figure but is free to deflect 
perpendicular to the plane of the figure. 

Determine the ratio h/b such that the critical load is the same 
for buckling in the two principal planes of the column. 














Section X-X 

Solution 11.3-9 Column with restraint at midheight 

2 Critical loads for buckling about axes 1-1 and 2-2: bi? hp? 

i L =— h=- 

fi] ; 2 ; 5 5 342 ~~ 7349 
i LA | "Eh | — mEb 4m Eh 

NEL 10 4 TER 3. au ^. 

5 L (L/2) E bh" = 4hb b 2 = 
= p 2 FOR EQUAL CRITICAL LOADS 


P, = P, |. h = 4h 








CI 
ar 
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Problem 11.3-10 Three identical, solid circular rods, each of radius r and 
length L, are placed together to from a compression member (see the cross 
section shown in the figure). 

Assuming pinned-end conditions, determine the critical load P., as follows: 
(a) The rods act independently as individual columns, and (b) the rods are bonded 2r 
by epoxy throughout their lengths so that they function as a single member. 

What is the effect on the critical load when the rods act as a single member? 


(b) RODS ARE BONDED TOGETHER 


The x and y axes have their origin at the centroid of 
the cross section. Because there are three different 
centroidal axes of symmetry, all centroidal axes are 
principal axes and all centroidal moments of inertia 
are equal (see Section 12.9). 

From Case 9, Appendix D: 


qr? Sar llar* 
I= ly = —-2 = 






































R= Radius L= Length 4 4 4 
E WEI E 11m Ert 
(A) RODS ACT INDEPENDENTLY a p B me 
2 
P= ul EL) I= a NOTE: Joining the rods so that they act as a single 
Au ib 4 member increases the critical load by a factor of 11/3, 
am Er* or 3.67. — 
cr = j S 
AL 
Problem 11.3-11 Three pinned-end columns of the same material have 
the same length and the same cross-sectional area (see figure). The columns E 
are free to buckle in any direction. The columns have cross section as 
follows: (1) a circle, (2) a square, and (3) an equilateral triangle. (1) 2) (3) 
Determine the ratios P, : Pz: P4, of the critical loads for these columns. 
Solution 11.3-11 Three pinned-end columns 
E,L and A are the same for all three columns. (3) EQUILATERAL TRIANGLE Case 5, Appendix D 
2 4 2 2 
T^EI b^N3 b^N/3 A^V3 
= BB PH hei h:l [= A= <. h = 
cr E 1:42: £3 1:42: 43 96 n 3 18 
! 2m V3 
(1) CiRcLE Case 9, Appendix D BeRiPpIVeLel: : i 
pod. a TÉ LA 
— 4 ~ 4 xL ms = 1.000 : 1.047 : 1.209 < 
NOTE: For each of the above cross sections, every 
(2) SQUARE Case I, Appendix D centroidal axis has the same moment of inertia 
p A? (see Section 12.9) 
I= Asb hs- 
12 12 





dh 
ar. 
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Problem 11.3-12 A long slender column ABC is pinned at ends A and 

C and compressed by an axial force P (see figure). At the midpoint B, 

lateral support is provided to prevent deflection in the plane of the 

figure. The column is a steel wide-flange section (W 250 X 67) with 

E = 200 GPa. The distance between lateral supports is L = 5.5 m. 
Calculate the allowable load P using a factor of safety n = 2.4, taking 

into account the possibility of Euler buckling about either principal 


L W250 X 67 











1 1 
centroidal axis (i.e., axis 1-1 or axis 2-2). 
L 
2 
Section X-X 
Solution 11.3-12 
W 250 x67 E = 200 GPa BUCKLING ABOUT AXIS 2-2 
_ B Bold n EI 
L= 5.5m I, = 103 X 10° mm fe 2 P> = 1449 kN 
b=22xX%10 mm w#=24 (L) 
p. Is 2-2 
BUCKLING ABOUT AXIS 1-1 = c2 AIS bci 
TE i p E ALLOWABLE LOAD 
crl — Bau crl — P 
GL F allow — Pi F allow — 604 kN — 


Problem 11.3-13 The roof over a concourse at an airport is supported by 
the use of pretensioned cables. At a typical joint in the roof structure, a strut AB 
is compressed by the action of tensile forces F in a cable that makes 
an angle a = 75° with the strut (see figure and photo). The strut is a circular 
tube of steel (E = 30,000 ksi) with outer diameter d) = 2.5 in. and inner 
diameter d, — 2.0 in. The strut is 5.75 ft long and is assumed to be pin-connected 
at both ends. 

Using a factor of safety n — 2.5 with respect to the critical load, determine 
the allowable force F in the cable. 











CX 
ar, 
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Solution 11.3-13 
E = 30000 ksi dy = 2.5 in. dj = 2.0 in. ALLOWABLE LOAD 
L=5.75ft n=2.5 a= 75° P 
Pow = 3i Pow = 28.16 k 
I1—-—(d$-db 1=1.132in4 
64 EQUILIBRIUM OF JOINT B 
2 
EI = 
p, = TT P., = 7040 k P = 2Fcos (a) 
L u Pillow u 
Thus F ioe = DS Flow = 54.4k — 


Problem 11.3-14 The hoisting arrangement for lifting a large 
pipe is shown in the figure. The spreader is a steel tubular 
section with outer diameter 70 mm and inner diameter 57 mm. 
Its length is 2.6 m and its modulus of elasticity is 200 GPa. 
Based upon a factor of safety of 2.25 with respect ot Euler 
buckling of the spreader, what is the maximum weight of pipe 
that can be lifted?(Assume pinned conditions at the ends of 
the spreader.) 











Solution 11.3-14 





E = 30000 ksi də = 70mm EQUILIBRIUM OF JOINT A 
d, = 57 mm L — 2.6m Frog = 0 —P + Tcos(a) = 0 
w 
7 >Fen =O Tsin(a) —- —=0 
n = 2.25 Qa = atan (7) s S9 2 
10 
T= E: (d;* u d,*) I = 660.4 x 10? mm SOLVE THE EQUATION 
W = 2P tan(a) 
T^EI 
ep Pa = 199 kN MAXIMUM WEIGHT OF PIPE 
Bp 


Wmax = 2F. allow tan(@) Winax = 124 kN ES 
ALLOWABLE LOAD 


— Fe — 
Pallow "i Low =: 88.6 kN 





di 
ar, 











11Ch11.qxd 9/27/08 2:21 PM Page 859 





CIS 
LA 





SECTION 11.3 Critical Loads of Columns with Pinned Supports 859 


Problem 11.3-15 A pinned-end strut of aluminium (E = 10,400 ksi) with t 
length L = 6 ft is constructed of circular tubing with outside diameter 
d = 2 in. (see figure) The strut must resist an axial load P = 4 kips 


with a factor of safety n = 2.0 with respect to the critical load. 
Determine the required thickness t of the tube. 
d = 50mm 


Solution 11.3-15 
E = 10400 ksi L= 6ft MOMENT OF INERTIA 

d—2in n=20 P=4k P= ld* — @- 2994 
B,—-nP P,=80k 
m EI - PAL? 


64 
d^ — (d — 2t = 1— 
TT 

L? TE 


I = 0.404 in^ 








cr 


tmin = 0.165 in. 


Problem 11.3-16 The cross section of a column built up of two steel I-beams 
(S 150 X 25.7 sections) is shown in the figure. The beams are connected 
by spacer bars, or lacing, to ensure that they act together as a single column. 
(The lacing is represented by dashed lines in the figure.) 

The column is assumed to have pinned ends and may buckle in any 
direction. Assuming E = 200 GPa and L = 8.5 m, calculate the critical load 
P,, for the column. 


56 X 17.25 





Solution 11.3-16 








5 150 7$ 25.7 E — 200 GPa Buckling occurs about the y axis since Do 
L=85m  1,-109 X 10° mm* m 
- y 
I; = 0.953 x 105mm? Critical load P= " 
A-3260mm? d= T Py = 497KN = 


COMPOSITE COLUMN 
I,= 2h, 1, = 21.80 X 10° mm* 
I, = 2( + Ad?) 1, = 1821 X 10°mm* 





as 
ar, 
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Problem 11.3-17 The truss ABC shown in the figure supports a vertical load 
W at joint B. Each member is a slender circular steel pipe (E = 30,000 ksi) 
with outside diameter 4 in. And wall thickness 0.25 in. The distance between 
supports is 23 ft. Joint B 1s restrained against displacement perpendicular 
to the plane of the truss. 

Determine the critical value W,,. of the load. 





Solution 11.3-17 


E = 30000 ksi L = 23 ft FREE-BODY DIAGRAM OF JOINT B 
d, = Ain. t — 0.25 in. B 
F; - x 
d=d -22 . d,-350in. foe Fae 
I1—-—-(di—- d$  1-5200in^ 
64 i 
W 
0, = 40? 05 — 55? 
>Fhoriz = 0 Fagcos(01) — Fgccos(@2) = 0 
sin( 0 2 hor? = 0 FAB sin(04) — Fc sin(05) —W-0 
LAB b sin(180° — 04 — 05) SOLVE THE TWO EQUATIONS 
Lap = 18.912 ft W = 1.7361F4g W = 1.3004 Fpc 
CRITICAL VALUE OF THE LOAD W 
sin( 0 ) BASED ON MEMBER AB: 
Lec = L sin(180° — 0, — 65) We Ap = L.7301Fa 4p We; Ag = 51.90 k 
Lec = 14.841 ft BASED ON MEMBER BC: 
TEI Wer BC = 1.3004Fr _ pc Wer BC = 63.13 k 


Critical loads PR, Ap = RP. Ap = 29.89 k 


Ein Wor = min(W.. Ap,Wz nc) 

EI W.= 519k < 
Fa Bc =z Fesce = 48.55 k 

LBc Member AB governs 


Problem 11.3-18 A truss ABC supports a load W at joint B, as 
shown in the figure. The length L; of member AB is fixed, but the 
length of strut BC varies as the angle 0 is changed. Strut BC has a 
solid circular cross section. Joint B restrained against displacement 
perpendicular to the plane of the truss. 

Assuming the collapse occurs by Euler buckling of the strut, 
determine the angle 6 for minimum weight of the strut. 








as 
ar, 
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Solution 11.3-18 Truss ABC (minimum weight) 








LENGTHS OF MEMBERS All the terms are constants except cos 0 and sin 0 
Lap = Ly (a constant) Therefore, we can write Vs in the following form: 
Li Vi i here ki tant 

_ : S = - where k is a constant. 
Lpc mem (angle 0 is variable) Sos an 
Vs 
Strut BC may buckle. GRAPH OF — 


FREE-BODY DIGRAM OF JOINT B 


B 
Far a 
| 8 | 
if | 
iA Fw Vs. 
Fac k 


X Fen =0  Fecsind -W—0 


STRUT BC (SOLID CIRCULAR BAR) 























| qid : E md’ Te A^ ! : 
4 64 "^ 4m (n 45° ga 9v 
E v^EI E T EA? cos^6 
ud Lg 4 L Onin = angle for minimum volume (and minimum 
A. d weight) 
-Qa- EE W | TEA cos“ 6 
Be cor = sing 4 L For minimum weight, the term cos^0 V sin 0 must be a 
a maximum. 
a 2L W "s For minimum value, the derivative with respect to 0 
Solve for area A: A — ———— 
cos 0 \ TE sin 0 equals zero. 
- minimum weight, the volume V; of the strut must a TE d (cos? 0 Vsin 6) -0 
e a minimum. 
B | AL, 2L W oe Taking the derivative and simplifying, we get 
VW = ALgc = a eo NERO" 2 Ae P 
cos@ . cos*0 \ TE sin 0 cos“ 0 — 4sin^0 = 0 


1 
orl — 4tan?0 = 0 and tan Ü =, 


1 
'. Omin = arctan 7, = 26.57° < 
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Problem 11.3-19 An S 6 X 12.5 steel cantilever beam AB is 
supported by a steel tie rod at 5 has shown. The tie rod is just taut when 
a roller support is added at C at a distances S to the left of B, then the 


distributed load q is applied to beam segment AC. Assume 
E = 30 x 10° psi and neglect the self weight of the beam and tie rod. 
See Table E-2(a) in Appendix E for the properties of the S-Shape beam. 


CIS 
LA 





(a) What value of uniform load q will, if exceeded, result in 
buckling of the tie rod if L; 26 ft, S = 2 ft, H = 3 ft, d = 0.25 in.? 
(b) What minimum beam moment of inertia /; is required to prevent 


buckling of the tie rod if q = 200 Ib/ft, L1 = 6 ft, H = 3 ft, 
d = 0.25 in., S = 2 ft? 


(c) For what distances S will the tie rod be just on the verge of 
buckling if q = 200 lb/ft, L; = 6 ft, H = 3 ft, d = 0.25 in? 





Tie rod, diameter d 


Solution 11.3-19 


E = 30 X 10° psi 


H = 3ft 
I, 5 — d^ 
64 
A,2—q 
4 
_ WEL, 
cr H? 


$55 125 p=220in." 


Analyze Ist degree statically-indeterminate beam by 
letting force in tie rod be a redundant 
Released beam AB with the uniform load q 


Released beam AB with the redundant Q 





lb 


q = 200 — 


fi 


I, = 191.7 X 10 8 in^ 


A, = 0.049 in? 


P., = 43.81 Ib 





From appendix G 


B= 


q(Li — sy 
EI, 


L4 = 6 ft 


as 


ar, 





Shortening in tie rod ô, = 


Compatibility equation 


q(Li — sy i Qs 


2AEI, 


_ QH 
— EA, 





sqA,(Li sy 


(a) For Q = F4 


From (1) 


8(s2A,L, + 3HI;) 


OH 
EA, 
5p — 5, = 6, 
Os( Ly — s)s 
+ D 
3EI, 3EI, 
(1) 
s = 2.0 ft 
_. 29g 
max sA (Li u s)? 


lb 


= 142.4 — 
dmax ft 








«—— 


X (s?A,L, + 3HI,) 
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Ib 
(b For q = 200— 
ft 
—1 8QsL, — qL} + 3sqL4? — 3s?^qL, + s?q 
From (1) [bipes e E 
24 OH 


= AE 
Dom — 38.5 in. e— 
(c) FROM (1) NUMERICALLY SOLVE FOR $ WHEN Q = FR, — 2 SOLUTIONS ARE POSSIBLE: 


s=0.264ft and s = 2.42 ft «— 


Columns with Other Support Conditions 


The problems for Section 11.4 are to be solved using the assumptions 


of ideal, slender, prismatic, linearly elastic columns (Euler buckling). 

Buckling occurs in the plane of the figure unless stated otherwise. 

Problem 11.4-1 An aluminum pipe column (E = 10,400 ksi) with di dy 
length L = 10.0 ft has inside and outside diameters d, = 5.0 in. and 

d, = 6.0 in., respectively (see figure). The column is supported only 





at the ends and may buckle in any direction. 
Calculate the critical load Per for the following end conditions: 
À . T . i Probs.11.4-1 11.4-2 
(1) pinned-pinned, (2) fixed-free, (3) fixed-pinned, and (4) fixed-fixed. mM” an 


Solution 11.4-1 Aluminum pipe column 











dy = 6.0 in. dj = 5.0 in. E = 10,400 ksi TEI 
(2) FIXED-FREE Pa = "m 58.7k < 
T 4 j cd AL 
[= 64 22 — dj) = 32.94 in. 
. 2.0467 EI 
L = 10.0 ft = 120 in. (3) FIXED-PINNED BR, = E = 480k < 
(1) PINNED-PINNED ) 
2 4 4T EI 
= WEI — 7 (10,400 ksi) (32.94 in.*) (4) FIXED-FIXED ll ee 
MEN F (120 in.? 
= 235k < 


Problem 11.4-2 Solve the preceding problem for a steel pipe column 
(E = 210 GPa) with length L = 1.2 m, inner diameter d, = 36 mm, and 
outer diameter d5 = 40 mm. 





CX 
ar, 
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Solution 11.4-2 Steel pipe column 
d) = 40mm d, =36mm E = 210 GPa q^ EI 
(2) FIXED-FREE lem- a DON S 
T -4 4 3 4 4L 
[= a — dï) = 43.22 X 10° mm" L= 1.2m 
2.0467 EI 
q^ EI (3) FIXED-PINNED P, = LL = |27kN < 
(1) PINNED-PINNED Pa = E — 62.2 kN < L 
Av EI 
(4) FIXED-FIXED Pa = E — 240 kN <— 
Problem 11.4-3 A wide-flange steel column (E = 30 X 10° psi) of 2 
W 12 X 87 shape (see figure) has length L = 28 ft. It is supported only 
at the ends and may buckle in any direction. 
Calculate the allowable load Pa1ow based upon the critical load with 
a factor of safety n = 2.5. Consider the following end conditions: 
(1) pinned-pinned, (2) fixed-free, (3) fixed-pinned, and (4) fixed-fixed. 1 1 
Probs. 11.4-3 and 11.4-4 2 
Solution 11.4-3 Wide-flange column 
W12x87 E= 30 X 10° psi (3) FIXED-PINNED 
l-984293901. 2=25 2041 in 2.0467 Eh 
I ose = 2 = 517k ~< 
nL 
(1) PINNED-PINNED 
P. m EL (4) FIXED-FIXED 
P, = — = = 253k < 
Mw a al AED — 
Tow = D = 1011k am 
(2) FIXED-FREE 
WED o 
Pillow = Anl? = 63.2k — 


Problem 11.4-4 Solve the preceding problem for a W 250 X 89 shape 
with length L = 7.5 m and L = 200 GPa. 





as 
ar, 
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Solution 11.4-4 

W 250 X 89 E = 200 GPa (3) FIXED-PINNED 
L=75m 425 2.0467 EL, 
Ib = 48.3 X 106 mm^ ui nL? 


Pillow = 1387 kN — 
(1) PINNED-PINNED allow 








7 TEL, (4) FIXED-FIED 
llow — 
^ np p Am Eb 
Pas, = 678KN <= alow ^ n 


Q) E Iss — 2712 kN xd 
IXED-FREE 


TEL 
AnL? 
Low — 169.5 kN <= 


allow ^. 





Problem 11.4-5 The upper end of a W 8 X 21 wide-flange steel column 
(E = 30 X 10° ksi) is supported laterally between two pipes (see figure). 
The pipes are not attached to the column, and friction between the pipes 
and the column is unreliable. The base of the column provides a fixed 
support, and the column is 13 ft long. 

Determine the critical load for the column, considering Euler 
buckling in the plane of the web and also perpendicular to the plane 
of the web. 





Solution 11.4-5 Wide-flange steel column 


W8X21 E=30 10° ksi Axis 1-1 (FIXED-FREE) 
_ "TT _ P ? El 
L= 13 ft = 156 1n. l = 75.3 1n. = T Y = 229 k 
b = 9.77 iní 4L 
AXIS 2-2 (FIXED-PINNED) 
2.04677 El, 
cr ~ Oop = 243 k 


Buckling about axis 1-1 governs. 


P,=229k  — 











Cx 
ar, 
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Problem 11.4-6 A vertical post AB is embedded in a 
concrete foundation and held at the top by two cables 
(see figure). The post is a hollow steel tube with modulus 
of elasticity 200 GPa, outer diameter 40 mm, and thickness 
5 mm. The cables are tightened equally by turnbuckles. 

If a factor of safety of 3.0 against Euler buckling in the 
plane of the figure is desired, what is the maximum allowable 
tensile force Tyy oy in the cables? 














Solution 11.4-6 Steel tube 


E — 200 GPa d, = 40 mm dı = 30mm FREE-BODY DIAGRAM OF JOINT B 
L=2.1m n= 3.0 .B 
"dh 
"0 [N 
I = (d4 — d^) = 85,903 mm“ T | *T 
64 | 
Buckling in the plane of the figure means fixed-pinned Y Pin 
end conditions. 
2 0467 EI T — tensile force in each cable 
cr — mu = 78.67 kN Pow = compressive force in tube 
P. — 78.67 kN EQUILIBRIUM 
Paw = — = —30 — 26.22 kN 
n 


2.]m 
> Frye = 0 Pow — 2T\ [7 _ } = 9 
2.9m 
DIMENSIONS 


ALLOWAPLE FORCE IN CABLES 


1\/2.9m 
Tatlow — (Pillow) 2 Jim = 18.1 kN — 
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Problem 11.4-7 The horizontal beam ABC shown in the figure is Q 
supported by column 5D and CE. The beam is prevented from moving -| 
horizontally by the pin support at end A. Each column is pinned at its upper 7 
end to the beam, but at the lower ends, support D is a guided support and 
support E is pinned. Both columns are solid steel bars (E = 30 X 10° psi) 
of square cross section with width equal to 0.625 in. A load Q acts at 
distance a from column BD. 





45 in. 
(a) If the distance a = 12 in., what is the critical value Qe 0.625 in. 
of the load? 
(b) If the distance a can be varied between O0 and 40 in., what is 
the maximum possible value of Qa? What is the corresponding 


value of the distance a? 


0.625 in. 





Solution 
E =30-10° psi b = 0.625 in. (a) FIND Qo ifa = 12 in. 
" M The system collapses when both columns buckle. 
duc ME ee EM4-—0  P,gp(O0in.) + P, cr(50 in.) 
2 
EI = Te 
Column BD L = 35 in. P4 BD = I Qala + 10in.) = 0 
x 9, = Pesp10 in) + P ci GO in) 
P BD = 768.4 Ib = a+10in. 
! T EI Qa —4575lDb < 
Column CE L = 45 in. P. cp = UD 


(b) Qer IS MAXIMUM WHEN a = O in. 
Fe gp(1O in.) + Fc, cr (50 in.) 
a + lO in. 


Q4 —100651b < 


P. cg = 1859 Ib 
Qc = 


Problem 11.4-8 The roof beams of a warehouse are supported Roof beam 
by pipe columns (see figure on the next page) having outer 

diameter d = 100 mm and inner diameter d; = 90 mm. The 

columns have length L — 4.0 m, modulus E — 210 GPa, and 

fixed supports at the base. 

Calculate the critical load P,, of one of the columns using the 

following assumptions: (1) the upper end is pinned and the beam 

prevents horizontal displacement; (2) the upper end is fixed against 

rotation and the beam prevents horizontal displacement; (3) the upper 

end is pinned but the beam is free to move horizontally; and (4) the 

upper end is fixed against rotation but the beam is free to move horizontally. 











dh 
ar 
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Solution 11.4-8 Pipe column (with fixed base) 


E = 210 GPa L= 4.0m (3) UPPER END IS PINNED (BUT NO HORIZONTAL 


- RESTRAINT) 
də = 100mm I= a di — di) = 1688 x 10? mm^ 


| 
d, = 90mm : 


(1) UPPER END IS PINNED (WITH NO HORIZONTAL ; 
DISPLACEMENT) WEI 














2.04677EI 
Po = EN C ME 447 kN m 
L (4) UPPER END IS GUIDED (NO ROTATION; NO HORIZONTAL 
RESTRAINT) 

Pi 

| 

$ 
(2) UPPER END IS FIXED (WITH NO HORIZONTAL = 
DISPLACEMENT) E 

Xp Pi 
| L 
4 3 
— 4m El 





Por E SORN — 9e The lower half of the column is in the same condition 


as Case (3) above. 








WEL — «EI 
MU fog N Ue 
4(L/2) E 
. . o . P 
Problem 11.4-9 Determine the critical load P., and the equation of 
the buckled shape for an ideal column with ends fixed against rotation 
(see figure) by solving the differential equation of the deflection curve. : m 
(See also Fig. 11-17.) B 
L 
A 





dh 
ar 
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Solution 11.4-9 Fixed-end column 
v — deflection in the y direction BUCKLING EQUATION 
x 
: M 
DIFFERENTIAL EQUATION (Eo.11-3) " Bc. 3wL1)20 0= S (1 — cos kL) 
Ev =M=Mọ- Pv k =— 
EI '. coskL=1 and kL=27 
t tlors CRITICAL LOAD 
El 2 3 2 
, [(?"Y 40° P 4r 
GENERAL SOLUTION k- LJ "32 HH 7 
M 2 
v = C, sin kx + C cos kx + — MED 0 
P ub 2 
L 
Mo 
B.C. 1 v(0) = 0 C= ae BUCKLED MODE SHAPE 
L 
v = Ci kcos kx — C; ksin kx Let 6 = deflection at midpoint (s = E) 
B.C. 2 v'(0)= 0 ..C, =0 a : Mo( HE 
M v| =} = ô = — 1 — cos— 
v = "ed — cos Kx) 2 P - 
Mo NL kL Mo 
rp — =T 2.0 = 9— (T1 — cos 7) 
2 P 
zo ULP 
P P 2 
Ó ( z=; 
v = —{1—- cos — e— 
2 L 
Problem 11.4-10 An aluminum tube AB of circular cross section Q = 200 kN 
has a guided support at the base and is pinned at the top to a horizontal | 


beam supporting a load Q = 200 kN (see figure). 

Determine the required thickness t of the tube if its outside diameter 
d is 200 mm and the desired factor of safety with respect to Euler buckling 
is n = 3.0. (Assume E = 72 GPa.) 


2.0 m 


d = 200 mm 








as 
ar 
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Solution 11.4-10 
E — T2 GPa a= L0m CRITICAL LOAD 
L — 2.0m n = 3.0 P, = Pen RP. = 1200 kN 
Q = 200 kN d = 200 mm aE] 
op: 
FREE-BODY DIAGRAM OF THE BEAM AL 
AP..L? 
Q I— —— — [-217019 X 10° mm* 
: THE 
C B * MOMENT OF INERTIA 
LL k me 


| = 
| 

—— jai 44 — 4 
l 


P 





fmin — 2 
XM.-0 P=20 
P = 400 kN 


tmin = 10.0 mm ae 


Problem 11.4-11 The frame ABC consists of two x 
members AB and BC that are rigidly connected at joint 
B, as shown in part (a) of the figure. The frame has pin 
supports at A and C. A concentrated load P acts at joint 
B, thereby placing member AB in direct compression. 

To assist in determining the buckling load for member 
AB, we represents it as a pinned-end column, as shown in 
part (b) of the figure. At the top of the column, a rotational 
spring of stiffness Br represents the restraining action of 
the horizontal beam BC on the column (note that the 
horizontal beam provides resistance to rotation of joint 
B when the column buckles). Also, consider only bending 
effects in the analysis (1.e., disregard the effects of axial 
deformations). 








(a) By solving the differential equation of the 
deflection curve, derive the following buckling 
equation for this column: (a) (b) 


L 
PRE ar cot kL — 1) — kr = 0 
EI 


in which L is the length of the column and £7 is 

its flexural rigidity. 

For the particular case when member BC is 
identical to member AB, the rotation stiffness Bp 
equals 3EI/L (see Case 7, Table G-2, Appendix G). 
For this special case, determine the critical load Per- 


(b 


Ne 








dh 
ar. 
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Solution 11.4-11 Column AB with elastic support at B 


FREE-BODY DIAGRAM OF COLUMN 
GENERAL SOLUTION 
































| PROB 
nT, v = C,sin kx + Cy cos kx + ——x 
Ma v H PL 
IHg ——- 
/ B.C. 1 v(0) = 0 J.C) =0 
| x 
PROB 
| L .C. 2 v(L) = 0 2. CQ = -= 
| Pise ME Psin kL 
v— 
0 
| 0 v = Csin kx + zm 
jer = 
) A H 
0 
ji v' = Cık cos kx + Prop 
| PL 
u 
(a) BUCKLING EQUATION 
v — deflection in the y direction B.C.3 v(L)= - 65 
Mg — moment at end B 
05 = angle of rotation at end B (positive clockwise) S—6g--— d: (kcos kL) + Prg 
Mpg = DBgOg P sin kL PL 


H = horizontal reactions at ends A and B Cancel 05 and multiply by PL: 


EQUILIBRIUM — PL = — pg kL cot KL + Br 
2 My= AMi =O My HL=Q Substitute P = K^EI and rearrange: 
Mg _ PROB B pL 
Rm GL ue R 
L L ey (KL cotkh — 1) =- kL =0 e 


DIFFERENTIAL EQUATION (EQ. 11-3) 
P (b) CRITICAL LOAD FOR Bg = 3EI/L 


EF — — 2 u 
Be cot ecu enin Se 3(kL cot kL — 1) — (kL? = 0 
" BROR Solve numerically for kL : kL = 3.7264 


ya EI 
Pa = KEI = KD ) = 13.8973 — — 


Columns with Eccentric Axial Loads 


When solving the problems for Section 11.5, assume that bending occurs 
in the principal plane containing the eccentric axial load. |’ = 2800 Ib 


Problem 11.5-1 An aluminum bar having a rectangular cross section 
(2.0 in. X 1.0 in.) and length L — 30 in. is compressed by axial loads 
that have a resultant P = 2800 Ib acting at the midpoint of the long side 
of the cross section (see figure). 

Assuming that the modulus of elasticity E is equal to 
10 X 10° psi and that the ends of the bar are pinned, calculate the 
maximum deflection ô and the maximum bending moment M max- 








EN 
ar 
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Solution 11.5-1 Bar with rectangular cross section 
b —20in. h=1.0in. L= 30 in. kL 
Eq.(11-51): 6 = — — 1] = 0.112 in. eem 
P=2800lb  e-0S5in E=10X 106 psi gue) i (sec 2 ) T 
y= PL oer ind ee ENT Eq.11 — 56): Max = P E 
12 In. EI q. max esee ) 


= 1710 Ib-in. «— 


Problem 11.5-2 A steel bar having a square cross section 
(SO mm X 50 mm 50 mm = 50 mm) and length L = 2.0 m is compressed by axial 
loads that have a resultant P — 60 kN acting at the midpoint of 
one side of the cross section (see figure). 
Assuming that the modulus of elasticity E is equal to 210 
GPa and that the ends of the bar are pinned, calculate the 
maximum deflection ô and the maximum bending moment M max- 





Solution 11.5-2 Bar with square cross section 


b = 50mm. L=2m. P=60kN e=25mm 


4 


b 
E=210GPa I= 5 520.8 x 10? mm* 


| P 
kL = I4] — = 1.481 
EI 


kL 
Eq. (11-51): 6 = e (seo = 1) = 8.87 mm < 


kL 
Eq. (11-56): M max = Pe sec E = 2.08BkN:m < 


x 
Problem 11.5-3 Determine the bending moment M in the pinned-end 

column with eccentric axial loads shown in the figure. Then plot the Pl Moz Pe 
bending-moment diagram for an axial load P = 0.3P,. 


Note: Express the moment as a function of the distance x from the 
end of the column, and plot the diagram in nondimensional form with 
M/Pe as ordinate and x/L as abscissa. 





Probs.11.5-3, 11.5-4 and 11.5-5 (a) (b) 





dh 
ar. 
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Solution 11.5-3 Column with eccentric loads 
Column has pinned ends. M 1.7207 l X X 
Use Bo (11-49): Pe tan 5 sin 1.7207 L + cos 1.7207 
kL . or 
v = —e| tan — sin kx + cos kx — 1 
E qux ende aaa ue 
From Eq. (11-45): M = Pe — Pv Pe ` ps L ves L 
kL i . . 
© M= Pe ( m 5 "m kx) — (NOTE: kL and kx are in radians) 
BENDING-MOMENT DIAGRAM FOR P = 0.3 Po 
Fon P = 0.3 B4: 
P 
From Eq. (11-52): kL = 4| — = «v V0.3 
For M 
= 1.7207 Pe 





Problem 11.5-4 Plot the load-deflection diagram for a pinned-end 
column with eccentric axial loads (see figure) if the eccentricity e of the 
load is 5 mm and the column has length L — 3.6 m, moment of inertia 
I = 9.0 x 10° mm^, and modulus of elasticity E — 210 GPa. 

Note: Plot the axial load as ordinate and the deflection at the 
midpoint as abscissa. 


Solution 11.5-4 Column with eccentric loads 


Column has pinned ends. SOLVE EQ. (2) FOR P: 
Use Eq. (11-54) for the deflection at the midpoint E 5.0 a 
(maximum deflection): db ECS 503-5 t 
8- e seo( Z =) = ] (1) LOAD-DEFLECTION DIAGRAM 

2 V For 
DATA 1500+ meu 5 EE a oes 


e= 500mm L=3.6m E = 210 GPa 
I = 9.0 X 10° mm* 


CRITICAL LOAD 


2 


EI 
Pa = 7. 1439.3 KN 








MAXIMUM DEFLECTION (FROM EQ. 1) 
5 = (5.0) [sec (0.041404 VP) — 1] (2) 


Units: P= kN ô = mm 
Angles are in radians. 








EN 
E, 
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Problem 11.5-5 Solve the preceding problem for a column with 
e = 0.20in., L = 12 ft, J = 2177 in^, and E = 30 X 10° psi. 


Solution 11.5-5 Column with eccentric loads 


Column has pinned ends SOLVE EQ. (2) FOR P: 
Use Eq. (11-54) for the deflection at the midpoint 02 2 
(maximum deflection): P1 25.6 arc cos (S35) «— 
0.2 + ô 
7T |P 
ô —e|sec( 4| ,5-] — 1 (1) LOAD-DEFLECTION DIAGRAM 
2 V Fer 


DATA 


e=0.20in. L = 12 ft = 144 in. 
E = 30 X 10° psi a 
82171 (kips) 200- 


300 


CRITICAL LOAD 


2 
EI 
Fg = E = 309.9 k dus 








MAXIMUM DEFLECTION (FROM EQ. 1) 
5 = (0.20) [sec (0.08924 VP) — 1] (2) 


Units: P = kips 6 = inches 
Angles are in radians. 


by axial loads that have a resultant P acting at the point shown in the 
figure. The member has modulus of elasticity E — 2000 GPa and 
pinned conditions at the ends. Lateral supports prevent any bending 
about the weak axis of the cross section. 

If the length of the member is 6.2 mm, and the deflection is limited 
to 6.5 mm, what is the maximum allowable load P,1,,,? 


Problem 11.5-6 A wide-flange member (W 200 X 22.5) is compressed | 





Solution 11.5-6 





W 200 X 22.5 E = 200 GPa L=62m m |P 
Mami deflection 6 = cx e pe] 
8—-65mm 1=20X10°mm+  d-206mm Mann Me e(se (z z) ) 
pe d T Solvefor P Pillow = 49.9 kN < 
2 
CRITICAL LOAD 
m EI 
= E P. = 1027 kN 





EE 
E. 
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SECTION 11.5 Columns with Eccentric Axial Loads 875 


Problem 11.5-7 A wide-flange member (W 10 X 30) is compressed by 
axial loads that have a resultant P — 20 k acting at the point shown in the 
figure. The material is steel with modulus of elasticity E — 29,000 ksi. 
Assuming pinned-end conditions, determine the maximum permissible 
length Lmax if the deflection is not to exceed 1/400th of the length. 





Solution 11.5-7 Column with eccentric axial load 


Wide-flange member: W 10 x 30 DEFLECTION AT MIDPOINT (EQ. 11-51) 
Pinned-end conditions. ir 
Bending occurs about the weak axis (axis 2-2). ô = (se des 1) 


P=20k E = 29,000 ksi L = length (inches) 


L 
L uc es : E 
Maximum allowable deflection = ——( = ô) 400 (2.905 in.) [sec (0.003213 L) — 1] 


400 


Prom Table Bde 7= 16m Rearrange terms and simplify: 





E 
5.810 in. = = = 
= : uL 2.905 in. sec (0.003213 L) — 1 1162 in. 0 
p (NOTE: angles are in radians) 
k = 4| — = 0.006426 in. ! Solve the equation numerically for the length L: 
d L — 150.5 in. 


MAXIMUM ALLOWABLE LENGTH 


Lmax 1505in. = 12.5ft << 


Problem 11.5-8 Solve the preceding problem (W 250 X 44.8) if the 
resultant force P equals 110 kN and E = 200 GPa. 


Solution 11.5-8 


W 250 X 44.8 E — 200 GPa Deflection at midpoint 
L kL 
P = 110 kN ô = — = ic us 
400 Ó (ses 5 ) i) 
Bending occur about the weak axis (axis 2-2) L ( ( :J 1) 
—— = e| sec | — | — 
I = 6.95 x 109 mm^ b — 148 mm 400 
b Solve for the length L 
e — = e — 74mm 
2 La =3.14m <— 
P -1 
k = ,|— k = 0.000281 mm 
EI 





dh 
ar. 
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Problem 11.5-9 The column shown in the figure is fixed at the base and x 
free at the upper end. A compressive load P acts at the top of the column P PI ol 6 le 
with an eccentricity e from the axis of the column. "M gle 
Beginning with the differential equation of the deflection curve, 
derive formulas for the maximum deflection ô of the column and the B 
maximum bending moment M max in the column. 
L 
A 
y —— 
(a) (b) 
Solution 11.5-9 — Fixed-free column 
e — eccentricity of load P vi = Ci kcos kx — Co k sin kx 
ô = deflection at the end of the column B..1 w0)20 ..C = -e- 6 


v = deflection of the column at distance Bad vO=0 0.59 
x from base 
v = (e + 6) — cos kx) 
DIFFERENTIAL EQUATION (EQ. 11.3) B]C.3 wL)268 ..6=(e + 6\(1 — cos kL) 
vr P — — 
EIv =M= P(e +ô — v) k? = — or ô e (sec kL 1) 


EI 
MAXIMUM DEFLECTION 0 = e(sec kL — 1) e 


p. 


v — kXe * 8 — v) 


ki 5 5 MAXIMUM BENDING MOMENT (AT BASE OF COLUMN) 
v ct k^v — k*(e + ô) 
M max = P(e + ô) = Pe sec kL = 


GENERAL SOLUTION 


, NOTE: v = (e + 6)(1 — cos kx) 
v = Cı sin kx + C2 cos kx + e +ô 


= e(sec kL) (1 — cos kx) 


Problem 11.5-10 An aluminum box column of square cross section is 
fixed at the base and free at the top (see figure). The outside dimension 5 
of each side is 100 mm and the thickness t of the wall is 8 mm. 
The resultant of the compressive loads acting on the top of the column is a 
force P — 50 kN acting at the outer edge of the column at the midpoint of 
one side. 

What is the longest permissible length Lmax of the column if the 
deflection at the top is not to exceed 30 mm? (Assume E — 73 GPa.) 





Section A-A 








Probs. 11.5-10 and 11.5-11 





dh 
ar. 
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Solution 11.5-10  Fixed-free column 
ô = deflection at the top 
Use Eq. (11-51) with L/2 replaced by L: 
ô = e (sec kL — 1) (1) 
(This same equation is obtained in Prob. 11.5-9.) 
SOLVE FOR L FROM EQ. (1) 
ô et+od 
sec kL = 1 + — = 
e e 
cos kL = g kL = arccos d 
e t ó e +ò 
L2 t kl 
k ee e t ó EI 
L EI € 2) 
= ,/—ar 
P arccos PES 


Problem 11.5-11 


Solve the preceding problem for an aluminum 


SECTION 11.5 Columns with Eccentric Axial Loads 


NUMERICAL DATA 


E = 73 GPa b=100mm t=8mm 


b 
P = 50kN ô= 30 mm dab 


1 
I= do [b^ — (b — 2tY*] = 4.1844 x 10° mm* 


MAXIMUM ALLOWABLE LENGTH 


Substitute numerical data into Eq.(2). 


EI e 
— = 24/17 m — —— = 0.625 
VP e +ô 


arccos TF = 0.89566 radians 
e 


Laax = (2.4717 m)(0.89566) = 2.21m — 


column with b = 6.0 in., t = 0.5 in., P = 30k, and E = 10.6 X 10° ksi. 


The deflection at the top is limited to 2.0 in. 


877 


Solution 11.5-11 


ô = deflection at the top 

Use Eq. (11-51) with 772 replaced by L: 

ô = e (sec kL — 1) 

(This same equation is obtained in Prob. 11.5-9.) 


Fixed-free column 


SOLVE FOR L FROM EQ. (1) 


Ó e t ó 
seeckL =1+4+-= 
e 





e 


e e 
kL = arccos 








cos kL = 








(1) 





di 
ar, 





NUMERICAL DATA 
E = 10.6 x 10° ksi 
P=30k 6 =2.0in. 


b=6.0in. £f = 0.5in. 


b 
e=— = 3.0 in. 
2 
1 
I= 2s [b^ — (b — 21^] = 55.917 in^. 


MAXIMUM ALLOWABLE LENGTH 


Substitute numerical data into Eq. (2). 


| EI : 
— = 140.56 in. 
P e +ô 


arccos =a 0.92730 radians 
e T 6 


Lmax = (140.56 in.)(0.92730) 
= 130.3 in. = 109f | — 





= 0.60 
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Problem 11.5-12 A steel post AB of hollow circular cross 
section is fixed at the base and free at the top (see figure). The 
inner and outer diameters are d; = 96 mm and d, = 110 mm, 
respectively, and the length L — 4.0 m. 

A cable CBD passes through a fitting that 1s welded to the 
side of the post. The distance between the plane of the cable 
(plane CBD) and the axis of the post is e — 100 mm, and the 
angles between the cable and the ground are a = 53.13°. 

The cable is pretensioned by tightening the turnbuckles. 

If the deflection at the top of the post is limited to 

ô = 20 mm, what is the maximum allowable tensile force 
T in the cable? (Assume E = 205 GPa.) 








Solution 11.5-12  Fixed-free column 




















ô = deflection at the top MAXIMUM ALLOWABLE COMPRESSIVE FORCE P 
P — compressive force in post k — La Substitute numerical data into Eq. (2). 
EI 

Use Eq. (11-51) with L/2 replaced byL: Falow = 13,203 N = 15.263 kN 
8 = e(sec kL — 1) (1) MAXIMUM ALLOWABLE TENSILE FORCE T IN THE CABLE 
(This same equation is obtained in Prob. 11.5-9.) Free-body diagram of joint B: 
SOLVE FOR P FROM Eo. (1) a B s 

e =F, IO 

6 eto a hs 
seckL=1+—= PE- iO N 
e e | T 
cos kL = d kL — arccos d P 
ge 4-0 e t6 
2 2 a = 53.13? 
kL = PL PLY arccos E > Fyen = 0 P— 2Tsina = 0 
V EI V EI eo 
"T sm 8289 N 
Square both sides and solve for P: 2 sina 8 
EI e Y C. Tnax = 829kN < 
P = A arccos ) (2) PS 
I? e t6 


NUMERICAL DATA 


E = 205 GPa L=40m e= 100mm 
ô = 20mm d= 110mm d, = 96mm 


[= FACE — d4) = 3.0177 x 10° mm^ 





di 
ar, 
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Problem 11.5-13 A frame ABCD is constructed of steel wide-flange 
members (W 8 X 21; E = 30 X 10° psi) and subjected to triangularly 
distributed loads of maximum intensity qo acting along the vertical 
members (see figure). The distance between supports is L — 20 ft and 
the height of the frame is h = 4 ft. The members are rigidly connected 
at B and C. 











(a) Calculate the intensity of load qo required to produce a maximum | 
bending moment of 80 k-in. in the horizontal member of BC. 

(b) If the load qo is reduced to one-half of the value calculated in 
part (a), what is the maximum bending moment in member BC? a] 
What is the ratio of this moment to the moment of 80 k-in. 
in part (a)? Section E-E 


A D (a) LOAD qo TO PRODUCE M max = 80 k-in. 


Substitute numerical values into Eq. (1). 


Units: pounds and inches 
2 


PL 
Mirax = $0,000 Ib-in. AEI 





= 0.1170093 V/P (radians) 
80,000 = P(16 in.) [sec (0.0070093 V/P)] 
5,000 = P sec (0.0070093 VP) 


P = resultant force 
e = eccentricity 


" qoh o h P — 5,000 [cos (0.0070093 VP)] = 0 (2) 
2 : SOLVE EQ. (2) NUMERICALLY 
MAXIMUM BENDING MOMENT IN BEAM BC P — 4461.9 Ib 
kL 
From Eq. (11-56): Mg, = Pe sec — 2P 
es 2 do = P = 186 Ib/in. = 2230 lb/ft e 
r P v n r | PL? (b 
=,/— —..Mgg = Pe sec,/— 
EI AEI (b) LOAD qo IS REDUCED TO ONE-HALF ITS VALUE 
NUMERICAL DATA .. P is reduced to one-half its value. 
W8x21 I= h = 9.77 in^ (from Table E-1a) p = +(4461.9 1b) = 223101b 
2 ) | 
E = 30 x 10° pops 
30 0 psi 0 ft = 240 in Substitute numerical values into Eq. (1) and solve 
h = 4 ft = 48 in. for M nax- 
h 
e = 3 = ]6in. M max = 37.75 k-in. = 
M 31.4 
Ratio: ————— = — = 0.47 = 
80 k-in. 80 


This result shows that the bending moment varies 
nonlinearly with the load. 





as 
ar, 
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The Secant Formula 


When solving the problems for Section 11.6, assume that bending occurs 
in the principal plane containing the eccentric axial load. 


Problem 11.6-1 A steel bar has a square cross section of width 

b — 2.0 in. (see figure). The bar has pinned supports at the ends and is 
3.0 ft long. The axial forces acting at the end of the bar have a resultant 
P — 20k located at distance e — 0.75 in. from the center of the cross 
section. Also, the modulus of elasticity of the steel is 29,000 ksi. 


(a) Determine the maximum compressive stress Cmax in the bar. 
(b) If the allowable stress in the steel is 18,000 psi, what is the 
maximum permissible length Lmax of the bar? Probs. 11.6-1 through 11.6-3 





Solution 11.6-1 Bar with square cross section 

Pinned supports. Substitute into Eq. (1): 
DATA Omax = 17.3 ksi ee 
b = 2.0in. L = 3.0 ft = 36in. P= 20k 


e= 0.751n.. B= 29,000 ksi (b) MAXIMUM PERMISSIBLE LENGTH 





(a) MAXIMUM COMPRESSIVE STRESS Tallow = 18,000 psi 
Secant formula (Eq. 11-59): Solve Eq. (1) for the length L: 
P ec L P EI P(eclr ?) 
=—|1+— r E ea 1 =. 
T max P| E sec (+ Z) (1) L=32 a arccos ea ZP (2) 
P P b i j ; 
<= = = 5.0ksi ELLEN Substitute numerical values: 
A b 2 Lax = 46.2in. © 
p^ . 4 2; l . 2 
I = — = 1.333 in. p^ = — = 0.3333 in. 
12 A 
ec L P 
— = 2.25 — = 62.354 — = 0.00017241 
r 2 r EA 


Problem 11.6-2 A brass bar (E = 100 GPa) with a square cross section is subjected to axial force having a resultant P 
acting at distance e from the center (see figure). The bar is pin supported at the ends and is 0.6 m in length. The side 
dimension b of the bar is 30 mm and the eccentricity e of the load is 10 mm. 

If the allowable stress in the brass is 150 MPa, what is the allowable axial force Panow? 


Solution 11.6-2 Bar with square cross section 
Pinned supports. SECANT FORMULA (EQ. 11-59): 


Data NUES EN ee i 
b=30mm L=0.6m acp, = 150 MPa Omax ~ 4 po oA BA () 


e = JOmm £= 100 GPa 





dh 
ar. 











11cCh11.qxd 








9/27/08 3:39 PM Page 881 “TN 
IP. 
SECTION 11.6 The Secant Formula 881 
Units: Newtons and meters SUBSTITUTE NUMERICAL VALUES INTO EQ. (1): 
= 6 2 P 
Omax = 150 X 107 N/m 150 x 106 = ————— [1 + 2sec (0.0036515 VP] 
A = b? = 900 X 10 5m? 900 x 107° 
b 2 ° 6 2 or 
Qu OMM Ee dores tum) P[1 + 2sec (0.0036515VP)] — 135,000 = 0 (2) 
ec L LP 
— —2.0 P=newtons —,/— = 0.0036515 VP SOLVE EQ. (2) NUMERICALLY: 
r - 2r\ EA 


Pas. = 37,200 N = 37.2KkKN — 


Problem 11.6-3 A square aluminum bar with pinned ends carries a load P = 25 k acting at distance e = 2.0 in. from the 
center (see figure on the previous page). The bar has length L = 54 in. and modulus of elasticity E = 10,600 ksi. 
If the stress in the bar is not exceed 6 ksi, what is the minimum permissible width bnin of the bar? 


Solution 11.6-3 Square aluminum bar 





Pinned ends. SUBSTITUTE TERMS INTO EQ. (1): 
25,000 12 4.5423 
DATA 6,000 = —; £ p (3352) 
Units: pounds and inches p Á 
P = 25 k = 25,000 Ib e = 2.0 in. Or 
— &A; = ius ; 12 4.5423 
L= 54in. E = 10,600 ksi = 10,600,000 psi 2 sec( : ) "Tm 2) 
Cmax = 6.0 ksi = 6,000 psi b 
SECANT FORMULA (Ea. 11-59): SOLVE EQ. (2) NUMERICALLY: 
Tmax = 7 Dune on 2r EA (1) 
b I b’ 
A-b? ga 4 Ee CER 
2 A 12 
ec 12 LP 45423 
r? b 2r \ EA b? 
Problem 11.6-4 A pinned-end column of length L — 2.1 m is 
constructed of steel pipe (E — 210 GPa) having inside diameter 
d, = 60 mm and outside diameter d5 = 68 mm (see figure). A 
compressive load P — 10 kN acts with eccentricity e — 30 mm. 
(a) What is the maximum compressive stress Omax in the column? 
(b) If the allowable stress in the steel is 50 MPa, what is the 
maximum permissible length Lmax of the column? 
«—d4—* 
«— d— 
Probs. 11.6-4 throught 11.6-6 











EN 
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Solution 11.6-4 Steel pipe column 


Pinned ends. 


Units: Newtons and meters 

E = 210 GPa = 210 x 10? N/m? 

dy = 68 mm = 0.068 m 
e = 30mm = 0.03 m 


DATA 
L=2.1m 
d, = 60 mm = 0.06 m 

P = 10 kN = 10,000 N 


‘TUBULAR CROSS SECTION 


A= 105 — d?) = 80425 x 107° m? 


[= PGE — d$) = 41338 x 10? m4 


(a) MAXIMUM COMPRESSIVE STRESS 


Secant formula (Eq. 11-59): 


P ec L IP 
Omax 74 dd e Py EA (1) 


P 6 2 
z T 12434 x 10° N/m 


I 
r^ = "s 513.99 x 10 8 m? 


d 
r=22.671X10 2m c= P = 0.034 m 


ec EL 
— = 1.9845 E 
r 2 2f 


Substitute into Eq. (1): 
Cmax = 38.8 X 10° N/m? = 38.8 MPa < 


(b MAXIMUM PERMISSIBLE LENGTH 
Oallow — 50 MPa 


Solve Eq. (1) for the length L: 


EI P(eclr ?) 
L = 2. | — arecos| ————— 
P Ouod ~ P 


Substitute numerical values: 


Laax = 5.03m <— 


—_ 


Problem 11.6-5 A pinned-end strut of length L = 5.2 ft is constructed of steel 


pipe (E = 30 X 10° ksi) having inside diameter d, = 2.0 in. and outside diameter 
dy = 2.2 in. (see figure). A compressive load P = 2.0 k is applied with 
eccentricity e = 1.0 in. 


(a) What is the maximum compressive stress Omax in the strut? 


(b) What is the allowable load Pow if a factor of safety n = 2 with respect to 
yielding is required? (Assume that the yield stress oy of the steel is 42 ksi.) 


(2) 


Solution 11.6-5 Pinned-end strut 


Steel pipe. 
DATA Units: kips and inches 
L = 5.2 ft = 624in. E = 30 X 10° ksi 
d, = 2.0in. d = 2.2 in. 
P=20k e=1.0in. 


TUBULAR CROSS SECTION 
A = Č (d2 — d?) = 0.65973 in.? 


I= E (d4 — d$) = 0.36450 in^ 


(a) MAXIMUM COMPRESSIVE STRESS 


Secant formula (Eq. 11-59): 

o = li + Sseo( + Z) 
MP. r? 2r \ EA 

P . 

xe 3.0315 ksi c= — = ].lin. 


I 
tem 1 = 0.55250 w = sTo 


r = 0.74330 in. 





di 
ar, 





(1) 
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SECTION 11.6 The Secant Formula 883 

Substitute into Eq. (1): Substitute numerical values into Eq. (1): 

Cmax = 9-65 ksi < 
= 1 + 1.9910sec (0.29836VP 2 
0.65973! see l 0 
A NRE OAD Solve Eq. (2) numerically: P = Py = 7.184 k 


oy = 42ksi n=2 Find Pay E 
Pillow = m = 3.59 k t 


Problem 11.6-6 A circular aluminum tube with pinned ends supports 
a load P — 18 kN acting at distance e — 50 mm from the center (see figure). 
The length of the tube is 3.5m and its modulus of elasticity is 73 GPa. 

If the maximum permissible stress in the tube is 20 MPa,what is the 
required outer diameter d, if the ratio of diameter is to be d/d = 0.9? 


Solution 11.6-6 Aluminum tube 

Pinned ends. E dy ec B (50 mm)(d5/2) __ 220.99 
^ 2 r BBJ d 

L 3500mm X 52031 

2r 2(033634d4) d 

Ung = AMEA — dud H3 P 18,000 N 1.6524 


Ea Ul AMI Sc qqdsscm 7 5 
SECANT FORMULA (Eo. 11-59) EA — (73,000 N/ mm^)(0.14923 d5) d? 


(P ec L |P L [P $5203. [1.6524 — 66882 
Omax — A ] 75 Sec 5r EA 2rN EA Zz 4 42 





DATA P = 18 kN e = 50mm 
L=3.5m E = 73 GPa 


























r 
A= 14 — di) = 16 — (0.9d>)*] = 0.14923d3 SUBSTITUTE THE ABOVE EXPRESSIONS INTO EQ. (1): 
120,620 
(dj — mm; A = mm?) Tmax = 20 MPa = d 
P | 15000N _ 120,620 (z _ MPa 220.99  /6688.2 
A 0.14923 d3 di NA + a a d s (2) 
2 


20 4,14 40d S T 4 4 4 
i 64 (03 ~ d) 64 605 MUSU EN OaS SOLVE EQ. (2) NUMERICALLY: 
(dj — mm; I = mm?) dy = 131 mm ec 


I 
p= P = 0.1131343 (dj = mm; r^ = mm’) 


r = 0.33634d, (r= mm) 








CI 
ar 
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Problem 11.6-7 A steel column (E = 30 X 10? ksi) with pinned 
ends is constructed of W 10 Xx 60 wide-flange shape (see figure). 
The column is 24 ft long. The resultant of axial loads acting on 
the column is a force P acting with eccentricity e = 2.0 in. 


(a) If P = 120k, determine the maximum compressive stress 
Omax 1n the column. 

(b) Determine the allowable load Panow if the yield stress is 
oy = 42 ksi and the factor of safety with respect to yielding 
of the material is n = 2.5. 





Solution 11.6-7 Steel column with pinned ends 


E-—30x10 ks L = 24 ft = 288 in. P , L |P 
Mp 4^ 6818ksi NI — 0.4931 
W 10 X 60 wide-flange shape Substitute into Eq. (1): Cmax = 10.9 ksi — 
A=176in”? I-341in^ d= 1022 in. 
I 5 (B) ALLOWABLE LOAD 
r^ = 47 1938 in^ r—4402in. c= 57511 in. pcd 2205  usbPus 


L ec Substitute into Eq. (1): 
2 55424 —5 = 0.5213 

r r P 

42 = 176 [1 + 0.5273 sec (0.04502 V/P)] 


-Qa- (a) MAXIMUM COMPRESSIVE STRESS (P = 120 k) 
Solve numerically: P = Py = 399.9 k 


Secant formula (Eq. 11-59): 


P ec L |P Pillow = Py/n = 160k 6 
Omax — A LF E T p (1) 


Problem 11.6-8 A W 410 X 85 steel column is compressed by a 
force P — 340 kN acting with an eccentricity e — 38 mm., as shown 

in the figure. The column has pinned ends and length L. Also,the steel 
has modulus of elasticity E = 200 GPa and yield stress oy = 250 MPa. 








(a) If the length L — 3 m, what is the maximum compressive W 410 x 85 


stress Omax in the column? 
(b) If a factor of safety n = 2.0 is required with respect to yielding, 
what is the longest permissible length Lmax of the column? 





EX 
ar, 
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SECTION 11.6 The Secant Formula 885 


Solution 11.6-8 


W410x85 A= 10800mm? IL (b) MAXIMUM LENGTH FOR 
ay = 250 MPa n — 2.0 


1179x106 mm^ b= 181 mm EE: 
2 P,=nP_ P, = 680kN 


c = 90.5 mm 


I 
e = 38 mm ju r — 40.711 mm P, ec L P, 
A from o, = —| 1t—secl —./— 
d p2 EA 


P = 340 kN E-—200GPa L=3m 





(a) MAXIMUM COMPRESSION STRESS solve for the length L 
P ius ec (4 P ) p() 
Onax = > —sec | —, | — 
A p 2r V EA Lag = 2 ATN r 
ve vanh 
Omax — 104.5 MPa — Lmax = 3.66 m «— 


Problem 11.6-9 A steel column (E — 30 X 10? ksi) that is fixed at the 
base and free at the top is constructed of a W 8 X 35 wide-flange member 
(see figure). The column is 9.0 ft long. The force P acting at the top of the 


column has an eccentricity e — 1.25 in. e 
(a) If P = 40 k,what is the maximum compressive stress in the column? P 
(b) If the yield stress is 36 ksi and the required factor of safety with 
respect to yielding is 2.1, what is allowable load Pillow ? 
Section A 





Solution 11.6-9 Steel column (fixed-free) 


E=30X10°ksi | ee = 1.25 in. P © te 
L, = 2L = 29.0 ft) = 18 ft = 216 in. "im s Sa Se 
W 8 X 35 WIDE-FLANGE SHAPE Substitute into Eq. (1): Gmax = 9.60 ksi «— 


A-—ei103im Ienedem' b6=3:020 in, 
(b) ALLOWABLE LOAD 


I 
MEN LS $a 2 — j = = P. 
r^ = — = 4.136 in. r = 2.034 in. oy = 36 ksi n = 2.1 Find Pillow 


b L ae Substitute into Eq. (1): 
c = = = 4.010 in. — = 106.2 Ll 1212 

d r r? P 

36 = TES [1 + 1.212 sec (0.09552 VP)] 
(a) MAXIMUM COMPRESSIVE STRESS (P = 40 k) Solve numerically: P=P=1126k 
. —_ y —_ . 
Secant formula (Eq. 11-59): Pass = Pyln = 53.6k "T 
UP ec Es. 4 P 
Tmax = 7 1 nET F EA (1) 





dh 
ar. 
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Problem 11.6-10 A W 310 X 74 wide-flange steel column with length 
L = 3.8 m is fixed at the base and free at the top (see figure). The load 
P acting on the column is intended to be centrally applied,but because of 
unavoidable discrepancies in construction, an eccentricity ratio of 0.25 is 
specified. Also, the following data are supplied: E — 200 GPa, 

oy = 290 MPa and P = 310 kN. 


(a) What is the maximum compressive stress Omax in the column? 
(b) What is the factor of safety n with respect to yielding of the steel? 


Solution 11.6-10 


W 310 X 74 A = 9420 mm? Ie (b) FACTOR OF SAFETY WITH RESPECT TO 
i YIELDING Oy = 290 MPa 
u 6 4 — ft _ 
I = 23.4 X 10° mm r= it r = 49.841 mm P, ( 26 & J) 
from Ug cce 1 d eC — 4 —— 
ec A r2 2r N EA 


— = 0.25 P — 310 kN E — 200 GPa 





p» solve numerically for P, 
= = — P, 
L=3.8m Le = 2L L = 7.6m P, = 712 KN - > 4 = 2.30 = 
(a) MAXIMUM COMPRESSION STRESS 
NE ec La UP 
Tmax = | dU 5» FA 
Omax = 47.6 MPa < 
Problem 11.6-11 A pinned-end column with length L = 18 ft is 
constructed from a W 12 X 87 wide-flange shape (see figure). 
The column is subjected to centrally applied load P, = 180 k 
and an eccentrically applied load P, = 75 k.The load P, acts l 
at distance s = 5.0 in. from the centroid of the cross section. ips on a 


The properties of the steel are E = 29,000 ksi and oy = 36 ksi. 


(a) Calculate the maximum compressive stress in the column. 
(b) Determine the factor of safety with respect to yielding. 





Probs. 11.6.11 and 11.6.12 








EX 
ar, 
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Solution 11.6-11 Column with two loads 
Pinned-end column. W 12 X 87 (a) MAXIMUM COMPRESSIVE STRESS 


DATA Secant formula (Eq. 11-59): 





P L.P 
L = 18 ft = 216 in. Omax = iD zn < see( = )] (1) 
P,=180k B=75k s=50in. A r 2r \ EA 
E = 29,000 ksi oy = 36ksi Substitute into Eq. (1): Omax = 13.4ksi < 
Ps ] 

P = P, + P = 255k e = — = 1.471 in. (b) FACTOR OF SAFETY WITH RESPECT TO YIELDING 
A=256in? I1 =740inf d= 12.53in. Omax = Oy = 36ksi P= Py 

I Substitute into Eq. (1): 
r° =— —2891in^  r- 5.376in. 

A _ Py 

36 = —— [1 + 0.3188sec(0.02332 V Py)] 

d ec 25.6 
c = — = 6.265 in. "ug Uo 188 

2 r Solve numerically: Py = 664.7 k 

664.7 k 

L "E Tp pios aped Sol x 
— —9961ksi —,/— = 0.3723 P 255k 
A 2r\ EA 


Problem 11.6-12 The wide-flange pinned-end column shown in 
the figure carries two loads, a force P, = 450 KN acting at the 
centroid and a force P; = 270 kN acting at distance s = 100 mm, 
from the centroid. The column is a W 250 X 67 shape with 

L = 4.2 m, E = 200 GPa, and oy = 290 MPa. 


(a) What is the maximum compressive stress in the column? 
(b) If the load P, remain at 450 kN, what is the largest permissible 
value of the load P, in order to maintain a factor of safety of 2.0 with respect to yielding? 


Solution 11.6-12 


W 250 X 67 L= 42m (a) MAXIMUM COMPRESSION STRESS 

P, = 450kN P = 270 kN *( ec (= 2) 
Omax = 7 \ 1 + sec Zal L. 

s-— 100mm E = 200 GPa A r 2r \ EA 

o, = 290 MPa P-B-P Omax = 120.54 MPa < 

Ps (b) LARGEST VALUE OF LOAD P WHEN 
P = 720 kN EE e = 37.5 mm P, — 450kN n= 2.0 
A = 8580 mm? l=], I = 103 x 10° mm^ P, = (Py + P) 


I = Py ec L P, 
d — 257 mm r= 2 r = 109.6 mm from Oy = A uc 3r \ EA 
d P, +P. P, +P. 
c—-— c= 128.5 mm " NA 2) x [re seo > n(Pi "| 
a j A r2 Q2rN EA 


Solve for P; P, — 387 kN «— 











dA 
ar, 
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Problem 11.6-13 A W 14 X 53 wide-flange column of length L = 15 ft 
is fixed at the base and free at the top (see figure). The column supports a 
centrally applied load P, = 120k and a load P, = 40 k supported on a 
bracket. The distance from the centroid of the column to the load P, is 

s = 12 in. Also, the modulus of elasticity is E = 29,000 ksi and yield 
stress is oy = 36 ksi. 


(a) Calculate the maximum compressive stress in the column. 
(b) Determine the factor of safely with respect to yielding. 











Section A-A 
Probs. 11.6-13 and 11.6-14 
Solution 11.6-13 Column with two loads 
Fixed-free column. W 14 x 53 (a) MAXIMUM COMPRESSIVE STRESS 
Secant formula (Eq. 11-59): 
DATA 
15 ft — 180 36 - £ +5 (Fy : ) (1) 
L = t = in. L,—-2L- 0 in. Omax ^ | "y eR T CAT E 
P,—-120k B=40k  s-12in. s r dios 
E = 29,000 ksi oy = 36ksi Substitute into Eq. (1): Omax = 17.6 ksi < 
Ps 
P-—-B-P,-—]160k e = = 3.0 in. (b) FACTOR OF SAFETY WITH RESPECT TO YIELDING 
A-156in? J=1=54lin* d= 13.92in. Cmax = Oy = 36ksi P=Py 
I (1: 
r? = — = 34.68 in2 r= 5889 in. pip uae inners) 
A Py 
a "T 36 — 156 [1 + 0.6021 sec (0.04544 V Py)] 
c= 5 = 6.960 in. -a = 0:002] i 
r Solve numerically: Py = 302.6 k 
L = 10.26 ksi Le | P_ 0.5748 P = 160k Py  3026k 1.89 
i i = = V = «— 
A 2rN EA n P 160 k 


Problem 11.6-14 A wide-flange column with a bracket is fixed at the base and 
free at the top (see figure). The column supports a load P, = 340 kN acting 

at the centroid and a load P5 = 110 kN acting on the bracket at distance 

$ — 250 mm, from the load P,. The column is a W 310 X 52 shape with 

L = 5m, E = 200 GPa, and oy = 290 MPa. 


(a) What is the maximum compressive stress in the column? 
(b) If the load P, remains at 340 kN, what is the largest permissible value of the 
load P; in order to maintain a factor of safety of 1.8 with respect to yielding? 





dh 
ar. 
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Solution 11.6-14 


W 310 x 52 L= 50m 
P, = 340 kN P, = 110 kN 
s = 250 mm E = 200 GPa 
ay = 290 MPa P=.P +b 
Ps 
P = 450 kN e = — e = 61.1 mm 
A = 6650mm? I=h 
I 
d = 318 mm r= r= 133.8 mm 
d 
C—— c — 159.0 mm 
p 
L,-—-2L L, = 10.0m 


Design Formulas for Columns 


The problems for Section 11.9 are to be solved assuming that the axial 
loads are centrally applied at the ends of the columns. Unless otherwise 
stated, the columns may buckle in any direction. 


STEEL COLUMNS 


Problem 11.9-1 Determine the allowable axial load P,),,, for a 
W 10 X 45 steel wide-flange column with pinned ends (see figure) 
for each of the following lengths: L = 8 ft, 16 ft, 24 ft, and 32 ft. 


(Assume E = 29,000 ksi and oy = 36 ksi.) 





I= 119 x 10° mm^ 


CIS 
LA 





SECTION 11.9 Design Formulas for Columns 


(a) MAXIMUM COMPRESSION STRESS 


P (1 " ec (5 P )) 
O = —4. sec| — o 
max A r2 2r N EA 


Omax ^ 115.2 MPa < 


(b) LARGEST VALUE OF LOAD P) WHEN 
P, = 340kN n=1.8 


D, 30 + P) 














889 


Solution 11.9.1 


Pinned ends (K = 1). 
Bucking about axis 2-2 (see Table E-1a). 
Use AISC formulas. 


W10x45 A= 13.3 in’ 


L 
E = 29,000 ksi oy = 36ksi (=) = 200 
max 


r 





L om^ E 
Eq. (11 — 76: | =] = = 126.1 
Fje Oy 


Le = 126.1 r = 253.5 in. = 21.1 ft. 


Steel wide-flange column 


Fj: = 2.01 in. 








dh 


ar. 


P L, IP 
from Oy = =(1 tse E =)) 
A y? 2r N EA 
n(P, + P>) 
Oy = 
A 
ec E M 
xX | 1 +— sec 
r2 2p EA 
Solve for P; P, — 193 kN 
Section A-A 
Probs 11.9-1 through 11.9-6 
L 8 ft 16 ft 24 ft 
L/r 47.76 95.52 143.3 
nı (Eq. 11-79) 1.802 1.896 - 
n (Eq. 11-80) - - 1.917 


CO atlow/Oy (Eq. 11-81) 0.5152 0.3760 - 
Catlow/Oy (Eq. 11-82) - : 
18.55 
247 k 


J allow (ksi) 


P allow — A O allow 


STE 
191.0 


1.917 


0.2020 0.1137 
13.54 7.274 4.091 


180k 96.7k 54.4k 
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890 CHAPTER 11 Columns 


Problem 11.9-2 Determine the allowable axial load Pj, for a 

W 310 X 129 steel wide-flange column with pinned ends (see figure) 
for each of the following lengths: L — 3 m, 6 m, 9 m, and 12 m. 
(Assume E = 200 GPa and oy = 340 MPa.) 



































Solution 11.9-2 
Pinned ends K= 1 (= 
Buckling about axis 2-2 1 r EL . KL. 
Oallow; — Py | Joe E if = 
W 310 X 129 nj. j KL, r r 
A = 16500 mm? 7,2780mm r^r r 
E — 200 GPa Oy = 340 MPa Lmax = 200° r ( KL, 2 
r E 
om^ E B otherwise 
Emax = 15.6 m Le =r Le = 8.405 m KL; 
vy 2n», 
r 
3m 38.462 177.366 
paom L _ | 76.923 134.135 | p 
o = a 
9 m r 115.385 allow T7355 
12 m 153.846 43.512 
i=1..4 F, allow; — A O allow; 
-| "NA" „KLi KL; 2927 3m 
"c UN Ice 2213 TA 
T iine = kN for — 
KL; KL;\? 1276 9 m 
"os E 718 12m 
= 2 otherwise 
3 " (=) KL, 
r r 
1.795 
1.889 
nj = "Hp "Hp 
NA 
“NA” 
o] 23 KL; " KL. 
n2, 7 12 if r r 
"NA" otherwise 
"NA" 
NAC 
N = 
1.917 
1.917 





Cx 
ar, 
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Problem 11.9-3 Determine the allowable axial load Pj, for a 
W 10 X 60 steel wide-flange column with pinned ends (see figure) 

for each of the following lengths: L — 10 ft, 20 ft, 30 ft, and 40 ft. 
(Assume E = 29,000 ksi and oy = 36 ksi.) 


Solution 11.9-3 Steel wide-flange column 
Pinned ends (K — 1). 





Bucking about axis 2-2 (see Table E-1a). ZEE. ON NUN 
Use AISC formulas. L/r 46.69 93.39 140.1 186.8 
W10X60 A=176in? m = 2.57 in. n, (Eq. 11-79) 1.799 1.894 - - 
m (£) n (Eq. 11-80) ! - 1.917 1.917 

E — 29,000 ksi — 36 ksi = = 200 

E: T r) smax Catlowdoy (Eq. 11-81) 0.5177 0.3833. - - 

L 2m^ E O0 Alow/0 y (Eq. 11-82 : - 02114 0.1189 
Eq. (11-76): (=) = j= = 12641 allow Cy (Eq ) 

rje ay Ojos (Ksi) 18.64 13.80 7.610 4.281 
L= D617 = 32410. = 270 it Pass Ame 328k 243k 134k 753k 


Problem 11.9-4 Select a steel wide-flange column of nominal depth 

250 mm. (W 250 shape) to support an axial load P = 800 KN (see figure). The 
column has pinned ends and length L = 4.25 m. Assume E = 200 GPa 

and ay = 250 MPa. (Note: The selection of columns is limited to those 

listed in Table E-1(b), Appendix E.) 


Solution 11.9-4 








K=1 P = 800 kN L = 4.25 m (3) TRIAL COLUMN W 250 X 67 
oy = 250MPa ŒE = 200 GPa A = 8580 mm^ r= 51.1 mm 
2 2 
Le = [27 E 2m E = 125.664 (4) ALLOWABLE STRESS FOR TRIAL COLUMN 
j Oy Oy 
L L Li 


— = 83.170 eo 
r r r 


(1) TRIAL VALUE OF Glow KL 
sz, 


L 
Upper limit: with —=0 n; => 











i TE Im EN? 
(IL) A) 
Ty Oy Oy 
Oallow_max ~ n, n; = 1.879 
2 
Oalow max ~ 150 MPa (=) 
Z 1 r 
(2) TRIAL VALUE OF AREA ( Oy 
P = 103.9 MPa 
A= A = 7273 mm? TION 





O allow 





EX 
ar, 
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(5) ALLOWABLE LOAD FOR TRIAL COLUMN ( K a 
Pillow = FallowA Pillow = 891.7 KN " — I i r 
low — 0y — UE RENE US 
Patlow > P (OK) mY ( EY 
(W 250 X 67) Oy 
(6) NEXT SMALLER SIZE COLUMN Callow = 68.85 MPa 
W 250 X 44.8 A=5700mm* r= 34.8 mm Plow = AGanow  Patow = 392.4 kN 
L L d; T d P (Not Satisfactory) 
— = 122.126 = 
r r F .'. Select W250 X 67 <= 
3 (=) (=) 
5 r F 
ny = > + — > lM 
3 27 E 2r EN 
8 8 
vy Oy 
nı = 1.916 
Problem 11.9-5 Select a steel wide-flange column of nominal depth 
12 in. (W 12 shape) to support an axial load P = 175 k (see figure). 
The column has pinned ends and length L = 35 ft. Assume E = 29,000 ksi 
and oy = 36 ksi. (Note: The selection of columns is limited to those listed 
in Table E-1a, Appendix E.) 
Solution 11.9-5 Select a column of W 12 shape 
P=175k L = 35 ft = 420 in. K=1 (4) ALLOWABLE STRESS FOR TRIAL COLUMN 
= j = j L  420in. L L 
oy = 36ksi E = 29,000 ksi L 4.20 in dg L- (=) 
L 2r E r 3.07 in. r rs 
male nO r 20N oy — dn Eqs. (11-80) and (11-82): nə = 1.917 
O allow u = : 
(1) TRIAL VALUE OF Qllow (vy = 0.2216 ajos = 7.979 ksi 
Upper limit: use Eq. (11-81) with L/r =0 
" O oy oy | — (5) ALLOWABLE LOAD FOR TRIAL COLUMN 
ae Xp eese Pass = Fallow A = 204k > 175k (ok) 


Try Callow = 8 ksi (Because column is very long) 
(6) NEXT SMALLER SIZE COLUMN 


W12x50 A-2147in2 r= 1.96 in. 








(2) TRIAL VALUE OF AREA L 
— = 214 Since the maximum permissible value of 
— Calw Sksi — m L/r is 200, this section is not satisfactory. 


Select W 12 X 87 — 
(3) TRIAL COLUMN W 12 x 87 


A = 25.6 in.” r = 3.07 in. 





di 
ar, 
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Problem 11.9-6 Select a steel wide-flange column of nominal depth 
360 mm (W 360 shape) to support an axial load P = 1100 kN 

(see figure). The column has pinned ends and length L — 6 m. 
Assume E = 200 GPa and ay = 340 MPa. (Note: The selection of 
columns is limited to those listed in Table E-1 (b), Appendix E.) 


Solution 11.9-6 























K=1 P = 1100 kN L=6m (5) ALLOWABLE LOAD FOR TRIAL COLUMN 
Oy = 340 MPa E = 200 GPa Todos az Tallow Flew = 688.1 KN 
Le ITE Mm Pd € (Not Satisfactory) 
r No 7C (W 360 x 79) 
(1) TRIAL VALUE OF Gallow (6) NEXT LARGER SIZE COLUMN 
Usine wm Eos ume : W 360 X 122 A= 15500mm? = 63.0 mm 
r 
L L. od 
Oy — = 95.238 — 
Oalow.max — ~~ ÜCalow max — 204 MPa á d i 
(KL KLY 
Try Oallow — 110 MPa 5 r r 
nı] = 2d 
3 2 2p43 
(2) TRIAL VALUE OF AREA ( 2T E) ( 277 E) 
P Oy Oy 
A= A = 10000 mm? n; = 1.912 
O allow l l 
c) 
(3) TRIAL COLUMN W 360 X 79 1 r 
2 Jallow — Dy — a 5 > 
A = 10100 mm r = 48.8 mm n, ( Qa =) 
2 
o 
y 
(4) ALLOWABLE STRESS FOR TRIAL COLUMN Crow = 108.38 MPa 
L L L 
p = 122.951 " > " Pillow = A Callow Pow = 1679.9 KN 
93 Faw- d (OK) (W 360 X 122) 
noris n, = 1.917 .'. Select W 360 x 122 





( mE) 
Oy 
Oallow — Oy — [REN 
(E) 

r 


Oalow — 68.1 MPa 
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894 CHAPTER 11 Columns 


Problem 11.9-7 Determine the allowable axial load P4jo4, for a steel 
pipe column with pinned ends having an outside diameter of 4.5 in. and 
wall thickness of 0.237 in. for each of the following lengths: L — 6 ft, 
12 ft, 18 ft, and 24 ft. (Assume E = 29,000 ksi and oy = 36 ksi.) 


Solution 11.9.7 Steel pipe column 





Pinned ends (K = 1). a. we Gee cae 
Use AISC formulas. L 6 ft 12 ft l8ít — 24 ft 
dy = 45in. t— 0237in. d, = 4026 in. Lr 47.10 95.39 145.1 190.8 
Eq. 11-79 1.802 1.896 - : 
A = = (d2 — d?) = 3.1740 in2 he aaa 
4 n5 (Eq. 11-80) - - 1.917 13917 
TT P 
I= PAN — di^) = 7.2326 in.* Catlow/Ty (Eq. 11-81) 0.5153 0.3765. - - 

: í Gagow/O y (Eq. 11-82) - - 0.2026 0.1140 
Pa coUo (5) = 200 Callow (ksi) 18.55 13.55 7293 4.102 
E= 29,000 ksi i= 36 ksi Y dices — A O allow 58.9k 430k 23.1k 13.0k 

L 27° E 
Eq. (11-76): {—] = = 126.1 
rf ¢ Oy 


LE. = 126.1 r = 190.4 in. = 15.9 ft 


Problem 11.9-8 Determine the allowable axial load Pillow for a 
steel pipe column with pinned ends having an outside diameter of 
220 mm and wall thickness of 12 mm for each of the following 


lengths: L = 2.5 m, 5 m, 7.5 m, and 10 m. (Assume E = 200 GPa 
and oy = 250 MPa.) 


Solution 11.9.8 Steel pipe column 


Pinned ends (K = 1). L 25m 5.0m 75m 10.0m 
Use AISC formulas. a  —— 
a ee ee L/r 33.94 67.88 101.8 135.8 
To» 5 : n, (Eq. 11-79) 1.765 1.850 1.904 - 
ic E a n (Eq. 11-80) : - - — 1917 
{= CA — d$) = 42.548 mm X 10° mm4 Tatlow/Oy (Eq. 11-81) 0.5458 0.4618 0.3528 - 
O'4llow/0 y (Eq. 11-82) - - - 0.2235 
r= i — 73.661 mm (=) = 200 Callow (MPa) 1364 115.5 88.20 55.89 
e ae Patlow = A Gatlow 1070 kN 905 KN 692 kN. 438 kN 





L Qn’ E 
Eq. (11-76): —] = = 125.7 
aT Oy 


L, = 125.7 r = 9257 mm = 9.26 m 
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Problem 11.9-9 Determine the allowable axial load Pillow for a steel P 
pipe column that is fixed at the base and free at the top (see figure) for 
each of the following lengths: L — 6 ft, 9 ft, 12 ft, and 15 ft. The column = 
has outside diameter d = 6.625 in. and wall thickness t = 0.280 in. Il 
(Assume E = 29,000 ksi and ay = 36 ksi.) 


t 


Section A-A 


Probs. 11.9-9 through 11.9-12 


Solution 11.9-9 Steel pipe column 

Fixed-free column (K = 2). KL om? E 

Use AISC formulas. Eq. (11-76): (=) = : — 126.1 
Ü Y 


d, = 6.625in. t= 0.280in. d, = 6.065 in. 





- L, = 126.1— = 141.6 in. = 11.8 ft 
A = 7 (d3 — dj) = 55814 in? K 


L 6 ft 9 ft 12ft Joi 


I2 —(d4 — a4) = 28.142 in/^ UU 
64 KL/r 64.13 96.19 128.3 160.3 
I KL 11 - - 
.- Je -— (=) in n, (Eq. 11-79) 1.841 1.897 
A r / max n (Eq. 11-80) : : 1.917 1.917 
E = 29,000 ksi oy = 36 ksi Catlow/Oy (Eq. 11-81) 0.4730 0.3737. - - 
CO ajlow/Oy (Eq.11-82) — - - . 02519 0.1614 
Callow (Ksi) 17.00 13.45 9.078 5.810 


Patlow = A Callow 95.0k 75.1k 507k 324k 


Problem 11.9-10 Determine the allowable axial load Pj, for a steel 

pipe column that is fixed at the base and free at the top (see figure) for 

each of the following lengths: L — 2.6 m, 2.8 m, 3.0 m, and 3.2 m. 

The column has outside diameter d = 140 mm and wall thickness t = 7 mm. 
(Assume E = 200 GPa and ay = 250 MPa.) 
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11Ch11.qxd 9/27/08 2:27 PM Page 896 ra 
ae, 
896 CHAPTER 11 Columns 
Solution 11.9-10 Steel pipe column 
Fixed-free column (K — 2). KL 23? E 
Use AISC formulas. Eq. (11-76): (=) = " 125 
C Y 


dj, = 140mm t= 7.0 mm d, = 126 mm r 
- Le = 125.7 K = 2959 mm = 2.959 m 
A (dá — di) = 2924.8 mm? 


I= a (d# — df) = 6.4851 X 10° mm^ L 26m 28m 30m 32m 
KL/r 110.4 1189 1274 1359 

„= "n — 47.09 mm (=) — 500 n, (Eq. 11-79) 1911] 1916  - : 
ny (Eq. 11-80) - - 1917 1.917 

iid: Md cns loy (Eq. 11-81) 0.3212 0.2882. - - 
Tayoy (Eq. 11-82) — - - 0.2537 0.2230 
Tallow (MPa) 80.29 72.06 6343 55.75 


Paie ^ A Ow 235 kN 211 kN 186 kN. 163 kN 


Problem 11.9-11 Determine the maximum permissible length L,,,, for a steel 
pipe column that is fixed at the base and free at the top and must support an 
axial load P — 40 k (see figure). The column has outside diameter d — 4.0 in. 
wall thickness t = 0.226 in., E = 29,000 ksi, and oy = 42 ksi. 


Solution 11.9-11 Steel pipe column 


Fixed-free column (K = 2. P = 40k Select trial values of the length L and calculate the 
Use AISC formulas. corresponding values of Pajjoy (see table). Interpolate 
i c4. $=0206im. d= 3548 in: between the cana Ue to obtain the value of L that 
produces Pyjow = P. 
Poe (dj) — dy) = 2.6795 in Note: If L < L,, use Eqs.(11-79) and (11-81). 
1 


If L > La use Eqs.(11-80) and (11-82). 


I= (df — di^) = 4.7877 in^ SS 
64 L(ft) 5.20 5.25 5.90 


"- [i = 13367 (=) — 500 KL/r 93.86 94.26 93.90 
l / max nı (Eq. 11-79) 1.900 1.904 1.903 


E —29,000ksi oy = 42 ksi n; (Eq. 11-80) i : i 





Eq. (11-76) (=) c E elem Cattow/oy (Eq. 11-81) 0.3575 0.3541 — 0.3555 
i. OY Catlow/Oy (Eq. 11-82) : : : 

L, = 116.7, = 78.03 in. = 6.502 ft Tallow (ksi) 15.02 14.87 1493 

Pattow = A Callow 40.2k 398k 40.0k 


For P = 40k, Lmax = 5.23 ft «— 
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SECTION 11.9 Design Formulas for Columns 897 


Problem 11.9-12 Determine the maximum permissible length Lmax for a steel 
pipe column that is fixed at the base and free at the top and must support an 

axial load P — 500 kN (see figure). The column has outside diameter d — 200 mm, 
wall thickness t = 10 mm, E = 200 GPa, and ay = 250 MPa. 


Solution 11.9-12 Steel pipe column 


Fixed-free column (K = 2). P = 500 kN Select trial values of the length L and calculate the 
Use AISC formulas. corresponding values of Pajjow (see table). Interpolate 
d 500mm. $= 10m ze» Bimi between the trial values to obtain the value of L that 


- produces Pyjow = P. 
LUE m al. 2 
dm 4 (dj — di) = 5,262.0 mm Note: If L < L,, use Eqs. (11-79) and (11-81). 


If L > L,, use Eqs. (11-80) and (11-82). 





[= PLE — d+) = 27.010 x 10° mm^ 
L(m) 3.55 3.60 3.59 
I KL e 
r= i = 67.27 mm (=) = 200 KL/r 105.5 1070 106.7 
es n, (Eq. 11-79) 1.908 1.909 1.909 
E = 200 GPa oy = 250 GPa n (Eq. 11-80) i i i 
KL 2m^ E /oy (Eq. 11-81 0.3393 0.3338 0.3349 
Eq. (11-76): (=) = |Z = 1257 Tatlow y (Eq ) 
F jg OY Tallow! Oy (Eq. 11-82) T ~ z 
r O allow (MPa) 84.83 83.46 83.74 
L.—1257— = 4226m 
K Pice oie 506 kN 498kN 500 kN 
X For P = 500kN, L= 3.59m «— 





Problem 11.9-13 A steel pipe column with Pinned ends supports an axial load P — 21 k. 
The pipe has outside and inside diameters of 3.5 in. and 2.9 in., respectively. What is the 
maximum permissible length Lmax of the column if E = 29,000 ksi and oy = 36 ksi? 


Solution 11.9-13 Steel pipe column . 
Peden), Poe Select trial values of the length L and calculate the 
corresponding values of Pajjow (see table). Interpolate 
Use AISC formulas 
between the trial values to obtain the value of L that 

dg = 3.5in. t= 0.3in. d, = 29 in. produces Pillow = P. 

0,2 an .2 Note: If L « L,, use Eqs. (11-79) and (11-81). 
dau o rel If L > L,, use Eqs. (11-80) and (11-82). 





T , ————RRRRRRRRRRRRRRRRPRRPRPRPPRPPPPPPRRRRRRRMMMUMUUm n*x 
I= au d — di) = 3.8943 in^ L(ft) 13.8 139 140 
: z Lir 145.7 1468 147.8 
r= nL = 1.1363 in. (=) = 200 n; (Eq. 11-79) - - - 
| 2 n (Eq. 11-80) 1917 1917 1.917 
E = 29,000 ksi oy = 36 ksi 
, =; cole y (Eg. 11-81) : : - 
Eq. (11-76): (=) = E = 1261 Tallow/oy (Eq. 11-82) 0.1953 0.1925 0.1898 
— AM - T" Tao (Ksi) 7.031 6.931 6.832 
B a et Pass = A Callow 212k 20.9k 206k 


For P = 21k, L= 13.9ft <— 
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898 CHAPTER 11 Columns 


Problem 11.9-14 A steel column used in a college recreation center are 

16.75 m long and are formed by welding three wide-flange sections 

(see figure). The columns are pin-supported at the ends and may buckle 

in any direction. W 610 x 241 
Calculate the allowable load Pao, for one column, assuming 

E = 200 GPa and ay = 250 MPa. 


W 310 x 129 








W 310 x 129 
Solution 11.9-14 
L= 16.75m E=200GPa o,=250MPa K=1 L Lh 
= = 101694 =< = 
W 310 X 129 A; = 16500 mm? d, = 318mm r rr 
3 
I,-, = 308 X 10° mm^ I,_, = 100 X 10° mm^ (& (=) 
W 610 X 241 A> = 30800 mm? zt, = 17.9 mm m ee qe M 
B 6 4 u 6 4 3 2m^E 2r EN? 
l- = 2150 x 10° mm h- = 184 XxX 10° mm 8 8 
ay Oy 


For built-up column: 
A = 2A, + A, A = 63800 mm? 
L=2bh 1+. I = 2.350 X 10? mm* 








d t O allow Oy m 
h= + h= 168mm ! 2m EY 

2 2 2 » 

y 
LI 2 Z 9 4 
[. = LI.» + 2 (1,_14Ayh ) ly = 1.731 X 10° mm Fiia 88.31 MPa 
I 

r = n r — 165 mm Pillow = Á allow Pow = 5634 kN = 
Ls 2T E 
— = ,/—— = 125.664 
r 





dh 
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SECTION 11.9 Design Formulas for Columns 899 


Problem 11.9-15 A W 8 X 28 steel wide-flange column with pinned ends 
carries an axial load P. What is the maximum permissible length Lmax of 
the column if (a) P = 50 k, and (b) P = 100 k? (Assume E = 29,000 ksi 
and oy = 36 ksi.) 


Probs. 11.9-15 and 11.9-16 


Solution 11.9-15 Steel wide-flange column 





Pinned ends (K = 1). (b) P = 100k 
Buckling about axis 2-2 (see Table E-1a). 
Use AISC formulas. L(ft) 14.3 14.4 14.5 
W8X28 A-825in?^ ry = 1.62 in. lk —— 1059 1067 1074 
L n, (Eq. 11-79 1.908 1.908 1.909 
E —29000ksi oy = 36ksi (=) = 200 1 Œq 
P n5 (Eq. 11-80) - - - 
| om^ E 7 CFallow/y (Eq. 11-81) 0.3393 0.3366 0.3338 
Eq.(11-76): 2 l = = = 126.1 Callow/Oy (Eq. 11-82) - E . 
Callow (ksi) 1221 12.12 12.02 
L, = 126.1 r = 204.3 in. = 17.0 ft 2 
: , E Pattlow = A Glow 100.8k 100.0k 99.2k 


For each load P, select trial values of the length L and 
calculate the corresponding values of Panow (see table). 
Interpolate between the trial values to obtain the value 
of L that produces Pillow = P. 


Note: If L < L,, use Eqs. (11-79) and (11-81). 
If L > L,, use Eqs. (11-80) and (11-82). 


For P = 100k, Lmax = 14.4ft < 


(a) P = 50k 

L(ft) 21.0 21.5 21.2 
L/r 155.6 159.3 157.0 
nı (Eq. 11-79) 5 E i 
n (Eq. 11-80) 1.917 1.917 1.917 
CO allow/Oy (Eq. 11-81) - - - 

CO allow/Oy (Eq. 11-82) 0.1714 0.1635 0.1682 
Tallow (KS1) 6.171 5.888 6.056 
Pillow = A Callow 50.9k 486k 50.0k 


For P = 50k, Lmax = 21.2ft < 
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900 CHAPTER 11 Columns 


Problem 11.9-16 A W 250 X 67 steel wide-flange column with pinned 
ends carries an axial load P. What is the maximum permissible length 
Lmax of the column if (a) P = 560 kN, and (b) P = 890 kN? (Assume 

E = 200 GPa and ay = 290 MPa.) 


Solution 11.9-16 




















E = 200 GPa Oy = 290 MPa K = 1 Low = AO Aow Ios — 561.6 kN 
W 250 X 67 A = 8580 mm? Therefore Lmax = L Lmax = 641m < 
ro = 51.1 mm r-— rn 
(b) P = 890 kN 
Lmax = 200r 
L L L 
27E L Try L=4. —-29315] —-«-* 
L.—-r|—— L,-5962m — = 116.676 a O 3 
Oy r , 
KL KL 
For each load, select trial values of the length L and spe: — 
‘ 5 r r 
calculate the corresponding values of Pillow ny => + = 
! | ! 3 27° E 2r EV 
This solution show only the successful trial. g g 
Oy ES 
(a) P = 560 kN n; = 1.902 
L Lb d KLV 
Try L= 6.41m — = 125.440 — > — — 
r r r 1 1 r 
23 Fallow = 0y— | 1 7 — L—3—5 
= 2 nj 29-E 
CET. 2( z ) 
o 
KL, V? . 
Pa O allow — 103.85 MPa 
allow ~ Oy KL 2 F, allow — A Tallow F allow — 891 kN 
in (E) Therefore Lmax = L Lmax = 4.76m < 


O allow — 65.45 MPa 


Problem 11.9-17 Find the required outside diameter d for a steel pipe t 
column (see figure) of length L = 20 ft that is pinned at both ends and 
must support an axial load P = 25 k. Assume that the wall thickness 


t is equal to d/20. (Use E = 29,000 ksi and oy = 36 ksi.) ~ á 
Probs. 11.9-17 through 11.9-20 d 
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SECTION 11.9 Design Formulas for Columns 901 
Solution 11.9-17 Pipe column 
Pinned ends (K = 1). 
ene | d (in.) 480 4.90 500 
IM M ee A (in) 3438 3.583 3.731 
d = outside diameter t = d/20 I (in.^) 8061 9.732 10.551 
E = 29,000 ksi oy = 36 ksi r (in.) 1.614 1.648 1.682 
"m T Tm Le in.) 204 208 212 
u ea 27 1487 1456 1424 
= Tou - (d - 214) — 0.016881 d^ n (Eq. 11-80) 23/12 23/12 23/12 
64 Fallow! Oy (Eq. 11-82) 0.1876 0.1957 0.2037 
I T (ksi) 6.754 7.044 7.333 
r= i = 0.33634 d bi 
A To = A O allow 23.2 k 23:2 k 27.4 k 
L Qn? E E _ : 
(=) 2 [2T E jq L. = (126.Dr For P = 25k, d= 4.89in <- 
l/c Oy 
Seltect various values of diameter d until we obtain 
Falta =i 
If L = Lea Use Eqs. (11-79) and (11-81). 
If L = L,, Use Eqs. (11-80) and (11-82). 
Problem 11.9-18 Find the required outside diameter d for a steel pipe 
column (see figure) of length L = 3.5 m that is pinned at both ends and 
must support an axial load P = 130 KN. Assume that the wall thickness 
t is equal to d/20. (Use E = 200 GPa and oy = 275 MPa.) 
Solution 11.9-18 Pipe column 
Pinned ends (K = 1). 
L=35m P= 130kN d (mm) 98 99 100 
d = outside diameter t = d/20 A (mm?) 1433 1463 1492 
E=200GPa oy = 275 MPa I (mm?) 1557 X 103 1622 x 10° 1688 x 10° 
r (mm) 32.96 33.30 33.64 
A= {@? — (d — 2t] = 0.14923 d? L. (mm) 3950 3989 4030 
4 is 106.2 105.1 104.0 
64 Catlowloy (Eq. 11-81) — 0.3175 0.3219 0.3263 
I MP 87.32 88.53 89.73 
- " = 0.33634 d Callow (MPa) 
A Pillow = A Callow 125.1] kN  129.5KN 133.9 kN 





L 27 E 
=| = = 119.8 L, = (119.8)r For P = 130 kN, d= 99mm «— 
FZg Oy 

Select various values of diameter d until we 

obtain Pillow = P. 

If L s L,, Use Eqs. (11-79) and (11-81). 

If L = L,, Use Eqs. (11-80) and (11-82). 
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Problem 11.9-19 Find the required outside diameter d for a steel pipe 
column (see figure) of length L — 11.5 ft that is pinned at both ends and 
must support an axial load P — 80 k. Assume that the wall thickness f is 
0.30 in. (Use E = 29,000 ksi and oy = 42 ksi.) 


Solution 11.9-19 Pipe column 


Pinned ends (K = 1). If L = L,, Use Eqs. (11-79) and (11-81). 
If L = L,, Use Eqs. (11-80) and (11-82). 
L = 11.5 ft = 138in. P= 80k 











d = outside diameter t = 0.30 in. d (in.) 5.20 5.25 5.30 
E = 29,000 ksi oy = 42 ksi A (in.?) 4.618 4.665 4.712 
"P 
(7,0 , 2 I (in-^) 15.91 14.34 14.78 
mou oe cen r (in.) 1.736 13753 177 
I Le (in.) 203 205 207 
_ W p 14 4 _ 
pe 64 [d — (d—2t)] r= Ji L/r 79.49 78.72 77.92 
; "EUN n; (Eq. 11-79) 1.883 1.881 1.880 
(=) = 4 T = 116.7 Le = (116.7)r Callow/Oy (Eq. 11-81) 0.4079 0.4107 0.4133 
dg ui Tallow (ksi) 17.13 17.25 17.36 
Seltect various values of diameter d until we obtain Pillow = A Callow 79.1k 80.5k 81.8k 
Plow = P. E e ; 
For P = 80k, d= 5.23 in. = 
Problem 11.9-20 Find the required outside diameter d for a steel pipe 
column (see figure) of length L = 3.0 m that is pinned at both ends and 
must support an axial load P = 800 KN. Assume that the wall thickness 
tis 9 mm. (Use E = 200 GPa and oy = 300 MPa.) 
Solution 11.9-20 Pipe column 
Pinned ends (K = 1). 
pene 2) d (mm) 193 194 195 
ace SC eae A (mm?) 5202 5231 5259 
oe E hod I (mm^) 20.08 x 10° 22.43 x 105. 22.80 x 10° 
E = 200 GPa oy = 300 MPa r (mm) 65.13 65.48 65.84 
To» ; L. (mm) 7470 7510 7550 
ae nee L/r 46.06 45.82 45.57 
F n; (Eq. 11-79) 1.809 1.809 1.808 
[= E [d^ — (d — 2t] r= "E Callow/Cy (Eq. 11-81) — 0.5082 0.5087 0.5094 
; Callow (MPa) 1523 152.6 152.8 
(=) — [27 E — 114.7 Le — (114.7)r F ilow — A O allow 793.1 kN 798.3 kN 803.8 kN 
F/c Oy 


Seltect various values of diameter d until we 
obtain Bajo, = P. 

If L = L,, Use Eqs. (11-79) and (11-81). 

If L = L,, Use Eqs. (11-80) and (11-82). 





dh 
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For P = 800 kN, d = 194 mm 
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SECTION 11.9 Aluminum Columns 903 
Aluminum Columns 
Problem 11.9-21 An aluminum pipe column (alloy 2014-T6) with <> Tf 
pinned ends has outside diameter d; = 5.60 in. and inside diameter f 


d, = 4.80 in. (see figure). dj d» 


Determine the allowable axial load Panow for each of the following | 
lengths: L = 6 ft, 8 ft, 10 ft, and 12 ft. 
Probs. 11.9-21 through 11.9-24 


Solution 11.9-21 Aluminum pipe column 


Alloy 2014-T6 Use Eqs. (11-84 a and b): 
Ppa m (K = I). Can. = 30.7 — 023 (Lit) ksi. Lir s 55 
D t ai . 
d, = 4.80 in. Talow = 54,000/L/rY ksi L/r = 55 
T 532 2 9 

Ai 7 e = d) = 52991. L (ft) 6 ft Sft 10ft 12ft 
Fallow (ksi) 21.72 18.73 12.75 8.86 

= 2 — 1844 in Paw = Cay A — 142k 122k 83k — 58K 


Problem 11.9-22 An aluminum pipe column (alloy 2014-T6) with 
pinned ends has outside diameter d) = 120 mm and inside diameter 
d, = 110 mm (see figure). 

Determine the allowable axial load P4j,,, for each of the following 
lengths: L — 1.0 m, 2.0 m, 3.0 m , and 4.0 m. 

(Hint: Convert the given data to USCS units, determine the required 
quantities, and then convert back to SI units.) 


Solution 11.9-22 Aluminum pipe column 


Alloy 2014-T6 Use Eqs. (11-84 a and b): 

ESUUCO- nee 1) Cw = 30.7 — 023 Gr) ksi Lir = 55 

2 a niue Cow = 54,000(LIr)2 ksi L/r = 55 

d, = 110 mm = 4.3307 in. 

diese T (a2 u d?) — 2 800 in2 L (m) 10m 20m 3.0ft 40m 

4 L (in.) 3937 78.74 118.1 157.5 
pe FIL — df) = 7.188 in^ L/r 24.58 49.15 73.73 98.30 
Tallow (Ksi) 25.05 19.40 9.934 5.588 

I B 

pum ae = dod mi = 1.6002 in. Patlow = FallowA 70.14k 54.31k 27.81k 15.65k 
A Patlow(KN) 312kN 242kN 124kN 70kN 
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Problem 11.9-23 An aluminum pipe column (alloy 6061-T6) that is 
fixed at the base and free at the top has outside diameter d» = 3.25 in. 
and inside diameter d, — 3.00 in. (see figure). 

Determine the allowable axial load Panow for each of the following 
lengths: L — 2 ft, 3 ft, 4 ft, and 5 ft. 


Solution 11.9-23 Aluminum pipe column 


Alloy 6061-T6 Use Eqs. (11-85 a and b): 

PIDUSOGUUS De — 2) Cay = 202 — 0.126 (KL/r ksi KL/r = 66 

EE Callow = 51,000 KKL/r ksi KL/r = 66 

d, — 3.00 in. 

A (dà — d?) = 1.227 in? L (ft) 2 ft 3 ft 4 ft 5 ft 
4 KL/r 43.40 65.10 86.80 108.5 

T= GE — d$) = 1.500 in^ Fallow (ksi) 14.73 12.00 6.77 4.33 


Problem 11.9-24 An aluminum pipe column (alloy 6061-T6) that is 
fixed at the base and free at the top has outside diameter d; = 80 mm 
and inside diameter d; — 72 mm (see figure). 

Determine the allowable axial load Panow for each of the following 
lengths: L — 0.6 m, 0.8 m, 1.0 m, and 1.2 m. 

(Hint: Convert the given data to USCS units, determine the required 
quantities, and then convert back to SI units.) 


Solution 11.9-24 Aluminum pipe column 


Alloy 6061-T6 Use Eqs. (11-85 a and b): 
a ese Cus = 202 — 0.126 (Lir) ksi L/r = 66 
2 PUOI E Tacr = 51,000KLIr)2 ksi KLir = 66 
d, = 72 mm = 2.8346 in. 
L (m) 06m 08m 10ft 1.2m 
A =~ (d3 — d?) = 1.480 in2 ee 
4 KL (in.) 47124 62.99 78.74 94.49 
"T 4 KL/r 44.61 59.48 74.35 8923 
Lo p Leh Tallow (Ksi) 14.58 12.71 9.226 6.405 
- Pow = FatowA 21.58k 18.81k 13.65k 9.48k 
r= Ja = 26.907 mm = 1.059 in. Patlow(KN) 96KN 84KN O61KN 42 kN 





as 
ar 
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Problem 11.9-25 A solid round bar of aluminum having diameter 
d (see figure) is compressed by an axial force P — 60 k. The bar has 


pinned supports and is made of alloy 2014-T6. 
d 
(a) If the diameter d — 2.0 in., what is the maximum allowable 
length Lmax of the bar? 


(b) If the length L — 30 in., what is the minimum required Probs. 11.9-25 through 11.9-28 


diameter din? 


Solution 11.9-25 Aluminum bar 




















dc 2-1. P=60k (b) FIND di, IF L = 30 in. 
(D END do pode. a- 74 „_d L_30in 120in. 
2 4 4 r r dl4 d 
— = = 3.142in2 I= < su =P = BOK _ 7639 4 
T a UT A dA d 
p "n mm 0.5 in. Assume L/r is greater than 55: 
P eure | ca a a 
Callow — 3 = 3I A = 19.10 ksi (Lir? 
Assume L/r is less than 55: = _ an 
-&v- Eq. (11-842): aano, = 30.7 — 0.23(L/r) ksi d | id | 
or 19.10 = 30.7 — 0.23(L/r) d' = 20.37 in” dmin —2.12in. < 





T L Lir = 120/d = 120/2.12 = 56.6 > 55 .. ok 
Solve for L/r: — = 50.43 — «55 .. ok 
r r 


Lmax = (50.43)r = 25.2 in. s 


Problem 11.9-26 A solid round bar of aluminum having diameter 
d (see figure) is compressed by an axial force P — 175 kN. The bar 
has pinned supports and is made of alloy 2014-T6. 


(a) If the diameter d = 40 mm, what is the maximum allowable 
length Lmax Of the bar? 
(b) If the length L = 0.6 m, what is the minimum required diameter dimin? 
(Hint:Convert the given data to USCS units, determine the 
required quantities, and then convert back to SI units.) 


Solution 11.9-26 Aluminum bar 


Alloy 2014-T6 I d 
Pinned supports (K = 1). P = 175 kN = 39.34 k a a 0.3938 in. 
= - i P 39.34 k 
(a) FND Lmax IF d = 40 mm = 1.575 in. Calw = = 7,0, 9 = 20.20 ksi 
ad? E gd * 1.948 in. 
A = —— = 1.948 in.” I —— 
4 64 





as 
ar. 
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Assume L/r is less than 55: Assume L/r is greater than 55: 
Eq. (11-84a): = 30.7 — 0.23 (L/r) ksi 54,000 ksi 
q. (11-84a): Gajow = 30.7 — 0.23 (L/r) ksi Eq. (11-845): o _ S1 
q allow » 
or 20.20 — 30.7 — 0.23 (L/r) (L/r) 
L L 50.09 54,000 
E OSS = i or = —— 
Solve for L/r: 5 45.65 ! « 55  .. ok q2 (94.48/d) 
4 _ -4 
Lmax = (45.65)r = 17.98 in. = 457mm < d' = 8.280 in. 
dnin = 1.696 in. = 43.1 mm NE 
a ie LLL Lir = 94.48/d = 94.48/1.696 
_ ma" , d L 23.62 in, _ 94.48 in. =55.7>55 .. ok 
4 4 r d/4 d 
P 39.34k 50.09 
Oalow — 4 = (ksi) 


Problem 11.9-27 A solid round bar of aluminum having diameter 
d (see figure) is compressed by an axial force P = 10 k. The bar has 
pinned supports and is made of alloy 6061-T6. 


(a) If the diameter d = 1.0 in., what is the maximum allowable 
length Lmax of the bar? 
(b) If the length L — 20 in., what is the minimum required 


{> diameter dmin? 





Solution 11.9-27 Aluminum bar 


Alloy 6061-T6 (b) FIND dmin IF L = 20 in. 
Pinned supports (K = 1). P = 10k 














ELA d L 20in  80in. 
(a) FND Lmax IF d —1.0 in. UAM ”° d s dA g 
ad? ad^ P 10k 12.73 
A = — = 0.7854in.2 J —— =—= = —— (ksi 
4 64 O allow A ql d2 ( s1) 


I d i i 
E " == 0.2500 in. Assume L/r is greater than 66: 


51,000 ksi 
Eq. (11-85): Gg = ———— 











P 10k 2 
inp == — = 12.73 ksi ean) 
A 0.7854 in. 12.73 51,000 
Assume L/r is less than 66: a gd (80/dy 
Eq.(11-85a): opo, = 20.2 — 0.126 (L/r) ksi d^-1.597in^ dpp = 1.12in. << 
or 12.73 = 20.2 — 0.126 (L/r) Lir = 80/d = 80/1.12 = 71 > 66  .. ok 
L L 
Solve For L/r: — = 59.29 — < 66  .. ok 
r r 


Laax = (59.29)r = 14.8 in. << 





dh 
ar. 
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Problem 11.9-28 A solid round bar of aluminum having diameter 
d (see figure) is compressed by an axial force P — 60 kN. The bar 
has pinned supports and is made of alloy 6061-T6. 


(a) If the diameter d — 30 mm, what is the maximum allowable 
length Lmax of the bar? 
(b) If the length L — 0.6 m, what is the minimum required 
diameter din? 
(Hint:Convert the given data to USCS units, determine the required 
quantities, and the convert back to SI units.) 


Solution 11.9-28 Aluminum bar 

















Alloy 6061-T6 (b) FIND da, IF L = 0.6 m = 23.62 in. 
Pinned supports (K = D. P = 60kN = 13.49 k ad^ d L 23.62. in 04.48 in 
(a) FIND Lmax IF d = 30 mm = 1.181 in. P uA Mu MES" 
"d^ vd" P  1348k 17.18 
A-——21095in^ [= — EN uo d 
4 In 64 allow A = q? 14 d2 (ksi) 
I d i ; 
- C — € _ 0.2953 in. Assume L/r is greater than 66: 
A 4 ee $1,000 ksi 
P 13.49k | q. (E892) Falow = 77071? 
Callow 7 7 aaa = 1232 ksi 
A 1.095 in. 17.18 51,000 
Assume L/r is less than 66: Ha Jg (94.48/d)* 
Eq. (11-854): Caloy = 20.2 — 0.126 (L/r) ksi d^ = 3.007 in^ 
or 12.32 = 20.2 — 0.126 (L/r) admin = 1.317 in. = 33.4mm < 
L L = 94. = 94, , = > i 
Wet Ru Ec cpm Su 2. ok Lir = 94.48/d = 94.48/1.317 = 72 > 66 ok 
r r 


Lmax = (62.54)r = 18.47 in. = 469mm < 


Wood Columns 


When solving the problems for wood columns, assume that the columns 
are constructed of sawn lumber (c = 0.8 and K.g = 0.3) and have 
pinned-end conditions. Also, buckling may occur about either principal 


axis of the cross section. 
Problem 11.9-29 A wood post of rectangular cross section (see figure) Tq 
TE 


is constructed of 4 in. X 6 in. structural grade, Douglas fir lumber 
(F. = 2,000 psi, E = 1,800,00 psi). The net cross-sectional dimensions 
of the post are b — 3.5 in. (see Appendix F). 
Determine the allowable axial load Panow for each of the following Probs. 11.9-29 through 11.9-32 
lengths: L — 5.0 ft, and 10.0 ft. 





di 
AF, 
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908 CHAPTER 11 Columns 


Solution 11.9-29 Wood post (rectangular cross section) 








F. = 2,000 psi E = 1,800,000 psi c = 0.8 a 
K, 203 b-35in h-55in d=b - 
| Ld 17.14 
Find P e 
SEP p 0.9188 
KyE 
Eq. (11-94): 6 = —=— Cp 0.6610 
F (Leld) Panow 25.4 k 
] "NE 
Eq. (11-95): Cp = 1-5. — "EI ae 
26 26 C 


Eq. (11-92): T^ dom = F.CpA = F..Cpbh 


Problem 11.9-30 A wood post of rectangular cross section 
(see figure) is constructed of structural grade, southern pine lumber 
(F. = 14 MPa, E = 12 GPa). The cross-sectional dimensions of the post 
(actual dimensions) are b = 100 mm and h = 150 mm. 
Determine the allowable axial load Py, for each of the 
following lengths: L — 1.5 m, 2.0 m, and 2.5 m. 


Solution 11.9-30 Wood post (rectangular cross section) 








F. = 14 MPa E — 12 GPa L, 15m 
c=08 Kp = 0.3 
Id 15 
b — 100 h — 150 d-—b e 
m e ó 1.1429 
Find Ilo C P 0.7350 
KE Ibn 154 kN 
Eq. (11-94): p = —“— É 
F(L//d) 
1+ 1-6! 
Eq. (11-95): Cp = ? | 2 = 
2c 26 c 


Eq. (11-92): Filson = F.CpA = F’.Cpbh 


Problem 11.9-31 A wood post column of rectangular cross section 
(see figure) is constructed of 4 in. X 8 in. construction grade, 
western hemlock lumber (F. = 1,000 psi, E = 1,300,000 psi). 
The net cross-sectional dimensions of the column are b = 3.5 in. 
and h = 7.25 in. (see Appendix F). 

Determine the allowable axial load Panow for each of the 
following lengths: L — 6 ft 8 ft, and 10.0 ft. 








dh 
ar 


7.5 ft 


29.71 
0.4083 
0.3661 

14.1 k 


0.4114 
0.3684 
71 KN 
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Solution 11.9-31 


F. = 1,000 psi E = 1,300,000 psi 
Kœ = 0.3 b=3.5in. h = 7.25 in. 
Find Pillow 
K.E 
Eq. (11-94): $ = ——— 
F (Ld) 





CIS 
LA 





Wood column (rectangular cross section) 


— 0.8 
C L. 
d=b 
Leld 
h 
Cp 
Falow 








Eq. (11-95): Cp = 





SCENE 
26 20. 


| - 


Eq. (11-92): P Now = F.CpA = F..Cpbh 


i 
C 


Problem 11.9-32 A wood column of rectangular cross section 
(see figure) is constructed of structural grade, Douglas fir lumber 
(F. = 12 MPa, E = 10 GPa). The cross-sectional dimensions of the 
column (actual dimensions) are b = 140 mm and h = 210 mm. 
Determine the allowable axial load P,j,,, for each of the 
following lengths: L — 2.5 m, 3.5 m, and 4.5 m. 


SECTION 11.9 Aluminum Columns 


909 


Solution 11.9-32 Wood column (rectangular cross section) 
F.=12MPa E=10GPa c=08 K,g 03 


b= 140mm h=210mm d=b 








Find Panow 
KE 
Eq. (11-94): = 
Í ý Fdd 
1+ o 1+ a 
Eq. (11-95): Cp = = we | 
q. ( ) P 2c | 2c 
Eq. (11-92): T Wow = F.CpA = F..Cpbh 


b 
C 


Problem 11.9-33 A square wood column with side dimensions 
b (see figure) is constructed of a structural grade of Douglas fir for 
which F, = 1,700 psi and E = 1,400,000 psi. An axial force 


P = 40 k acts on the column. 


(a) If the dimension b = 55 in., what is the maximum allowable 


length Lmax of the column? 


(b) If the length L = 11 ft, what is the minimum required dimension bmin? 


6 ft 8 ft 10 ft 
20.57 27.43 34.29 
0.9216 0.5184 0.3318 
0.6621 0.4464 0.3050 
16.8 k 11.3k 7.1k «— 
2.5m 3.5m 4.5 1 
17.86 25.00 32.14 
0.7840 0.4000 0.2420 
0.6019 0.3596 0.2284 
212 kN 127 kN 81 kN €— 


AW 


Probs. 11.9-33 through 11.9-36 





EX 
ar, 
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910 CHAPTER 11 Columns 


Solution 11.9-33 Wood column (square cross section) 

















F. = 1,700 psi E = 1,400,000 psi c = 0.8 (b) MINIMUM DIMENSION J,,;, for L = 11 ft 
= 0. = L L 
A desde Trial and error: — = — 
d b 
(a) MAXIMUM LENGTH Lmax FOR b = d = 5.5 in. 
KE 
P — — 
From Eq. (11-92): Cp = Lg 0.77783 FÁLldy 
Fob 
2 
From Eq. (11-95): LM SE E oe 
P 
jud iter 3 1.6 1.6 0.8 
pcc re | 1.6 | — 08 P = F,Cpb 
Trial and error: œ = 1.3225 Givenload: P — 40k 
F Eq. (11-94): — = = 13.67 E a 
rom Eq. ( ) 1 OF, Trial b ru p Cp P 
La = 13.67d = (13.67)(5.5 in.) (in.) (kips) 
= 75.2 in. 6.50 20.308 0.59907 0.49942 35.87 


6.70 19.701 0.63651 0.52230 39.86 
6.71 19.672 0.63841 0.52343 40.06 


Din = 6.71 in. > 


Problem 11.9-34 A square wood column with side dimensions b 
(see figure) is constructed of a structural grade of southern pine for 
which F, = 10.5 MPa and E = 12 GPa. An axial force P = 200 kN 
acts on the column. 


(a) If the dimension b =150 mm, what is the maximum 
allowable length Lmax of the column? 

(b) If the length L — 4.0 m, what is the minimum required 
dimension bmin? 


Solution 11.9-34 Wood column(square cross section) 





F. = 10.5 MPa E=12GPa c=0.8 Trial and error: @ = 1.7807 
Kg = 0.3 P = 200 kN 
(a) MAXIMUN LENGTH Lq44FOR b = d = 150 mm L Kegk 
max From Eq. (11-94): —= = 13.876 
p d \ oF, 
a E um COM a Z. Lmax = 13.876 d = (13.876)(150 mm) 


C 


From Eq. (11-95): —20e du ë = 








2 
Cp = 0.84656 - 19 — =e] "E. 


1.6 








dh 
ar. 
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(b) MINIMUM DIMENSION bnin FOR L = 4.0 m LL 
L L K sE Trial b E Cub p Cp P 
Trial and error: — = — — — d b 
d b FL/d) (mm) (kN) 
2 
"Luo E + d 09 180 22.22 0.69429 0.55547 189.0 
1.6 1.6 0.8 182 21.98 0.70980 0.56394 196.1 
P= F.Cpb? 183 21.86 0.71762 0.56814 199.8 
184 21.74 0.72549 0.57231 203.5 
Given load: P = 200 kN AGMEN MM MM MME NNNM 
. Dyin = 184mm < 
Problem 11.9-35 A square wood column with side dimensions b 
(see figure) is constructed of a structural grade of spruce for which 
F, = 900 psi and E = 1,500,000 psi. An axial force P = 8.0 k acts 
on the column. 
(a) If the dimension b = 3.5 in., what is the maximum allowable 
length Lmax of the column? 
(b) If the length L — 10 ft, what is the minimum required 
dimension bmin? 
asi Solution 11.9-35 Wood column(square cross section) 
F. = 900 psi E = 1,500,000 psi c = 0.8 (b) MINIMUM DIMENSION bmin FOR L = 10 ft 
Kern =0.3 P-—80k L L K.E 
Trial and error. — = — $6 = : 
(a) MAXIMUM LENGTH Lmax FOR b = d = 3.5 in. d b F(Lld) 
P 1T46 1+¢/( h 
From Eq. (11-92): Cp = —— = 0.72562 Cp = = | | ae 
i P Rp? P^ 16  WN| 16 0.8 
From Eq. (11-95): P = F.Cpb? 
1+ 1+¢/? i .P = 
Cp = 0.72562 = p | 2 099 Given load: P — 8000 Ib 
1.6 1.6 0.8 
L L 
Trial and error: d = 1.1094 Trial b F = b o Cp P 
In. l 
t. WEE Gn.) (Ib) 
From Eq. (11-94): — = = 21.23 
d OF. 4.00 30.00 0.55556 0.47145 6789 
Lp 0139 4.20 28.57 0.61250 0.50775 8061 


4.19 28.64 0.60959 0.50596 7994 
"o ba = 4.20in. = 


= (21.23)(3.5 in.) = 743 in. — 





as 
ar, 
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Problem 11.9-36 A square wood column with side dimensions 5 
(see figure) is constructed of a structural grade of eastern white pine 
for which F, = 8.0 MPa and E = 8.5 GPa. An axial force P = 100 kN 
acts on the column. 


(a) If the dimension b = 120 mm, what is the maximum allowable 
length Lmax of the column? 

(b) If the length L — 4.0 m, what is the minimum required 
dimension b,,;,,? 


Solution 11.9-36 Wood column (square cross section) 

















F.—8.0MPa E=85GPa c=0.8 (b) MINIMUM DIMENSION bnin FOR L = 4.0 m 
Trial and error.— = — ee oO 
(a) MAXIMUM LENGTH Lmax FOR b = d = 120 mm d b FLld) 
P ]1T6 E t ai p 
F Eq. (11-92): = —— =Q. CQC E eee NR. AN 
rom Eq. (11-92): Cp Fp? 0.86806 p 16 16 0.8 
F Eq. (11.95): 
OnE ea P = F.Cpb? 
| tó 1*6,  ¢ 
C, — 0.86806 — ne 7 16 E Given load: P — 100 kN 
Trial and error: 6 = 2.0102 L 
Trial b — = — o Cp P 
RE L [FE l 
From Eq. (11-94): 7 — = 12.592 (mm) (kN) 
: aaa cte 
"La = 12.592 d = (12.592)(120 mm) 160 25.00 0.51000 0.44060 90.23 
164 24.39 0.53582 0.45828 98.61 
= [.51m = 


165 24.24 0.54237 0.46269 100.77 


`. bain = 165mm < 





dh 
ar, 
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Review of Centroids and 
Moments of Inertia 





Centroids of Plane Areas 


The problems for Section 12.2 are to be solved by integration. 


Problem 12.2-1 Determine the distances x and y to the centroid C of a right 
triangle having base b and altitude A (see Case 6, Appendix D). 


Solution 12.2-1 Centroid of a right triangle 
h 

| bh 

A= fas = | b(1 — y/h) dy => 
b 2 

h 3 

bh* 

Q,— | yas = | yb(1 — y/h) dy ES 

0 


- .Q. h 


A 3 





=- 
Similarly, x = 3 — 





Problem 12.2-2 Determine the distance y to the centroid C of a trapezoid 
having bases a and b and altitude h (see Case 8, Appendix D). 


Solution 12.2-2 — Centroid of a trapezoid 


h 
g,-— [yaa = | y[b + (a — b) wh) dy 
0 


3 


= Qa + b) 





c 
Width of element = b + (a — b)y/h Sce zo Ba B) 


2 
dA = [b + (a — b)y/R] dy A 3(a+b) 


h 
| h(a+b 
A= | da = | [b+ (a — b)y/h] dy eee 
g 








CEN 
E. 





913 
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Problem 12.2-3 Determine the distance F to the centroid C of a semicircle 
of radius r (see Case 10, Appendix D). 


[ROO ee Oe meee OEE Ee FONE EE T TTET EEEE E E EEE EEE EEE E E EEE EEE E EEEE EE EEEE E E E EE E E EE E E EE E EE EE E EEE E EEEE EEE EEEE 


Solution 12.2-3 Centroid of a semicircle 
dA — 2 Vr! — y! dy 

r 2 
a= |a= |2 7y =T 

0 





Problem 12.2-4 Determine the distances x and y to the centroid C of a 
parabolic spandrel of base b and height h (see Case 18, Appendix D). 


PRARRERERRRFRRERRFRERRRERTERATETERRRRRRRRRRRTRERTRRRR TA RRNTERRFERERRNETRRRERTERENTRRRRERRETRTARTAENTRRENRAATERTATEKNRTATATATERFARTETETEFTRSTA FOTRTETATTTETTATARTETVATEPTVATT IHE I" rte tbe tror dart at artt Rr tarte 





by 2 
hx bh 
a= Ja - [^ =” 
b; 3 2 
hx b*h 
= Q, 3b 
I = =~ —— 
A 4 
b 2 2 2 
1/hx*\/hx bh 
o=] a Aera) Fe 
CP Rl — 
A «I 


Problem 12.2-5 Determine the distances x and y to the centroid C of a semisegment 
of nth degree having base b and height h (see Case 19, Appendix D). 


RRETAWRERATTRRERRETARREAEMSTRRERTATTEAETETTESRRRTETRRRTERTATAERETRAARETARTAEERT A ETTRPEMTMSEMERERTETREERTERERERTARRARRERERETATERERTARRARTRERETRTRERRRRRTARERTATARRRRATARRRTRRRRRTATARWUTTTFTWATTTRENRTERSRTETARTEERTARRTAHRRREETTARAYTETASTTRETETRAEERETESTFERTETRTTRRESTSTFRATEFETAUETFTRETE T 














(n * 1)(2n * 1) 
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Centroids of Composite Areas 


The problems for Section 12.3 are to be solved by using the formulas for 


composite areas. 


Problem 12.3-1 Determine the distance y to the centroid C of a trapezoid 
having bases a and b and altitude h (see Case 8, Appendix D) by dividing the 


trapezoid into two triangles. 


Abbtenrbhtebte b bed EBERARRATARRARTATRRTAARARRARARÉEAAARRARARRRAdRRRAA CORE ET EER ETH T EEE EER ER EEE EE EEE EERE REET ETE EERE REET TEE EEE ET ESTEE E ESHEETS ESE RETESET EEE EE EEE TEESE SEER ETE ES ESTEE ESSE EEE EEE EE TEESE TRE EER EERE TEER ET EOE E ESTEE PEER TESTE ETHER ES AY 





Problem 12.3-2 One quarter of a square of side a is removed (see figure). 
What are the coordinates x and y of the centroid C of the remaining area? 


PROBS. 12.3-2 and 12.5-2 


ah — 2h bh . oh 
ah bh h 
A Y A, 2 5 904 + b) 


Q:= DYA = a(S) +4(2) -E as +b) 


Q. h(a-b) 
A  3(a-b) 








WRRRRAREETERTARTERTRRTERRRTRRTRTASKTRRRTARRRRRRTRTERAERRRRETARFRRTRARRTATATATRTARERRTARRRTRRAARRRRTATATATARRETATARRATERRERRRRERARERRRARRRRATATENAARRARRETATAARYTVATARTAWRATWAARATWRWARTATARATRARTRARTAREERETRETVENASETETATESEATSETAETEETERTETATAATETANAEETERETETT A SEE NEN THEE EAR e 


Solution 12.3-2 — Centroid of a composite area 
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Problem 12.3-3 Calculate the distance y to the centroid C of the channel 
section shown in the figure if a = 6 in., b = 1 in., and c = 2 in. 







y 


C 
acm see] Ta 
PROBS. 12.3-3, 12.3-4, and 12.5-3 2 2 


"UP RETATERPÉETETRETER EEE E SEE EEE E EE EEE EERE TEE SETHE EP rt daTthtt t bd dot heated rt EEEE EE EEE EEEE EEE EEEE EEEE EEEE E EE EET EEEE EEE EEEE EEEE EEE E E E E E E E EE E E E ES ESSE E E E E E E E E E E a E E E E E E E E E E E E E RA. 


Solution 12.3-3 Centroid of a channel section 
A, =be=2in2 y,=b+¢/2=2in. 
> á. 19 

A, = ab = 6 in.? Ya = 5 -05in. 
A= Y A, 22A, * A = 10 in? 

Q, — > yA = MA +A = 11.0 in^ 
Q. 


y-—-l10in  «4— 








Problem 12.3-4 What must be the relationship between the dimensions a, 
b, and c of the channel section shown in the figure in order that the centroid 
C will lie on line BB? Ch 


Salutian 12.3-4 Dimensions of channel section 





A,=be yy =b+e/2 

A,=ab j,=b/2 

A= Ñ A; = 2A; + A; = b(2c + a) 

Q,— YyA, = PA; + YA; = b/2(4bc + 2c? + ab) 





Q: 4be + 2c* +ab 
A 2(2c + a) 


Set y =b and solve: 2c? =ab «— 


y= 


y , 3. 
Problem 12.3-5 The cross section of a beam constructed of a W 24 X Plate 8 in. * 4 in. 
162 wide-flange section with an 8 in. X 3/4 in. cover plate welded to the 
top flange is shown in the figure. 
Determine the distance y from the base of the beam to the centroid C W 24 X 162 
of the cross-sectional area. 
C 
y 
PROBS. 12.3-5 and 12.5-5 Ó X 


BRERERARRERTRRETARTATATASEMETEEATFITETEFERTATETA AXAERRRATATARRWRATARRARERTARARTRRRARRRRRRARRARRATRREATRRARRERRARRTRRARRRTATRARRREATATRREAFRRRARRETERRRATATATARRATARAR REF RREETETERATEERTRTRRFMETATA PEE TM ara nh Prnt emarha pana aentecrtihtenoitenrtimmthie heme 
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SECTION 12.3  Centroids of Composite Areas 917 


Solution 12.3-5  Centroid of beam cross section 
W 24 X 162 A, = 47.7in.2 Á d =25.00 in. 


y, 7 4/2 = 12.5 in. 


PLATE: 8.0 X 0.75 in. A, = (8.00.75) = 6.0 in.? 
y; 7 25.00 + 0.75/2 = 25.375 in. 
A= X A= Á; tA; = 53.70 in? 

y Q= XA, =A + YA; = 748.5 in? 


y= = 1394 in. — 


Problem 12.3-6 Determine the distance y to the centroid C of the 
composite area shown in the figure. 





PROBS. 12.3-6, 12.5-6 and 12.7-6 120 mm 


RRRTFARRTRRARRTERETRRETATARWARRARRTRARTRRRTARTEWARRTRRTATARRRTARRERARERTARRRARRTRRTARTARAERRSRRERRRTANARERERTARRRRERETATERRRTARARREMRRRTRRETRRRRARTARETEARTATRRRRTRERRRTARFTVATRARERATRVARARATWATWVAATATATVETEARTASTERETATATAWTATEWTTTEARRETATE METER E ur AERA Ara rrt 


A, = (360)(30) = 10,800 mm? 

y; = 105 mm 

A, = 2(120)(30) + (120)(30) = 10,800 mm? 

y; =0 

A= WA, =A, +A, = 21,600 mm? 

Q.- YA = Ai + YA; = 1.134 X 10° mm’ 








E 
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918 CHAPTER 12 Review of Centroids and Moments of Inertia 


Problem 12.3-7 Determine the coordinates x and y of the centroid C of the y 
L-shaped area shown in the figure. 





PROBS. 12.3-7, 12.4-7, 12.5-7 and 12.7-7 


PU ee eee eee eee I rr ere ee eer PAERRVARERTATRERREASRERTRTATRERAERTRTPARAARTARERRRATRRTTERRTRETRRTSRARETARTAREARATATATRRTTEARMTAATATTATTARRTARETATTASTESTTTARSTATTARSAATARTTSETRATRASAESETAITAMTARTATATRRAMATRARAT E E E E E E E E aatataot saa 4 a2 hh 4sa he 4A 


A, = (6)(0.5) = 3.0 in. 
ys = 3.0 in. X5 = 0.25 in. 
A= >A, =A, + A, = 4.75 in.’ 


y,7025in  x,-225im. 


O,= Yx,A, = XiA, + X)A; = 4.688 in. 





S dO 
x=—=0.99in.  «— 
A 
Q. " Y A = yA, + yA, - 9.438 in.? 
5 = 2 = 199i. — 


Thickness ! = 0.5 in, 


Problem 12.3-8 Determine the coordinates x and y of the centroid C of the 
area shown in the figure. 





?90111921722277?7722 312412? 2234242 2422 A242 RA2R AERA ARR AZARARRARARRRARARAARRARARARAARRARAAARAARARARARAAARARARARAAARZARAZARAARARARARSSTARRSZSARIARRTSIRAIISTISISTTATITTSTETRARORTSATTETTETEETEETITTETETSETARTTUTIETETIPRTUTSETOSTSTESTSETSUTEPTSITETTISTERERUTTIRI ga tht nra tate teeter er tees pq 
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Solution 12.3-8 Centroid of composite area 





A, = large rectangle 

A. — triangular cutout 

A, = A, = circular holes 

All dimensions are in millimeters. 
Diameter of holes = 50 mm 

Centers of holes are 80 mm from edges. 


A, = (280)(300) = 84,000 mm? 
x,-—150mm  y,-140mm 


SECTION 12.4 Moments of Inertia of Plane Areas 


A, = 1/2(130)? = 8450 mm? 
X, = 300 — 130/3 = 256.7 mm 


y, = 280 — 130/3 = 236.7 mm 


PIA Lido ?- 2 
A; 4 1099) 1963 mm 


x,— 80mm  y,—80mm 

A,=1963mm? x,-220mm  y,-80mm 
A= A; = A, — Az — As — A, 7 71,620 mm? 
O, = >) XA, =* Ay — X343 — 4543 Aa 


= 9.842 X 10° mm? 
~- Q, 9.842 x 10° 
= — = m 4— 
x F 71.620 137 mm 
g, DS yA: =A = yaÀa — y3À3 — YA; 
= 9.446 X 10° mm? 
- Q, 9446 x 10° 
eg ee TO Em = 
PA We emm 


919 





Moments of Inertia of Plane Areas 


Problems 12.4-1 through 12.4-4 are to be solved by integration. 


Problem 12.4-1 Determine the moment of inertia J, of a triangle of base b 


and altitude A with respect to its base (see Case 4, Appendix D). 

















12Chl2.qxd 9/30/08 7:18 PM Page 920 D 


920 CHAPTER 12 Review of Centroids and Moments of Inertia 


Problem 12.4-2 Determine the moment of inertia /,, of a trapezoid having 
bases a and b and altitude h with respect to its base (see Case 8, Appendix D). 


WORRERRTASSTASARSARARRATRRATATATATATVARERRERERTRARVRTTTTTTTATATARARTARVATRARARARAATATATATATVERRERETTRETTTTTATTATARARSARVARARRTATAAZATATATATRVATRWHRRARWARTAWEFVYTTTATATAWVA*"WARARAWRWAARAATTAATAATTWARMARRARARTVAWAWTTETTATASNARARARARARRARTATATATATVATSERRERARARTETTTTATTATATATARVARARATATATTZRKZSAZTATATWWA Aw 


Width of element 


=a+(b-a—*) 


dA = [a+ -af =) la 
Iss = [a = GE *(b— a(- 2) dy 


$ h(3a +b) 














12 
Problem 12.4-3 Determine the moment of inertia Z, of a parabolic spandrel 
of base b and height h with respect to its base (see Case 18, Appendix D). 
Solution 12.4-3 Moment of inertia of a parabolic spandrel 
Width of element 
y 
x=b Ji 
= b(1 — Vy/h) 


dA = b(1 — Vy/h) dy 





h 3 
I, [yas | yva = VyTh) dy == — 
0 


Problem 12.4-4 Determine the moment of inertia I. of a circle of radius 
r with respect to a diameter (see Case 9, Appendix D). 


WÉFSTMAMRAEZSRTARRAATERTRRTATTATRATRAREARARAARAR E A deh teh er hme ura ptr nare rrr marem rb nme mE" hk hh hhh I EEEREFTTSRTETTERTERETTATETETETTARSTTETETFRRETRRETTEPFETITAPRRRRARRTRRRRERRRRITE REY 


Width of element = 2 Vr? -y 
dA =2Vr? — y dy 


I, — [yas = | y(2 Vr? — y?) dy 


-" 


nri 
= — m 
4 
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SECTION 2.4 Moments of Inertia of Plane Areas 921 


Problems 12.4-5 through 12.4-9 are to be solved by considering the area 
to be a composite area. 


Problem 12.4-5 Determine the moment of inertia Ipp of a rectangle 
having sides of lengths b and A with respect to a diagonal of the rectangle 
(see Case 2, Appendix D). 


Solution 12.4-5 Moment of inertia of a rectangle with respect to a diagonal 
L — length of diagonal BB 
L- Vb +k 


h, = distance from A to diagonal 88 
Triangle BBC: sina — : 

h 
Triangle ADB: sin a — hy =hsina=—- 


I, = moment of inertia of triangle ABB with respect 





to its base BB 
From Case 4, Appendix D: 
pU. Lu Er 
ET 4%) NA 122 
For the rectangle: 
b?n? 


Is TT e + WF) 





Problem 12.4-6 Calculate the moment of inertia /_ for the composite 
circular area shown in the figure. The origin of the axes is at the center 
of the concentric circles, and the three diameters are 20, 40, and 60 mm. 





EEE EERE EEE EERE EEE EE EEE EE EEE EEE EEE E EEE EEE REET EERE EEE EERE EE EEE REESE EE TEER EEE EEE EEE EEE EEE EEE EEE EEE EE EOE EE EEE EE EEE EEE EE EEE EEE EEE EEE E EE EE EE EEE EEE EEE TEETER EE PERE TEE EE EE EEE ETE TERT ET PTET rrr Oe TE Tere ee 


Diameters = 20, 40, and 60 mm 


d? 
I, T (for a circle) 


TE À 4 4 4. (90 
L z4 (60) (40)" + (20)"] 


1, =518 x 10? mm*  «— 








A 
VY 
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922 CHAPTER 12 Review of Centroids and Moments of Inertia 


Problem 12.4-7 Calculate the moments of inertia /, and Z, with respect to 
the x and y axes for the L-shaped area shown in the figure for Prob. 12.3-7. 


POT TTT LELILE LILO LEE ee eh rs 


l s L + l 
==(3.5)(05)° +=(05)(6) 


—3236.in* + 
6 in. I, 7 I +l, 
l 1 
= 300-5 (4)? + 3(5-5)(0.5) 


=109in* <— 





. E O 





Thickness r = 0.5 in. 


Problem 12.4-8 A semicircular area of radius 150 mm has a rectangular 
cutout of dimensions 50 mm X 100 mm (see figure). 

Calculate the moments of inertia /, and /, with respect to the x and 
y axes. Also, calculate the corresponding radii of gyration r, and r. 








Q 
50 | 50 
mm| mm 
150 mm 150 mm 


PPE OOS rr rdrarRHAFPRARRTFRRETEPRTATTFETSIRETVTSTARATEFENUTEETTEFETETSETETE FAT utra ESE TEESE TEETER ET ETE TEESE EES OETEEE EEE EEEEHEEEESEELESEES EEE EEESEEEESEEEE REESE SEDIES ESE ES EEEES SELES SESE SESE TELE SS ESE SS ESE ESEEEEE EE SES ESOS ERE ES 


UP 


All dimensions in millimeters 


r=150mm 6=100mm h = 50 mm 
m^ _ bh? 


L z Us) semicircle T. (Lz) rectangle = Tg 3 
= 194.6 X106 mm*^ + 





I=] o— 
50 | 50 T $25 
mm, mm Tr? 
A — —— — bh = 30.34 X 10° mm 
150 mm (50 mm 2 
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SECTION 12.5  Parallel-Axis Theorem 923 


Problem 12.4-9 Calculate the moments of inertia 7, and /, of a W 16 x 100 
wide-flange section using the cross-sectional dimensions given in Table E-l, 
Appendix E. (Disregard the cross-sectional areas of the fillets.) Also, calculate 
the corresponding radii of gyration r, and r, respectively. 


Solution 12.4-9 Moments of inertia of a wide-flange section 
All dimensions in inches. 
l 1 
= — bæ- — (b-t — 2t) 
l l 
2-5 (10.425)(16.97)? — 159.840) (15.00) 


= 1478 in.* say,  1,-—1480in* +— 


1 l 
—2|— |b + — (d — 21211 
h 1 Cz)u ia 4 ~ pt 


= = (0.985)(10.425)? + H 15.00) (0.585)? 





= 186.3 in.* say, /,=186in* + 
W 16 x 100 d=16.97 in. Å = 2(bt,) +(d- 29r, 
t= buey = 0.585 in. = 2(10.425)(0.985) + (15.00)(0.585) 
b = 10.425 in. = 2931 in? 
i Ir = laange = 0.985 in. 2 V I,/A — 7.10 in. m" 
ra= V L/A = 2,52 in, P1 





Note that these results are in close agreement with 
the tabulated values. 





Parallel-Axis Theorem 


Problem 12.5-1 Calculate the moment of inertia /, of a W 12 x 50 


wide-flange section with respect to its base. (Use data from Table E-l, 
Appendix E.) 


*999$4492292944429$4998$9452099400^94090 0 44 4o bor tbe tribe t rr dett thor d rotat ert ba rtr egt ttt rre gr tdt tht bd etr bo dtt ETE EEEEE SEES rb qet todo the deo boss BESEE SEEDS ESELESESES hd ash EELEESESEESEESESESE SEE SE SD tt 


Solution 12.5-1 Moment of inertia 


WI2x50 J, =394in* A=14,7 in? 
d = 12.19 in. 


d 2 
= 394 + 14.7(6.095)* = 940 in*  —— 








E 
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924 CHAPTER 12 Review of Centroids and Moments of Inertia 


Problem 12.5-2 Determine the moment of inertia /, with respect to an 
axis through the centroid C and parallel to the x axis for the geometric 
figure described in Prob. 12.3-2. 


SENTAERERESRERENEEATRREERSTATATTRATAETRTRAETETETATRTATTAREREARATTARARRATARARAARRRTRAAATARTATATARARAAEAERARARERARAOREATRRATATAREART TA ERA HH HPWREYTYERTTRERTETETFRTATERFEFEVARERERRATARRERRROERRERARRERRRRR T TETTRRYT RWAEERTATANEREAFERESATRREEATTREEFETAETERERTT P TTY 








A 23a? /4 
y =5a/12 
_l/a\, AA 3a* 
= (Fe 3\2/\2 16 
1, =1,.+ AY 
=l, L-4} = 3k _ 32 (2) 
4 1606 4 12 
_ Ma* 
192 





Problem 12.5-3 For the channel section described in Prob. 12.3-3, 
calculate the moment of inertia / i with respect to an axis through 
the centroid C and parallel to the x axis. 


SAN hn YE ATRATARATASARARATAAETERTATARERTA RETE NI TEEEEREMETRTREFERTEFETIREREARTRRESERERTEFRETRIFFRATRERRRATEORARRVEUARERERRERRRERRARERERARARRRHTRRÉETARRETETEREATATRREATREQESREREARA4VORPARAREAROPEFT OPERE HOPEPAETPETETREPLFFETOESETROTEPRREORERERETRREREREASHEREREO EAE: 


From Prob. 12.3-3: 

A = 10.0 in,” 

y ^ 1.10 in. 

L = V3(4)1 + 2(U3)(1)3) = 19.33 in.* 

I, =1,.+ AY 

L. = I, — Ay’ = 1933 — (10.0)(1.10)? 
=7.23in4 — 





3 in. 








Problem 12.5-4 The moment of inertia with respect to axis 1-1 of 
the scalene triangle shown in the figure is 90 x 10? mm‘. Calculate 
its moment of inertia /, with respect to axis 2-2. 


EESEESTRSETETRREARHATRAATRREAATRR ARRA TREE Fr HERHARAETERETTATEFERETFRRRRRFETERERERRRRRRRTRRRARRRRERERERERRRRRRATERERTRTATERTRRRRERTRFORTRRAEFTESTrESOTATA TS PRAMES PELE EEEEEE EEE LEER TEETER REET EERE EERE REET EET EE EEE TEER EEE EERE EEE EEE EEE EERE Pun eRe ro hers 


b=40mm /,=90X10?mm* /, = bh?/2 
| 3/121 
h h= > 730mm 


I, = bh3/36 = 30 X 10? mm* 
L, = 1, + Ad? = I, + (bh/2) d? = 30 x 10? 


E =(40) (30) (25)? =405X10'mm* <— 





E 
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SECTION 12.5  Parallel-Axis Theorem 925 


Problem 12.5-5 For the beam cross section described in Prob. 12.3-5, 
calculate the centroidal moments of inertia 7, _ and I, with respect to axes 
through the centroid C such that the x, axis is : parallel to the x axis and 
the y, axis coincides with the y axis. 


P *ARRTARRATERRÉATARRETATARRATRREARTARRARTRTATATATRRATTAAAARRATARFTRATATARASETETARTETATATA"TVA SEER REESE EEE EERE EEE EEE EERE EERE EERE TREE E EEE EEE EEE REET EEE E EERE EEE EEE EERE EE EE EE TERRE EET EE EE EERE EEE EERE REET EEE EEE EEE REET HET ETHER E EE SE EERE E EERE R ERE R ETRE ER EE 





3. PLATE 
8X qin 
I". = 1/12(8)(3/4)? + (8)(3/4)(d + 3/8 — yy 
C = 0.2813 + 6(25.00 + 0.375 — 13.94)? 
W 24 x 162 = 0.2813 + 6(11.44)? = 785 in.* 
; Xe I" = 1/12(3/4)(8)! = 32.0 in." 
y ENTIRE CROSS SECTION 
1,21, I", = 5269 +785 =6050in*  — 
Oo X 
La, di P a - -í 
From Prob. 12.3-5: I. = I. T D = 443 + 32 = 475 in. — 


y = 13.94 in. 

W24x162 d-2500in d/2=125in. 
1 25170in* A477 in? 

1, = I, = 443 in.^ 


I’. =l, +A — d/2)* = 5170 + (47.7)(1.44)* 
Eum = 5269 in.* 


a= h= 443 in.* 





Problem 12.5-6 Calculate the moment of inertia /. with respect to an axis 
through the centroid C and parallel to the x axis for the composite area shown 
in the figure for Prob. 12.3-6. 


RAARERRARRRARRATRRARRARTRARRERERERTATRTERREATRRERTTATRRATETAETRTARRATAREARATRRARRRRRTMRRARAERERERARRRRRTRRRATAERETRRRRATEARRATATRERRRTRRARTRARATARARRRRARARRTARTERRTRRTATARARERERTARRARRARARRRARARERRRERTRRARARTARARTARARARATERATEFRATETMARTTAREITARFFRREFTARARTRRYATEYATETESTAT ETT ET NT A» * - 


Solution 12.5-6 Moment of inertia 
From Prob. 12.3-6: 
y=52.50mm  *-30mm A -21,600 mm* 
A,: I, = 1/12(360) (30)? + (360) (30) (105)? 
= 119.9 x 10°mm* 
A: 1, = 1/12(120) (30)? + (120) (30) (757? 
= 20.52 X 10°mm* 
Ay: I, = 1/12(30) (120)? = 4,32 X 105 mm* 
A,: I, = 20.52 x 105 mm* 





ENTIRE AREA: 

L= %1, = 165.26 X 105 mm* 

I, = I, — Ay! = 165.26 x 10° — (21,600)(52.50)? 
—-106x1095mm* + 








E 
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926 CHAPTER 12 Review of Centroids and Moments of Inertia 


Problem 12.5-7 Calculate the centroidal moments of inertia 7, and J, 
with respect to axes through the centroid C and parallel to the x and y axes, 
respectively, for the L-shaped area shown in the figure for Prob. 12.3-7. 


FOOSE EERE EERE EE ERE EEE EERE REESE RETEST EE EERE TEER EEE EEE TEEN EEE EEE EE EEE EE EE EEE EEE EE EEE EEE EEE EERE EE EERE EE TEE EE EEE EEE EERE EEE E EERE ETRE EET EEE EE EERE EE EEE EEE EEE EEE EOE EEE EEE EET O EEE TEER EEE TEE OEE TTL eee TORT Hee ET Pee eT eee eer AT I. 


From Prob. 12.3-7: 

t=0.5in A = 4.75 in? 

y = 1.987 in. 

x = 0.9869 in. 

From Problem 12.4-7: 

1, = 36.15 in. 

I, = 10.90 in.* 

y 

IL = I, — AY’ = 36.15 — (4.75) (1.987)* 
-1740in* «— 

l, = 1, — A = 10.90 — (4.75)(0.9869)* 
—627in* = 





Problem 12.5-8 The wide-flange beam section shown in the figure 

has a total height of 250 mm and a constant thickness of 15 mm. 
Determine the flange width b if it is required that the centroidal 

moments of inertia /, and J, be in the ratio 3 to 1, respectively. 





MREREFRRERRTERRRARRERTRATERR T "Ere E EERE EEE ERE ERE TER eee REE REET ERTS TREE ETRE EERE EERE TREE EEE EE EERE EEE EE EEE EEE EERE EERE ETE EEE EEE ERE EE TEER EEE EEE EEE EEE EERE EEE EERE EEE TEETER ESE EEE EEE EEE EE EEE EEE EE EEE EEE EEE TERETE EEE OTE RHEE T 


All dimensions in millimeters. 
i= 2. (b)(250)! — es (b — 15)(220)° 
D 12 
= 0.4147 X 1065 + 13,31 x 10° (mm)* 
L=2 (=) (15)(by + t (220)(15)° 
, 12 12 
z2.5b? + 61,880 (mm*) 





Equate 7, to 37, and rearrange: 


7.5 b? — 0.4147 X 106b — 13.12 X 106 = 0 
t=15mm b = flange width Solve numerically: 


b-250mm + 








E 
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Polar Moments of Inertia 


Probiem 12.6-1 Determine the polar moment of inertia /, of an isosceles 
triangle of base b and altitude A with respect to its apex (see Case 5, Appendix D) 


RRAERSTATAMZ-TARREEFRREVTWAERTARVTATARHAARAAERTATAVYVAWTARRTAT EEE EEE EERE EE EERE EE EEE EERE EERE EE EE FWATERRARERAAMTRRTITATRRTERRATAWATARSRARAEARRATRRRARATRRRAAARARÉE ARR ARRAATARAAEATARTETRTAARTATAARATAETARTATATARETARTRATETRRATATRRTSTARRTARTATATTARATRAREAARARRA AERA RAATRRRARR EEE ERE 4A. Tar 


Solution 12.6-1 Polar moment of inertia 


Nid POINT À (APEX): 
any 
I, Unde A(.) 
2/3h 3 
h bh bh /2hV 
CECI 
qe ty tS 
_ bh 2 2 
: p= ag P + 12h)  — 


PoiNT C (CENTROID) FROM CASE 5: 


= — =- 
(lp): 144 (4h* + 3b") 


Problem 12.6-2 Determine the polar moment of inertia (/ p)c with 
respect to the centroid C for a circular sector (see Case 13, Appendix D). 


&*WFFEWARATWEARETTWARWRATWATARRARARRRRTRERTARATARERRRRTRRRRRRRERRRRTATRRRTRERERERTRRRROERERRERAARRRRERTERRERTARTRRTRATARAREARRRRRRRRRTARRRRTRRRRRRERRRRRRETATERTRRMARERRRTRRTRRTRRERRRRRRRERERRRRRARETAREREARTARERERRARRAREERERRRRARATARRRERREARARARARRRRRRATRREMTRMAMERERTMTTMT* 


2r sin a 
3a 


> 








y= 


POINT C (CENTROID): 





ea er 2r sin a y 
plc = Uno - AP =F aP(=SE) 
POINT O (ORIGIN) FROM CASE 13: r* 
18a 





(90^—8sin'a) — 


4 
ar 
Up), 242754 


2 (a = radians) 


Problem 12.6-3 Determine the polar moment of inertia /, for a W 8 X 21 
wide-flange section with respect to one of its outermost corners. 


SRERREARERERRRRERRAREARRARRARTARAERENTTAPERETATRWVATATATARARERRATARTAREREÉETARRRAATARTAAMTARTANARATARRTIARTAREAARRRRARARAARTRORAARTARRATRRTARARRRRRATARATARATATARAATARRASRRAARRRRTATRRRTATATAZVRRAATATRATAAATATRATARRARTTITARARRAMSERERTATTMAETRAARTARARERATAT TATERAT REET EER EEE EERE Oe 


Solution 12.6-3 Polar moment of inertia 

W8X2l 1,2753in* 1,=977in4 

A = 6.16 in.? 

Depth d = 8.28 in. 

Width b = 5.27 in. 

l1. — 1, + A(d/2)? = 75.3 + 6.16(4.14)* = 180.9 in." 


I, = I, + A(b/2)? = 9.77 + 6.16(2.635Y = 52.5 in. 


ip=1,+1,=233int «— 
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Problem 12.6-4 Obtain a formula for the polar moment of inertia /, with 
respect to the midpoint of the hypotenuse for a right triangle of base b and 
height h (see Case 6, Appendix D). 


***hedaah POsRRATATATRWRAATATAAZ VP és. EEAARARÁAARARAARATÉAEE*"AETETTTECRETTEBRTRRERTARERERRTARRTATERTRTAETETRTARTRRRREMRETRRRRRTERTRTATAEAHTAETARTRRTRTRRTATERTRATRATRETRRRRETERARTARTARRARTATAERTRARTRTARRTRRARATARTRRTRRTARTERTARTATREWTRTRRERRARRRRRRTATAERARRATA Mother" hhhs ratto 


PONT P: 


Ip = (Ip), + Ad? 


a= (2-2) + (2-4) 
2 3 = «a 


b ke b xe 
36 36 36 














bh bh | b? + h* 
Ip = cO Bh + 
PoiNT C FROM CASE 6: 36 2\ 36 
bh, bh 24 42 
Up). == (K +b") 24 vey Cg 
36 
Problem 12.6-5 Determine the polar moment of inertia (/,). with 
A> respect to the centroid C for a quarter-circular spandrel (see Case 12, 
Appendix D). 
POINT C (CENTROID): 
57 
I= -a7 =(1 -> j 
~ afa 16 


EE (10 — 3mr [2 
(i aal d 


COLLECT TERMS AND SIMPLIFY: 





= (Heb) 
“c 144 4-7 

l „=l (by symmetry) 
- 10— 37 

Plc X ate 4—T 


2. 





E 
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Products af Inertia 


Problem 12.7-1 Using integration, determine the product of inertia /... for the 
parabolic semisegment shown in Fig. 12-5 (see also Case 17 in Appendix D). 


bksrasiskhazajrazdcormaddmbbkrmtéjrrad2chbjrspbsahbdanaRdzkdetRbresbisahdkdas$daskacka ddrhéhirkanriska aa ee ee eto Dee ee tre ere te. tee ee ee. eee ee ee ee eee R EG eT R ER ER ER EUER ERR " 


Solution 12.7-1 Product of inertia 
Product of inertia of element dA with respect to axes 
through its own centroid equals zero. 
2 
dA =ydx - (1 -)e 
dl, = product of inertia of element dA with respect 
^ t0 xy axes 
dr dy 
Parallel-axis theorem applied to element dA: 
dl, = 0 + (dA)(d,d,) = (y dx)xXy/2) 





Ef xv b? 
I - [a => (1-5) a 
VP os apr b? 12 


Problem 12.7-2 Using integration, determine the product of inertia Z, 
for the quarter-circular spandrel shown in Case 12, Appendix D. 


Solution 12.7-2 Product of inertia 


ELEMENT dA: 


d, = distance to its centroid in x direction 
=(r+x)/2 

d, = distance to its centroid in y direction = y 

dA = area of element = (r — x) dy 

Product of inertia of element dA with respect to axes 

through its own centroid equals zero, 

Parallel-axis theorem applied to element dA: 


Ar 
dL, = 0 + (dA) (dds) = (r = x)» —— o» 





EQUATION OF CIRCLE: 


Lo l y 
x4 (y— n= Pr? ME ydp dead EL) 


orr? —x? — (y — rye " 
r 

- L = 
24 


lg = va| y(y — n'dy- 
U 








E 
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Prohlem 12.7-3 Find the relationship between the radius r and the y 
distance b for the composite area shown in the figure in order that 
the product of inertia 7... will be zero. 


RRRERRRAZARERRERTRRRATERATRRRAETERTAATARERRSTARTARRTRRRRETRRTTRRRATERRTRTATRTAERRRATRAERERTARATRETRATSTARATTATAWTATATATEATTETTTRRTTATSTMTVTRWYTAATTWTTTATTUTMATAETYTTSMFTATRU ROOF PLC RRHARORFIRATOAHURRHAOHRORTYURLRIACHR ee ee TETEE TETEE 


Solution 12,7-3 Product of inertia 








C = centroid of SEMICIRCLE (CASE 10); 


semicircle A =æ aN + Ad d; 


; 
2 

Tr 4r 

Xe ].,, +0 Aw d, =F h= —1- 


EE. "o (7o ()- 5 


COMPOSITE AREA (/ == 0) 
TRIANGLE (CASE 7): 


b*r? 729^ 

ER b2ry br? mE c SY unma 2e 

» 924 24 6 
Problem 12.7-4 Obtain a formula for the product of inertia /, , of the , 
symmetrical L-shaped area shown in the figure. f 

b 
I 
— G 
L3. 
Solution 12.7-4 Product of inertia 
AREA 2: 


(55), 7 1, y, + Add 
=0+(b- ooa) 


t° 2  ,2 
=—(b*-t 
a? ) 


T 
t 
Q | b ti COMPOSITE ÀREA: 


r 
Ly = a) + Ug), = TQ) =P) — 








E 
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Problem 12,7-5 Calculate the product of inertia /,, with respect to the cen- 
troidal axes 1-1 and 2-2 for an L 6 X 6 X | in. angle section (see Table E-4, 
Appendix E). (Disregard the cross-sectional areas of the fillet and rounded 
corners.) 


FOES OEE VTRPTAT WP TATE E ST REE EE ETUR TTE EERE EEE amr EAT Erat EE TEREE HE IIHEAARRERRET E TETTE AE OEE ESS ETE EEE EEE EA EEEE EEE EERE ATA prd atram 


Solution 12.7-5 Product of inertia 


Coordinates of centroid of area A, with respect to 1-2 axes: 
d; = — (x —0.5) = — 1.3636 in. 
d, = 3.0 —y = 1.1364 in. 
Product of inertia of area A, with respect to 1-2 axes: 

12 = 0+ Add; 

= (6.0 in.?)( — 1.3636 in.)(1.1364 in.) = 9 2076 in.^ 

Coordinates of centroid of area A. with respect to 1—2 axes: 
d, — 3,5 — x = 1.6364 in. 
d,= — (y — 0.5) = —1.3636 in. 
Product of inertia of area A, with respect to 1-2 axes: 





All dimensions in inches. 
A, = (6)(1) = 6.0 in.* 


A, = (5)(1) = 5.0 in? ‘2 =O+A;d\d; 

A=A, +A, = 11.0 in? = (5.0 in.*)(1.6364 in,)(—1.3636 in.) 

With respect to the x axis: = —11.1573 in.4 

Q, < (6.0 n2 (57) = 18.0 in.? ANGLE SECTION: I = In + It, = —20.5 in.* : 


Xp- 0, = (5.0 in SL) 225m 


- Q,*Q, 205in/ | 
WR SN MO EET TT 
Ld 110 in2 = 


x — y = 1.8636 in. 





Problem 12.7-6 Calculate the product of inertia /_, for the composite area 
shown in Prob. 12.3-6. 


CREE EERE EEE TERT EEE Ee EERE FREE HEE T TRREASTTPRARARREAAThRÀITRRRRASRTTRRAEATRTMRAERSTTAREATARPEATRRARTRRRAERRARTAARASRARTATRATATPRAWARTATATATATATVETVARTARERARTRETRARARTARTTRTARAMTARTATATARTRTTRTRERAMTERTSERTSTERTETRTRERTTRTATESTATETETATSETETAEETETT S Tanta t at "aho tht 


AREA A): CRT =0 (By symmetry) 

AREA A: (Z), = 0 + A, dd, = (90 X 30)(60)(75) 
= 12.15 X 10° mm* 

AREA A4:(L,), 7 0 (By symmetry) 

AREA A4: (1,), = (1,); = 12.15 X 109 mm* 


L, = 3, + s * Uys + 0,9, 
= (212.15 x 10° mm?) 


= 24.3 x 10°mm*  *— 





All dimensions in millimeters 

, = 360 X 30 mm A, = 90 X 30 mm 
A4 — 180 X 30 mm A, = 90 x 30 mm 
d, — 60 mm d, — 75 mm 





E 
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Problem 12.7-7 Determine the product of inertia /. „ with respect to centroidal axes x. 
and y, parallel to the x and y axes, respectively, for the L-shaped area shown in Prob. 12.3-7. 


08S ou RAE Oe 8 EERE OE EEE E OE REE EEE Re EEE E HEE EEE E EEE RHEE ERE EE EEE EERE EERE EEE EEE EEE EE EEE EE TERRE EEE EE EE EEE EE EE EERE EEE EEE EE EERE EEE EEE EEE EERE EEE EERE EERE EERE EE EEE EEE EEE EERE EEE EE EEE TERETE EE EER EE EERE EEE REE EERE ORE ROR ee ee 


With respect to the y axis: 
QO, =A,x, = (3.0 in?)(0.25 in.) = 0.75 in? 
Q- = Ax; = (1.75 in.) (2.25 in.) = 3.9375 in.” 
= Qi +0: 4.6875 i in.? 
= = = — —Á = 0.98684 i 
T OA Rak URSI d, 


Product of inertia of area A, with respect to xy axes: 


(Li = Cy centoia * 41d, d. 
= 0 £ (3.0 in2)(0.25 in,)(3.0 in.) = 2,25 in.* 


Product of inertia of area A, with respect to xy axes: 





s: dimensions in inches. U2 = (1. centroid + Ad, d 
= (6.0)(0.5) = 3.0 in.? =0 + (1.75 in.2)(2.25 in.)(0.25 in.) = 0.98438 in.* 
= (3.5)(0.5) = 1.75 in. 

pas A, + A, =4.75 in? ANGLE SECTION 

With respect to the x axis: Lo = 0,9, + 0,5 = 3.2344 in. 

Q, =A,y, = (30 in.) (3.0 in.) = 9.0 in? 

Qı =Az)3 = (1.75 in.?)(0.25 in.) — 0.4375 in? CENTROIDAL AXES 

-.Qi*Qi 943Sin* rais Ly, = ly — AX Y 

t A 4.75 in.? ` : = 3.2344 in.* — (4.75 in.*)(0.98684 in.)(1.9868 in.) 


= —6.079 in^  4— 





Rotation of Axes yN p 

The problems for Section 12.8 are to be solved by using the transformation 

equations for moments and products of inertia. ři 
Problem 12.8-1 Determine the moments of inertia 7, and Z, and the b : = 


product of inertia Z, MT for a square with sides b, as shown in the figure. (Note 
that the x,y, axes are centroidal axes rotated through an angle 0 with respect 


to the xy axes.) = 


CEE EEE EEE EEE OEE EEE EEE EERE EERE EERE EEE EEE EEE EEE EEE EEE EERE EERE EEEE EEEE EEEE EREEREER REET EE EERE EE Ee EEE OEE EEE ETE EERE THEE ET PEE TEETER TE TREE OPTAT EET + 


Solution 12.8-1 Rotation of axes 











EQ. (12-29): ; 
b 
lothomNLTN CH 71 — 
] 
b EQ. (12-27): 
= 
FOR A SQUARE: L, =——sin 20 +1,,cos20@=0  *— 
ec Less o s mora y 
i we Si yo Since 0 may be any angle, we see that all moments 
Eo. (12-25): of inertia are the same and the product of inertia is 
Ih. tal, always zero (for axes through the centroid C). 
<= + - cos 20 — Iy sin 20 
à 2 2 
I, + S. b* 
2 erem 
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Problem 12.8-2 Determine the moments and product of inertia with 
respect to the x,y, axes for the rectangle shown in the figure. (Note that 
the x, axis is a diagonal of the rectangle.) l 


BERNTRRRRERARTRARRTTARTATARTRRRRTRRATATATERTRRTRTRRTMETTRTRTVATRATATARRTRTARTRRRTARTERERTRRTTRATATRATRATFRWRERTETRATTRARTARRTRTRTATATRETRTARERERRRRRRRARERETWATATAETVATARARTERRRARAERERRRERTAETERRTRRRTRRTTERATARERRTARTTRTARTFVRRETAERERTATERTTATETTRTFETTRTRTWFRRTARTTANETVATEFVRRATARATERTNATAMHTTM 


Solution 12.8-2 Rotation of axes (rectangle) 


yi y ANGLE OF ROTATION: 
4 Wium ijai 
; VERE VETE 
b*— fh 
i x cos 20 = cos? 0 — sin? 0 a 
2 bh 
=E 


sin 20 = 2 sin 0 cos 0 Tb 


SUBSTITUTE INTO Eas. (12-25), (12-29), AND (12-27) 
AND SIMPLIFY: 
3 3 
T ica 1 sow F D b?» bh(b* -- h*) 
iu Ue OF yea de d EN 
' 6(b? + h?) 12(b? +h?) 
_ b*R (I — b?) 
^ aueh) 


APPENDIX D, CASE 1: 


Problem 12.8-3 Calculate the moment of inertia /, for a W 12 X 50 
wide-flange section with respect to a diagonal passing through the centroid 
and two outside corners of the flanges. (Use the dimensions and properties 
given in Table E-1.) 


ttt hit heh hee eh hee hh eid did ddd iid bitte FEET EET PTET EEE EER EEO EE EE ETRE ETC ET ERE eee ~ 


Solution 12.8-3 Rotation of axes 


d 12.19 

y Tan 0 =" = gogg 99 

0 = 56.460 20 = 112.92? 
0 
d C x Eo. (12-25): 
kL. =i 
gay Fo 00820 —]. sin 26 
j>-— b ——^4 + - 
-~ 394 : 56.3 x 394 D cos (112.929) — 0 
W12x50 [1,394 in.? = 225 in.4 — 66in = 1590in^ + 


I, = 56.3 in.* L,T9 
Depth d — 12.19 in. 
Width b = 8.080 in. 








E 
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Problem 12.8-4 Calculate the moments of inertia /, and 7,, and the product 


of inertia /. Wi with respect to the x,y, axes for the L-shaped area shown in the 


figure if a = 150 mm, b = 100 mm, ¢ = 15 mm, and 0 = 30°. 


y 





Solution 12.8-4 Rotation of axes 


y 
yi ly 


I 
= at 29? +Adjd, Asz(b-riytr) 


b-t t 
d, ns 


2 
L,- = 5X 50) + (85)(15)(57.5)(7.5) 
= 1.815 X 10° mm* 





SUBSTITUTE into Eq. (12-25) with 0 = 30°: 














O b * bth EE p sin 28 
All dimensions in millimeters. Te 9 7 gue 
a- 150mm b= 100mm = 12.44 X105 mm* — 
-e- 1— 15mm 6@=30° 
1 l SUBSTITUTE into Eq. (12-25) with @ = 120°: 
I, =—ta? +- (b — t) 1? , 
3 3 1, 79.68 X10°mm* «— 
ut TR, 3 
"g SMS ges) SUBSTITUTE into Eq. (12-27) with @ = 30*: 
= 16.971 X 10° mm^ I, — I, 
l l ley = sin 20 + J, cos 20 
l,7 5 (a-0P v zip vi ; » 


| = 6.03 x 1065 mm^ <— 
= 3 (035)05) + 5 (15)(100)° 


= 5.152 X 10° mm* 


Problem 12.8-5 Calculate the moments of inertia 7, ,, and /,, and the product 
of inertia L y, With respect to the x,y, axes for the Z-section shown in the 
figure if b = Sin k= 4 in., t = 0.5 in., and 8 = 60°. 


t3] 27 


| > 





Probs. 12.8-5, 12.8-6, 12.9-5 and 12.9-6 =a Fi 





E 
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Solution 12.8-5 Rotation of axes 





All dimensions in inches. 


b —30in h=40in. :-05in 0-60 
MOMENT OF INERTIA J. 
Area A: I= {brl + (b- oux - Ly 
So da Me 
= 3.8542 in. 
l 
Area A; I! = i4; 0000) = 2.6667 in." 
Area A; IP= r= 3.8542 in“ 


1,5 I+ 01 I" = 103751 in^ 


MOMENT OF INERTIA 1, 


l 


b 2 
Area A;  lj— 1; € —ty--(b- oux) 


= 3.4635 in.* 


SECTION 12.8 Rotation of Axes 935 


l 
AreaA,: J" = 75 0007) = 0.0417 in. 


Area A; J = [', =3.4635 in.* 
[, =I, + [t l5 = 6.9688 in. 


PRODUCT OF INERTIA / b 


uM bN/h t 
Area A: I, -0* 6-00 —)(2-2) 
| 
= -3 000 — D(h —t)= —3.2813 in.* 
Area A,: ly — 0 Area A4: I5 -15 


ly = ly + 1, +1, = —6.5625 in.* 
xy xy s Xy 


SUBSTITUTE into Eq. (12-25) with 0 = 60°: 


ntl, iad, 
p DT + —. $0529 — Ly sin 20 


= 13.50 in.* 


— 


SUBSTITUTE into Eq. (12-25) with @ = 150°: 





1, =3.84in* | — 
SUBSTITUTE into Eq. (12-27) with 8 = 60°: 
-I 
ln =y Sin 26 *1,cos28 = 4.76int 4— 





Problem 12.8-6 Solve the preceding problem if b = 80 mm; h = 120 mm, 


= 12 mm, and 0 = 30°. 


Aadha TET T 


Solution 12.8-6 Rotation of axes 


y t = thickness 








SEE E EEE EERSTE EEE TEE EERE ET EERE GEERT EET TEETER EEE EEE EEE EERE EEE RENEE EEE E EERE EERSTE ER TREO e Eee ee eee eee eee e esu) 


All dimensions in millimeters. 
b=80mm h= 120 mm 
t=12 mm 80-230 
MOMENT OF INERTIA J 


A: Im 3-5 = 0) + (b= E32 

Ara Ap d; mS (b QU) ( ow) 
= 2.3892 X 105 mm* 

Area A,: [7 = T) = 1.7280 X 10* mm* 


Area A4: [7 =I’, = 2.3892 x 10°mm* 


i, = I, +10 +I" = 6.5065 x 10° mm' 
(Continued) 
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MOMENT OF INERTIA / SUBSTITUTE into Eq. (12-25) with @ = 30°: 
ym by Abe. L—2, l 
Area A): f - 1; S02 — t)! -(b— oe) I, = 5 + cos 20 — I, sin 20 
= 1.6200 x 105 mm* 2-875 X 10f mmi <— 
Area A; ly = I (1°) = 0.01728 x 10° mm" SUBSTITUTE into Eq. (12-25) with 0 = 120°: 
Area A: I7 = I’, = 1.6200 X 10° mm’ 1, 71.02 X 105 mm* «— 


Il, D P + Uf = 3.2573 X 10° mm 


SUBSTITUTE into Eq. (12-27) with @ = 30°: 
PRODUCT OF INERTIA /, , 
me L—t, , 
/ b\ fh t d, " 2 sin 20 + L5 cos 20 
Area A,: J, —0 + (b — pe — (z -i 





i = —0.356 x 105 mmt — 4— 
= -3 00 — t)(h — t) = — 1.7626 X 10? mm* 


Area A.: I5, — 0 Area A: I$ = Ty 
a) E å 
Ly = ly + I + 1%, = -3.5251 x 105mm 





Principal Axes, Principal Points, and Principal Moments of Inertia 


—Cp- Problem 12.9-1 An ellipse with major axis of length 2a and minor axis 
of length 25 is shown in the figure. 

(a) Determine the distance c from the centroid C of the ellipse to the 
principal points P on the minor axis ( y axis). 

(b) For what ratio a/b do the principal points lie on the circumference 
of the ellipse? 

(c) For what ratios do they lie inside the ellipse? 








SUAWRRATAARRARTARARARRRRTARATRRARSRARRARTATRRRERAETRRTARRETRETATARATRARRTARTRRTREAPAREARRARARRRATERERATARATARRATEERERRARRRTRRERETARERARRARRATRRARRRRTERERRARETERRRRTARRRERAARRARRATARREMETAREMERRRERARANTARTATERARRRARRRATRRARERATARRETATRRTATARRRERRRRETARERRARARRRERRRERERMEMET 








ba? 
From Case 16: /, — T 
b? 
A 


Parallal-axis theorem: 











LEA +A = 4 T mabe? 
Substitute into Eq. (1): 

(a) LOCATION OF PRINCIPAL POINTS Tab ixi Tba’ 

At a principal point, all moments of inertia are equal. 2 

At point P: /, = I, Eq. (1) Solve for c: c=} a-b? «— 





E 
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(b) PRINCIPAL POINTS ON THE CIRCUMFERENCE (c) PRINCIPAL POINTS INSIDE THE ELLIPSE 
l 
^c band b= Va =b ~OSc<b Force =0: a= band — | 
a 
Solve for ratio ^: 525 ja For c = b: xc 5 


Problem 12.9-2 Demonstrate that the two points P, and P, 
located as shown in the figure, are the principal points of the 
isosceles right triangle. 











CONSIDER POINT P. 


CONSIDER POINT P: I, = 0 because y, is an axis of symmetry. 


I, ,, ^ 0 because y, is an axis of symmetry. 


l,.,, = 0 (see above), 
Í; y, = 0 because areas ] and 2 are symmetrical about i 





the y, axis and areas 3 and 4 are symmetrical Parallel-axis theorem: à 
i b b 
about the x, axis, i ley Tey, HAGA, A-— d-dj-d- 
Two different sets of principal axes exist at point P,. ] 4 6 V2 
-.P,isaprincipal point — «— ^ - -(=)( b Í 3 Ne 
3 4 J N62 288 
Parallel-axis theorem: 
b 


bo = Fey. + Add; d, ES d, DT 


p* b? boy 
lay, = xg a RA) = 
: 288 4 
Two different sets of principal axes (x,y, and x,y,) 
exist at point P,. 
~. P, is a principal point «+ 








E 
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Problem 12.9-3 Determine the angles 0, and 0, defining the orientations 
of the principal axes through the origin O for the right triangle shown in the 
figure if b — 6 in. and h — 8 in. Also, calculate the corresponding principal 


y 





moments of inertia / ; and 1... 


TEER EEE ERROR E EEE ETRE EERE ERR EEE EEE E REE EEE EEE EEE EE EERE EEE EERE TREE EERE EEE EEE EEE EERE RRR ee 


Solution 12.9-3 Principal axes 
y 


a 


ð 


O A 
RIGHT TRIANGLE 


b-—60in. kh =8.0 in. 


CASE 7: 


3 
— oe 2 Qd 
l= 12 256 in. 


a 
z= — = in^ 
f, 12 144 in 
b*h* 
ly =z = 96 in.’ 


EEE EEE EERE EERE EERE EEE EERE EEE OEE EEE EEE EEE EE EERE EE EEE EEE EERE RETO EE Ee EEE EEE EEE OEE E ETT ETT TTL TT RTE PRR eee 





21 

EQ. (12-30): tan 20, = — ——— = —1.71429 
L-I 

20, =—59.744° and 120.256° 

8, =—29.872° and 60.128" 


SUBSTITUTE into Eq. (12-25) with 8 = —29.872*: 
I, 7 311.1in. 


SUBSTITUTE into Eq. (12-25) with @ = 60.128*: 





I, = 88.9 in. 
THEREFORE, /, = 311.1 in.* 0, = — 29.87" | 
L,— 889in* 6, =60.13° 


NOTE: The principal moments of inertia can be 
verified with Eqs. (12-33a and b) and Eq. (12-29). 


Problem 12.9-4 Determine the angles #, and 6, defining the orientations 
of the principal axes through the origin O and the corresponding principal 
moments of inertia 7, and /, for the L-shaped area described in Prob. 12.8-4 


(a = 150 mm, b = 100 mm, and t = 15 mm). 


EEE EERE EEE EEE EEE EEE EEE EEE EEE EEE EE EE EEE EERE EEE EEE EEE EEE EERE T EEE EO EE ETE E SETTER TEETER PETE OT 


Solution 12.9-4 Principal axes 


y 





t = thickness 


SONNE Oe ET Ree ERE ERE E FERRE TEE RETR EE EER TREE EEO ETE TEEPE RE REE ETE ET HELE TEETER TEER ER EEE rdiet heh rh TERT rre m 


ANGLE SECTION 


a= 150mm b=100 mm t¢=15mm 


FROM PROB. 12.8-4: 


I, = 16.971 X 10° mm* 
I, = 5.152 X 10° mm? Ly = 1.815 X 10° mm* 





21, 
Bg. (12-30): tan 2, = ———7-— -03071 
xs ^y 


20, = —17.07° and 162.93" 


0, = —8.54° and 81.46? 
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SUBSTITUTE into Eq. (12-25) with 0 = —8.54*: THEREFORE, 


I, = 17.24 X 105 mm* 1, = 17.24 X 109 mm* 8, = —8.54? 


; = 4.88 X 10$ mm* 4, = 81.46" 

SUBSTITUTE into Eq. (12-25) with 0 = 81.46": 

1, = 4.88 X 105 mm* NOTE: The principal moments of inertia /, and /, can 
be verified with Eqs. (12-33a and b) and Eq. (12-29). 


Problem 12.9-5 Determine the angles 0,,, and 6, defining the orientations of 
the principal axes through the centroid C and the corresponding principal centroidal 
moments of inertia 7, and /, for the Z-section described in Prob. 12.8-5 (b = 3 in., 
h = 4 in. andr = 0.5 in). 


SEE Ee AERPSSTSTOTSER REE Eee eee ee ee Ee VERTU AT WAR EEE EEE EE tratta rtr ere tyre tbt oem mutaret rta tbe att ET EEE REESE EEE OE EEE ESET EEE tt t TETHER mtra utt p yt 





21, 
EQ. (12-30): —tan28,— "T = 3.8532 
x ty 


20, 2 75.451* and 255.451 
0, = 37.726"? and 127.726? 


SUBSTITUTE into Eq. (12-25) with 8 = 37.726*: 
I, = 15.452 in.* 








= SUBSTITUTE into Eq. (12-25) with 0 = 127.726°: 
Em I, = 1.892 in." 
Z-SECTION 
t — thickness — 0.5 in. THEREFORE, /, = 15.45 in^ — 8, = 37.73° 


Bai eae 1, -189in* 0, = 127.73° 


FROM PROB. 12.8-5: 


1, = 10.3751 in.* 1, = 6.9688 in.* 
— —6.5625 in.“ 


NOTE: The principal moments of inertia /, and /, can 


; be verified with Egs. (12-33a and b) and Eq. (12-29). 
Xy 


Problem 12.9-6 Solve the preceding problem for the Z-section described 
in Prob. 12.8-6 (b = 80 mm, A = 120 mm, and t = 12 mm). 


* AEE EPS THORS ETE TEC ETe PEPER TESA t SEES EEE EE EES ttha ttt taheta tehea thttsa t EEE ESOL SESE SE ESE ESSE SE SSESES ESSE CESESENSEESEEE ES 


Solution 12.9-8 Principal axes 


Z-SECTION 


t = thickness 
= 12 mm 

b = 80 mm 

h = 120 mm 


n| 


FROM PROB. 12.8-6: 


1. = 6.5065 x 10° mm* [, = 3.2573 X 10° mm* 
=—3,5251 x 10° mm* 


Ni > 





ly 
(Continued) 





E 
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2 
Eq. (12-30):  tan28,— — ——— = 2.1698 


siy 
20, = 65.257° and 245257 
0 = 32.628° and 122.628? 


SUBSTITUTE into EQ. (12-25) with 8 = 32.628°: 
I,, = 8.763 X 105 mm* 


SUBSTITUTE into Eq. (12-25) with @ = 122.628°: 
1,, = 1.000 X 105 mm* 


Problem 12.9-7 Determine the angles 0, and 6, defining the 
orientations of the principal axes through the centroid C for the 
right triangle shown in the figure if h = 2b. Also, determine the 
corresponding principal centroidal moments of inertia /, and /,. 








h = 2b 

CASE 6 
bh? _ 2b* 

*? 36 9 
hb? b 

L =—=— 

" 36 18 
b*h? b* 


THEREFORE, 


I, = 8.76 X 10° mm* @, =32.63° 

L, = 1.00 X 10° mm* @,, = 122.63° 

NOTE: The principal moments of inertia /, and Z, can 
be verified with Eqs. (12-33a and b) and Eq. (12-29). 





ort 


2 
EQ.(12-30) tan20, = =—— s7 


20, = 33.6901° and  213.6901* 
0, — 16.8450" and 106.8450? 


SUBSTITUTE into Eq. (12-25) with @ = 16.8450": 
I, = 0.23904 b* 


SUBSTITUTE into Eq. (12-25) with 80 = 106.8450°: 
I,, = 0.03873 b* 


THEREFORE, /, = 0.2390 bt 0,, = 16.85° 
1, = 0.0387 b* 0, = 106.85° 


NOTE: The principal moments of inertia /, and /, can 
be verified with Eqs. (12-33a and b) and Eq. (12-29). 





E 
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Problem 12.9-8 Determine the angles 0,, and @,, defining the orientations 
of the principal centroidal axes and the corresponding principal moments of 
inertia /, and /, for the L-shaped area shown in the figure if a = 80 mm, 

b = 150 mm, and t = 16 mm. 





a —80mm b=150mm z= 16mm 
A, =at = 1280 mm? 

A, = (b — tt) = 2144 mm? 

A =A,+A,=t(a t b — 1) = 3424 mm? 


LOCATION OF CENTROID C 


Q, — Y Aj, = (at) (5) +(b- Do) 


= 68,352 mm? 
 Q, 68,352 mm? 
— An MEET an 
x ECT m n 
x , bt 
0, = XAX- (an (=) + (b - ou (^77) 
= 188,192 mm? 
_ Q, 188.192mm? 
$ eL ac EE 23239625 
A %44nn ^ 49045 mm 


MOMENTS OF INERTIA (xy AXES) 
Use parallel-axis theorem. 


f OTT +A; (2) 


=—(16)(80) + (1280)(40)* + = 134)(16)" 


+ (21448)? 
= 2.91362 x 10° mm* 


£L - 05) 4A (5) 
12 AJ 





E 


1 4. T 
1, 7 a9) +A, (=) T0 p) 





Btn 


tal 


== (80)(16) + (1280)(8)* + = (16)(134) 


Mey 
2 
= 18.08738 X 10° mmt 


+ (2144)( 


MOMENTS OF INERTIA (x oy, AXES) 


Use parallel-axis theorem. 


941 





1... = 1, — AF = 2.91362 x 10° — (3424)(19.9626)* 


= 1.54914 x 105 mm* 


I,.— I, — AX* = 18.08738 X 10° — (3424)(54.9626)? 


= 7.74386 x 105 mm^ 


PRODUCT OF INERTIA 


Use parallel-axis theorem: La entità 


RR = 
Area A,: Ily, =0 rail -(:-4)|[ -5 | 


+ådd, 


= (1280)(8 — 54.9626)(40 — 19.9626) 


— — 1.20449 x 10* mm* 





è | 
Ares Ay 70A. - -a || 26-2] 


= (2144)(83 — 54,9626)(8 — 19.9626) 


= — 0.71910 X 10° mm“ 


Lee = Duy, Io, = —1.92359 x 10° mm“ 


SUMMARY 


l = 1.54914 X 10°mm* I, = 7.74386 X 105 mm’ 


lye = — 1.92359 x 10* mm‘ 


(Continued] 
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PRINCIPAL AXES 





2l y 
Eq. (12-30): tan20, = -77 = — 0.621041 


y 
28, = —31.8420" and 148.1580° 
9, = —15.9210° and 74.0790° 


SUBSTITUTE into Eq. (12-25) with à = — 15.9210° 
I, = 1.0004 x 10° mm‘ 


SUBSTITUTE into Eq. (12-25) with 0 = 74.0790° 
1, = 8.2926 X 10* mm* 


THEREFORE, 
I, = 8.29 x 106 mm* 0, = 74.08? 
1, = 1.00 x 10° mm* B,,  —15.92* 


NOTE: The principal moments of inertia /, and /, can 
be verified with Eqs. (12-33a and b) and Eq. (12-29). 


Problem 12.9-9 Solve the preceding problem if a = 3 in., b = 6 in., 


and ¢ = 5/8 in. 


ettet o4 tr hh tdt tret TE ETE t rir rte darte mirum rat ttt me 





a = 3.0 in. 

b — 6.0 in. 

r= 5/8 in. 
A, = at = 1.875 in.? 
A, = (b — A) = 3.35938 in^ 
A=A,+A,=t(a +b — t) = 5.22438 in? 


LOCATION OF CENTROID C 


Q,— WA), = car)(=) + (b= oe.) 


— 3.86230 in.? 
_ Q, 3,86230in2 . 
m ee m 0 1376 fit, 
yA 523438in? " 
t B4 
o= BAR = (anz) + e- ne") 
= 11.71387 in. 
. Q : in.? 
$2232410171387]. — 2 pare 7 in. 


A  523438in. 


"OR RACOR COURROIE RHAEARRERRHERARTRERTASTEWARETRARTATWATSRATERTRTATTWETVATAWARTWATAWAWAWATAWRVFRRETRRRRTETARYTASTARARRRRERRRRRTERERRRATARETMETERETAFTTE 


MOMENTS OF INERTIA (Xy AXES) 
Use parallel-axis theorem. 
a 2 


ege] hon oa 
fe = Fata) + Ar\ 5) Haste OE) +A 


= AAE 0)? + (1.875)(1.5)? + ls 375)(2) 
121 tl i 3 127 8 


5 2 
+ (3.359 =] 
(3.35 38)( T 
= 6.06242. in.4 


l DN d 
ly T1200) + A (5) tij - p) 


b+t\ 
ral) 


hn 5v $5. 4.75 . 
S Go) + aas) + —(=\5.375) 
9 2 

4 Gasesg (40) 


= 45.1933 in.* 

MOMENTS OF INERTIA (X y. AXES) 

Use parallel-axis theorem. 

[,. = I, — AY! = 6.06242 — (5.23438) (0.73787) 
= 3.21255 in." 

I, = l, — AX! = 45.1933 — (5.23438) (2.23787)? 
= 18.97923 in.* 
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PRODUCT OF INERTIA SUBSTITUTE into Eq. (12-25) with 6 = —14.2687° 
Use parallel-axis theorem: 1... = / iuis + Add, I,, = 2.1223 in. 
E 0A) (¥-+) || 2-3 

BIS As Ie OETA, (s 5) "ded SUBSTITUTE into Eq. (12-25) with 8 = 75.7313" 

= (1.875)(—1.92537)(0.76213) I, = 20.0695 in.* 

= —2,75134 in.* 

: bof _ d THEREFORE 
Area As: liye —0 +A; 7 —X -(3-5) : 
I,-2007in^ 6, =75.73° 
= (3.35938)(1.07463)(—0.42537) L=212in* 9, =—1427° 
= —1.53562 in.* 


= yi "M ze $4 
Frege = Tige t I, = 7428696in. NOTE: The principal moments of inertia /, and £, can 


SUMMARY be verified with Eqs. (12-33a and b) and Eq. (12-29). 
1, —321255in' 1, = 18.97923 in." 


I= — 4.28696 in.” 
PRINCIPAL AXES 
2l 
EQ. (12-30):  tan20,— — ——— = —0.54380 


20, = —28.5374* and 151.4626° 
0, = —14.2687" and 75.7313* 





E 
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